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SCALES OF MEASUREMENT

Scientific observations are related to four scales of measurement which are
named 7to77ti.77czJ, ordz.77flJ, I.7tfcrz)az and r¢£!.a (listed in order of increasing information

content).
Nominal Scale

Assignment to discrete categories which have no implicit ordering and no
metrically defined boundaries; e.g., rock types, color.
Ordinal Scale

Discrete categorization with an inherent ordering; e.g.,  grade of show or

porosity, stratigraphic age scale.
Interval Scale

Continuous or discrete numerical measurement in which distances between
objects can be measured, but cannot be related to an absolute zero; e.g., spontaneous

potential, structural elevation.
Ratio Scale

Continuous or discrete measurements with a definitive absolute zero; e.g.,
density, porosity, resistivity, permeability.

•   Nominal and ordinal scales apply to non-metric discrete categorical data; interval and

ratio scales are for metric discrete and continuous measurements.
•    The greater information content of the higher grade scales extends the range of

permissible statistics used to summarize the data and the precision of statistical
inference based on them.



The TORIS database contains variables on all four measurement scales.  The reservoir

properties in TORIS.xls are listed below, together with their scale of measurement:

State Postal Code
Lithology Code
Geologic Age Code, AAPG
Net Pay (Feet)
Gross Pay (Feet)
Porosity (%)
Initial Water Saturation (%)
True Vertical Depth (Feet)
Formation Temperature (degrees F)
Current Formation Pressure (PSI)

iepTGe:abj!:y6XpE)
Formation Salinity (PPM TDS)
OOIP (BBL)
Reservoir Acreage (Acres)
Initial Formation Pressure (PSI)
Depositional System

NOMINAL
NOMINAL

ORDINAL
RATIO

RATIO
RATIO

RATIO
INTERVAL

INTERVAL
RATIO
RATIO
INTERVAL
RATIO
RATIO
RATIO
RATIO

NOMINAL
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BASICS 0F PROBABILITY

:ii:=iige,s5:::ecaur,caI|;ni:g:il::afi:T:novnopvreo!a!:lir?s=,:geo;ofic:=i:t¥iic:.The
drilling of wildcat exploration wells in search of oil and gas is a gamble and the
risk  analysis used by oil companies is built on probability concepts to design
exploration strategies and evaluate them in terms of economics.

|fhb:sdi+r:°t:caieb:oLip#:i:ai:I:af±e::ne:ne::i(lil;:e|Cvuuetr:::Le:retsgL:£tijeodnA:%%::;Ira;e¥z:z}:c:c:rimb::::

:°:asstruarfendtsa:raefer:acutle#awti%(f::in£:gbese°£:±a£C£);eE:sP#:ig:Ob¢bl.J].fl.Csare

total number of occurrences of event
probability of event = total number of trials

For a finite trial series, the probability is a sample estimate, denoted by P.  The
population parameter of probability is symbolized by H.

:eetau#epas:p¥:tb::;P}£ic:fins:::eys:SIS::[£:±8drr`:]£Ct:tbeexp£°=ra#n[:°:#efrnfonred¥,
on the average, only one in ten wildcats is expected to discover a new field.  The
company decides to launch a drilling program of ten wells.  The company might

::Pac:r:°mTg¥teb°ensee€]:Srca:Vde£¥;3:::s:u±do;e¥::epToabta#;nbhe°iessei°tuo[€:idtirfyy
predictions for the drilling program?

#tiistEoee:mo:ta::lciutyrFfaa:|aunre:y,eateoncg|:s|(:S:.Cf:Ses::):rnedfoisafeemp:t:3:bei|ietynts
for any trial and the system is binomial .

I:edpsrc°obvaeb£[e]styf:rfaneet::n#c:tc:n=:,g;:enntrpfa=]So::fanndsq°=S.?)P[rs°8.%E;9]:ty°f

¥jLia;ng;oLfo:tc::rik#::gqt::e¥t°m¥elfr±oa:v¥::c¥:i;Ln:e:%ic:;:Vd#b;e:oireFdi:::::1:::i:I:jt¥fe

#[h€:y£=][eosgdpr
drilled.

°fiso%e|°#e°i]n°=2[:8<5?.]s.o,S];:i:a¥te2C2ri£,fiad[c:fsu;of:;dnn°eceg::
then n = 21.85.  So, at least 22 wildcats would need to be
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The probability of a "success" on the nth trial (but on none of the previous) is

qn-1 p. However, the probability of the success occurring only once in n trials

;Ii§j7:S:#i;i;§£::i¥::r§°ibye¥j::}i:a)i:1:s:3;:v;;f::;ttns¥#ic§ri:e:r:ei:I;hoiief;:r;as:ii=:g:°;::::gnraius;%e:8th#:'S
The probability of there being n-r failures followed by r successes is q n-r p r .

However, the n-r failures and r successes can be arranged in „!

(n -r)! r!
Ways

which are mutually exclusive.  So, the probability of n-r failures and r successes

(without regard to order is
„!

(n - r ) ! r!
.a"p'  . This equation is the description of

the binomial distribution.  Substitution of n, p, and successive integer values of r
into the equation gives probability values of combinations of r successes and n-r
failures.

!rbbif:=ia:gisNt%b#3gTC:fobmetsf:::i:ti?onnE#zEEdyirh¥::se:|isfionrgth¥:eenquation
wildcat drilling program is shown on the next page, but the spreadsheet is
generalized for different success probabilities and numbers of trials.
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Binomial  probability distribution

number of trials                           10

probability  of success             0.1

successes probability
0 0.349
1 0.387
2 0 . 1 94
3 0.057
4 0.011

5 0.001
6 0.000
7 0.000
8 0.000
9 0.000

10 0.000

BINOMDIST(s,n,p,c)
s =  number of successes
n  =  number of trials

p =  probability of success
c = FALSE

Binomial     probability

0.5000.4500.4000.350I=0.300-I-i0.250.J|I0.200al0.1500.loo0.0500.000

-       -       ,L       -
•24681

Number    of   successes

EXCEL spreadsheet for binomial distribution using probability of number of
discoveries in a wildcat drilling program of independent events.
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In the real world, wildcats are not drilled randomly, but use information gained
from geology and geophysics.  However, the probabilities that are calculated for
independent events are a useful baseline of worst-case scenario.  The

:::i°uT::a£:ai°nf&e°a[:g]ycs¥s;:top:£:b°£T±€::.1mprovetheseoddsandalsobe

::|iv:e::fi:::|#a:r;:r:e:;1a:d:t:o:bi:oom:":S"e:lily::::1:as:z;gp::T:h:e:||Cftr:p:to::i:,:tythat
P(A or 8)- P(A) + P(B)

This is the qdczz.£].z7c 7'ztJc o/prob#Z717I.fry.  In the wildcat drilling program, the events
of success or failure were mutually exclusive.

a:xefites;!i:tnsr:ba::ifiojE:ttuthale`7=xi:|`::i=efgiu::|rteaine:::fynfseateo5roondeu#er'
their separate occurrence probabilities:

P(A and 8)= P(A)*P(B)
This is tl\e multiplicative rule of probability .

When the occurrence of events A and 8 are dependent to some degree then their
joint probability of occurrence is conditional and:

P(A and 8) > or < P(A)*P(B)

These concepts are reviewed and applied to the relationship between water

:aari:anti;:::ocfrmaptiuotfsdffnr:hme]#[f£:ta:XS£SagndoTfi+:e::[ritsh:idE].[s-:ta;mh:is#d°c¥ts
are drilled, the potential reservoir formations penetrated are evaluated as to their
likelihood of commercial oil or gas production. Hydrocarbon indications fro the

:i:e±_{¥gn#g]L:yrE:;:Er:bgos£;:t[:]s:f:sop¥oa#:bc:o:¥c=o::o::mtl]{fae#y:,ot£:etang;:g:ge;::]¥aa:t;h:E[:je
completed as an oil or gas well.

Teti and Krug(1987) reported results for tests in 21 wells from the Mississippian
Ratcliffe and Mission Canyon, the Devonian Nisku, Duperow, and Winnipegosis,
the Silurian Interlake, and the Ordovician Gunton and Red River carbonates.

:hhoe%,¥:::gothw:ieostsieos:|tia£:fi:es[;]gu::::;svewrgr8Oc%£s::swe'dgt%Ofi:]hrow'fafr
categories of ``commercial potential" (C) and ``non-commercial" (N).
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CONDITIONAL PROBABILITY ANALYSIS

DST results (C = commercial hydrocarbons;  N = non-commercial)
versus SW (water saturation) estimated from logs
Data from Williston  Basin  carbonate  reservoirs (Teti  and  Krug,1987)

SW

0-9
10  to  19
20-29
30-39
40-49
50-59
60-69
70-79
80-89
90-100

1653

P(C)                  P(N)
0.232            0.768

OBSERVED  TALLY
CN

Sw<50%
Sw>50%

1423
230
1653

OBSERVED  PROBABILITY
CN

Sw<50%
Sw>50%

0.203             0.333
0.029             0.435

EXPECTED  IF  INDEPENDENT
CN

Sw<50%
Sw>50%

0.124              0.412
0.108              0.356

Bayesian  prediction
when wildcat success  p =  0.1

PP
(S;IN I a)          (S;IN I N)

SW< 1 0
SW<20
SW<30
SW<40
SW<50
SW<60
SW<70
SW<80
SW<90
SW<100

0.000             0.000
0.125               0.019
0.375             0.075
0.563             0.245
0.875             0.434
0.938             0.566
1.000              0.774
1.000              0.887
1.000              0.925
1.000               1.000

SW<10
S;IN<2.O
SW<30
SW<40
SW<50
SW<60
SW<70
SW<80
SW<90
SW<100

#DIV/0!
0.424
0.356
0.203
0.183

0.155

0.126
0.111

0.107
0.100

EXCEL summary spreadsheet of DST results from the Williston Basin and
associated probability calculations.
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In a total of 69 tests, 16 had fluid recoveries that indicated commercial potential,
while 53 test results were considered to be non-commercial.  ``Commercial" and

:nc%nricm°=gfr:::]j']ta::r=ie¥t¥Lyaxec#:lilt:t:#t£:sTne,S#de::f:;:sethde„fp„r[Ps?ab£]£ty°f
p(c,--#-o.23

and its complementary probability of a non-commercial result is:

p(IV,-#-o.77
The qualification of b¢scd o# £fecsc d¢£¢ was inserted to point out that statistical
probabilities are ideally computed from random samples.  The exploration
companies involved would clearly not want their tests to be random, but biased
b#y]c][::esgt:o:£FB:a¥::ig]],:fgsi:#n::S±;%::¥]:ty:€S;h;u¥S:I:d:Ct:F#e]e¥n::e:r¥]g[§j:onshave

i:epnr°dvn:ifeEe:ffgeannoceDbseTys°#:rreanmdn°:t::]Sg:i;usen#Ffbnedr£:£tiYo±±gcoaft:±Y;]ifagva:
were so poor in drilling the hole.

||ielioi¥a:lit::o:fiii::;I::i:oi?:1g¥C:OTE:e:;:i;dF:i::;io;;E:g::e:;Gess:;T:r:::::oi;i::E:i:dt::i

;::::ei::;hc:i:i;itijiii;in:d:::i:eEieii!eF:i;:i;¥ihiariq;i:=;i::a:n:sE:i::u:::i::ejsli;i::tl;ciitiii:e:rs

rAesc:I:sd:onswefec#rz'"#:"|gg,::if=;toeu::owma::ri::ior=tipobne|oawsFr:;::[aot::etsesstthan
5097o:

gNdNfl/o
Sw>50%
Column totals

=ehseui:i:tthp:?:±anbt£:]igq:fe::;i]g}afr;ii::tij;atLee°j:::d<E:t%]aonfdteastcs°(¥9Terda]test
p(sw<5o%¢ndc)=#=o.2o

What would be the expected probability if they were independent?  The
independent expectation can be calculated from the multiplicative rule of
probability:

P(Sw<50% and C)= P(Sw<50%)*P(C)

The marginal probability o£ Sw<50% ±s..
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p(sw<5o%,-g-o.54

The marginal probability of commercial potential is:

p(c,--#-o.23
Therefore, their unconditional joint probability ±s..

P(Sw < 50%cz#dc) = 0. 54 * 0. 23 = 0.12

:oh:d:E:enr:|erde!:ipotnpsi:3abbeiELtye:snii?srl|yo#:attheisa:apacet::sotnr,ess:lTatthereisa

¥.:jbta3?:::sf:ijl:i:Eta,:F:i#js:c;#::iij[a::::i:i|f::ot¥:h::#rs:::i:moi;o:u::liz:i
tests in general?  From the contingency table:

P(C/Sw<50%)=g=0.38

which is an improvement on the unconditional probability of:

p(c,--#-o.23

If we examine the contingency frequencies and the associated probabilities

§a|io:aL#r¥:i-e:afeT%S:il¥:i::te:rs¥s:£::Cfenf:L¥i::I;ir£F::rc:#¥3P#l£5o°thz:ns¥e:i:aat(h2ave
:3Tingee::,£a::ttehnetisajc(c]e4s)SrBaTet#eg::5:bthu:::t:r±[iaf¥]r?::ens:u=:ifymore
commercial zones.

:gj¥§#:::€¥#es:::;:I:i:::;e;::i:;::::;s;;t::n:y:;y;:;a:::::;:;;jf§o§o#ja;:aE:i:¥:t:c:,:;cd;¥::;I
The Reverend Thomas Bayes proposed B¢ycs' #icorcm which lead to the
relationship:

P(B, I  A) --
P(AI  B,)P(B,)

Zp(A I B,,P(Bi,

:heeoe#;a£°onwg;{as/aBya[yn°iFsS:xmagt€,teec£:€ig:]Pkae]tpor°£:bt]£tgepp(Po/bft;#:f
a commercial result given a calculated water saturation.  The data table gives us
the necessary information.
The Bayesian equation can be made more specific as:

P(C I  Sw) --

9

P(Sw I  C)P(C)

P(Sw I C)P(C) + P(Sw /  N)P(N)



a.e|taunsds:Pep£::hi:teg|ae|i:€eua:?p:jig:tarna:::i::[rnegtraag@;oawcaotFrT:ici:]tizoonn:u]ts_
off.  Then, P(C)=0.1 and:

P(C/Sw<50%) =          (14/16)*(0.1) + (23/53)*(0.9)          =  0.18

¥foptitcce,¥fa6.#:£]::heenr%oorrsdes¥:Inn:unroosnj££nn:]oe=tiaE:tneaotfaa[]T,arBgjf#tr:sbab£[£ty

*eoc:rdsem¥:nstapa?;%%Paocfk;°h:tb::a£::I:£dtu£:s°:o°:_:odisi°evrear¥Lraa:ed°sfoL£¥°Jc=hich
expect a high number of non-commercial tests.

A situation where P(C) was actually 0.23  could be proposed where obviously

Eioeo±rmz;i::eh£:nbte(:fnae:t;#:efouus,i:geas:[ati:otymo:s¥+tgeiaeacnu€oYfev¥|£::::5fion%?
water saturation.  Then the Bayesian prediction is:

(14/16)*(0.23)
P(C/Sw<50%) =          (14/16)*(0.23) + (23/53)*(0.77)          =  0.38

which is the same number that was computed by classical probability earlier, and
does show a systematic improvement.

At yet another extreme, notice that if prospects were drilled at a 10097o success

;:t;lei;i:lgI¥f;::::ii;:ti?jiiofE:i;:;¥;ni::;;:i:fi::iisv:re:#i#co:EEf|;;Ij;:;tf:i;fon
commercial.

;jT%ib;±etiTnlgahtia°:no:lps:;ouhpea:V:e::a:f::#eesnrpc::a::ifs:ca:t:rqb:eaa:oi#thT:C€uft:o;;°b±5:°n?;baise
ie:cgifid;os£'±::c::[aFr%]be;£±Efyy::]8r]agT::¥st££eo:oa]itoewT:gvr:scuu]:::fsandwftha

Sw<20%
Sw<30%
Sw<4097o
Swd097o
FfN<fJfyfl/o
sN<]orfl/O
Sw<80%
8N<fyNf/o
Sw<100%

10

P(C/Sw) -0.42
P(C/Sw) -0.36
P(C/Sw) -0.20
P(C/Sw) -0.18
P(C / Sw) -0.16
P(C/Sw) -0.13
P(C/Sw) -0.11
P(C/Sw) = 0.11
P(C/Sw) -0.10



The choice of outoff is obviously dictated by the desire to maximize the number

;:o:I:ar:Cgeei::a:en¥±t:es:mEL:mriw=:LfgLg:8%[::;:a:r£:n:;g:ofi#eLe:1:r::::t;f#Ftrariej¥'aaa::bgr?::%Llyn
more realistic.
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INDEPENDENT PROBABILITY EXPECTATIONS OF CATEGORY
FREQUENCIES COMPARED WITH OBSERVED FREQUENCIES IN DATA
TABLES

Comparisons can be made between observed frequencies of mutually exclusive

3:tige°ennea|aencda:#:ee8|iTj:epse#da:n¥:)T]gpf:eer:i:::efe;#i::eo¥;:£:dasi°dcfati°n
expected reveal patterns of association that show systematic relationships and, if
interpreted correctly, the nature of the causal variables.  Contingency table

e¥£]eyrs£:Snpoami::]]:rr]%:E£:]r:?Talte¥hendealingwithvariablesmeasuredon

The TORIS database of U.S. oilfields contains variables measured on both
discrete and continuous scales.  The lithologies of the reservoirs are subdivided
between sandstones, limestones, and dolomites.  These are nominal data
(discrete and no order). Because there are so few dolomites represented in the

i::%boansaet'e¥.eE:£#::Tnbineegde°o[]°o;i:eals:gedc[;Fe:Sot;n::e[:aab:£]:i:acaast:g#¥e°_f
number code.  When subdivided between Tertiary (youngest), Mesozoic, and
Paleozoic (oldest), the measurement scale is ordinal (discrete, but ordered). The
areal size of each oil reservoir is reported in acres and so is measured on a ratio
scale (continuous and with an absolute zero). In order make frequency
comparisons with the other two discrete variables, we subdivide the areal size

:geggeo:fe:eo[fd,Ssin:f],C(:::8°#=.a:E]:Sd:1;:P]:rd5eomp°e::etrnatiqi:='oY::isdes¥e°s)and'large' (greater than the median).

:§hE:u#n§jr;§§::§ee¥¥:1:E;:i;¥:;:¥::;g¥d::jn¥::§§s§::¥:;:i:#e¥F¥¥§:o::¥±js:r::
carbonate reservoirs are mostly restricted to the Paleozoic.  If the analysis is
expanded to include reservoir areal size, then the frequencies show a clear
tendency for small sandstone reservoirs in the Tertiary and Mesozoic as
contrasted with large carbonate reservoirs in the Paleozoic.
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TORIS DATABASE OF U.S. 0lLFIELDS
FIELDSIZE

TALLIES
LITHOLOGY                                 AGE

small                                       532
la rge                                       530

Te rt ia ry                                 386
Mesozoc180
Paleozoc496

sandstone                          759
carbo n ate                            303

Tertiary                              0. 363
Mesozoic                    180.000
Paleozoic                   496. 000

MARGINAL PROBABILITIES
sandstone                        0.715
carbo nate                        0. 2 85

TOTAL                                1062

small                                      0.501
large                                   0.499

|OBSERVED    I EXPECTED
sandstone         Tertiary 368 275.9
sandstone        Mesozoic 161 128.6
sandstone        Paleozoic 230 354.5
ca rbonate         Te rt i a ry 18 1 10.1

ca rbonate         M esoz o ic 19 51.4
carbonate         Pa I eozo ic 266 141.5

|OBSERVED    I EXPECTED
sandstone         Tertiary              small 264 138.2
sa nd sto n e        Te rtiary              large 104 137.7
sandstone         Mesozoic          small 76 64.4
sandstone         Mesozoic          large 85 64.2
sandstone         Paleozoic          small 98 177.6
sa nd sto n e         Pa I eozoic          large 132 176.9
carbonate          Tertiary              small 9 55.2
carbonate         Te rt ia ry              large 9 55.0
carbonate          Mesozoic          small 7 25.7
carbo n ate         M esozo ic          large 12 25.6
carbonate          Paleozoic          small 78 70.9
carbo n ate         P al eozo ic          large 188 70.6

KEY to categories
Reservoir LITHOLOGY : either sandstone or carbonate (limestone + dolomite)
Geological   AGE: Tertiary (Eocene, Oligocene, Miocene, pliocene),  Mesozoic (Permian, Triassic
Jurassic, Cretaceous), Paleozoic (Cambrian, Ordovician, Silurian, Devonian, Carboniferous)
Field SIZE: small (less than 2240 acres), large (greater than 2240 acres), median = 2240 acres
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i:Islet::|e;cs;:nn:::::jag:rla:sliioi¥:a:;::if¥e::;tf::ail;:I:a|:in;:oFg;:y¥g:;is:|ozTEe;di:i:=::r:::t
(1062) because of missing entries in some of the data fields.

:]nveeSg;8ch:VI:gu:::::°±[±Sanarbitraryanddirectfunctionoftheoi|density

€:ac#fsLeoeon;P::o:£ae¥7Fe:afi:±s5#+at:e:€:ot6:0;*dt%,€_1::1:,:::L]doo+a#:saenLfgE:erthan

#ueersa£:vgereaa::::Fearnc:o=,rifrscfaf%::::]a:Ee{ohi:ge±edre%:e[eg;frvjgs£:g:e[eo#er

gya¥:ic§:l]G#r%]g]e##:S:e;aec8or=ei|fi:eitd;.:¥a::t:a::d:=::I(:£crE:a:sec:+rd;eira%t§;::
:arra#:f°af£#a8€:Tdh°ee#g¥:#onf°aTo¥]tneoT%e£;#:iasa:goEaosma±:APT
implications regarding its value to a refinery, but is also key input to reservoir
simulations of recovery in primary, secondary, and tertiary operations.

A widely accepted subdivision of crude oils defines Light crude oil as having an

£2Pjog:#].¥o:i:rdthHaena3;.::{#a£:i:go;]naA±f¥]rnagfa;£eT:£r2¥:3ty.bTeh¥Aepn[
gravity values in the TORIS database were allocated between these three

i:jig::i::;:hi|iii::::jr;:;:;c:ie;::ia;ts;a;!trft;i:if:::i:fiiri:Ei;is:!j|;i!:ii|i!j;i:#::a[toebe
:nodr:ome::vraeteadnfe:spoer¥#roeLsd::opcr€sFu:¥st::€:fiahnacvee£::ear]bmuan±LrftiFgnth:d
lower density oils.

1;nil:;:s;::?;i¥a;:oEiiTeF:s:eir:(:Ea;in#;i:gE:ernfai;i:;;F=jnf:::e:;I;,ii:|js:tee:iu:n:c::eft#be:e

:Ei:%endalfrvefrT:#L€sesa£:doaixepre::h°ondssfrw°}E£:i:g£::n£:ns:earTff::.sy¥tse°iahc
associations and their causes.
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TORIS DATABASE OF U.S. 0lLFIELDS
API GRAVITY

TALLIES
LITHOLOGY                                 AGE                                                  GRAVITY
sandstone                           718
carbonate                          267

Tertiary                                 379 heavy                                      158
Mesozoc169 medium                                200
Paleozoc437 ight                                         627

TOTAL                                   985
MARGINAL  PROBABILITIES
sandstone                       0`729
carbonate                        0.271

Tertiary                              0.385 heavy                                   0.160
Mesozoic                          0.172 medium                              0.203
Paleozoic                         0.444 ight                                        0.637

loBSERVED   IEXPECTED
sandstone        heavy 147 115.2
sandstone        medium 165 145.8
sandstone        light 406 457.0
carbonate         heavy 11 42.8
carbonate         medium 35 54.2
carbonate         liaht 221 170.0

OBSERVED EXPECTED
sandstone        Tertiary              heavy 115 44.3
sandstone        Tertia ry              medium 103 56.1
sandstone        Tertiary              light 146 175.9
sandstone        Mesozoic          heavy 23 19.8
sandstone        Mesozoic          medium 27 25.0
sandstone        Mesozoic          light 104 78.4
sandstone        Paleozoic          heavy 9 51.1

sandstone        Paleozoic          medium 35 64.7
sandstone        Paleozoic          light 156 202.8
carbonate         Tertiary              heavy 5 16.5
carbonate         Tertiary              med ium 4 20.9
carbonate         Tertiary              light 6 65.4
carbonate         Mesozoic          heavy 1 7.3
carbonate         M esozoic          medium 2 9.3
carbonate         M esozoic          light 12 29.2
carbonate         Paleozoic          heavy 5 19.0
carbonate         Paleozoic          medium 29 24.1
carbonate         Paleozoic          light 203 75.4

tota I                                          985

KEY to categories
Reservoir LITHOLOGY: either sandstone or carbonate (limestone + dolomite)
Geological  AGE:  Tertiary  (Eocene,  Oligocene,  Miocene,  Pliocene),  Mesozoic (Permian, Triassic
Jurassic, Cretaceous),  Paleozoic (Cambrian, Ordovician,  Silurian,  Devonian,  Carboniferous)
API  GRAVITY:  heavy  (less than 22.3),  medium  (between  22.3 and  31.1),  light (greater than  31.1)
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STATISTICS

Descriptive statistics

A variety of measures aimed at summarizing the characteristics of data sets

(means, variances, correlations, etc.) together with pictorial representations of the data
distributions (histograms, scatter plots, etc.).

Inferential statistics

The process of making generalizations or predictions concerning the

phenomenon under study based on raw measurement variation and relationships
between measured variables.  Conclusions are drawn from limited information and

used for making decisions under uncertainty.  The logic is inductive, as inferences

concerning the general are derived from a study of the observational partioular.

All the values of interest (the universal set) are termed the popttJfl£].o7t, for which

summary measures are precise characterizations of the studied variables.  These

measures (mean, variance, etc.) are the p¢7`¢mcfers of the population.

It is usually only practical to measure a limited s¢mpJc of the total population.

Statistical measures of a sample are known as s¢mpJc sf¢fI.sfz.cs and are csfl.77tflfcs of the

parameters of the parent population.
The sample must be representative of the total population in order for sample

statistics to provide unbiased estimates of parameters.  Random sampling provides a

means by which every object in the population has an equal chance of being selected in

the measured sample.

Parameters are conventionally denoted by Grcck letters; sample estimates by

Roman.

LJ77z.z7¢rl.flfc sfflfz.sfz.cs are concerned with summarization and inferential analysis of

a single variable measured on a sample of objects.  MLtzfz.z7¢7`i.flfc sfqfI.sfi.cs marks an

extension to several variables of measurement on each object and is the numerical

description of variable interrelationships and inferences drawn from them.

17



The choice of descriptive and inferential methods is dictated largely by the scale

of measurement of the observational variables and the geometric form of their

distribution.

Precision and accuraey

The terms  ``accztr¢ey" and  "prccisz.o7t " are sometimes (and wrongly) used

interchangeably, but they have radically different meanings.  The picture below should

be helpful to clarify the distinction.  Accuracy is a measure of how close to the true value

the measured estimates tend to be.  Precision is a measure of reproducibility or how

well observations tend to repeat or cluster about some value.  So it is possible to be

extremely precise and dead wrong.  Conversely, some methods can be quite accurate in

the sense that on the average they tend to be right, but if the true answer has a narrow
range, then the proportion of ``misses" could be unacceptable.

Kimminau (1994) has a short but useful review of how accuracy and precision can be

addressed when dealing with logs, cores, and reservoir estimations.  He notes that while
we obviously would like methods to be both accurate and precise, in practice, there is

often a trade-off between the two.  The two sources of error become compounded into

the general term of  "w7zcerfcz!.7tfy''.  Much of classical inferential statistics is directed at the

analysis of error.

•n^ct"r-t. b... fhcl..
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GRAPHICAL DISPLAYS 0F UNIVARIATE DATA

A variety of graphical techniques can be used to summarize the overall distribution of
values which are difficult to pick out from a data tabulation.  So, for example, a density

stripe plot of porosities shows immediately the location of all observations on their

measurement scale

Although density stripe plots work well for small and moderate sample sizes, there is an

increased tendency for stripe overlap and formation of black bars with larger samples.

Histograms are used more commonly used as a means to show the relative

concentration or density of data values along their measurement scale.

Bar charts are widely used to summarize frequencies of different discrete categories.

Although histograms look the same, they are used to show sample density of

continuous variables.  They are useful in characterizing overall distribution shape and
locating a mode (or modes) in the data.  However, unlike bar charts, the shape of the
histogram will be controlled not only by data variability, but also the user's (or

software's!) choice of bin width and bin origin.  The bin width specifies the incremental

scale range of data to be counted for each histogram  bar.  The bin origin marks the

boundary value of the lowest bin on the scale.  Successive bin boundaries will be located

at multiples of the bin width relative to the bin origin.

19



Too coarse a bin width causes an oversmoothing of the data; too narrow a bin results in

poor generalization of the data density.  This can be seen from a comparison of
altemative histograms drawn for the Picaroon sandstone porosities.  A number of rules

have been devised to select appropriate bin width.  The most widely known is Sturges'

rule (Sturges, 1926), where the number of bins, k, is given by:

A  =  10g2 „

where n is the number of observations.  In the case of the Picaroon sandstones, the

number of observations (n) is 39, so k= 6 (taken to the nearest integer).  The minimum

porosity is 2.0%, the maximum is 28.297o  which makes an effective range of thirty

porosity units with bin origin at zero.  Therefore, Sturges' rule suggests a histogram of
six bins of bin-width 597o to span the porosity range.  Sturges' rule is based on a binomial

model for normally distributed data.  When data are  skewed, the rule tends to

underestimate the number of bins.  Some software packages apply Sturges' Rule as a

default; others apply a pragmatic estimation of: k = JF which gives greater number of

bins at large sample sizes.

The edges of the bins mark abrupt discontinuities in the subdivision frequency counts of

what is a continuous variable.  Changes in boundary locations may adversely affect the

histogram display, so that features may be less real than they appear.  Some of these

artifacts can be seen in the comparison of the histograms with the stripe density plot.

Notice, for instance, how the form of the central mode changes when a bin boundary

coincides with 20%  porosity.  The cluster of observations around this value results in a

subdivision into two adjacent bins and a flatter shape to the overall histogram.  This

problem of boundary selection is well-known and authors such as Scott (1992) suggest
the use of an ``average shifted histogran" (ASH) to overcome the discontinuity effect.

In summary, histograms are a widely used and useful graphic summary of the density

distribution of data.  Ultimately, they are crude density estimators and should be

checked carefully with alternative bin widths and origins before pronouncements are

made concerning systematic modes or other shape features.
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A quantile plot (abbreviated as Q-plot and also known as a cumulative plot) shows the

individual observations plotted against their cumulative occurrence.  A ``quantile" of a

sample is the value of the observation that matches a given proportion of the sample.  A Q-

plot of the Picaroon sandstone porosities can be used both to characterize the form of the

porosity distribution and to generate useful summary statistics.  The fundamental quantile is
the median which corresponds to the 50th percentile.  The median Picaroon sandstone

porosity is 1997o.  Based on this sample, it is estimated that 5097o of porosities should be

greater than this value; 50% should be less.  The median is a measure of central tendency
that can be used as the most basic descriptor of a distribution of observations.  (Other

measures of central tendency are the mean and the mode, whose properties will be

disoussed later.)
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The lower quartile (2597o of the sample) is a porosity of 14% and the upper quartile (75% of

the sample) is 21%.  The two quartiles can be thought of as the ``medians" of the two sample

halves split by the median.  Their values give a general idea of the spread of the data.

Finally, low and high percentiles (such as the lower 5th and upper 95th percentiles) indicate

the observation values in the tails of the distribution.  Although these values are usually

close to the range (the lowest and highest values), they are much more stable when making
comparisons between different samples.  The maximum and minimum values will reflect
any rogue or outlier observations.

There is a direct relationship between quantile plots and histograms; they are simply

alternative ways of graphing the data.  Note that any of the alternative histograms

discussed earlier could have been generated by the single Q-plot.  The overall shape and

occurrence of modes is usually easier to see on histograms (provided good choices of bin

width and boundaries are made as discussed earlier).  The same information is present on

the Q-plot, but takes a more practiced eye to make them out.  A normal distribution (or any

distribution with a central mode and extended tails) will plot as an ogive or S-shape on the

quantile plot.  A uniform distribution will generate a straight line of values.  Later in the
manual we will examine probability (or P-plots) where the cumulative percent axis is scaled

to conform with the expectations for a given distribution (usually the normal).

The Q-plot Picaroon sandstone porosities show a generalized ogive shape that contrasts the

bulk of the central observations with the less frequent observations in the tails.  Note the

extended and particularly steep trend at about 2097o porosity that marks the high proportion

of observations close to this value.  The shapes of the tails may also be significant.  At the

lower end, the clump of tight sandstones have pore spaces that are almost completely

occluded with cement.  The steep trend may reflect the fact that the scale is truncated at

zero; negative porosities are obviously impossible.  At the higher end, the steep break at

about 28% porosity may reflect the approach to some kind of natural limit -- an expectation

of porosity for cement-free Picaroon sandstones.
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BOXPLOTS

The method of box plots were introduced by Tukey (1977) as a simple graphical means

to show the distribution form of a single variable.  There are a variety of conventions on

how box plots are drawn, but the one used to illustrate Picaroon sandstone porosity is
fairly typical.  The box features are drawn with reference to a measurement scale of the
variable.  The limits of the box are called ``hinges" and are matched with the upper and

lower quartiles.  The width of the box is therefore the interquartile range, often known

as the ``spread''.  The median is marked by a vertical line within the box.  Axes that

extend beyond the box are called ``whiskers" (hence the alternative name of ``box-and-

whisker plot") with limits at specified low and high percentile extremes.  In this

example, the lower 5th and upper 95th percentile have been used to set the ends of the
whiskers.  Extreme observations that constitute outliers are discriminated as values that

lie beyond a ``fence" value. Their locations are usually shown by individual symbols

(stars, crosses etc).  The fence is set at a multiple of spread distances (commonly 1.5 or 3)
above and below the box hinges.

--¥FTiITFIVT_
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Box plots are shown for porosity distributions within unit subdivisions of the Picaroon

sandstone.  Their graphic summaries highlight both their general distribution character
as well as similarities and differences between them in a succinct manner.  The box  of
``Unit 1" porosities (16450 to 16482 feet depth) show a compact, fairly symmetrical

distribution centered on a porosity of about 18%.  The boxes of ``Unit 2" (16586 to 16646

feet depth)  and "Unit 3" (16860.9 to 16895 feet depth) are markedly different with

strongly asymmetric (skewed) characters.

16E95.0

E0

POROSITYqb
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Notice that the box plot is a graphic expression of the quantile parameters from a

quantile plot.  The use of the box plot allows quick assessments and comparisons to be
made of the quantile descriptors of Q-plots for moderate or large numbers of samples.
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REGIONAL POROSITY VARIATIONS IN THE LEDUC REEFS:

APPLICATION OF QUANTILES AND BOX PLOTS

Amthor et al (1994) studied porosity and permeability patterns in the Upper Devonian

Leduc reservoirs of the RImbey-Meadowbrook trend of southern Alberta, Canada

(Figs. 1 and 2).  They found that, if no account was made of burial depth, limestones and
dolomitic limestones were more porous than dolomites.  Moving southwards down the
trend (Fig.1) the reservoirs are located at increasing depths of burial and there is a

systematic decrease in porosity.  This trend is shown well by the plot of porosity

quantiles versus township in Figure 3.  Porosity measurements are commonly (but not
invariably) satisfactorily approximated by a normal distribution provided that they are

not multimodal.  In these cases, trends of this type would be shown adequately by plots

of means and standard deviation ranges.  However, many of the Leduc porosities are

sufficiently low, so that, even if normal, their distributions would be truncated-normal,
with a resulting asymmetry.  Therefore, the use of quantiles in this example (the lower

loth, the median, and the higher 90th) is a good choice as can be seen on the plot of

Figure 3.

Amthor et al (1994) also used box plots to demonstrate the differences between the

porosities and permeabilities of different carbonate lithologies, carbonates of reef
buildups and platform, and porosities contrasted by depth.  Box plots are a good

graphic medium for their thesis, because their simplicity allows readers to follow
multiple comparisons of different porosity groups with relative ease.  The box plots of

Figure 4  show comparison between porosities in a shallow limestone reservoir (Golden

Spike), a shallow dolomite reservoir (Leduc), and deep limestone and dolomite

reservoir sections (Strachan).  The  box plots show that, while they confirm the overall

decrease in porosity with depth, they also reflect the trend that limestones lose most of

their porosity with depth, but that dolomites tend to retain much of their porosity.
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Amthor et al (1994) point out that these conclusions have economic significance for

exploration within the deep Alberta basin.  Dolomitized buildups should be favored

over limestones.  However, the statistics could also be used in more detailed analysis for

pre-drill predictions of porosity (and permeability) ranges of Leduc reef prospects.

Figure 1-VIap of the Rinl]ey-Mcadowbrook rccf trend.
showing buildups and ex(cn( of dolornitization in (he
Cooking Lckc carbonate platform (dark stippled pa(-
tern). Buildups are dolomi(izcd where the margin of the
Cooking I;akc phatfom is dolomitizcdL Gulden Spike and
Rcdwa(cr arc  situated off the  margin  and arc  not
doloritial

-Schematic Dcvo.nian subsurface stratigraphy
of the study area (after Stoakes, 1980). For approxinate
line of section AA' see Figtirc 1.
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BOX PLOTS IN EXCEL

Eest88:anAiianyg£##ev;{spt]eodtsL:rep:£]as?a|=|i%:E(LorugygpTrece¥#:ggdo£:Onof
median are found by using functions listed under Function Wizard. An option for box
plots is not available in EXCEL, but can be created easily using the simple spreadsheet
Boxplot.xls downloaded from:

www.deakin.edu.au / ~rodnevc / BoxDlot.xls

The top of the spreadsheet looks like this:

82
114

108
96

102
92
86

3210

0                                              50                                           100                                           150

:§*:kE#§§L:Z::i:u::i:ejb:::[d;:jib;i:gj;¥;t:e\¥[re:f::;:j\:¥¥L;i::§j;i;:Ej;:n::;;e[:::§§:::::§ej§:#[:;;;
substituting percentile functions in the Mn and Max cells.

The spreadsheet can also be adapted to handle two (or more) data series as shown
overleaf, where the distributions of API gravities of oils from sandstone and carbonate
reservoirs are compared by box plots.
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BOX PLOT
API GRAVITY OF TORIS RESERVOIR OILS

SS                            GARB
5%    15.165 5%      24.5
Q1    24.325 Q133

Median        33 Median        37
Q338 Q341

95%       43 95%        48

X y X y
15.165 2 24.5 2
24.325 2 33 2
24.325 3 33 3

33 3 37 3
33 1 37 1

24.325 1 33 1

24.325 3 33 3
38 3 41 3
38 1 41 1

24.325 1 33 1

24.325 3 33 3
38 3 41 3
38 2 41 2
43 2 48 2

TORIS SANDSTONE OIL RESERVOIRS

:i              I        ,    I-11
10                              20                              cO                               40                              50

API GRAVITY

3210

TORIS CARBONATE OIL RESERVOIRSIll

1 0                            20                             30                             40                            50

API GRAVITY
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DESCRIPTORS 0F LOCATION (measures of central tendency)

=ehpere::::abti?;1:Cvpa::aemait:rfs°iamde}:s¥Peu:f°:i:Striqbs::ti;Snti:etnhfta]e£Xtyp.reTsfre:ea
alternative measures are commonly used: the mode, the median, and the mean.
Each has useful properties that make it appropriate in different applications.

The mode (Mo)
The mode is the most frequently occurring value in the distribution.  It is

§p::jL§s#:1:::[L::i::::aEc:y:;1:eda§LajE£::u:i;o;dc:LL;S;nth£[::t;1:th::i:::¥±:q:u:::::;:%:nf¥\§::j¥,:::
mode may not be a very stable estimate of centrality.

The median (Md)
The median is the value that subdivides the distribution into two equal halves.

Eiafvtyepoe=ceerntao|fuFs:oTbhsee=:gio=Si:aavsetavba,leu:sEfha::g|facnenthtreaE;d:::,:ifntyb:ercent
preferable to the mean when the distribution has extreme outliers.

The mean
The mean of a sample is the arithmetic average, calculated by:

„

.I=Z-\--
„

where n is the number of observations.  The sample mean is an estimate of the
population mean, pr.  (Remember that sample estimates are in Latin script,

F,:pucu:I:eo#n:Pdg:::th=b:etr:jn#i¥:f:b:u!non:ttrees:t:#;cxafl;::i::€#Fth¥e:ee::eec=ds
sensitive measure of centrality.  However, its real value over the mode and the
median is that it is a fundamental measure used in a variety of parametric
statistical inference tests.

!iu:e;fEeioF:os:g:|n?::rvabi;o;Eoe%:caei:t:a;acf;i=#o::sEije:fr:::ngtienF:a:t:hgaiao:ca:#:;sot

i#ida=:pua::iiur=f::a:u?efgg:e:,c#esbfms';o:::g|f:Aaar#e:;:i:ega:no:Ee:;i:i:FOFe
estimate of the mode can be made for a moderately asymmetrical distribution by
the relationship :

Mode = 3*Median - 2*Mean
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TORIS database: examples of central measures of sandstone oil fields
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TORIS database: comparison of sandstone oilfields porosities by geologic age.
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Fnh#p::a:eono:asl=;:tsounr::.£eo:t:ynn(:;rh:=ofietymaen£,p==d::E1:idtymdeis¥:utions

ille=fs:t:Cb¥|:hcs:.:ibf,:::i:o::os:!g::igaef,ef::igi::F:e:eik:e:wc:ade5i:osfdirb::yb:oFd:Ec|fthe

Fjegal:aF;fflutlEe:Tao::ai:=s::gaf:aeie:r:I:i:th:i::t::thT¥e:;li:e:=ias:f;eF=:1:ffmis:!C),
ra;wvalnes..    _xg __fix.
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Different averages: the arithmetic, geometric, and harmonic means

The arithmetic mean of a sample is the simple average, calculated by:

XI
„

where n is the number of observations.

The geometric mean is the nth root of the product of the n observations and so is
a multiplicative average calculated by: -xg--nJEFk:.

This is equivalent to the antilog of the arithmetic average of the logarithms of the
observation values.

Xg=|0(Zk)8mX,)/n

The harmonic mean is the reciprocal of the arithmetic average of the reciprocals
of the observation values:

E[-HEI
The arithmetic mean is most commonly used. It is appropriate for physical
models where the deviations of observations from a central value can be
considered as the summation of small arithmetic displacements.  The sample
estimate of this mean is adversely affected by anomalous extreme values
(,outliers,).

!i::ii:::titi#:n:g°i:i¥:eea:#¥::S±:ecrtr¥Li§ie°b:;aj¥§Lip¥ta!:§b:a:e;¥a§#Pe¥¥ip:i:iues
The harmonic mean is used for averaging rates or ratios. It is insensitive to high
observation values and controlled by observations with low values.

Fso:r=a?efaJiafiethhea:E#ceiceFne:::1Sgreaterthanthegeometricmean,Which
¥h(Xg(ffa

So, for example, the mean values for permeability in the Picaroon Sandstone are:
arithmetic mean = 176 md

£:°::n¥cC:eeaa:=08..L28mmdd
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Averaging permeabilities: arithmetic, geometric, harmonic means and the
power law scaling method

;:e;i:#v:§§fa¥§::P§#::ah§]§a:±¥e:¥e¥::;::g#j[[e:e;¥e::§tfn:i:i:;::r;:V:i:::I:e:°:
Harmonic

mean

>

k2
Arithmetic

mean
>

111

::intweotiT=asnp::i:eu5Tpoere5:::de::£eff:chtiav=poen¥:a::[£¥;#oteerbound.

I::niiieiii:::if:f;f;:;F¥fi::i::tri:gi:i;Ee;||ii!ti#8#::::vie!thfie:h¥qe¥alo?s:e:i:fa
1

where p is an averaging exponent ranging between -1 (harmonic) and 1
proaches zero, the effective permeability converges on the
e power-law equation allows any intermediate averaging to!ae:!FiEc|eAfpf£

be made, although the criterion to select a value for p is unclear (Jensen et al,
2000' p.121).
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CHARACTERIZATION OF AVERAGE PERMEABILITY IN
TIGHT GAS FORMATIONS: COMPARISON 0F THE
ARITHMETIC AND GEOMETRIC MEANS AND THE MEDIAN

The 1978 Natural Gas Poliey Act (NGPA) gives financial incentives to stimulate

§aE;ail:::£Oy:T#e:#fY:::t=;Tf§[;do#;O±Ty:ati£¥n;a¥L::a:i:;:i:5£¥§;g[;eo±]ese
formations have all been considered for classification as tight gas formations
under the NGPA mles.  Rollins et al (1992) collected permeability data from the
four formations, and found their distributions to be unimodal and positive-
skewed similar to a lognormal distribution (see Figures of Travis Peak formation
permeabilities).  They computed summary statistics of:

Formation        Number of wells          Arithmetic mean, md     Median, md
aeveland                       391                                         0.179                          0.028
Cotton valley               395                                          7.378                          0.045
Lobo                                    112                                             0.235                              0.056
Travis peak                      191                                           1.035                             0.085

|ie¥jew|F:eF;e:|¥:T:[trteiffioae:g[:ca¥:d:gi#:¥fyi:i:ioty|[f:=T1:?:liriT:ereage

E:ELrseetifcalm`:|9'2L=:T=i:otrquiqucpiareafye=gfayeoiethdi:=e;rfsoeTTg:tee:foFaeverage

:Esa!:=pLTTer:LJ:!e¥::#as:i:#afioe¥eoif:swperf:?uctionintwofamihesof
CASE 1                                          CASE 2

Arithmetic mean               1.350 md   -5.64 Bof               0.284 md  -5.30 Bcf/well
Geometric mean                0.106 md   -4.00 Bof                0.017 md -1.26 Bof/well
Median                                   0.085 md  -3.62 Bcf                O.020 md -1.41 Bcf/well
ACTUAL                                                       3.42 Bcf                                       1.75 Bcf/well

L§nifr:i±C'isfif:%j8:¥#Tfr::rigli±#iei;¥tr|m#:gd::o:§j|L§§b¥aio:i::gt:jj¥;S±ideto
geometric average.  In fact, it performed quite well in the simulation

:Othme:.anE;Oe¥ifb#tet;:£:atbohi?:::#ea]toe#ooi:eal:afi's¥|iidarTctq::stiTwaotL££the
probably still be seen because the median is a more stable estimate of the center.

£tcsa:s¥oT]gTeo£:Eavietys:::epx]::]£:s;#:£=#ca±]E:anw£]]be[essstab[e
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Rollins et al (1992) pointed out that their conclusions concerning the use of the

FnegLf:r::Ira:Psprffen;a::t:¥esrfgdefe:es:scuhr:sos;eRT±:::ball;Fa:#];e75£aetsstif::tes

ii#:eict:oeITu:s:e:aw±yci±:c:a:-:#a:gp:e:¥f::n:#:ijLrL%;aaLa:::Feh:ep%Se§:sst¥°#LSzEeE)a:t::
rate from a well.
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DESCRIPTORS 0F DISPERSION (measures of variability)

r¥:pr:::jo;:aau;a:s:cie!isie::a::T:e::o:n::,:fnthTeoel:;:rre:a¥:iF:a::1a=nf:bl#h:ST!:2n:s#ee:t=lteoto
When the mean value is used as for the central measure, variability of the
distribution about the mean is computed as the variance.  For a complete
population of observations, the variance is given by:

a2     i:(X,-pr)2
„

In the more common case of a sample, the sample variance is an estimate of the
population parameter and is computed by:

S
2      Z(X,.-g)2

(„-1)
Notice how the divisor is (n-1) because a degree of freedom was lost when the
sample estimate of the mean was used.

;i:::nbc;a::par:as=ii:esvq:::en?s#csfi:a:rseq::::arb::tmo::i:r:£ipcr:.aqise
spread of a distribution can then be summarized as multiples of standard
deviation distances about the mean value.  This leads to a useful measure of the
relationship between an observation, Xi , and the mean by:

Jx
where Zi is a Z-score or standardized score, and gives the distance of the
observation to the mean in standard deviation units.  The transformation allows

::£ralecdoigE?eulti==efieante::rbeox¥eTtEitif:Lai:dtheaxt::%eoTaiuee:Lsl:#:tifoant:£:1:#a

:#:uT#tcnc:rr:igrfe:f£[:Sst°arnTingsd:::astit::dua:€sdf:£ti:a:ibeoaunt.themean;95%

A dimensionless measure of variation that is commonly used is the coefficient of

variationwhichisthestandarddeviationdividedbythemean:Cv=3f

5:oF:o::::ego:lie;s:::;i:::.:n:s|#air:a!o;1:r:o:efs::1a:joi|ieiy:s;y:i:i¥tisin!d?:I:¥:T::

deviation ranges.  The raw permeabilities are strongly skewed so that the
standard deviation gives a poor representation of distribution dispersion.  The
selection of a useful scale transformation (most commonly logarithmic) will often

a:ieodc¥tiq::::°db]de;F;esr:]g|nato:adTsP±ebsut3:::.Csarereasonablerepresentationsof

43



Z
-2         -1         0          1        2

0            10           20          30
Porosity %

Z
-2         -1          0           1        2

Z
-2          -I         0           1          2

0         400      800      12 00

Permeability, md

-2             0             2             4

log Permeability

Stea=ideaarfi|?#:E:|cr,a|:ge=a#::all;=c::epdicp==::asbaifi;s.tone(a)porosity,(b)

44



HIGHER ORDER MOMENTS (skewness and kurtosis)

:rheethmee££:s:n£:amrioa:Ceengeofmaea:sui€;u°£:::a£:cnaf]nfadt±LP:ress[:::i:Poefc&Vee:¥:o=£
moment about the mean, the variance, was calculated from:

2     I(X,.-I)2J-

m3

(„-1)

(„ -1)

The third moment about the mean is the skewness, given by:

The value is in cubed units, so a dimensionless measure can be computed from:
„

(„ - 1)(„ - 2)
If the skewness is zero then the distribution is symmetrical.  Otherwise, a
positive value of skewness shows a tendency for a right skew of an extended tail
to positive values.  A negative or left skew indicates a tail stretched towards
lower values.

|iDrifive trigiv ckEw

The fourth moment is kurtosis, given by:

negifve flap drqu

m4
(„ - I)

with its dimensionless equivalent calculated by:
„(„ + 1)

(„ -1)(„ -2)(„ -3) z( ¥± - _¥_\ 3("-1)2

Tl  _ (n-2,)(n-3)
The kurtosis measures the relative "peakedness" of the distribution.  More
peaked distributions are ``1eptokurtic''; flatter distributions are ``platykurtic"

|I I alI+hhi t                                I ul ulflhi I

:o:rc:esie:alri%Cga:1:y;tt:h:%Sg:i::nii##:is¥:eeu:sae:id:,I:r;ake;r:e¥:;eE:th!eLes:ebduntie::::
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make these assessments.  A normally distributed distribution should generate a
value of zero in the dimensionless equation shown above.

The dimensionless measures of skewness and kurtosis of the Picaroon sandstone
porosity and permeability data are:

Porosity:                   Sk= -0.60                          Kt= 0.13
Permeability:          Sk=  2.10                          Kt= 3.05

Lheerepf:::S:±%]i;Srii:b:xti;°enctsakti€own:eosfsaa:giu:i°ds££ssfrbeuc::i:tfhzee;°e=€asb°±];ty
distribution is leptokurtic and with a strong positive skew.

The cxpcc£#£I.o7ts for dimensionless values of skewness and kurtosis for a normal
distribution are zero.  Zero will occur for the normal popwJ¢f!.o7z, but small non-
zero numbers are inevitable for samples from a normal distribution. So, if we use
the normal distribution as a reference curve, what are the minimum values of
skewness and kurtosis that are to be exceeded before we can make a statement
that the observed distribution is skewed (positive or negative) or that it is

::£:°aknudi#e°;rpo]£atybfi#::1:eheth¥ti;C:[a¥s¥;:Stow:I:rb:ecc°±:]%:[[aesdt:yw#ee£:Fti]ee

:tfs:e::a:n:d:¥c[t:;n:oia::nix:Hoe:Erin:oi?±:trlugti:t:s|Soisek:[=:::Srio::=opfleths:Zesofn
skewness, ses and is calculated as:

S6

A:rl¥f:=|pd:sizbe:,tiT##:rfiee#:|ruiessoit:nw:ffi:o£=ua,t:i.;:)S£5Ts(6il:)id
deviations from the mean. So, if the calculated value of skewness is more than
twice the standard error distance, we are outside the 9597o confidence limits and

;i::e¥n:a:;:i:sd:,¥n:1i:Ei:;ii:fEi;s;t:Ti::1;t:s|:ou:k:u:rttais:S;So;:e:ITior:;n:ei:e:sV:fn
kurtosis, sek and is calculated as:

f#s8]:e:]o#o%e:nsi:e::;an¥e&]:o%a[¥:of:o¥k:e%sil:C:ats:::E::£:]s¥easst:tiQSE:(o2f4/n)

:i;e;,¥e;:ze:s]ef:figs;;*b;eufj¥§n±e§j:ag¥e€#::e::i:tie:sa::v:as:tugen;;e::cEb::r:esefr::sot;:w::t:fnd
negatively skewed, symmetrical, or positively skewed

and platykurtic, mesokurtic, or leptokurtic.
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TORIS database: comparison of sandstone oil fields porosities by geologic age.
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A comparison of the skewness and kurtosis of the TORIS database sandstone

§o:L§aiip§o:§}L§:j°°:i:£:::sC:jr;i;:oi:§n{§:=i;Ti:i:j¢igi:§S::aisee:::i;i;::es§:;p::p§:;:;:lil:§eir;ant::a:ck
occluded by cements and clays (such as the Picaroon Sandstone).  The end result
is a leptokurtic distribution with negative skew.  The Mesozoic sandstone
oil fields are symmetric and mesokurtic because the skewness and kurtosis
statistics are considered not significantly different from a normal distribution

:{a:ti;C::ga°:njw#:I::nE#::;oa£:e5rfu%e:sfzb£:1;1:¥tieEd:;?::Tsib=e:r=:e::I:i']gcnh:tl:#:[i£:iadtvb#

i==isz:eino:aiir::s!h::|sec:sanvfe:ft:io::e:::cseayY=::n::?|e:FtEs:ot:pus::o:sLtr:e:snE5i:oYaeb:ek:e;s
to higher values.

In this TORIS database example, the moments of skewness and kurtosis have

::::aatipvpe][;erdo::s:::f]¥|feesc#O::n05ssthoanpeefe:i£::E]::aeToopni:it:hHy:]£:]ver,
these same measures are commonly used in inferential statistics as a check on

rohitha:.r[:nth°eb::sE:fusti?omnp±[sedde£:£¥ebdu]5°nno:::obica°]r#€:raidets°t::da££r:Xe;a:tde:y

:;1ejj::a£oc:e:;yc:;al:i:ri:js:::¥elo:p:ae::::::F:iijin:E:1:Ci;ley:i:s:T::ir:a:¥p:ijcaE::i::lei;e=hfaetic
univariate or multivariate normal distribution.
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THE NORMAL DISTRIBUTION

The normal distribution is the bell curve that is familiar even to those who know

|ftlpeo::#£#ea::is±a£±%EC£%.u¥ohna]ts£S#];¥£hti:nr:g5£atncu°o=:ffro°=?ofwthhey£Sft
discrete binomial distribution.  The binomial distribution applies to events with

#a°t8:::±rbLe±au±tnc::±evseannfud=Scerrft:Siha:sTu[F:#p°rfo`;Saub::£e;S::''st:::`sfsa±L]su;,e:)d
the probability of failure is q (=I-p), then the proportion of r successes in 7t trials
is given by:

P(r) =
„!

(„ -r)! r!
g„,pr

The sample mean and variance of the number of successes are:-X--np    and.    s2=npq

%gh¥isuiie#i:¥o:s§b:L¥Sibijs:a!r=e;r:a#grsie::b:::±e:¥:i:n:Z:::tiu:e:gffo"i:S:°iiT±ae;i::nd
100 trials are:
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=sdtffeengue=ebrearteo!::::`eys's::,inngisthfieEff:5eT:fctii8:|s?Fi9£i::!s;:ipi,;''oYhere

flu:::Sosi)a;nTdRciE:£nLesrE|eTshi:Sced:{£iAmLuS]:tis;:area:#eufg#:babilitydensity
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:osnnti:::ou=Fis#gii:mqti:=Lb=3:fo¥=yais?,riotgbr:::::lsy,iT::faeiuntilinthe
distribution. De Moivre showed this in the 17th century as a theoretical result but
saw no practical use for it.  The formula for the standard normal distribution is:

p(x,-±c-i(¥)
Notice that the distribution is defined completely by the mean (H) and the
standard deviation (a).  The equation is used in the EXCEL function
NORMDIST(x, mean, standard deviation,FALSE). The use of FALSE generates
the pdf (probability density function); TRUE generates the cdf (cumulative
density function).

-4         -3        -2         -1           0           1            2           3           4

The '`standard normal distribution" has a mean of zero and a standardized
standard deviation of one.  Remember that this can be produced from any
measurement scale by a Z-score transformation:

Z- (x,-_x)   £___^___`_  __   7    (X,-tA)for a sample, or   Z =
S-CJ

for a population.

ZLi:¥sedo¥:m¥ne:go¥i:¥n:dE:triiue:;]daTtr:op:pO#F:#£:e:¥i¥ioo9%##ru#ifan::±tge
deviations.  Most statistics text contain a normal distribution function table
which relates Z-scores to the corresponding proportional area under the curve.
Later, we shall see how this information is used in statistical inference tests.
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::cwo:smT:dgr£::&eeT:|oai=|adTse=3::i::,c:::iFbn:efsn::htg=uos:eyEioefirissttribution
of random errors about a hypothetical true value.  Consequently the distribution
is often known as the Gaussian curve or normal law of error.  Conceptually,
measurement errors are considered to  result from the arithmetic summation of

=eanany.SF€[s]ips°asfbtiix:;i:inme8a:iv;rhi#3Fn];::I:rae:toalrmd;:Pd]±asci:::tosnq:mth:
limit on a continuous measurement scale.

The normal distribution can also be demonstrated with a device known as a"Galton board" or a quincunx, invented by Francis Galton:

Galton Board
(Quincunx)

Pa5cal'§ triangle

1

11

121
1$31

14$41
I     §   10    10    §     1

1     6    1§   £0   1§    6    1
1    7   Zi  3§   35   Z1   7    I

#tha::£qsutriqub:htiaonnceof°£f]:sflaic:tnagci:£#::edfre::ti#o#::i:E:n£±bala][hitsa

i:sg£:,:E:o:#:wffiL:e]h:1:SF£:euatr:ognroeTal¥¢:d::a:tl::pErft£L££€asLb¥LS:o:gg¥e:n::a#on
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i::e:#£j°tc¥*:ei:§|:ts#:o:t:S;iiey:oat:eiid:t!°;r#a:aeioi¥e:a;jr±#o::ng::¥::i}:fi:re#¥u¥SP::li°trfes
#fa:teci±::££::#e±yorbeydaifE°cTtafedc±asui:Tttii:n;]£€sththea°traitiecrae]!=:ti,{icaa£:fi,9f
value for many measurements and that observations that deviate from this ideal

]P::e`f:e:::':n¥a°#:¥eeri]aTcehs%:Cati::fi#:sthtri?£uwti:o`ibteo]£avee';i:e#:dvariabiiity
[dseafix:aybuys:tfsui|reeas:I:i:t£=Sanbceec.a¥Sheer¥:o::,r::[wd££[i¥abvuetic°anp]i::dmapi[£toe:¥the

entire variability of the observations with just two numbers.  Of course, our

;:i:um]:f::sTSH°ofwthe:Seer,S:arti:Sati::Sn#`eb=a°t:hy;:]']'.:1"]foe;°ufsT:i:s:ufep;8*]:rti:fn
E|9f::Fe:E:;:,i:jeITr:|naiaolnsst,a:::Cpsrteod=:5isc.oTchl:ss:o=::::c==thnogd:i=i:fan::iecsa|and
statistics which we will review later in this manual.

5earieer;bT|:tie:sip:ie|dog=mch=fcsa|a|;fs::#red£:#|3:S:iELoer:siicti;::,on
sandstones.  These estimates can be used to generate hypothetical normal

fE:!:ruoti::;sdf:trav(ias,uaai:o#ep;g::Ti%i#ea;gr£::bni,aiEi:is7b)T?!c:etvhi:£ooofddietto
skewness and kurtosis estimates of these data sets would have alerted us to this

::S#::i°:itT:E[t°#::naELyegnr:#];C]Sa)£sE9bwuetiyoenr'£sthfroed£:1:dmoanrr:garithmicaliy_

icoa#;rdoissifebsu`tce'd.T|T#F|:lii:sd#::feeolfogo=g=astuorfaTper::::srv£::nfemaybe

8#:i:gfoT:lei:SmaemITuo[=f]ic£:Yoeg°nnoe±aalthdefrsfi:tiquoenahda€±g:eenmw°±g:][yu:es€db¥o

:tepsr£:eEtavrae:::::bf:u£::rbe¥:ar]°ie:aeei::Cdhoaf:ebnr:¥oag::iapgE[c°aT:r:ttifnt.oS°'
petroleum geology variables such as permeabilities and field sizes.

:i:edrveg:eoen:fo:taton:ioalrmpar`o!i:bE|E;ti;o|:tc(=rg-spo|:te,.asTsf:Sceodn3:npa:gi:gthesame

iosog::aElft:f#ie:F:?:d:a=F;:::n::d:s:tri:I:g:h:ts:i:s:sf-alp:gt:oarze-sacl::ea?:llTaebl:ffor
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Normal distribution curves fitted to Picaroon Sandstone histograms of (a)
porosity, (b) permeability, and (c) logarithmically-scaled permeability.
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THE CENTRAL LIMIT THEOREM

::;su=a:sot#:irrtamn:aE:o=:|Tt:iadtetsoTeatniof=:f|;Eisatrirrbpulteesda#:=onfforro=r:er
i:FtrEieu::zde.s)Trheegadg:er:Smo:swthh:Taesristhf:rme:::f|ri:E:#:iis:lefnnc::Etael::a|s

:irfri:£€:g:raiE:f::edn:::±b:EL°::ann:::f;:::Citais:Secx°an=i#geg]:#:al
fksEI?ListiR°fov(a)I)u±:Sc:±fp°a=|ywd££tshtriib:tde}gfeb#ti:oe:8fa:€a[n:goefnar:::dv:iyuesfor
sample sizes of 5 and 30.

-D.i
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The Central Limit Theorem is the basis for establishing confidence intervals
around estimates and for important inference tests concerning potential
similarities or differences between samples.  The sample means can be written as
*„ *2 „ ...... and are scattered about a hypothetical population mean of pr.  If the

:E¥jr:e:n±:¢§:e#e;a:;os6;::::I:a;;:I:ire;¥e:ja::;js:+i:i::[]£::¥d:agd:]y±:e::o:¥ej#bcohut
we are usually forced to estimate from a sample calculation of s.  The standard
deviation of sample means with 77 observations about the population mean is
called the standard error of the mean and is given by:

C,
se-_TJ=

%fbcsotiT=St:,#:sgae=;r|:lleysgi:toetoTsot=gT:e?opulationstandarddeviation,sowe
S

se__TJ=

liz:£:§o:Crga£::fi:;rseb¥::joe:°;t°:oE::f;C#C:£:;:;:o°aih°;::ci::Sic:an¥:i¥s;¥::¥o:r:§!:Pii¥:S::tr¥;Le:::'
sc-#=l.o7

Just as standard deviation units define proportions of expected observations

:Tau:tls:s:a.eTFpd:efF:e:a:nndr::#dfr:doa;gil:a::T?:ti;w:1i;6dT!i;e:oe::i:?o:yri;1:os5nj::oiesip:ep::
:::.ii::#ELgn¥.;6ars?:n££r¥eecITa:r:aoyfg|uarte¥:iraet:.5?i;:#cdoennfdthe:tceth±:#eevei
with which we are comfortable we define a 95% confidence interval of:

E ± 1.96sc  = 17.7 ± 2.10%

In other words, we are 95% confident that the true average porosity is
somewhere between 15.6 and 19.8%.

If 95% confidence was considered too risky and a 9997o confidence level was
selected, then the critical number of standard error units would increase to 2.58
and the confidence interval of the population mean would expand to a range
between 14.997o and 20.597o .
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:::;:5:;%:;i:;;:;¥w:f§tewn:i:;¥h:i;;I;i;§r;§vo;;n%£;§d:n:;Tj[dt£:t:;i:a::i:dq{j:::;:ss::I:ns:s:t
standard error is:

sc-T=-o.51%

Using our standard deviation estimate of 3.4%, the estimated number of core
samples needed is:

„-(:)2-(=,2-1726

¥sh:::sghti?;ae#f?;oi=dp:hfco:ffoiti;s;1::iiellif:iL::c:ksc:TE:a:ts::s:e:dl:?t:cF::3c:a;saiym::ted
concerns itself with both the design and analysis of experiments.
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STUDENT'S t-DI STRIBUTI0N

b¥at::f:ts:stepfiu::|Eg:e:ie::ego::£#cialg?:oTre;:3kge:d*:r|;th::gauF:eg;ei;dsag:dt::i:,w

ia::::1:::sn:a:ee?aef;t|:iinj::1:mdbe:i=!g||at:5n:`etr::b:|y::1feual:1:¥ef|s:=:b:uif.#?f:fsie
normal distribution is plotted out in standardized form (i.e. with a mean of zero
and a standard deviation of one), then this is a distribution of Z-scores, where:

Z-- (_x-u)
Jc

The standard error is given by:
a

Oe-_TJ=

fesvYaeti:::eo:goef=ree;uwbesginteerfileysd=:::E;:=attteoT:pt:1;iti;:?standard
S

se__Tj=

As the number of observations in a sample becomes larger, s gets closer to a, so

Fula;i;g;frf:rsetip=eatbe:cbou=:tsi:ebgiisg£:eitEoa=euvne5,e::sstiTmalalt::I,g:eTsizeef::si:nnfootr
this is that the sample standard deviation is related to the s¢mpJc mean rather

gth|th=rththea#tt:::{.::mm=gn.mTehis#]:rfdw¥yf:e5:I:::e°ri°Tb£:r¥faotii:,n;th°e:n#evz]_ue

i::asi::rds:vTapa:nms,eiEesr=seuia[ng`ai:#°urtipomna±]:ggapd]::'#fiteh:osgaE,[eandis
known as the t-distribution.

5          -9               -2 -1               0        t1               2                3
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;]±eup:I;oafEe::sf£#§]:e-d::gei#nti:°:nfoc#e:;:g¥:tyA[:th:f:d:eo%:e]¥gf:f[rr;eeid:6dm=frbijctiFoi:tthe
:eo|TEaec::di;#iEo.nnvir.gfs£:nth.ei=:I:ta:adispTeb:i2:sn;::aE::c,i::,;tbi:ud,i;#tri:
#]yfis|:s:saf£Tb]:uotf3#:FSE#oaln]s;Ta:::s:'a:;[Oefst,:narceoELs:::r#O£:rTothsi
30.  The t-distribution is tabulated in most statistics texts for use in the Student t-
test that we will examine later in this manual.  Notice that with larger samples,
the values of t approach those of Z from the standard normal distribution.

1jro  i tail

5 a

1                                                                10                                                             "1'

dE!grees of freedom {n-1}

::h¥L{f:€heL#b:ev:e:¥:Se(e:::oaie):#o:r:;:1:n&dye£S:Lo:p:o:ti:ottfod:1:h¥::_:d;::Tb¥scti:°:n°f
corresponding value of t.

The t-distribution is the basis for the most common test of statistical inference:
the t-test in which the difference between two sample means is evaluated with
r£:Pseftp°ieTearde£:£Pkee:;i::b°::abks::Vf::infr:bs°#eoF:]aantipotn°gre::t=i:::#;,ther

different populations.
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STATISTICAL HYPOTHESIS TESTS

The computation of the estimates of parameters such as means and standard
deviations results in numbers that constitute ``descriptive statistics".
Conclusions may be drawn concerning similarities, differences, trends, and other
patterns by visual inspection.  However, interpretations will vary between
individuals and any conclusions will ultimately be subjective.  ``Inferential
statistics" are a battery of techniques that enable workers to arrive at decisions in

fac:::i:teer::i=fergar::no?`u==:fi#s:sosd!tee!r=Eie=.isTEi::3!r:n#ea::=ce|ru=;`is
:::oPcF:taes;dw£±nthtethiLa::±g±ro°nbathbi[#:o[:£sshfe°:oT:i::::::£:I:::e¥:a]f]Ve:[° frisk

Statistical inference is a process of inductive logic: generalizations concerning a
large population are made from the statistics of a limited sample.  Statistical

::r,;i;ed:d¥[;SaEj;:jtiv¥:::,;S:h:y;§C:;£j:es;:::;::e::;:tc;:hi::°;Se:r::j9°:;1:S;:i:;;g¥;P;:;Sg£:e:t:a;:e:jte
as no-one is ever found ``innocent" in a court of law, but may be found ``not
guilty''.  Conviction fails because insufficient evidence is presented to find a
verdict of ``guilty" beyond a reasonable doubt.

Statistical hypotheses

|i;i[e:n:i¥ei::i::oi#;:i:::!jr|:ij:e:k:itt;i:1s:s:i:jrir;i:i::s;iipce;e:uiif;::if;oeu::::tii:u::
hypothesis formally as:

Ho..pr\--u2

The alternative (and motivated) hypothesis is:
H,.. u\ i u2

ii::::::£ii:h:jy:::::#::§!:i::ill;i:C:§d:F:ic;:i;eL:°g°irii:i:;#di¥#:es§i:iaii[§;=:8;e:I;i::::sseon]f
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Significance levels

i;1E=:fis|Cti;cnieta:t:FeelT:::!|:is::ecfiasc:e::1::r:e#;dm=ft::e:nyT¥Ea:nnld|ets:W:ari:Tb:ectseeTet7ed
::f:rxcinthgeptre;i.a#fyc|::::snitiiofnav=:Sos:=:s:rnegerguTt#:fTtgf:P,::lou:o=:bthye

I:vt;[¥h°astti°ef#aatirsetiEa#:gpeassg:i£Vo:rdFret:traei::tct£:dn:i]eh;;toca±:sis:±8s¥,fiiae::efs
an opportunity for post-analysis rationalization to prgudice an a level in favor of
a desired result.  In most geological problems, a value of 0.05 is customarily used,

ir::oO:FT#?;¥£g]i[Ety¥r:e:;c:c:i;£e:tp±[{;o::o#:esr:str%b#ebb:|]:¥:aia:11:¥Eefd::¥#e||
:::,b£;51;tythiess|gse:serthale`yo:e#eoawr:,asttoe=;a::Top:et;oec=iE#zs:ni:bayc:en¥*E:e|y
low level of a, the chance of a Type 11 error is also reduced.

Directional and non-directional hypotheses

;f}i:ng::lps:£:ag:eh£Ses::;t££[a¥a:gec:e:#:ee*ir:r*is::s:¥igd:rSce#i#;e¥si::tvftee£
S±z.9c¥fft.1;c„#¥hger£"#:#ua|T#}ep:±#:'sthweonuTdebF:ti;vdai!:fdht%p£F;:1;sp::i:[odnbfiatthe
second mean is either equal or less than the first.  A fzt;o-tot.Jed fcsf is used for non-
directional hypotheses; a o7ic-f¢i7ed fcsf for directional hypotheses. If a 5%

:£fg#:±ig=:b[:¥:]n£.Sfie:e;teevde'r#:nth¥eo=£]iee:t::sseicthmeu5S;o[i:i±:othn::a?1,:]Ltrfr:e

#s:itsa:I:g-coarseJtoi-s,£|:fuwT||o:e#,?i5?odci?fTrpe:?ecEtosi:::::iipciLss?;tiys#eevrele
for the same significance level.

Degrees of freedom

Each time we estimate a parameter, we lose a degree of freedom.  In effect, the
number of degrees of freedom is the number of independent items of

Ea:;:Tfn::s:bT=aEs:grvpa::ioenuis:u::i:e:sgfi?epee:?i::o:fefioe:::ief|b::::oe:ebfb:rrgvf:et:e:r:aalf`ta:tf,
or symbolized as v.  The degrees of freedom must be enumerated for any
hypothesis test, because the critical test value will be set by the number of
degrees of freedom and the selected significance level, a.
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THE BEGINNINGS OF STATISTICAL INFERENCE

Ronald A. Fisher (1890-1962) was the pioneer of statistical inference who
proposed that most research projects were exercises in inductive logic.  The
results of a few controlled experiments could be extended to generalizations

i?§Pe:¥si::£o¥Lie;:r:;ill:::ii£¥E:e;;d;:fa%eL€a:nn;):a;::¥¥:i#¥e:¥:g;r§:ii:iLr:e;:b:;d::ah::(#e

four cups of each
means certain tha[ty£

e.  If thew lady identifies all eight cups correctly, it is by no
e can tell the difference between the two types of tea.

:::i::lira:i:!7#apt:£[;#c;::n%#::jsn%Sa[t:s!:::ce¥inco°tud?s:r:iei£¥t:::::lee::::,ethere]sa

•-`..-I.

¢,,,,,.,,,ill,'„'::i;,ii!EL=ir,I,?"'tiiDi



THE t-TEST

The t-test is widely used to test the hypothesis of the equality of means:
Ho.. ul -  FA2

The alternative (and motivated) hypothesis is:
H\.. u\ i u2

In other words, is the difference between the estimate of the means of two

:=g`;:;::fE1;enn?tt|:#J:e:tifTe:ehnycEoiFseis#caatnTe#eanrew¥co==o:`c::ireoEaTie
two samples come from two different populations whose parameter means are
different.

The t-statistic is computed from:
(X,  -X2)

Jg

where *, , *2 are the sample means and se is the standard error.

To clarify these ideas, we will work through a t-test example, using porosities of
the Picaroon sandstones.  The distributions of porosities in ``Unit 1" and ``unit 2"
look different (see CONIARISON OF POROSITY DISTRIBUTIONS...), but are

Fhee¥tfaf:rsetipccseasaftg#:i:=taro:efiec°£So}g::#oeimakale]:at¥eps]te££ez:esinvolved?

UNIT 1:            ni= 20                ®, = 18.1%                     si= 3.4%
UNIT2:            n2=  8                  ®2  =13.4                        S2= 6.1%

:shsee:]£::i;aLt:t::tmc:r[:erfupspc]i::,Yhhee:etghr:evsa:faf:::d°ofih:;#dgbr::Pvse]nsby:
v-q+„2-2    -26

and the standard error would be estimated from pooling the samples in a
common estimate of population variance as:

_2      qJ?+"2J2•,/,  -
„1 + "2 -2

and computing: S e --  S p
11-+-
rhn2

Fo:=emvoe#et:tae=tpieussttagg:rsdedd.eTi£:3::tsehsoti=:,t:a::yseTaie=tsaisd::its:rasoef.
the means is given by:

Se- i+i    =2.29
nl          Y12

Now, the test value for t can be calculated from the formula above as:
18. I -13.4

2.29
= 2. 05
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In other words, the two sample means are separated by a little over two standard
error distances.
The approximate form of the t-test leads to a complex estimation of the number
of degrees of freedom by:

V= k:  I n\ - S22 I n2J

(S,2/q)2/(n[-1)+(J2 „2)2,("2-1)

from which  v gs 8. 8 and so v is estimated to be 9 because it must be an integer.  If
we choose a significance level of 5%, then the Ci-level is 0.05.  This decision means

:a::eT::::ee::c#:endtythci:::etiagaetn;¥Foaut[ifbwee;:J:e=::hfhneu:¥tyc:[Og|a::±es'oFte±ns
found from the t-table as:

Critical t value @ Ci 0.05 and 9 df = 2.26
(This critical value is for a fa{7o-£¢z7ed fcsf in which the five percent is allocated
between the two tails of 2.597o each.)

tEh;eeni:jFOFxuj:[h:etasa::atr;cg:a?:c:e!#eexB:u::ee:=siu:Sy|C,r,1htrri¥ptv:a:g:::F:dto:fi£¥::;e:sa:n=:pr!e::ct

i#ei::tToeg:r:;:|igs!#Snth:e:ytd?l;;e::VI=:PeE:eefrs=t=ss:tit:efif|:C;:i#eu!;:o#'eifo::tgdt:es

#ii:fi:t#T:;|f:u;:el:¥pe,o#|:;1is!Tsa:v:e:e:Tgtt;1!#aeen#:::i:pt:oacteoos:¥:1a?rs:eifegocnhcal
rtre:#:Lya]::a_]]]esvaeTgf]eo:oa57aa£:a£]ee]]£:scanj:=cotiLogndTfffFre¥:ec]onn:::3#:v;;:::ces

which caused the estimated degrees of freedom to plummet.

#eeias:lee:-tit:SgtLe:uAtfparHeAshv°aYu=::8:on5e{a::dd:fya:L¥::]Lu':)?ataAnalysisTools,

t-Test:  Two-Sample Assuminq  Uneciual Variances
I

Unitl PH1% Unit2PH1%
Mean 18.145 13.4375
Variance 11.38471 37.28554
Observations 20 8
Hypothesized Mean Difference 0
df 9
t Stat 2.05846
P(T<=t)   one-tail 0.034827
t   Critical   one-tail 1.833114

P(T<=t)   two-tail 0.069654
t   Critical   two-tail 2.262159
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THE F-TEST

Ttwh::£;g:guthtia°tnh€::C#ebeenstfreeix£:Ciea:gau:Se°nfoth=:[ag]%#E:::fancesof

F=£
S2

0123456
I

The shape of the F-distribution is asymmetric and the skewness varies with the
degrees of freedom, becoming more symmetric at higher df numbers.

The null hypothesis of an F-test is that variances calculated from two samples
represent sample estimates of the same population variance:

Hb : a; - a:
The alternative hypothesis is then:

H\.. Of  i  cl22

::ae:::y:?::etT:ci#e!etdod:,;:e::d:;EeTu:tl:Set:a:tn#:eii:nr¥t::rlrs::=d£:fe:i:tacnnc:cl:ltest
computation.  This changes the form of the test to a one-tailed test because the
alternative hypothesis region is restricted to the upper tail because:

H\.. Of  > o22
The form of the distribution is controlled by the number of observations in each
sample, nt and n2. The distribution is the basis for the F-test, which is widely used
in the analysis of variance (ANOVA) and in regression.
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The null hypothesis of an F-test is that variances calculated from two samples
represent sample estimates of the same population variance:

Ho.. Of  -- cl2
If this is true, then the ratio should be close to one, but there will be some

¥aatipoa::]±]¥g:cfi::::;fnsdagEiiF£€ufl[F:otubaei]Penv.e#:tq#:Ssti;OmnpTe:narbeeioommesin`:I:£ee
population?"

For a simple example, we can test the porosity variances in Units 1 and 2 of the
Picaroon sandstones to see if they are significantly different.  The necessary
information is:

UNIT1:            n2=20s22 = 11.4

UNIT2:            ni=  8                st2 = 37.3

g:s=genma?ee5FsastaElep::#,e#ethn:thelargervarianceisthenumerator(and
F-_gap-_3.2,]

11.4

The number of degrees of freedom to be used with this test are:
v]=q-l=7and       v2=q-1=19

Then the degrees of freedom are used to locate the test value in an F-distribution
table:

Critical F-test value @  a 0.05 and 7 and 19 df = 2.54
The calculated value exceeds the test value and so the null hypothesis is rejected.

Later in the manual we will see that the F-test is a powerful tool to help

fihte:¥[e::S€Ltn¥ti:e:i:i:p°:e:s°5n£:¥a:ssfo;:¥e(erist:e°€neb£:E:¥e±S=t£::eD:::dALnalpyr:L#::rs,

F-Test Two-Sample  for Variances

Unit2PH1% Unitl PH1%
Mean 13.4375 18.145

Variance 37.28554 11.38471

Observations 8 20
df 7 19

F 3.275053
P(F<=f)   one-tail 0.018611
F   Critical   one-tail 2.543537

I
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ANALYSIS 0F VARIANCE (ANOVA)

The basic operation of analysis of variance (ANOVA) is to subdivide the total

¥o¥racbe±s]ityTiTsafsdca::::tntip::ac[?ymdpo°nnee:tysdthe:±tgcna£::eafsdae:#:g#egf::rcehnLat
individual observations can be combined in different ways to fomt composite

ibo;¥itresdanieaTtFt:hp::u:lalati::yn:yo:Tefi::::1Toha±:th:e::ei::f:e:::v:zv::a::a:fncfije|:lan::I:taedi:a::€e
The most simple type of analysis of variance is a one-way design which is used
to assess a single source of variation.  The one-way ANOVA is basically an
extension of the t-test of two sample means to allow comparison of multiple
sample means.

:£:eu£:i:sff.erT£:£#:::nm:i:r±:E:r:::en:fg]futhpes,o%as:hrvoafti:t:chhasn

.   £!x"
X= j-I  ,'=1

in,n

Lheeiiodt]?|¥aun;i:3:eoi;:Eeo£:taar:su:i:e#eb#neds=:a:ithesquareddeviationsof

SST=£Z(Xy_i)2

This equation can be rewritten as :
in

ssr-Z
£[(xy-ri/,+(*/-z,]2

where the group means have been added and subtracted to each term.  If the
equation is expanded, some of the terms will cancel, and the result is:

ssr=zz(x,,-*,)2+,z(*,_i)2

:fhi:a:qarueasf88wC::tbheessuu:T:f#a:::sSwS£Tth=££Sthwe+g:3:p¥::edssssTB£]Ss#:ts°ut:sS:fins
squares between the groups.

#aise?3Se£#[:gnthg:ovua;]sag;eth°:#uemg£::%fmd::::efs°:Fgebeydg#Egchth[:Luems°f
number of groups minus one:    A4S'B = SSB

rfu
usw is a variance estimate based on the total variation from which the means
have been subtracted:    MS' SSw

w  _ (" -in)
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Thheem¥:nvs¥uaanr::Sbcea#t:nc:Fepg¥oefpbsyt:nthFe-t£Set;nTshqeu:iteesstws±ta:i:tii:Sgrthoeurpas:°°f
F USB

A4Sw

]#f¥ee::fn¥,::n:c=e:od::°#::::Sefe#:s::i:yoft::°£#e;Si:arFf?etre:fiFf:Pg°m:ui:e:#:Vrt¥b=Ce

The statistics of an analysis of variance are traditionally shown in an ANOVA
table.  The one-way analysis table takes the form:

Source of variation               Sum of squares                 Degrees  of  freedom            Mean  squares             F-test

Between  groupsWithingroups
SsB=,2(fr,_i)2 in-1n-in MSB--T#)

F-_thMivsfr=£,i(x„_i,)2 MSw=#)

TOTAL
sfy-/Z£,(x,/-*,2 n-1

The F-statistic is compared with the critical F-value for the selected a-value

i=Stua%:yti:.::!eFdds#:¥3cvalal:asu:;ieegnrease°nfu¥ie#gth|°efs{F:;)ng|ddff(f:-r:i;:fife
rejected.

=
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Analysis of variance of potential differences in porosity between
Picaroon Sandstone Units 1, 2, and 3

;iedvsg::££]s£¥h:fwpn°r£:£ptyhi#:nandbetweenthe"units"ofthepicaroon

POROSITY
18 "

|rm

1ffl5B

lug
1fi55q

1EN

|reRT

1rm

1ffl(RE

lug
1rm

lam

§[#¥re¥w|:F:i:ri4:ni]£2¥TA°n:iL:¥hgi§jh::c::i::oLe:°i:L?¥T:°A¥¥%t:¥d:c:i¥osd:#;rr:S;iou:oF:*Sa(e
defaultvalue)::

73



Anova:  Sinale  Factor

SUMMARY

GrouDs Count Sum Averaae Variance
Un tl PH1% 20 362.9 18.145 11.3847105
Un t2PH1% 8 107.5 13.4375 37.2855357
Un t3PH1% 10 200.5 20.05 112.893889

ANOVA
urce  of Variat^ SS c/f MS F P-value F  crit
Between  Grou 204.460697 2 102.230349 2.39599184 0.10586879 3.26741656
Within  Groups 1493.35325 35 42.6672357

Total 1697.81395 37

As with the t-test, the null hypothesis is not rejected at the a-value of 0.05,
although EXCEL helpfully points out that rejection would have occurred at an Ci
of 0.11.  So, the statistics of porosity differences are not convincing from an

#;e§[:i:;i:s¥¥:gF:j[;:t]::hb:e±ece:o;nsb§¥:e;[[gh;E:ne:d;§fr£[;:se:nj:fEe]£]e:T;;F:gg:e:;:=:p;]t;:7g
£:°dubnedesnt:t:#:#yediquf:esreecnti;,°gu±Ffedis±Ef:::#c°eYnutnh£:S;oBr::£¥:satoifththeeuhits
"statistical flow units" was trivial from an engineering perspective? ..........

Two-way ANOVA and beyond

A two-way ANOVA can be constructed with rows representing differences with
rfs=e:i:oo:::rvva#oa:li:foncdatceodi=::ey|;ti:enspthe::etomau::cp:::bvsaeni::iF6nlsfa=:re

termed 'replicates'.  Differences can then be evaluated between rows, columns,
and row-column effects that reveal interactions between the two variables.  Even

a:reeffceocTspo]fexthdrd::;vgn£:£feg:£c:eu::::eboyu:]eysg;ga[£¥:I:.:i::rn:azksoo;A:amfnjng

::¥:c:has:ifogsq,:iix:?|!-fwo3ufdfobN=:a:ne?e,.:ithFe:.Eax:ieE!o!:i%d:io#agry?¥f,e%e,rch
fo¥%tfes'cothmepsife¥d]:s:a::yyaoyubseh¥ueiednissuebief:%S::£sgt:J;izc.s};foes;ean£.?,nith-:efs::.t
that ANOVA software packages are marketed as add-ins to EXCEL by
companies outside Microsoft reinforces the validity of this negative opinion.
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BIVARIATE ANALYSIS

:£:ti:§n¥:t:ie§:;±¥e::F;:y¥§:j£:i::=:i:i:O#:::::a::::O:F::;:tl::::::e§¥j::::::zt::::::b¥sr¥de;£:
principal concerns of bivariate analysis are whether there is co77cZc!£i.o7t between
two variables and whether the value of one can be predicted on the basis of
knowledge of the other, using rcgrcssz.o7i analysis and related methods.  Statistical
inference is important as a means to make judgments about whether perceived
correlations are significant, whether a prediction relationship is really useful, and
the magnitude of errors that will be associated with a prediction.

The Picaroon sandstone data set will be used to demonstrate these procedures.

;o;g:e%:ooeloi:i:oti;c;o±e|:::d;:ij,e::ele:si::F:?:se:s:fi:n:::oscs:r:::ty::ee:[s!il;at:u:?Te:r:t,
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Composition-permeability profile of the Picaroon Sandstones
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COVARIANCE AND CORRELATION

Variance is used as a measure of univariate dispersion ; covariance is the
equivalent measure of joint variation of two variables around their common
mean.  The equation for covariance between two variables, x and y, is given by:

covtx,»=dsztx,-g>ty,-p)

Notice that the covariance of a variable to itself would be the same as the
variance.

Just as the univariate normal distribution is defined uniquely by the mean and

Laena::,cechFELbjvvaaniaat:c::=ngtii:=|?::::;:.sE::i:ioerdti::=|pc`:iet'oyuE#h¥o

ii;pir:o;i:=nf:i:ij;f;:li!:i:hFifi!iapi;iia::iii:ol:lei:lio?ri:::ih;ec;i:a;aip:a::o::ce3£:::

0                    10                 20                 ao                 a                    lo                 2o                3o
Pt,-8ity ca                                                     po-gity qb

Bivariate normal distribution contours based on means, variances, and
covariances fitted to (a) porosity-permeability plot and (b) porosity -

logarithmic permeability plot of Picaroon Sandstone core measurements.
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The Pearson product-moment correlation coefficient is a standardized measure
of the linear relation between two variables.  It is equivalent to the covariance of
two variables after they have been standardized (by Z-score transformation) and
so is independent of measurement units.  When calculated from a sample, the

:::f:I::::;offttfi:cfeanst;:aTnh:SetiL=:tti:6:yfFrbfi]:zffa:syo:::£g]:a:La::enfffaapeg:st:er
r a y --

coy (Jr, y)

-,\.,\

where sx and sy are the standard deviations of variables I and y.

The correlation coefficient is constrained between values of +1 and -1.  A value of

fell::8ivsehirp%ampeear£:C:#::rarrer]ea]::::tEj.-1COITespondstoaperfectinverse

¥**f .*J#

* S±* * I t ape * i I I ,

r a tl ltds,©fgnBti
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a             I a *tr8

Crossplots, bivariate normal 90% contours , and correlation coefficients of

r=€earIT°e::tiso¥sdftp°sn&£:rm°:i9hc£:£e±[ti?:n°.na#o°Foe:eY:i::,1:a:hb%riatenormai

;n;::r¥v:::;=:e:I;je;::a::iE;c:¥:;:b:r:as:i:e:i|::e:#:ionTH?en:::ot:;:dud:a:lTe;fl!ecstsFaor
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Picaroon Sandstone Pearson correlation coefficients of porosity versus
logarithmic permeability and compositional content
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THE CORRELATION MATRIX

There will be many instances when correlation coefficients are calculated
between all possible pairs of a number of variables.  The results can be tabulated
in the form of a correlation matrix, where the rows and columns are matched

#e|T:ovnagfa3ien?aabigfsweidthtoy::schgenspaa=reaasssi£:ac:oITnes|::::C:f=aanTi;;I:e;l#ex,
so the matrix is symmetrical about the leading diagonal (upper left to lower

g8r±:);tl;hceo=:]daft:gdj:fi°±?::I::llswillallcontalnones,becauseanyvariab|eis

Scatterplots, histograms, and Pearson correlation coefficients are shown in the
Picaroon Sandstone scatterplot matrix. which has been designed to show the

!gx:1:m=ugt:TT?::tf:!|?ioE::::o::,:I:u;:es;Te:eE;fg|:cfe::s:pl::#::tg:p:1:Fsta:|joc:::are
matching scatter plot.

:oarITti:;:i#¥t:e8na]roegTnethhii8±t;:itievaeb{P£.t8y8|:=dpii8:ifye8::Vcee£%.£t:)These
associations are not surprising, but will be analyzed in more detail later.  The

#eecstticnov=:::E:|naE-:igsl|:xisiso::gyeetre:£:;oh:i!na:eec:emtiecnsti;-iEi:aft;eanw:1smost
discussed by Taylor (1990).

There are some other interesting correlations among the compositional variables.
However, their interpretation is fraught with major difficulti.es, because the

:f::E;[e§a:£j:¥::::jr::;:jr:t::::e:jn:::c:;:;:§jL;S¥;S:;;:¥::Tf;jr:p:So§{§s:#£L::o::¥e:::u::jr::oefs
Correlations".
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CLOSED CORRELATIONS

%:s:1:%no:esn£:Fa±:t±anti;suticcesdtebxytsc]do%:roet.c€fosi::::hc:£rrso#Fnoi:a;snealyzed
variables sum to a fixed constant.  When there are 77 variables in a closed system,
there are only (7rl) independent variables.  An entire dimension is lost.

shown to be artifacts of closure.

MATRlx+cEntENT

Closure in compositional variables illustrated by bivariate and trivariate
condensations of Picaroon Sandstone data.
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:!¥¥iE:ij::F¥l::oii:itf|g:-¥ci¥!;;;e:sl|aigi::F±iu::¥::¥tr#:b:f¥:::;!¥;h::i
would have been zero if they were in open form.  Therefore, the intercorrelations
seen on this comparison matrix would be caused purely by closure effects.

Unfortunately, Aitchison (1986) demonstrated that there are an infinite number

:fmpqous:i:::ucti8omnpa|:S£:Foao¥,cA:tFh::ownil(1|Sga8?;f#Trees:fine:i:::cserdauT:gtTanany

:::al€:r:e:dnc:i:::::t:¥v:i#cLeF:aars:I;ft:::Ayt;th:e;z¥La:rod;iL:1::i:#::coo:pwuht::Fneofa

t2jEftvhfed:oe¥cphos±r%;no:]ti::t%yarteh:ng::r£:n±,cc:nevaenrioFE:ttoobg:Spao:::,nss;
compositional proportions and take its logarithm

1.e.log(i)whichisequivalenttolog(X,)-log(g(X))``

(3) Compute the covariance matrix of these centered log ratios, which is I,
the centered logratio covariance matrix;

(4):o°rTeE:et::teITset]aantidoanrd±Ze±xcethn::,r#%#i}?iFfarE::Xf'r#:iho:Sufeeffects.

3a:Fanbtieerse8£]°thg:apt:a::::[saatii°dnst::g.:¥:Sdco°tmhips:;eedrcf::ttahgee:±%ee::Topn°vS:#°endalto

gr::r:e:fv:::c#e::::io=:aed:!ef:::io:g:r|a::e:i:I?1:e#nsgi::nyw#o:iepi:o!e:n:';t|:i::::ties
and striking differences with the correlations of their closed counterparts.  Of

££aticc[:]ya:::::met:tfieeThee;:tsetract:sE:[aa]Fyo:±sgL:f#aenetno]:¥:[ageyyfrreafr:seennt:,]±q#:tr,

Fe:::#:a=sptil:nesctiiim3:eavdadni::s°enda#taafpt°e€t:I:sti::s::i:Ida:L°nth:°=:f#entof
section.
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and logarithmically-scaled permeability
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SIGNIFICANCE 0F CORRELATION

The Pearson product-moment correlation coefficient, r is calculated for a sample
and is an estimate of the population parameter, p.  Because the values of r are

L9gfrtryar:£:*::Ereeaernth¥e[±]i=t±stso:fri:::ndg-eT.'#i::mpELfo#e£Sdi:|btriTbtiu°:o°nf:f£:±s
symmetrical, although not exactly normal.  The null hypothesis of no correlation:

Ho..p--0

can be tested using a I-distribution, where:
rJie2- JT+ with (7t-2) degrees of freedom.

If the calculated value for i exceeds the tabulated critical value for a two-tailed
test at a selected significance level, then the null hypothesis of no correlation is
rejected.

In the case of the Picaroon sandstone data, the sample size, 7t= 39, so that the
number of degrees of freedom, v= 37.  Then:

Critical t value @ a 0.05 and 37 df = 2.02
Substituting this value into the formula for i above, gives the critical absolute
value of r= 0.32, which must be exceeded by a Picaroon sandstone sample
estimate, in order to be considered to be significantly different from an
expectation of zero.

]Tnha:nit::rovoalnusea:adnstboen:Sgeadmt:€£::£F]£anti?::Pm°:etrip#]#:im¥flcoadntof::ae±ti;ogns

:£p¥u:lip:otir£:oofealq¥ue:fiste:Sefi€ch=:i§:nys¥g:£gcae:£cl:lija;1:e]exl;±O:6a::t:E;Oo%l:=hfg:leer;]¥£y
acceptance of a given risk level will result in a proportionally small proportion of

i#ee=sfL#i£:s:es°tr=aL::s:::a:h:og:a;ear:i:t:O=bn::b:esxte:ToPw°::,S:¥tas:faLL°fi8ciet¥:::1::tyth:d

:::iati;vveeacsos=E,aatiioonn:ew#:ecTa?TafEsa;i:1:tio;orgfafrb:y=eeflnet:faa:gr¥:irs|Czoemmon

;°o::s:ly°tc£°thmcE:;£g::;estswaet¥ne:eanncdyt::eat:£ega¥:±[Cna:to::gfa£Vwe£L°¥:]eartig°rnar°nf
size.
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comppootsei:i:I:yaiig=\f:::piioi=ae|l|aytsocna:ei:Feefiecaa5:|3;sd=cdf:fne:t:il#-or:::use
of a t-test. (Significant correlations: labeled closed circles; correlations considered

not to be significant: unlabeled open circles.)
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RANK CORRELATION

Because it is impossible to estimate paraneters measured on an ordinal scale

io±:e:d::i::l±ge:i?:;c;h=:e::#a:nan:o;:r:e:=a::is:oTrm#ie,o:rsfu:r::cfvoafi::h::tin=nemust
coefficient, r', may be calculated from:

r=1-
„(„2 -1)

where 71 is the number of individuals in the sample, and Di is the difference
between the ranks of the !.th individual measured on the two variables.  Where

g:fsfe°rcecnutr:othmebr£:#o=seoafvfirea8±Totet£:a#:Cv±asnpaabs[eeg.°Eothwee#°as:b[e
mathematics are such that the Spearman coefficient will have the same value as
the Pearson coefficient computed from the ranks, in instances where no tied
ranks occur.

The possible values are constrained between +1 and -1, with the same
lF:pil;C;gi:e:sd:ssr::eta:;:sreszxoea:=:1o::;::dntlo::slc=:lf:icie:i:rh:yp::e:#os;E=ft:afT:ees:fof

rJJfe2`- JTT

Fahsee:#ecr°eIT#5::acb°]::fiacr£:ndtr];Ss:]csa°]]#fuf[e:::tcg::pneur%::]#]readd]qca±?yin
different units.  Because the Pearson correlation is a measure of linearity
between variables, a strong non-linear relationship may give a disappointingly

=i#e:ed=tsa=Cc°oeeffffiicciieenntt.isHs°eYe:Yee5'iyatsrsbssetii#i::8taosapiaoT:|o=onTceapsau::i°:n
the data, regardless of whether the trend is non-linear.

io;:zF:c;irc¥i;efa:e:i::i:i:s:jEoi:::s¥ti;b;eofi#:n:on:ta::io:i::::iT=ceooa:#e::E%ti:¥e#s::ll
k=

A®3

s3(I-a)2
which relates permeability, k, to porosity, ®, and specific surface area, So, and
where A is a constant.  We can compute a generalized measure of specific surface
area, S, from the equation:
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The values for S are listed in the table . The table shows the results of ranking the

:::i::::rsegd=t:n=:,cf;ritp=|Tti:ens:teec5stothpa:r|:sdi%#::aYciuTarti:::eocftttfespecific
Spearman rank correlation coefficient, r' of -0.58.  The table also shows the result
of a f-test of the hypothesis of null correlation which was rejected in favor of
accepting a significant negative association between specific surface area and
porosity.

i;ee:%wove±o;:T!v:e:c:r?T:a:no|:;S::p:o::::SIFe:T:Egd:ireecT:sca:¥.:;:::;ti:#ewpnloYeol:
coefficient of -0.23 indicates a weak negative linear association that is not

afeg#ef;Cs%n]t;s¥:cT€::rjr¥at:na::g[£f#r::#fb°e:£heest:nu€anfyo::roB;i::ts:nLcd

i:e:::::.g:i:::j:jEe!;,:;oi;thoirf;icte:::npi:::;c:itiae:::1;r:el:?p:i::!e::tf;;:o:s|i:gY:::r:;ir;:rt.a#ef::
more uniform.
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MATRIX ALGEBRA

Matrix theory in its modem usage originated in the work of Cayley and Sylvester in the

::€::i.ctMd:£#oenbroaf]:::k]::8suagaetifa:dui]eticvua£%teer::#a£=a;:¥fnfafa°:S±g]:tFtiestics.
From an operational point of view, matrices are easily stored and manipulated in a
computer.  The presentation of data on a spreadsheet as blocks of numbers in cells on a
row and column grid takes a matrix form.

Basic matrix terminology

A 7"#£7.z* is a rectangular array of cJc7Hcr!£s such as:

ql     q2     q3
CZ2i          CZ22          &23

ql     q2     q33

Or

If a matrix has r 7.ows and c coJwm7is, it is said to be of o7'dcr r x c (or known as an r x c
matrix).  When r=c, the matrix is sqw#rc.
A matrix with only one row is a row zJccfor ;

[4    9    3]
a matrix with only one column is a coZw77t7! I/ccfo7`.

A matrix with a single row and a single column (i.e. a single number or element) is
known as a scaJar.

[3]
In most notations, a matrix is denoted by a single capital letter, conventionally printed
in bold type, such as:

A-

;c:i:d;i;:d°::gmo=":ufpo:Sea:liz:;t:o=?£tffxn%o:r:r):tsi::n:d:sS#ceem#„:£:r,I:e¥:a::dau#ai:#ie::i:xg:o::aiT:eat
ajj = aj.i for all values of i and j. The matrix is symmetrical about the leading diagonal:

125

243

537
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The fr¢cc of a square matrix is the sum of its leading diagonal elements (12 in the matrix
above).  A di.flgo7zaj m¢£7'ir has leading diagonal elements which are non-zero values and
zero-valued off-diagonal elements. A diagonal matrix is often denoted as

100

040
003

#e£E:::t;nida£{2igx°]Tsaiemn%¥5£assTet.dc"ft.tymfltrirwhosediagonalelementsareal|one.
100

010

001
The transpose of matrix D is written D" or Dt and is a matrix whose rows are the
columns of D (or equivalently, whose columns are the rows of D). Then if:

then        D,-I:   ;:]

Addition of matrices

Only matrices of the same order may be added.  The sum of the matrices A and 8 is the
sum of their corresponding elements:

A + 8 --
qi+4i        Czi2+bi2       Czi3+bi3

a,2\+  b2i      a,2;2.+b2:2      a23+b23

CZ3i+b3i        CZ32+42        CZ33+b33

and A + 8 = 8 + A

Subtraction of matrices operates in the same way, with subtraction rather than addition
of individual elements.

Multiplication of matrices

When a matrix is multiplied by a scalar, each element of the matrix is transformed by
the scalar:

RA -I::2,,    :Z:]

Multiplication of two matrices is more complex and is only possible when the number of
columns in the first matrix is the same as the number of rows in the second matrix.
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If C = AB, then each element c„ in the C matrix is the sum of the products obtained by

multiplyingtheithrowofAbythejthrowofBor:c,,=£qAbA,wheremisthe

number of columns in A and rows of 8. For example,

and 8 -

where

12

11

30

then     C=A.B=

Cii = 3X1 + 1xl + 2x3
Ci2 = 3X2 + 1xl  + 2xO
C2i = 4X1 + Oxl  + 2x3
C22 = 4X2 + Oxl  + 2xO

The order of notation in a product expression  is important because AB±  BA

B.A in the example above is

In many cases, a change in the order of matrices to be multiplied may result in a
situation where the product does not exist because of the mismatch between the number
of prefactor matrix columns and postfactor matrix rows.

:fhi:i:°=sP::g#s°:edn:r=oistpAroa££c#eo#e°:oPLru°£::tar:Foe::o=ffrftmanadtricx°X;±Sts
respectively.

The inverse matrix

Division of one matrix by another in a manner similar to a scalar operation is not
directly possible.   However, the operation may be made through multiplication by an
irrverse matrix.
Now if,  AB = C
then the value of the matrix 8 is conceptually equivalent to the division of C  by A
However, if a matrix A-1 can be found such that :

AA-1 = I  and A-]A = I
then by multiplication:

A-]AB = A-]C
18 = A-1c
8 - A-1c

A.1 is known as the inverse matrix of A and is defined by the property that a matrix

=:#:isefnbdydi:se:nnvoetr:eriysite:grsaa,I:fethnetisg.=faa¥;,uTpeeinavir;edi:eos¥3tdhe:1Jneefnf::vs:rus::e
it is called a s{.7igwJflr m¢£r!*.
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The widest use of the inverse matrix in practical applications is in simultaneous
equations. For example, the following equations:

3x + Oy + 2z = 19
x + 4y + 2z = 29

2x + y + 5z = 35

may be written in matrix notation as: AX = C which in expanded form is:

Solution of the unknowns x, y, and z in the vector X is given by X = A-]C

The elements of the inverse matrix A-1 are:
9/20       1/20       -1/5
-1/40     11/40     -1/10

-7/40    -3/40     3/10

ases:i::fs:ymTii:eA?1tifiee:easuus|:;Jnotr€::to=exth;:;swthhee:aT::Ffuolrtif,ly;naEdthf.vectorcby

EXCEL matrix algebra functions

The EXCEL matrix functions are:
MDETE"()
MINIRSE()
MMULT()
TRANSPOSE()

returns the determinant of a matrix
produces the inverse of a matrix
multiplies two matrices
transposes the rows and columns of a matrix
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AN APPLICATION OF MATRIX ALGEBRA T0 POROSITY DETERMINATION
FROM LOGS OF COMPLEX RESERVOIRS

:oOLafen8sg::;Evoenrsoefpio:]veoTu¥aestri9:;::oTfetye£:`i::tmaaptip:`icsa:::sp:fs:3:fp:t=xpior:e:;]n8

For:ve::I:dToh;::ot±cfyd:Ese£#:ao[:bnr:Tetrdotnot&oe]smefancehrag]£:;a::::::vino:rn:soc¥:tE:nwt%er,
when the rock is composed of several minerals whose proportions vary through the
reservoir section, then two or more porosity logs should be run to discriminate lithology
effects from porosity.

As described by Savre (1963), the method proved particularly effective in the Permian
carbonates of West Texas as a means of improving the log estimates of porosity
calculated by extant methods. Most commonly, porosities had been evaluated from
neutron logs, but the values often proved to be unduly optimistic in zones with
significant gypsum contents. Hydrogen within the water of crystallization of gypsum
results in an apparent porosity in excess of 5097o for pure gypsum, so that even moderate

¥?ooumnat:kceadu]}edfsrsg#]O:O££otymeoIT£::.cToh=£roafnmdaefsx£¥]pnne:fs:nssoftthtiaTethoefs8uybpsstiT#ti2:=of

:|o::tpe|%|tai:vdeifpi:ru::±btyec]:¥sfesfioet|Eiroi::i::]¥r:e:p::i.tuFi:i:yt'L:i:ums]en::aa]sc:Odnov[eonmti±%a]
gypsum, and anhydrite. The total system actually consists of four components when
pore fluid is considered, and is difficult to represent graphically in a useful manner.

An effective log-analysis solution to this problem is one that computes the contents of

ELypes:oTua::triqucepooToesr;tiTe±sTeTrhales±=:€r::::]C:Sti:£Poafr:I:g_:::;i:::er:a:radti:odnbsyettha:L8egvsetso

ELisuo|?ienceti;vues|vy:rBye:::g#Cuoip:::g=:narealfrparcotipoonrsti:fn;o:|rdco=;::::::Ffeosur
equations are required for a unique solution. For this application, the log-response
equations are:

Neutron:               ®n  =71g.G+ 7tq.A+  71d.D"/.®

Sonic:                    At =Atg.G +Atq.A+Atd.D+At/.a

Densrty..                Pb  --.Pg.G+Pa.A+Pd.D+Pf.a

uan#iew:::::1:S£°o=sP:eft;Spbsyuif?:r)Taiuh#'t:iuAa):%:L*£Lct:{%fl):Cat:dthif:Cftra¥atoi=
porosity (a ) form a closed system:

Unity:

When written as matrices:

1=G+A+D+a
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Rewritten in the more compact matrix algebra convention, CV = L, C is the matrix of
n#p::eps:::;ti;eus;:::::tdtibmyeas']±annedoiruariptdveai:±eti::Sv°{sg#Pes:emc'toarify#£::'ud|°g:jt:'

proportions in the zone; and L is a vector of the zone log readings of neutron porosity,
transit time, and bulk density, together with a unit value.

The values of the elements in matrix C are known:
60       -2        4       100
52        50       43.5     189

2.35     2.98     2.85        1

"                           "                            tl                         FT

The equation set is fully determined (the number of unknowns is matched by the
number of equations) and the solution for the unknown vector, V is:

v = c-1L

where C-1 is the inverse of the C matrix. This procedure can be coded in a computer
program or as a spreadsheet solution.

The results can be displayed as a function of depth and the graphical output drafted
from one of the earliest computer runs is given below (Alger et al.,1963). Here, profiles
of porosity, dolomite, anhydrite, and gypsum are shown from a Permian San Andres

:°ani:faotiina:eocnti:Fine:¥=:t±::[X]aos;Ttrhaec:s°#Pcsftii°anv#er:i£]perr;Sc:s::££;Cthaleinverse
matrix operator.

Peffias#f*f
Err \'ndurm#

I)                                                      `ii)

96
"ii.ffifeffme+~` |*ffim#"-`



COMPOSITIONAL ANALYSIS OF A MISSISSIPPI CHAT SECTION FROM
LOGS USING A MATRIX ALGEBRA PROCEDURE IN EXCEL

As an example of the EXCEL implementation of this analytical procedure applied to
logs, we can analyze the composition of a Mississippian section (see Dataset 5), using a
matrix algebra representation.  The density-neutron-photoelectric factor log suite
provides three logging measurements that can be used to resolve four unknowns in a set
of simultaneous equations. The four unknown components are : dolomite (D), chert (Q),
calcite (C). and porosity (®).  The porosity component is the fluid in the pore space of
the flushed zone, which is primarily mud filtrate and can be considered to be a mineral
called "water".

The equations are:

Neutron porosity :
Bulk density:
Bulk photoelectric factor:
Unity equation:

®n  -®no . D + ®ng . g + ®nc . C + ®n®  . a

P b -- P D . D + P Q . Q + P c . C + P a . ®
U -- U D . D + U Q . Q + U c . C + U a . ®
1=D+a+C+a

where the bulk photoelectric factor is the product of the photoelectric factor and the
bulk density, U=Pe* Pb

When the values for the log coefficients of the endmembers are entered in the matrix C,
together with the unit weights from the unit equation, then C is:

DOL CHERT CALC POR
PHIN 5 -5 0 100
RHOB 2.87 2.65 2.71 1
U 9 4.79 13.77 0.5
UNITY 1 1 1 1

Using the EXCEL function MINVERSE() applied to these values, the result is:

0.0491 3.2525 -0.0491 -8.1385
-0.0347 -1.3850 -0.0828 4.8935
-0.0202 -1.6356 0.1336 3.5934
0.0058 -0.2319 -0.0017 0.6516

A:##£ncalans°b]:g:anp}£ecdalbc;`£#ETaesnsFoej:gosnaraepfroe]Touj:LP:±S€gbeythis;nverse
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COMPUTATION 0F AN ARRAY 0F PEARSON PRODUCT-MOMENT
CORRELATIONS USING MATRIX ALGEBRA

The equation for the correlation coefficient given earlier in this manual was described in
terms of conventional scalar algebra:

cOv(Jr,y)
ray-

J`J.,`

where the sample estimate of the correlation, r, between the two variables of x and y is

FEsC:sV3:raf::ay°faaea:uda¥:i:¥£cdoefpbuyti¥::rs:fa:tc°oflfthe:astif::,d£:€£ge;XfeafE±:Pesn?fwxhae:dy.
calculating all possible correlations between a large number of variables. The procedure
can be coded as a simple matrix algebra algorithm.

If correlations between in variables are wanted, then an in-by-in correlation matrix may
be computed with the following steps:
First,
The matrix X is an n-by-in array of the raw data where the n rows are the observations
for the in variables of the columns.
U is a 1-by-n unit vector (a row vector of n elements, each with a value of one)
Then,
The matrix C is defined as the matrix of covariances between the in variables

and so'
i.e. c = [cov(xjxk)]

C = [X'X -(UX)'(UX) / n] / (n-1)

This concise matrix algorithm for all covariances in the array can be understood from
examination of the scalar algebra computation of a single covariance between variable Xj
and variable Xk

COY(X,.X^)=:Z(X//-X/)(X|k-¥*)

Rewritten, this becomes:

covtx,.x^,=ritzx,,x,,X.!X.,--i
„ Zx,,Zx,.A,

This equation is for one element of the C matrix.

The components of the matrix algorithm are:
X'X :  premultiplying the data matrix X by its transpose gives an in-by-in matrix of the

i3km):(Oi#f/wn:sqpur=]atTpd];]r::sfireog:tcats±=£JZ'stbytherowunitvectorugivesal-by-in
row vector of sample totals.  Then, premultiplying this sample totals vector by its
transpose and dividing by n gives an in-by-in matrix with elements of [(1 / n)ZX;jzx,k].
Subtracting (UX)'(UX) /n from X'X gives an in-by-in  matrix of the sums of squares and

fi::ssscparl:f:ft(sn:|f,dr::i#soinnsf:TOFaenv;:i:bieaE:¥:.Multiplicationofthismatrixby
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Moving from the covariance matrix, C to the correlation coefficient matrix, R requires
each element to be divided by the product of the matching standard deviations.  The
matrix operation involves these steps:

The matrix D is the diagonal form of the covariance matrix, in other words a matrix

#eTezaedr£°negs££nagtho:#idh£:gm°££xe]£ff/:n±ga=]fagthoen¥¥aanfexs#h:tv=£:bie3::I:iroends°onn

g:i?:d#diaegr°enaa:roTcha:s£:¥:£Seee::m¥it€±:83n]*matrixD-1/2issimplyadiagonal

Then, the correlation matrix, R is solved by:   A = D-['2CD-"

#dTtxw¥]¥ob=¥:#:Leau£:dr::reexsE[n¥:tig=:£omwpsutt£:to:SWT::dvfanrireeSr::sr]eognre¥s::Zs fs
models are members of a simple hierarchy.
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PRELIMINARY IDEAS ON LINEAR REGRESSION

bMee£Seuer:Sv::£CagFees].aEn°nth¥:aas:::Pa:Ssfe°£s°ofnt::£tuecnt:intyo:feannt::Sfg:E::

i::n%;:°n;']afiftfgg:egs:::1:a:ng:efe¥Oem:e:gfi:n€;i:a:lecfintri:th:a£:%e::Ped::hr°a:ne£°±s::e:no:

;i:o:r:::oe:ger::sagi:o::;eE?:eis:i:e:i;:edFa:ie::e:Far:eocge;r:rgo::alnT:es:1ask5e|inyagr:SaLg#:eof
distribution about the trend.

s;i:£]:r}£:,e±¥;:Eess:]foan[::]eaatresfuE:tiyoaniationofonevariable,y,withrespectto

y -czo + qx + c
where X is called the independent variable (which is assumed to have no error)

:a:a¥;Snt:fe£:P]iTedfet::]Y?siab]ewithanassociatedrandomeITor,e.The
P--ao+a,x

where the ``hat" on Y signifies that it is the prediction of Y, given a value of X.
The quantities ao and ai are unknown constants whose values will be solved by
regression analysis.  They represent the intercept and slope of the line,
respectively.

;e¥:nEIe::::!ei:::i!:ei::fi:i;?i:fli:;g;s!;ioi:=;i:?iioi!io#:;=::eta:tr¥;::
fitse::iovbe|eg=?lboe!::`seano!aneg;:::i:cgo::eiiFbr:nhe?:tg::naE::|iischtiFodnoenq::::ie#at
performs well.  Permeability is a crucial control of reservoir producibility but
measurements are generally infrequent and mostly limited to core analyses.

#L¥e;i;:;1:1:#:i:ai¥o:sd#;yi:a;:o::L§),€s:jni:r;e:L=:::%|fi:|±r±¥:::#;o¥He:Cit:i:bsiLi;h:i:g:¥:e:i:I:1:#es,
]e::.o¥:]r::em£[efia)t.ethesituation;butregressionanalysiscanbeexpandedto

There are a number of options within EXCEL to fit lines to data and examine

i::iti::g::op;::i::i|:;:e:;£Ci::a;:li::g¥:e¥;i::;I:oi#:oe;Eq:ui[:o:f:jlfifha:S:|Es:pi:-!:sg
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Picaroon Sandstone

321I y = 0.1842x - 2.3451
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Porosity7o

The equation of the fitted line is:      logk = -2.3451+ 0.1842®

:ifi£±S]]:i:fc::sE::##ermeabilitybasedonapercentageporositythenthevalue
The coefficients of this line are -2,3451 which is the estimate of the intercept, ao
and 0.1842 which is the estimate of the slope, a] .
The corresponding parameters are ao and a] .  We can estimate the standard

:i|:|e:E£;Sit::iii±£i:i:i:a§°¥;i±cj:;#fi#E;#d:;:e:it;d|i;ill::ini:°£::isrih|gr::u;:Aby
intercept), the second TRUE asks for standard errors of the intercept and slope to
be output. When LINEST is used with the Picaroon Sandstone porosity - log
permeability data, the result is:

0.18419872 -2.3451485

0.0163483 0.30893523

re::#:itr°rpes¥e°c:%[:Ssgtedf8a::)oTs:Si°::cahncda;::eaceegtt;::£rF:::I:Sfsb#:W

#Sgas:t;ot:iieLf::s:f::fu±:i:th;:%tra=:i:eEt:#EL:b::°:::c;:#%:d:l=pp::e*oe¥mfacn¥synL:9W6
standard errors of the calculated statistic.  So, the 95% confidence on the slope
parameter is 0.184 +/-0.032 (between 0.152 and 0.216) and the intercept
parameter is -2.345  +/ -0.606 (between -1.739 and -2.951).
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]Tnhteh[:npe±cf:Oo:n¥:nc:sTopnuetsag£:wO:F:or:8rfsss::ffiptft[:gthpeedTt::b±]:£eov:r?:ros±ty

iein¥:#i::vn:r¥:=8;:ii:a:n:e::b;::i:ni¥co:jos;a!ijfi¥§i°:f:ti:i¥iai¥Le?;::i:a::i::::ske[f
::gr¥;:5'raththeeFac£°rne;fgde:rapnt§Ere°:r£:inese.Xcellentestimationofamoving

Permeability, md
I j] 1              ]ffi                  i                  in               i rna            I ttco          "iBieB

Core #1

Core #39

!§|i:i5§iit¥I§e¥it§¥|¢ed¥{§:±j§¥ia¥egiI§¥ni£§aj::;ii¥Ii§is¥¥§¥§#¥¥¥8:S)

¥::Ee::F|oi:eT!T:::::::g::i::;:i:u::diia:erlcffzjiia::nt:#:::n;:c;a;n:i#;e|:;th:S:tra;=T|es
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important, then remedial steps may be called for.  If the permeabilities will be
coarsely averaged to provide statistics for reservoir simulation models, then no
modifications may be necessary because the regression already estimates the
mean values.

10

H
Illustration redrawn from Campbell and Stanley (1966)

In the illustration above, a regression of Y on X is shown for artificial data and

i:e:ia;s:::is?::se#:±t:e;:;:cel;u;:tin;i,i:::;##iEe:b:setEr5::e:d;ill?in;ri¥y;,if:o:|eiage
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THE GEOMETRY AND CALCULUS SOLUTION 0F THE
REGRESSION LINE, AND ITS STATISTICAL ASSESSMENT

#aet:dasr:8Eeas;:nth]:nseu°±:f°Eexsisufafrtteedddt:v:ass:n%]:f°£ti:##:£:teaisththee]£ne±S

=:::Fe;Fa£3sss[£:;ee..TTEeeE::±£::e:no€fft::tpa:roanmoefte¥sc]a£:eb:ss€:teeEj=€qdubeyyfts
from simultaneous equations developed from simple calculus.

DATA   SET

de|]endemt
drredieted}
vrfuhle

indepEmdemt
trredietDr}vinhle

Y  =   ao  +   alx

intern e pt       gloI)e

oTexT:gref|s,siodnuliF:gal:
#i:Eipiein::il::sstri:usaurems"
:fFefiiqmu:=dpiedi:atetidons
value,  Y

E ,yi -  #i]2=  G
where  a  is  the
minimum  possible  value.

Y

X

Y0

slope   al               .

---#aointereept

X

Y ------   Yi  .-------,
I------.?i.-------:                 .

X
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Eprj -tj ]2= G  = minimum
But ... ti -ao + apt,

So ... E{Yj -ao -aprj }2 = 6 =  minimum

Y

ao

X

Y fll / ,

X

G

\                I'I

ao

G

II

al
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%:ermEi:::fnfi:ieiE:ss|P#Tf:c:engee:£ioo:lil?eehma::e?e|efn=::e=:t:g,r:?aE:nship
between the variables I and y, then for an infinite population, the regression line
will be horizontal (with zero slope) and an intercept on the Y' axis equal to the

:o:fla:ti;:i:E:p#ili:e::rf:s:1eoo|?S#inle::isa=P:et:e:r:!!y=ka;f::blae:s::eus:tieo=n|aat:f:Tsfi;:elsthe
minimum possible.  So, the errors between  predictions and actual values will be
minimized.

!T!ij:::i:e#::i.::!rt::j`:i::;ii::d:i:e::te:Tie:#;v::u:::::s:bl!ye:¥rrfne:i::::::sf;oi::q::a:r::
The goodness-of-fit  is the proportion of the total variation absorbed by the
regression:

Ssr
This ``coefficient of determination" is the square of the Pearson correlation
coefficient between x and y.

An ANOVA table reports the budget of the total sums of squares between

i:e%e#:;::u°)rnce:td±:te¥sL:aa:#°:qs±%Ea:u:e:I:ebfsru°if:Fseqeusa:fesfr::vdL%Fda;;°tcri:t:ggT;e¥of

„SD

::n:siesdntootts:#iec:nudlyhdyffoetrtensti:rg=tzTreo:a#,a:::::|=|aattee:I:Pvea::etheex::gTdessE;:n

si:jtiiffa±]c:;tcees:evva:1?etha::]%:#-v2#roease:ifsfirse:gc°e¥tff#:::;::tses?oniinedoes
represent a significant trend.
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SOURCES  0F  VARIATION   --  IS  THE  REGRESSION
TREN]]  oF  ¥  oN  X   S[GN[F[CANrFT

Sum  of squares,  regressiDn.           SSR  =  E{S.¥}2SumDfsquares,deviationSSD=E{T.S}E

Sum  of  squares,  total                       SST  =  E{¥.E}E

SST=    SSR+   SSH

GOODNESS -OF -FIT  is  the  pmportion  of the  total
variationaeeounted=rE=yg;=tggis1:n

R  is  equal  to  the  eorTt3latiDn  Boefricient  bEt,meen  X  and  Y

ANALYSIS  0F  VARIANCE

Souree  of                  Sum  t]f          DBgrees  of           Mean            F -test
variation                   squares            fieedom            squares

hinearregres5ion             SSR                     1                        MSR         Ms/Ms

DBviation                                  SSD                     n-2                      MSD                 R^        D

Total  variation                   SS  T                   n -1 I
If this Lalue

exceeds  the  eritieal  F-test  value  at  1  and  {n-2}  degrees  of frEedom  at
a  p.resBleeted  level  of signifieanee,  then  the  null  hypothesis  that  the
vanEinee  about.  the  trend  is  no  different,  than  thB  variance  abt]ut  the

:nefnth):  ±encdte:o:snidFi:Sd e:Sehe¥:g:]LfiFc:nattive  hypothesis  is  accepted
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¥r!oE:;ie:r:e£::F:;:::no:§|iv§¥::ijn:::ii:i:s±:::si;¢nt:ienb¥+§y::;:;r;ep£¥s:s::%£i;:o5ssocnan
ression  Statistics

Multiple  R                        0.87995426
R  square                             0.7743195
Adjusted  R  square     0.76822003
Standard   Error            0.67435488
Observations                                      39

ANOVA

SS                             MS                                F                   Si nifilcance  F
Regression                                                 1     57.7304454     57.7304454      126.948594      1.6103E-13
Residual                                                     37    16.8259168     0.45475451
Total                                                        38    74.5563622

{EL:dsf#;sth;:I:garse£[eo:t:udtparu£]e£=t:rT:fc3:e:fit::::3tofthdes£]:tpe:cteopgte,thanef£:th
95% confidence bounds on the parameters:

Coeffilcients     Standard Error           t stat                P-value             Lower 95%        U, er 95%
Intercept                            -2.3451485        0.30893523      -7.5910688        4.6924E-09       -2.9711102        -1.7191869
PH1%                                     0.18419872          0.0163483       11.2671467        1.6103E-13        0.15107395       0.21732349

:i:[Peersttoa;edthare:#Erthaer:xalps]:n8:¥:#hthoewLiNeEcSoTJ)]£:::::LagsedoefsLn:bed

E#eTq:t::Soistcoa]c¥:ltiea€;thestandardeIToroftheinterceptis:

i   Z-,:-:

J=
S"I-

Jnzx:-(zx,t2
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and the standard error of the slope is:

where s is the standard deviation of y.



REMOVAL OF OUTLIERS

When fitting a regression trend to observations of an independent variable X to predict a
dependent variable Y, the regression model expectation is that residuals of Y
(differences between the predicted Y and the observed value of Y) will be normally
distributed.   "Outliers" are recognized as a few isolated observations that are not well

:ottnefBztteh:q:earneda:ehve£¥:::shtaovai:E:L°dr::fc:::E::nthtfteartree:gnbs:::=asfi;hiefgerthan

Fh%rue]:eBerecsoennst±adti:¥:d:°b£::S].n€°c:Snes:urvefg#£;rroeacc°hg:;ti£:ta#n°£:±[E;eues]:ru£]nation
information is not lost.  As an example, can one or more of the permeability deviations
from the prediction of permeability in the Picaroon Sandstone be considered as outliers?

Picaroon Sandstone

4321I

y = 0.1842x - 2.3451

**^

•...    .:,.
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porosity9ro

#Tne:tipornn:ftfrneasfapna:earngi!ee#ees=deuoaT:.eThaeti:tnaisdaarndoi:gierreissi:::i:so:isidpe|ryedthty
residual divided by the standard deviation:

y-P
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As a general rule, any observation with standardized residual greater than 2.5 in
absolute value should be examined as a possible outlier. Recall that the mean value plus
or minus 2.5 standard deviations should contain about 99% of the observations if they
are normally distributed (and this is the assumption of the regression model about the
residuals).  So, an observation with standardized residual greater than 2.5 (or less than -
2.5) should occur only 1% of the time.  However, the sample size must also be

£;:else:rr:e:€n:;len::e=hi:z:e;0:0::]L:db:S#}:i#in:2;¥:i::c:¥tra:Liyeoix£:¥:bs°#o°fftTnese

:xhpaeurr:=:t::]Cdn;::ni:inis:u#edre|!¥:Soe£:Ss:tmo;£Sse°rfvaas::iss],n]8#uentho:rs.°€iap:%Ceen::,s
criterion rejects any data points that have less than a 1 / (2*n) chance of occurring.  There

o=oe|i?.oTsfT:;rti;obnasbifi#:spf;crai:othntsarT|s?::oE|ea:=|epi:'osboabT|:;n;:coaiep::i?:?i6:otyo;i.The
Z standardized residual matched with this (one-tail) probability is 2.4887 and can be
obtained from the EXCEL function NORMSII\IV(p).

Htaroon Sandstone
Standardized  residuals of logk regression on |]orosity
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Core #39
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One permeability observation is rejected as an outlier.  If we remove it and rerun the
regression, the standardized residuals are now:

Picarotln Slndstl]ne
Etandardi=E±d  residuals of logk regrE!ssion on porosity

WITH ONE 0UTLIER REMOVED

-4         -3        -2         -1          0          1         2          9          4

Cole #1

CIIre #89

IIutli
+P

I

++++ +++

+++
++++++ +++++++++++

++ ++

I
-2.1799                                                                2.1795

EE
ckuvenct'schtndondistante

There are two schools of thought on what we do now.  The old school says that you are
only allowed to apply Chauvenet's criterion once.  In this case, the contraction of the
standard deviation scale resulting from the removal of the outlier has created a new
outlier, but we are not allowed to remove it.  The newer school of thought says that we
should iterate the process until there are no outliers.
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On the next iteration with the removal of the second outlier, the result is:

Fl[aroon Sandstone
Standardized  residuals of logk regression Dn |]orDstty

WITH TWO 0UTLIERS REMOVED

-4         -B         -2         -1          0           1

Core #1

Core #39

-I.4700                                                                  2.47D0

EE
Ckurenct]schtdiondistan[e

E?a;:E:tfiE:]i:::iti:ensbif±Seo:L]eFciE:jrdt:;±]ep#¥:c:uhsaeufeen::Lcbn:tre]Ti°agfssianpc[ee.
decreased from 39 to 38 (one outlier removed) to 37 (two outliers removed).
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The revised linear regression (with two outliers removed is:

Picaroon Sandstone

432f'

y = 0.1804x - 2.1761

.

€

•.y...,.
0-1-2-3 -

203

Porosity9ro

St:uthveernat:S#onL°tln}::sa£:tag:]r±ee:eta:vi¥#::::I:teaa.d;°oruet¥£aeTsP]]ne'thwees::::do?Sbkeing
too far removed from the sample distribution of porosity and permeability that they are
likely to be observations from a different population.

3

2

1

0

I
-2

-3

Chauvenet criterion distance : 2.4887

..    ^^......^..     Picaro:nsandst:n:porosities.          .......
•                       ..       ...     ...         .

^
Chauvenet criterion distance : -2.4887

Core #1                                                                                                                                                                          Core #39

None of the core porosities are considered outliers, although three of the low porosity
values are close to outlier status
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The standardized scores of the logarithmically-scaled permeabilities also lie within
Chauvenet's criterion distance caloulated for the core sample size of 39 observations.

3

2

1

0

I
-2

-3

Chauvenet criterion distance : 2.4887

..                     ...   Picaroon.Sa^n:st.onelogp::eabilihes              .......

`.+...10    ..'1.5    ''    ;.          25.           30    .       35
..,..

Chauvenet criterion distance : -2.4887
Core #1                                                                                                                                                                     Core #39

S#s:oonuetliise:|sa:en#::eo=ess:I;I::1i:gwp£Eefti:i#b?|riotiseistyai:Fneoii:i::|ny|ow,
given the porosity values.

What do outliers represent?

In the case of univariate distribution data, outliers are typically either systematic errors
or  they may reflect the fact that the population is markedly non-normal in its
distribution.  When fitting a linear trend to bivariate data, the outliers could again
represent mistakes in data recording or other errors of a non-statistical type.  Otherwise,
the outliers may be caused because there is a functional relationship between the two

¥#earbe]:ts'pbo:tu£]tastiFo:nfl]¥nnfina-t[£f:##:°true:i;:Saresampleobservationsfroma
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ADDITIONAL CONTROLS ON PERMEABILITY

An example of fitting core measurements of permeability to porosity is shown for the
Simpson Sandstone (Middle Ordovician) from core measurements in Kansas reservoirs.
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When applied to special cases of homogeneous sandstones, the results may be
adequate, but prediction errors are often large in typical sandstones.  Notice that the
range of predictive error is reduced considerably in the Simpson Sandstone data set if
the cores are subdivided by grain-size observed in the core samples.  Smaller grain sizes
cause greater surface area which decreases permeability; larger grain sizes in rocks of
equivalent porosity causes a reduction in surface area and so, increased permeability.
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So, permeability is not exclusively determined by pore volume, but is also controlled by
internal surface area.  The interrelationships are contained in the classic Kozeny-Carman
equation :

A-
A®3

(1 - a)2 s2
which incorporates the specific surface area, S.  as an additional variable to estimate
permeability.  The specific surface area is the ratio of surface area to volume of
framework solid and is difficult to measure directly by conventional methods.

However, the specific surface area is inextricably linked with pore size, which in turn
controls irreducible water saturation.  Wyllie and Rose (1950) proposed a modification
of the Carman-Kozeny equation that substituted irreducible water saturation for the
specific surface area term:

•i--pJ:::

The irreducible water saturation term in the modified equation functions as a powerful
surrogate variable for specific surface area, and this accounts for the improvement in

permeability estimates when incorporated with porosity.

The Wyllie-Rose relationship is a generalized equation that requires the
determination of values for the constants P,Q, and R to be calibrated from core
measurements.  Probably the most widely-used version of this equation is the ``Timur
equation" for sandstones.  Timur (1968) developed an equation using regression
analysis in which he linked permeability with both porosity and irreducible water
saturation (Swi) in sandstones, based on laboratory measurements of core.

ko.5 = 1oo±
Sw,.

(Both water saturation and porosity values are in fractional units.)
The results showed a considerable improvement in permeability estimation over those

based on porosity values alone.  However, notice that the use of irreducible water

saturation as an input variable restricts the predictions to  hydrocarbon reservoir zones.

A more advanced logging solution to estimating permeability is the NMR (or MRI) tool

which measures pore size distribution as well as porosity through the measurement of
nuclear resonance.  The computation of permeability from the logging measurement is

based on a (continually improved) variant of the Kozeny equation.
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ALTERNATIVE REGRESSI0NS:  Y on X and X on Y ;
THE REDUCED MAJOR AXIS (RMA)

For any set of bivariate data, I and y, two altemative regression lines may be

::=gruet:idc:t:voaTuxe:ix::v:i?::|cuaenoefiF.erT£:e#Cotf|t:lieanti;e:aa`Egi£,:,I:Tee

::oorrd::aytetsyo:nthxe,bofrv¥:Fee::::st:fLeTct:]rneeg::sfi:nail:]eesb£:£res::tfitethjo
l£:s|ii:eesq:oai`ntcoid:::eh=:ofiecroe=:I::::::|eafii:Le,na:.|i:::Leerff:triczoo:::i:::,the

vertical axes locked onto the mean values of X and Y.

YI- +
0.

trCoirelati

bet.meen
is  equal

±X

Y                      ,

Y

r=

nx
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a
#

XX
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X and  Y
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At low correlation coefficients, the divergence between the two lines is large and

i;::¥:::;i:i;!:e;ii:|!;;i;#:i::i=ab::iEjis::::ia:s=:|iioiif¥T¥s::a::of:i:xy:Eaae#d!|c|i!:eiy
by the reduced major axis (RMA) line.



In common with both of the regression lines, the RMA passes through the
bivariate mean:   ¥,F .  The slope of the line is the ratio of the standard deviations

of X and Y: s/opc = i .  Because the standard deviations are always positive, and
£1.

#gens]oofpfi:apneies:Lthc:rrrpe::lip;vnecooreFf:8±::Y.eJthesignoftheslopeisgivenbythe



¥gein:iiEg:tf:e:ai:e:#:ji:g£F:;1nyi::i'afuii:?yo:gli:r::y:ii:o::b:;¥:ee:in;:i::ot:
does not consider the covariation between x and y.  The same RMA could be
computed for two sets of data, both with the same means and variances, but with
radically different correlations (provided that they had the same sign).

Clearly, there are often some tricky decisions to be made and these are probably

:;:p:|gef:t;:i;:Sc:i:T:e::ooeitft::lf::ji:`fi:o:cc=h;cn;::::s:e?a:I:o:p::arlr:e:g;::glonanalysIS
measurements.
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ESTIMATION 0F POROSITY FROM SONIC LOG TRANSIT
TIMES IN THE SADLEROCHIT SANDSTONE OF THE
PRUDHOE BAY FIELD, ALASKA

E]iFign°be±ae¥s£Softho:i].=gpe=d°i]o€e±€;ntr¥p°;Fd#fipicain:±:rde]::oacnh:tsg:atset:£:

;¥e:n:9:t!:£iieE::#A¥ychor:°:u;rfd£3:::I:I;i:r!°:fit:i::a:r:s:t%:::fh::g°;£::r:evce:x::;:a:¢#:an
cored, not every well is cored and porosities are estimated from the sonic log
using calibration equations developed for sonic logs in wells where core porosity
measurements are available.

In this example, we examine the problem of transforming transit times from a

:::I;ceiougeioceaspo:r&seiTh:?cuei:?I:::':rsiontEecro::EteearsnuartiFvmee|=Se-of:tg:::SiyhoTieeans
of purely academic interest.  It is now common practice for estimations of
porosity to be tied to core -log calibrations in unitized fields.  By these means,
porosities can be calculated in uncored wells and used for estimation of
volumetrics on a field-wide basis.   Even minor differences in line slope can cause

igee:e::;o:.tciEs::#e;:1bnyeT:e:I:yl:;i;:e:g:o::e:::I:a¥;:eb::e:ty[es;:fa:ieEs::t#:e:8::nisgs¥iae|n
line-fit strategies.

The data consist of 44 measurements of sonic log transit time (A/)  of a sandstone
reservoir, matched with core porosities (¢) at equivalent depths. The core

!o:r::::triipg#r:po:i¥:uo::in:cT=o::ne::i:ia|ge:t:1:a:sn:sy:er:a:g:tnfis;tp::r:ii:as::o|;:Tog
common vertical resolution between the two measurement types.  Failure to do
this results in data incompatibility, which causes both distinctive error and bias
as will be shown in a later section.
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CORH POROSITIES (PERCENT) AND SONIC LOG TRANSIT TIRES
(MICROSECONDS PER FOOT) FROM THE SADLEROCHIT
sfunsTONE

a      At                     a      At
6.8          63.8
9.3          66.6
8.5          68.1

10.9          68.3
10.3          69.9
10.4          70.5
10.2           71.6
10.1          72.2
10.1          72.7

8.6          72.2
11.0          72.7
11.0          72.3
10.9          71.6
11.0           71.1
11.1           70.0
11.7          70.9
11.8           71.6
11.8          73.3
11.8           73.9
11.8           74.8
12.6          75.6
12.7          73.8

13.4        75.1
13.4       74.4
13.4        72.1
13.5        69.9
14.3        72.8
15.1        72.9
15.1        74.5
15.1        75.1
15.3        77.9
15.2       78.5
15.2        80.0
15.2        81.0
16.9        83.8
17.6        81.1
17.6        79.5
16.9        76.0
17.8        77.3
18.6        76.7
18.5        79.1
20.1        82.3
20.3       83.5
19.6        84.5
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ALTERNATIVE BEST-FIT LINES OF POROSITY AGAINST
SONIC LOG TRANSIT TIMES IN THE SADLEROCHIT
SANDSTONE

i:mad:;¥#a:S::rfe:aLieo¥e,I:£tlfo:t:lie;::e:i:e:es:%eoo:f:§Lgz:oLf:?:;af:LsC¥:a:sn::gL:svd:;±d=:::;t
assumed to be a usable approximation (Wyllie et al, 1956). The prediction
equation is then:

a--a+bzLI

::::hsisa|a|::g[;es]s:::nogf[E::Oosityth:ncrtro:;ito:Ffe;oT:set:::ua[i:O#aenssp£::dmsets:the

60                            70                            EO

`Thflnsit time, microseGond5/foot
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The regression equation is:

G = -33. 3 + 0. 63Aj

gcdo±::saf::e7f6fi;o}eo¥td::i:::irFa£::g]Pifty°,f£.;7#ee:eminag}ffna:F4e%:±reef::np#Cti°n

*efi:I:t:o:#:u7:a:dardee:;a£:::£be?autitot±eb[:£:.eeTnh:ocr:e:f:::esE;°iddet:::rtatiti£:,1S

§i:°j;i:i:ei:ii°t:i:h:d:iri§;ne£:::::;ijc!:i;:r::;ii!:1;;°;::::e]:::::SIC:aiss±i::ge§::i;Ijei±£iea:CL:s:t:

i;f¥±=es:i;E:;¥:o;p:§o§¥:trTe::s:s;:;=::;::d:¥;:tr;::es:±p;n;t;;d:::]§:i::::;:]t£:s;:]a:v;ffegTee;:hfo:s]:¥

.
(a) fl})I .

.11 11.I I. .I. 11I... .        .11.
I I

11 I.I
.I     .I      .               I .11I.I
111 I.I.+.. 11

11..     I.         I
:Ill. I.I .I

. I

I.11111.
.11'1

65           T0           T5          80            0                 10                15               20
Tmneit ti]ne, mjcrDgecondsifeot                   CDre porosity Th

Residual differences between core porosities and predictions based on the
regression of porosity on the transit time versus (a) transit time and (b) core

porosity.
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EFeanaliteal=|Toacti;feesrarffest=noorftg#itiims:totipmpeor#n=nsft:icnoriepsotr#js:Eee
descriptive equation is:

A^' -58. I + 1. 2¢

n:e::i:erj:o;i#.fo#a:p¥fo:s;yefoLToce#fa:i;!p:#ti?s#ei#=hni.FeT
a:ew:8j:+av#gt[%#Lpd°,r:£S£:eesineTyravlt:#*=#ae€:±n°:steoxnt:f°p¥edd:fa€nct;#:best

iso:i::[e=:f=pTo;t=:1ewtyff:ar?:=a;eE::c¥|::;tiaaociEjtb:afi:d:p#:=e:i;Ehi;.aythecore
considered as free of error.

ii¥is:s,:iaet:e:Ee:e:js::iF:eo:s#:is::je#i::#ie:q:faT::n:oi:=i:#:o:T:|S
then:

; --4o.o + o.72A,

;hpefcs:]]]eycE::&fet:su¥£p£;esaorTnecti:mo:sbE:ts:±€.o#:Fefati::::grpa%];:;nfiea:tabest.fit

::pfado±aL¥:=:e:1:Zy:t±L#:iesud::uc¥:y:Ta:Jet::aiz]:o:CTffi:e::all:piugtraaTtlae;I:Ls:Lebm::I:sc%e:Cf:li:eely
equation parameters and its failure to include cross product terms between the

vtw=iactarbal::psu:|soSaai;pornoi:sm=:edjbbi;ittyheFo:#evvae:'alifcT:aE:atiuerneE:nkfiITAor
will be the optimal solution.
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CONFIDENCE LIMITS

A regression line is estimating the AVERAGE value of Y given any particular
value of X.  The residuals (or deviations) are modeled as norlnally distributed
error about the line parallel to the Y axis.  Confidence limits for INDIVIDUAL
observations may be computed as belts on either side of the line (the dashed lines
on the plot below).  If a 9597o level is chosen, then we would expect 95% of the
data points to plot within these bounds.  The Sadlerochit Sandstone data consists

lie::r;:ye;cj:gii::jid;;g:eit:s;is;:;ai:;:;:::a;i:;ei;:io:etEtii::g:!i;:ib:;#':afi:tl;:g;:;;t:in:g::ega:e

:t::::aFig:i::lT;s:::#;:1i;i:;C:tr':n::o#Tidifn5:;;:::o:;:ficlse:tl:=ji:tl:lei:eEth:i:e:ii!athie:e:rNE
:1;neea#groet=tirJeif``;lea;'?:indfdi::fisaetrevdaE::s,.th:i::|iiyc'ut:;ee:oonnet#ev;ioT`
below).

60                          70                          80
rITansit time, microseconds/foot

130



FUNCTIONAL ANALYSIS

Because the correlation between logging variables can often be moderate to low,

ife!ji:::o;o:;:#f:g:¥¥u;:;tr;o¥o:i::[itaff¥n::iff?:n::::i!e:oi¥¥:Fen
EL:Ctii:ialtg|b=ya;:'iaoth#Tti:gse;xmtrpe[i::,e#h¥r°enal]Tfaee¥IT°o:ef8=i3:tFdetsoare
either one or other of the two variables.  The real functional line should lie
somewhere in between, with its slope controlled by the relative amount of error

:asrfs:gefi::reeas:Etvfr?£#e:thT+theeetrcoroo°f|££:ectsetifsntl£:d:edta:#:imaT:n=¥#:nt
borehole environment.  The issue in question is the precision of the measurement
rather than its accuraey.

The error variance of a variable X gives measurement precision and can be

g£;=:i:::,b#:£:atingthemeasurementforroreplicatesofthesame

E?= z( x,. - x)2
„

;fag:bet:::i:::t€:7.e¥£:nrt£Etebne#;ee:mr:rITVo:nva£Caenccae::bedeterminedforeach

A-#

can be used to estimate the true functional line that takes into account the
relative amount of measurement error associated with both variables.  When
^=0, then the Y values are known without error and the appropriate solution is
an X-on-y regression.  At the other extreme, when A is infinite, all the error is
linked with the Y variable and the choice must be a regression of Y'-on-X.  In all
intermediate cases, the line will be located between and its slope can be
calculated from the slope of the Y-on-X regression by:

(£ A) ffl=

F.aefaepfi:id`11£9;iELsr:e:;n:d=aFTefe:::=;fsn¥:a:te:ih?r:|i#ef|:r:P:r?C::dtl::i;:rqf:=e:flcT#h:i
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How can one determine the error variances or even estimate A  in practice?
Collins and Pilles (1980) pointed out that random error of logging data is

ii?h:nrii;:Yb:1:?y:i:ga£:Stn|g;i:e::.t:Tegia:::tr£:def:gda:q:::a:|fjig.iEEsoF;:e.elc:et:u:::
where differences in the main and repeat sections reveal systematic effects that

:i:o!isetr£¥eb::o::dft;:e#Fet:°£:ai#:::ec#c±d:e:n:o(:ig:£r;:%a:n±:Ldasj:°er£P¥°:%£t:ie:Lve

i::efto:ff:ef#:Tie#:5s::e;r,h=t:||Sf::S:::sa::o3n:slae;c:h=ad::T:e::bs|f:?das:C:tg::ohoarte|hso:e
:=Vo[rr,°b¥:::;Eepya:eticcour]dars'tg|ceh:sutif:eaatro£:c[Sp::ec:sustjse:tftr°a:::::a::I:::anytianngd
particle generation.  By contrast, electrical measurements are deterministic, but
are still subject to error, determined by the precision of the instrument under
borehole conditions.

In many instances, data will not be readily available to compute the eITor

:::car:::Sn8`:I::tloyf.p¥e°cYs:;:r¢£ebyecaas:obc:aet:tmwaftide:Efrv°axiTba[te:[y5j,ffso°rme
example, if a known resolution, U, of a measurement device can be considered as
equivalent to a 9597o statistical confidence limit for the observed value, then the
error variance is:

E2=(#)2=o26u2(Markandchurch,1977)

because 95% of the normal distribution is contained within 1.96 standard
deviations of the mean.  When the resolution of a variable measurement is a
matter of opinion based on experience, then the numbers in this formula are

#:eT:;.[aeus£#egri¥dper::i;#f°e¥tetvheart'#::%£:i:haen:8Tsa:£:uE]:eqsu:rut::f:f]the
squared resolution.

::3fe=oodfaet:o=:lay:iasn::,pi::Eeo=rlreodrgvei:a=.E:Par::,g|,titsoobf:::::tiEeated
following one of two assumptions.  The first assumption considers that the best
estimate of the error variance ratio of two variables is given by the ratio of their

totalvanancesi.e^=#ThischoicewasadvocatedbyDent(1937)asthe

maximum likelihood estimate of ^ in the absence of any other information.  The
method minimizes the areas between the points and the best-fit line, which is
known as the reduced major axis (RMA).  In common with the other best-fit

:£±nme;']ytha:erdaECoe8fmtha!°srt:::Saf:S£:;£tafa::g:fththeeb#onJa::jFb::s:#th;tfi:]°Pe£S
appropriate sign given by that of the correlation coefficient.
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Ih=e]:[tEEsa:#;:fac::££afspi:spfaoai#:te#::rTaeb;e=Ohra::neanucae]:aITtioor:Sff#9'£.e.
measurements are made in the same units. The best-fit line that is generated by

#ei:e:#?=trc±:ec:Sg¥£:cL:oCHi:i}i:SL¥L:o:ITh£=pL:m#eizt:o::tt|:eL#:::jfa:e:s%:I:i%o:nts¢:
:ealncsjfavt:£Ofo¥:t:i±:rodf£Feedaiuat:::atih€:ntrs:£=feonflye'di:Elm:nocipga£]n:i:i9t:.Sua][y

i:ro:u:?s:r:eryifeth#::c:i:fe::ie:r#-:1:Fen:e::Ss;:r:Sits:ttinFp::;e:;e!TfaoE|c:e?n:ifeeoviag:sb|e

b#¥:;[#{h§e:§*§:::::e§::::i;e±;:jn¥:t¥§:i:¥¥:§¥;:e[§s;i:i::ff{d:LE:i::g:::fe
assumed to be linked with the total variance in the computation of either the
reduced major axis or the principal axis.

¥ee[::::nth:f&peti£:s±tsaapv3:]oapbLFa::[ffun::fEto;#da[pyrs:sjffine£L£:srte::±azseodn£::the

ilfa::hvaninearnoccekrs:o°paenrtiqess;¥nuftpanh;°srcs:]y'cothn::grnat:°o¥£:efr::EESoga|frse]i°aptieosnFhaftp.

Although this information was not available for the Sadlerochit Sandstone,the
error variances could have been estimated as a contributory part of the line-fit

g#is:vTahti€oen¥::vtha:1:nac[:Osfo#:I::nfsr£:£Tt:srewpoe:[tds:cetieosniTna:esd±£¥[:rnalysfs
procedure to that applied to the density log example described earlier.  The error

:o¥£:flee:fbcyorfes=g]:stir;snc:F:I:::£o:£t¥;smo:#c:aooffvpao±:5£]#eE;:r€=teLst,

;rt]ccehd:Fepseadfeudnudcae£::iE::Pa:ia#hae:±[¥i£S:sf#ied:fymper:::es:a:;`ieasboTai:ries
:onrsbt£Tsdwarhde=°croe=#egs#;ft::i:#:tii°:th°:drse]oarti:i:f::::tsi:g;:antgrt]:sC.hichke

§u§if{::o::g±¥:i:i:i::fm§:¥{:;::i:§ee¥;:±pd{e§g¥y¥£:§¥;i::¥;§j::f:#u¥;s§ja;§[§:s§:£:dt
have higher variances than those of the larger whole-core samples.

In the absence of specific information on the error variances of the two variables,
functional analysis proceeds by evaluating the consequences of alternatives in
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search of an optimum line-fit.  The criteria to be met are that the joint estimates of
the functional parameters and the error variance ratio, ^ should be judged the

gf:i:esr;liEoarg::::tcfio:=J:e:x:f|E:iT?ui:i:ne!e:ofoe!f::efb::::;iilibeb:::e3:o:o:ne::arr:gne|ry

i:bLga:t:f:otl:o;c:gjlorfsTbi;::s;[la:i::ts:tr-bfs::cia|ib::nFa:ss!afio::agsitdEo:neb:a:s:sf:i;ef:z:enife
]g:;:::°tto°iF±ad¥ax]£::gguids±¥anms:tsti#aer]t°zW;L#ree:id#::grT|:j°ri:iii!E¥thAe)
best choice, then the error variance ratio would be 0.52.  Converting transit times
to porosity equivalences, the number would suggest that the sonic log and core
data estimate the porosity to about the same accuracy.  This conclusion is
credible when it is remembered that the core measurement is based on a small

E::geanthdefsst:nhid¥radnde:€£T::enoofft£:t#;temr:tces::¥]ae;pTrLLs£::t::SELr:::#¥at
about one porosity unit.

50                    5=                    54                   56                    58                   60

Matrix tl.Einsit time, microseconds/foot
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MODELS AND REALITY

When evaluating the results of functional analysis, clear distinctions must be
made between useful descriptive models and functional relations that are actual

Fqauti:rna,%c:]d€:::F;Ptitit%nfsu:fcE::ca:srsee[:.ti:nn#sppdeastesnhtoeux]admop±e;btheeh¥ny:]rfeedto

:hr:or:::s:ngteo%:::#h::;r€:as#:¥|#:y:S|=°j::£#e!j):::thseti:id:1-f±cV£::§fgt:h:eat::::en
Raymer-Hunt-Gardner transform.  From a study of many sandstones, Raymer,

rHerantitoannsdhig:rsd£:::(i9e88|fJS:a[%]is:[eo€earg:;::::£fteaiig=:Sf£:utii=€:npa:rr°esiFtythan

#ethegT±:i::suhs::suELta:foorTL:i:t£::::¥:fa#:c:xoau:;:e:cLuesfcoun£7eE;:ro];:fytion

fiEE:o:;=sai:etiqmbg#:tti;mo:-|adv::acg|:seeqFoaioeT#tyhs|FcxaTevcat|auti:osTSHo:=eavtreir?iT|ie

iffi:e:s:ere;r:::£:;;i:i:di=:a:¥n::f:rbfe=vfaju¥]#ei:n=;Oe;eqi;p;e;c]&;exa:i;fe'p:F;:e:::;;a:;;;::::c:;]i::Ofed
not invalidate the approach of functional analysis, but instead remind the analyst

r:;t::I:a:I:oet§:fuen:o:e£CgiatetaF\s:svi=ae;9L:¥L:Wgh:efnsp#:s;.troeii:£:LfLLeL:i:aatrd°onns±td
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COMPATIBILITY 0F VERTICAL RESOLUTION

iiiielifi:I:I|g:i;iiogf;Iih;i:e;jiiiti`i!ijmflbf¥:nle|i:ig::i:::!iio;i:;e|I(iiiiif3:cg¥j!f;"
resolving measurement to a finer scale would be desirable, but this is generally

aioetgtroacchti;cs#:pnrao!lreemosfiuuccTeaasr¥:ansounr-elin|n:::srisffen::f::tiquv:idnedc::tit:Tut::Land

i:oFi;gj:::;i:;joiip;sl::;;±:ei;:::;::i;V;:r!afti::;F:e:ai:i::::ii;t:f;::e:si:;:::£eid!:t#i?
There are consequences that follow from the failure to correct the incompatibility

i::u:gee;rat:Ln:9:5e;w|b±e¥ei:a§s;tie:r::::!j:r;:Peln:;;eels:¥in!Srjr::8£Lel+|gi:::i:i:°;Sd:::ieigfp:::I;
#ethreps:|%S]atii:SsFoe£Snu:idcfa°RmEg£]€8sh::evifrr8iFcP6efu?.Carn°SSsph[:t°f

::%S;:ire:3¥js:mfe:;es|¥ie;::gn:iti:a;Sol;t!:rsLe¥#ag:£ii¥#i:n:es:::°jai;::n:efio:±L8#iLe
relationship is inevitable, because the porosity of the whole core

¥:i:;:::h:i:I;:i;i|f¥¥:i;:§i:i]jes¥a;Cii:i:e;I::::ji|§i§::jj:::¥|:i::i§ii::::¥a|liis;e

i!Epi¥]:e:;Ere:a:t!ii::x;:::p:ea;je::::¥je|a;s¥a:I:ijg:1:S:?:::ati::g;e:::;:eFv:eu:f
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MULTIPLE REGRESSION: AN ESTIMATION OF
PERMEABILITY FROM LOGS EXAMPLE

g:eenmk:;tesd£ToP:emqpTn¥:it:t€::tipro:F:fdate°t;;eed:£Ctpermeabilityfromlogshave

K =  A®B

=i:rgefe:::r:=reen::::t3:::sq;e(#noegef::r=t:o;:e=iecatipounr:=fe;:Sia:adbf|E;li(ef.
When applied to special cases of homogeneous sandstones, the results may be
adequate, but prediction errors are often large in typical sandstones, and the

;ITh:ms:;ppi::g£::ecdarpbeoTa::g.±[iEec:e:Fo:ioyrrfrTs8:saira°tsse°±:rasb:#s8=#de
exclusively determined by pore volume, but is also controlled by internal surface
area, pore network tortuosity, pore throat geometry and other variables.

Wyllie and Rose (1950) developed an equation which linked permeability with
both porosity and irreducible water saturation (Sw,. ), based on laboratory
measurements of core:

A.=-:`::-.5

The rationale of this equation can be understood when it is compared with the
classic Kozeny-Carman equation :

K-- A@3

which incorporates the specific surface area, S.  The specific surface area is the
ratio of surface area to volume of framework solid and is difficult to measure
directly by conventional methods.  However, the specific surface area is
inextricably linked with pore size, which in turn controls irreducible water
saturation.  The irreducible water saturation term in the Wyllie-Rose equation

#aree£°ar;p#::ti;°ynE±a£:rp(:y6e8r)f¥:S::cl°sE:tnee#:br]:sfu°]:ssg£:]£:dsuar::Cnes±adr::;b]e
improvement in permeability estimation over those based on porosity values
alone.

These ideas can be extended to carbonates in models which incorporate concepts
drawn both from depositional facies and diagenetic processes.  Several log

Fneda:rer€::#|€±ee:s#|'cpha:::::a]r±yms[]::reaf[:aog£::ss£}sti}:n:ftf#ef?:#:::|egctive

kxa:n¥s*[ej:p,:erta=:iiagc:#:T:o:ro::P#eiaa:bu::lle::t::t¥:o::;giza:s::e|:|:;un::e:u:t:t::frso::ed
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with a 5-point (two and a half foot) binomial filter to give approximately
equivalent vertical resolution with the wireline logging measurements.  The data
set consists of zoned readings of permeability, porosity computed from a
density-neutron log combination, uranium and potassium measures from a
spectral gamma-ray log.

!l::;¥j;i::il:i:ih;i;::±eg3=::,:i;tk¥::i:iriei:iEi;::;r:i:i:i:pie::ge:;rjFln:e::iii:i;te;lihe

10

Porosity tEL

142



Multiple regression is an extension of simple linear regression analysis that

¥i:i:ii;r;ia::;F;i:::if:aai::e:;1;i:ne:cfdtli:eieev:x:;ne;aTbiils:i:d;rrgpg:e:oi¥iE!v;;1:;:C:T::i:I;;ZriFs
log K --  A + 8 * a +C * L1 + D * L2+ ....

#:£]::'£sL2h:]tf:darfiraodud:£°£:[p]f8c:deuarseu::¥t::tfis:hr:;rhe°s±sC]%:,f#Sheefrue]::fgferent
combinations of variables are used in an iterative process to determine the set
that provide the best estimate, and where the contribution of each variable is
judged to be statistically significant.

In the Chase Group example, the coefficients of determination for the alternative
regressions of core permeability on all possible combinations of log
measurements of porosity, uranium and potassium are shown below.  There is a
systematic improvement in prediction power with the inclusion of additional
variables.

1E

Number of vflriflbles
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Fehper::eorn:Ssa]°piaenqeu:fti;rneE:::±n¥mpaepFeaa:i]£tg#:thtwpo°rd:£gn:rodn:roafniuem
independent variables.

10

Porosity qb
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ye:::bpe%t:S£;up:ts];::I:#eads]catethd£;defdeeaE:I:i:sn:nvain:atb£::ethde±iqeunas:o°nnsof
porosity, uranium and potassium.
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:O::e:::t:e|jt:;::efii:8jf:I:L#L:£ns;rc::±dec¥b:¥e¥thtr:all::d£:e::1:n±Vup:ra:b:Li:;jsoft¥sL:in
Both of these elements are statisti
model and so must be correlated :-`.?;i:;::

i%Lanriebi:j]:1;geo:r:T:i::thi:i:icir:etT:an:fi:iFieLn::i:tin:£ni:a;±);Lv=¥e¥;o:;a:¥%:£i:tis::;::;t
The porosity (¢) , uranium (Ur)  and potassium (p) logs were transformed into a
continuous profile of permeabilities through the application of the multiple
regression equation:

log K = -0.07 + 0.12¢ -0.30Ur -1. 35p

Permeability predictions outside the range of data used for the regression were

i§:::i::I§si§i:::ibi:::fe;::;££b§i§g§ij::i§::is:::ti:::x°§g:::Xi=:i:j%§::::::jifs±:o¥::::e::;o:::E:al::d:
that tends to estimate the mean can be seen in the pattern of underestimates at
higher values, overestimates of lower values of permeability.

;:g±iiecsa:i;oo:etri;be:t=restrt;.tTeh:ef:::::::in
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por:dpi::eogifye,=r::?ilfJi:5opfottha:sfuhis.eMGeraosuuEes:ccti;:::reo=e=fil|TE:::i5r=snslboyn

circles.
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POLYNOMIAL REGRESSION: AN EXAMPLE

Wireline logs record formation properties as a function of depth and can be fitted

3focpuerrv;svgipae::tne.d!Iipsot::::e=i;#:e=:i:Tst:::=i#:i=ea,#::g:;:ation
£ = oo  + c,ld

where S is the regression estimate of the log at depth d, predicted by a line with
intercept czo and slope c!i .

A quadratic (or second-order) polynomial function describes a curve with a
single maximum or minimum and its application is given by the equation^S   --   ao + a\d + aTd2

The matrix algebra solution of the unknown coefficients is

n       Zd    Zd2

Zd   Zd2   Zd3
Zd2  Zd3   Zd4

The addition of extra polynomial terms at higher orders specify curves of
`i:I:;::o%;£::LFrglLLezxeLiymr£¥:yge:'nThymp°#:=#L°_ro€are:Spf:Tyefot£LraaLythdeataby

n        Zd     Zd2    Zdm

Zd    Zd2

inp3epaiost,o.f::Efsefsysi:ns;i:,:faa;:isct=r::rr,:rg:;yn£Hii|ael:i::::::ubae|i::i:;e,foih::
compounded from markedly finer-scaled fluctuations.
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:::¥:°eFei:]f::nmc:1;°pn]ig+a[Vfea#;i£:::i]S:Fupa]t:o:ro°fpiret±feosihatprovideuseful
^S  -- ao + a\d + a2d2  + . . . + amdm

is differentiated, the result is

`/.(

a =  ai +2a2d   + .. . + unmdm-`

;![o:i:iii;ijio;lf;ito:;i:r;;i:i.i::a-;ir::;::!xii;:;je!;t;ih:jfi:::1txi:::hiii;fa`;gsuialin::::t;:s:::jo:i:
A further differentiation of the generalized slope equation gives

d#-_2a2+rrfm-I)amdm-2

rthc]:fv±es±annfl::£:enssp]:Inn:sf,t*ehircahtem°£rckhtahneg£:::i°apn:;sTbhee*:teen°£eckanfa]&g:rg°h
features.

i!:at#i::r:,;I:h:e:ij#ic:ain:T:e;tr:iiaY:i:[siiji:ee::ie;iei;:::e¥:;liijd:o!cd::e:Id¥:a:e:::::ell
fineeer-atieme::s=oa::fc:ill:::smi:lcttr#;e¥ghreanpE:cpor:rc:|qnuat:iasn`in5:fthwl;txhe:,it
would be possible to estimate the trend value of any cell as determined by the
interpolated moments and their associated polynomial.

;na±::ofi]T:rtahto#'±s:]fs±£epr3]rcchhyatosfeg::ynTomfa]curvesarefittedtotheporosity
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POLYNOMIAL REGREEEI0N 0F POROSITY
IN A MISEISEIPI]I CHAT SECTION

151



152



POLYNOMIAL  FILTERS

The polynomial regression described in the last section is a useful method to
extract major trends of variation that reflect broad changes in rock or reservoir
properties.  Since the curve-fitting procedure utilizes all the data in the interval of
interest, it is sometimes called a "global" procedure.  By contrast, local methods
are useful in the isolation of systematic intermediate and short-term trends

:nhraoE5tfi::a:¥sLseorfa£##:uabtdrfavc£:i:nhs±.chTse:::£:rvaetitoon]::#£::ffeecntidvs:]y

|[ee:cg;¥::;:::so:w¥|!:triieF:og:t!:e::u;ctaT:oa:g::sga;::::;;;1iio!o£::swiins::i::s?iiEa:1;:fig:1,ka|ef

isle;iiejji;v;i::n;igiI|i;hieij!i:yiie¥i:gi:::;::i:u::iiif;|¥!|S;C;ij¥::=;eiii:aiii:I;e:onfeoii::
then divided by a normalizing factor, which in this case is the sum of the equal-
valued operator elements, to obtain the smoothed estimate at the central
position of the filter.I FILTER

LOG

C-2

C-1

Co

C1

C2I
SMOOTHED

LOG

The arithmetic procedure of cross-multiplication and summation of products is
known as "convolution".  The moving average operator is an example of a

::f:tfr:';rE:e:i=|Pfes:hmaiea:;,thri::i#:rvgai:::ig:eist:;tnsvi:|ff:F?)naafE:e:st:a
smoothed trace.
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:FeedTno;f:gtr:X:i:£:ioonul.yf?::aesxe=:i:e::asi:o.:i:s`i:iro£::1teexrtr*|hycfdbe:
it does not extract as much information  as more  sophisticated filters.   A better

¥:tiE:i;:t::Ei:e::p:i;:::::::ia§d:;i¥ii;tf|:b:i:1:iu:iiie:i;i:i:i#;ii:I:iii:§a;i:::iiri§i¥
simple trends or one turning point (a maximum or minimum).

:::#::i::#:V:efs£:t#=Vv°:¥£easb]t:se±:a;Cu±::¥f°ofriuaTSw:LP£;ir£:;gr::°osns;

§§h¥Lefveve:§r:Sri°::i:::a:ip:LFde:a;t;ii¥j::e:c:oC:e§|*::¥:n:iLr#:::r:i:Kri::ii¥aE°;f;a=t;;ir:lit:i:
fact that successive values  of  depth  are  separated  by  a  fixed  increment  on  a
digitized record.  The approach was first described by Savitzky and Golay (1964)
and polynomial filters are often known as "Savitzky-Golay filters".

Lhnec£::C;P±:csh°£fs€;LeycTf:e=±8[yfi#:res:Saf8:n:reexplalnedwithreferencetoaoubic
S -- ao + aTd + a2d2  + a3d3

#rne::wsi:SmTfec#:i:fi2#]i::e8mree:Ps°rnasneg]Pnngd±nddfespdthe%taiupe°fsr±:in._:h:ofi+[t;:

#eraevfi]eued:5fie::I::]T:eFo£,#£entjafutet::Loeca£%Tc:£nTfo¥±[rsd:i:e:£bdypoafon;
while differentiation of  the  cubic equation  gives  a  first derivative  of  q   and  a
second derivative of 2cz2 The standard matrix algebra solution for the coefficients
of a cubic regression model can be written as:

hB`i`''+

*-

tl=

ZZ=ZZEZ=ZE

where  "  is  the  number  of  filter  elements  and  the  summations  are  over  au
(7t = 2m + 1)  elements. The system collapses to  a simpler equation set, because all
terms that involve the summation of depth values with odd exponents are zero.
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The cubic function value at the midpoint is therefore given by:

#Zd4-Zd2Zd2

For a nine-element filter, the loadings are solved as:
[ -21   14  39  54  59  54  39  14  -21 ]

with   a   normalizing   factor   (the   divisor   that   is   applied,   following   cross-
multiplication and summation)  of 231.
For a 25-element filter, the loadings are:
[-253  -138  -33  62147   222   287   343   387   422   447   462   467   462   447   422   387
343  287  222  147  62  -33  -138  -253 ]
with a normalizing factor of 5175.
A cubic polynomial is often used as a useful function which would be adequate to
fit peaks,  troughs,  or  shoulders  at the  scale of the  window  span.    A  table  of

::ii:'#sioiecruebitpp:s'iE:=iais::it.zfy:feo::itfsi,lt,ef:fvo:|uweisng:¥sa::v£::::£'f::
referenced to their position in the filter, and h is the normalizing factor.   (Because
the filters are symmetrical, the loadings for the negatively subscripted elements
take the same values as their positive equivalents.)
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APPLICATION OF SAVITZKY-GOLAY POLYNONIAL FILTERS TO A
POROSITY LOG

::ceu'i¥ii:sfsei::i:uhr?::1:S.T:::::=na`Knaan¥aesgal::nf::£:,uhneurseus:'iti.TroLongi?fgra;
number of important gas fields.  The "Chat" is dominated by spiculitic chert
whose porosity can range up to 50%, most of which consists of micropores from

gfedn;sf::I:ti;O#]psfs]ssps:pnf±efps]::+:s;Tnh:E]:r£:si#£]:Ee€:::hj:±xaan¥s[eT¥:S

:i;L¥:t]:s:::a]s;i:o:so]¥jyhi§p§:Ru;:;:#c£:s;¥r:n:ee;:s:::]d:]]¥tag::1:o:j]:i:]#::;FEE;t,ealand
E:;o£:tylogwascreatedatthestandardfrequencyoftworeadingsperfootof

A comparison  of  the  cubic  smoothing  of  the  nine-  and  25-element  Savitzky-

:c:i:yb:i:;eurssewo±fqhteh:m°#f];1?ia:*qe°ne:t#s°t(4S.5°awndm]u2:gfde±::)ereficoewaetv:I,etaf8:
the  9-element  smoothed  log  is subtracted  from  the  original  log,  the  resulting

:i:e;p2f;;ij:s;E:ia;Ij::;:bt!ei::!r;e:SSE;:iini:s:tit::e:jj:`jit;f::ji!jes;;;;tiEs:i;fig;TfE:I::e;i:io::i:ij
with the results from a single filter which are often characterized as "low-pass" or

fig:-epnacsys'::i#r:feeftesni:iELgeoonri;ii:!hdeart:teyemphasizelow-frequencyorhigh

156



Porosity%                                                         Porosity97o

40               30              20                  10                 0                  30               20                 10                 0

CHERT

CHERTY
DOLOMITIC
LIMESTONE

Log porosity
(averaged neutron
and density porosities
in limestone
equivalent units)

LIMESTONE

Log porosity
+ 9-element cubic
filtered porosity
(4.5 foot window)
+ 25-element cubic
filtered porosity
(12.5 foot window)

Mississippian section porosity log together with smoothed logs generated by 9-
element and 25-element Savitzky-Golay cubic polynomial filters
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Porosity
Porosity minus
9-element cubic
filtered porosity

40          30          20          10            0
-2.00                       0.00

9-element cubic
•   filtered porosity

minus 25-element
cubic filtered porosity

-5.00                       0.00                        5.00
2.00

Mississippian section porosity with filtered porosity residuals
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POLYNOMIAL DERIVATIVE FILTERS

At the location of the  window midpoint (where  the  depth  value  is  zero),  the
value of  the  cubic function  is  given  by  ao  ,  while  differentiation  of  the  oubic
equation gives a first derivative of q and a second derivative of 2a2
The solution for the first derivative at the window midpoint is then:

(Zd4Zd3S-Zd6Zds)

and the second derivative is:
Zd4Zd4  -Zd2Zd6

2(nzd2s-Zd2Zs)

#Zd4-Zd2Zd2

For a cubic Savitzky-Golay filter with nine elements, the loadings for the first
derivative filter are:

and for the second derivative are:

#r]#:h:ew:,1frjt:§i:15:a:tgeii:::T€etosn¥:£`:ts£:c:h=wn:gfr:n:]rp:or;:as:uty:::]aslso::::=mt[:n£]t£!
and minima discriminated by the localized cubic fitting.   The  second  derivative
measures rate of change of porosity and depths of zero values match inflection
points as boundaries between porosity features filtered by this window.
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40

Porosity

20

9-element cubic              9-element cubic
first derivative

0
secondderivative

0

Mississippian section porosity log with 9-element cubic polynomial filter first and
second derivatives
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GLOBAL ZONATION METHODS

When subsurface geologists have located the tops of formation units on logs, they often
subdivide the formations into lithostratigraphic units.  Between the boundaries, each
unit should be relatively homogeneous internally and show a marked difference with
adjacent units. In their examination of a reservoir section, petroleum engineers pursue a
similar goal in their subdivision of the section into distinctive flow units whose
hydraulic properties are relatively homogeneous within each unit, but differentiated
from vertically adjacent units.

Pst:£reoncteas:oonf"s:rb,qzi:idaitipogn?,.fosFmaeti=netohror:SeaE;11;1asfT|St:raltloyhc:1i:Eo:iFoeurndaries
between units but the results depend on the size of the filter window and are '1ocal' as
contrasted with 'global' methods that consider the data from the entire section during
the analysis.

GLOBAL VARIANCE PARTITIONING

The most common methods for log segmentation define subdivisions using either a
variance or a mean-value criterion. Gill (1970) devised a computer methods that
minimized variance within segments, while maximizing variance between them. Their
procedures are adaptations of a single-factor, fixed-effect analysis-of-variance model.
On the first pass, a boundary is moved progressively down the succession in an iterative
series of trials that contrasts the variance within and between the two resulting
segments. The boundary with the best differentiation marks the interface between the
first two segments. The operation is then applied to each of the segments, and the
process repeated in progressively finer segmentation. Either the number of segments
must be known beforehand or some type of variance criterion must be applied to define
a stopping point for the procedure.

An example of this method is from Gill (1970) shows the segmentation of ganma-ray
and neutron logs in an Upper Silurian Salina Group section of carbonate, evaporite, and
shale units from Michigan. Notice the numbers marked on the boundaries that register
the order of their appearance in the segmentation procedure. This information can be
useful in the weighting of the relative importance of the boundaries as markers for

g:caatiLgsreagfhi::ior=:iasTt::i#:i:gf=r::ttaptieo:of;il;sycsaffi:f;::::sti:rii#7foo,rngteedtw#S
the segments defined from the gamma-ray log were compatible with lithostratigraphic
units picked manually. However, the association was not so close for segments
partitioned from the neutron log, which responds primarily to porosity variability.
Either of these segmentation results could be the "correct" result, depending on whether
the end product should be a stratigraphic section keyed to lithologies, or a reservoir
subdivided into distinctive porosity units.
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GLOBAL AGGLOMERATION: DEPTH-CONSTRAINED CLUSTERING

More recently, Gill et al. (1993) applied a adjacency-constrained cluster analysis to the

::g=eenaaotiioins::;i:emme.rTtiquviekien!:##vceo:Fs:tresgeyg=feT:sdi:oo=iix::i:rvciesitoe:rAq:I:ss,ter
dendrogram display is helpful in the search for possible natural levels in the hierarchy
that may reflect meaningful geological boundaries. Finally, the method can be used with
any number of logs, because it operates on similarity measures between adjacent zones
or segments.  Comparison of different subdivision results can be made in terms of
analysis of variance, similar to the partitioning method in an evaluation of how much of
the total variance is absorbed by the subdivisions.

The porosity log from the Mississippi Chat section used to demonstrate the operation of
the Savitzsky-Golay polynomial filters will be used as an example.  The graph plots the
R-squared value from the analysis of variance associated with each level of zonation
which is the ratio of the sums-of-squares within the zones divided by the total sums of
Squares or:   ||x,  _ ik ||2    At one extreme, a single zone for the entire section contains the

total variability and R2 is 10097o.  At the other extreme, if each depth increment

i°h:egsrpa:fid±Sn;:caatze°snteriatth::ua£]dt±hv:sY::1::::±tyii:eb2#::Pst::uZ:a:i:#afg::c¥];#:.The
associated ANOVA table is shown on the next page.

10            9              8              7              6             5             4             3              2

Number of zones
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Group      Count      min.  deb.      max.  deb.         mean             s.d.              SSG               SSW
1               76               3049             3086.5           34.63           3.65          998.2           5899.0
2             139              3087                3156             17.74            4.68         3022.9
3             239            3156.5            3275.5             4.43              2.81          1877.9

SSB
56072.9

SST R2%
ALL          454               3049              3275.5            13.56           11.70                                61971.9 9.51881227

ANOVA table for agglomeration of Mississippi Chat section log porosity into three zones

The corresponding segmented porosity log for three zones is:

4o                        PORO SITY97o                   o

Depth
(feet)
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For comparison, the segmented porosity log for ten zones is:

40                      POROSITY%                  o

Depth
(feet)

The choice of the appropriate zonation level should be made on both statistical and
functional criteria.  Remember that the statistics will be sensitive to average properties
as contrasted with localized features that may have major functional importance to the
reservoir engineer or geologist.

165



ZONATION WITH MULTIPLE VARIABLES

:x£::n;:-EciiL::::ta:L{;a:sc::Lo::f::e#o:ii:sn::e::d:s:c::nide;:::i:::s°::::f::i:::d:eu::it§n::LLibs±§:SL:h{osi#e¥rfr:Lty
proportions of chert, dolomite, calcite and porosity estimated from neutron, density,
and photoelectric factor logs.

Each of the logs employed is first standardized to zero mean and unit standard

See¥;ahti:::Phe:oar:a:]yus:::n+nhg::Fu::::::oee:g#:;sthL%taFd:sy£]:£aovd:#E:fi;£aT:::]hyset:;a:f

£:spe:o:ehsas{]:,£ftsjoT:s#:g;oougrsot:;g£:theoT¥ea[£,etrhgaetrapr:oE:::sa[t]hkee];ena:t];::ts_±sbq:::::ease
in the total within-groups sum-of-squares.  The sum-of-squares for a single group, k, is
given by

Wk=]n3k,||x,-ik||2

where ||x, -¥k ||2  is the squared distance between the vector of (standardized) log values

for data point i, x], and the vector mean for group k, =A .  The within-groups sum-of-

:]quus::en9igw;::cS:Fs,P#ethneuiub=r°:f¥:o¥5sV]?s]¥:a::ee::I;%rn°euapnsa&tee#:ie_3r°ofugsesum.

3:-os:Fsai::iT:::;s:|s;,Poegei:i#;1i:eddu::::t:rs:::`eyns:::Tlgr:I;Swmsev=:ti:::1yp:fjacent
In the Mississippi Chat section, a plot of R-squared versus number of clusters shows a
kink at the five-cluster level which might represent a natural subdivision of the data,
since the preceding merger (from six clusters) produced relatively little increase in the
R2 value, and the next merger (to four clusters) produces a relatively greater increase. A
display of partitions of the section ranging from two to five, shows a hierarchy that is
consistent with the visual structure of the composition profile. The results can have a
variety of applications, ranging from a layered representation of the section as input for
a simulation model to a subdivision suitable for lateral stratigraphic correlation of either
lithofacies or flow units. The implications of any depth-constrained clustering of logs
can be targeted by the selection of the logs, so that their application can be made
sensitive to mineralogical composition, pore volume, or other attributes.
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10

Number of clusters (layers)

100

Plot of R-square versus number of zones in the Mississippian section of
Pioneer Exploration Petrie #4  SE-NW-SW  36-26S-1W  Sedgwick Co., Kansas
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TREND SURFACE ANALYSIS

The empirical method of simple mapping may be formalized in a statistical
model_through-the-use -of-trend-surface-analysis.--The theory is drawn directly
from regression, which partitions observational data between a regional
systematic component and a spatially uncorrelated "random" element. The
regional component is estimated by a regression of the napped variable on
polynomials of the geographic coordinates of the well control. The regional
surface is fitted to the data in such a way that the sum of the squares of their
deviations from the surface is the minimum possible (Fig. 6).

Figure 6:  Hypothetical linear trend surface (a plane) fitted to a variable, Z, measured at
locations with coordinates X and Y.

A hierarchy of trend surfaces matches polynomial equations of differing degrees
of complexity. A linear (first order) surface is a plane; a quadratic (second order)
surface is a paraboloid which may describe a basin or a positive feature. IIigher
order trend equations will represent successively more complex surfaces. As a
regression procedure, trend surface analysis functions as an analysis of variance,
in which the total variation of the data is partitioned between variation
accounted for by the surface and the remainder as the sum of the squared
deviations from the surface. When the residuals show no spatial correlation, the
associated surface contains an estimate of the systematic spatial structure of the
data variation.
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This model can be applied to the mapping of a log response in a "calibration
unit." A calibration unit is defined as a geolorical horizon which is judged to
show only minor variation across the region of interest. The definition implies

onse measured at!qulil+LtLiprjlp_£athat a lo tion can be subdivided into two
components: a systematic regional element, and a random error associated with
the miscalibration of the tool. The theory is best illustrated in a practical example
of the method described by Doveton and Bornemann (1981).

A neutron log of the Viola limestone is shown from a well in south central
Kansas (Fig. 7).  At the base of the Viola is a distinctive "low porosity zone,"
which can be correlated in all wells of the area. The Lower limestone is
essentially a pure limestone with only minor amounts of chert and dolomite, and
appears to have a very restricted range of porosity on the order of three percent.
Its simple Inineralogy, moderately uniform porosity, and absence of
hydrocarbons suggest that it is a reasonable choice for a log calibration ulrit.

Figure 7:  Representative neutron log of the Viola Limestone from a well in south-central
Kansas.
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Analytical data were drawn from 254 wells which penetrated the Viola and were
logged by at least one porosity tool. The porosity logs were digitized over the
range of the Viola and the total sample consisted of 194 neutron, 62 sonic, and 36`dens.fry-1ogsTln-each-well, average neutron-porosity7-transit time,-and-density

readings were calculated for the Lower Limestone, with an exclusion of the
upper and lower two feet of the unit to minimize the effect of adjacent beds. The
three sets of neutron, sonic, and deusity readings were made independent
subjects for trend surface analysis.

Linear, quadratic, and cubic trend surfaces calculated for the Lower Limestone
neutron data had fits of 6.72, 12.01, and 13.49 percent of the total variation.  At
first glance, these figures appear to be depressingly low, but they are an
indication that the Lower Limestone is a good choice as a calibration unit. If the
fits were high, the trend surfaces would imply that there was a major drift in the
calibration standard across the area.

In moving from a linear to a quadratic surface, the degree of fit almost doubles,
but the cubic is only a minor improvement on the quadratic. The quadratic
surface appears to be the most "natural" expression of the systematic regional
variation of the Lower Limestone neutron response. this interpretation was
checked by a simple analysis of variance procedure which tests whether
successively higher orders of surface make a statistically significant
improvement over lower orders (Table 1). The linear surface does a significantly
better job of predicting the true neutron response of the Lower Limestone at any
location, when contrasted with use of the average neutron response in the data
set. This demonstrates that the trend surface analysis has detected a systematic
geographic component of variation in the calibration unit. The quadratic surface
makes a significant improvement in fit over the linear, but the cubic fails to  add
significantly to the quadratic.

TABLE 1: Analysis-of-variance table of trend surfaces fit to the lower limestone
neutron data. Asterisks indicate F-ratios significant at the 95 percent level.

-----------------------------------------------------------------
SOURCE   OF   VARIATION           SUM   OF           DF                 lflAN           F   RATIO

SQUARES                           S QUARES
-----------------------------------------------------------------
Liaear  regression                 27.22             2             13.61             5.73*
Linear  deviation                   377.62159               2.37
_----------------------------------------------------------------
Quadratic-liflear                      21.41          3               7.14             3.13*
Quadratic  deviation            356.22156               2.28
-----------------------------------------------------------------
Cubic-quadratic                          5.99          4               1.50            0. 65
Cubic  deviation                      350.23     152               2.30

Total  variatioD                        404.85161
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The configuration of the quadratic surface (Fig. 8) shows a broad central area of
relatively high porosity flanked by lower porosities to the west and southeast. It
is worthwhile to relate log response trend surfaces with regional geology
p_atde in order to pe.a_nili±8L± the trends and to cross-check their
validity. The quadratic surface shows a striking concordance with the axis of the
Pratt anticline and suggests a genetic relationship. The neutron trend surface
indicates that the Pratt anticline was an active positive feature contemporaneous
with the deposition of the Lower Limestone. The trend in porosity may well
reflect a regional pattern of the low porosity, grain-support crinoidal packstones
and grainstones on the margins of the Pratt anticline, which grade towards the
axis as a shghtly more micritic and higher porosity facies equlvalent.

Figure 8:  Quadratic trend surface map of neutron porosity variation of the Viola"Lower Limestone" zone in south-central Kansas.
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Trend surfaces were computed for the transit times and densities of the Lower
Limestone and, in both cases, the linear surface was found to be most significant
in portraying the regional variation of the data. A contour map of the transit time
linear surface (Fig. -9) shows -a-simple-decline-in-poros-ity7-moving -from the ---- ~--
northeast to the southwest, which is only a general approximation of the trend in
the neutron data. A major reason for this difference is that the sonic log sample is
less than one-third the size of the neutron sample. As a result, the restricted
sample size is not large enough to pick up any small systematic improvement by
the quadratic surface.

Figure 9:  Linear trend surface of Lower Limestone bulk density variation (grams
per cubic centimeter)
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The same argument applies to the density linear surface where the sample is
further reduced to 36 wells. However, the density hnear surface (Fig. 10) shows a
decline in porosity to the east which seems to contradict the trends observed in
both neutron and sonic surfaces. The apparent discrepancy is explained by_th
distribution of the density well control, which is almost entirely restricted to the
eastern half of the area. The density surface is therefore primarily sensitive to the
fall in porosity on the eastern flank of the regional structure. This characteristic
makes the important point that trend surface predictions of calibration unit
response must be restricted to areas of moderate weu control and not
extrapolated beyond their limits.

Figure 10:  Linear trend surface of Lower Limestone transit time variation
(microseconds per foot).
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While the trend surfaces of the Lower Limestone porosity values are estimates of
the systematic regional variation, the deviations of the raw values from the
surface are attributed to a contribution of tool 11 error and any systematic local
variation.._If the residuals are controlled by tool error alone,--they-shou-ldrb
approximately normally distributed with a mode located at zero. Frequency
polygons of the neutron, sonic, and density residuals are shown in Figure 11,
plotted on a compatible scale of limestone porosity units. In all cases, the
distributions show a slight positive skew with a displacement of the modal peak
to approximately minus one porosity units. This common feature implies that the
true variation of the Lower Limestone closely follows the form of the trend
surfaces, but is broken in local areas by the development of either enhanced
porosity zones or increased shale content. As a result, the trend surface estimates
will tend to be slightly optimistic over most of the area by about one porosity
uliit, but locally pessimistic by approximately two porosity units. Following
conventional practice, each trend surface equation can be modified by
subtracting the displacement of the mode from zero and inserting this quantity
as a correction factor. The modified equation is now geared to the most typical
values for the area, rather than the grand average. Potential problem areas of
enhanced porosity can be examined through contour maps of the residuals,
although it will often be difficult to distinguish spurious features caused by
positive tool errors.

0

Figure 11:  Frequency polygons of Lower Limestone neutron, sonic, and density
trend surface residuals.
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The analysis of both the trend surfaces and their associated residuals therefore
provides useful feedback concerning the performance of the Lower Limestone as
satisfactory calibration unit, as well as numerical relatiouships for prediction and
control. The trend surface equations_areiised_in_prognosis.,whilctheLresidual-
distributions are useful for diagnosis. Simple descrif>tive statistics and inferential
tests may be applied in a systematic dissection of log quality in the area if the
residuals can be reasonably approximated by normal distributions. The area
under the curve of a normal distribution is a function of a scale of standard
deviations about the mean and dictates the proportion of tool errors to be
expected within specified ranges. So, for example, if an accuracy of plus or minus
one porosity unit is considered an acceptable tolerance level, 49 percent of the
neutron logs will require correction, since the standard deviation of the neutron
is 1.51 porosity units. This figure compares with 69 percent of both sonic and
density logs.

The trend surface normalization method can be expanded to a generalized
strategy of analysis designed for routine applications. The major steps are:

(1)     Define an area of interest in which well logs are to be normalized.

(2)     Select zones from the regional stratigraphy which are both easily correlated
and appear to show only minor changes in logging character across the area.
These zones are provisional calibration units whose sultability as normalization
standards is to be examined in the first phase of analysis.

(3)     Compile data sets for each provisional unit to include geographic
coordinates and log responses. For most logs, the raw response is appropriate.
However, resistivity values should be transformed to the square root of the
conductivity in order to approximately linearize the variation. Any necessary
environmental corrections should be applied.

(4)     For each provisional unit, compute trend surfaces for the separate log
responses. Extract a specific surface from each trend surface series which appears
to match the regional variation, as judged from inspection of theLdegrees of fit or
by analysis of variance. Compare maps of the selected trend surfaces with
regional geological expectations of depositional facies variations and
compactional trends as an external check on their validity. The residuals of an
ideal calibration unit should be approximately normally distributed with a mode
located at zero. Displacement of the mode and skewness of the residual
distribution or the development of distinctive secondary modes all indicate
localized areas of systematic variation which has been compounded with tool
error. However, some allowance for deviations from the ideal should be made
when dealing with small sample sizes. Provisional units with satisfactory trend
surface and residual properties may be adopted as calibration units for
prediction and control.

(5)     Compute prognoses of calibration unit normalized responses at existing
well control or prospective drilling sites by insertion of the geographic
coordinates into the trend surface equations. In practice, it is wise to run several
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calibration units as a crosscheck on consistent normalization corrections and to
highlight possible changes in tool error as a function of depth. Prognosis should
not be made outside the area of well control, and the overall reliability of any
prognosis-will-be-controlled by-the density-oineighboring wells.

(6)     For more detailed studies, analyze the residual distributions in assessments
of error character contrasted between tools and between service companies in
terms of relative precision and bias.

(7)       Update calibration unit data sets with log responses and geographic
coordinates from newer control as it becomes available. Periodically, recompute
trend surfaces as successively more refined estimates of regional variation.

The procedure outlined is extremely straightforward as a practical program for
log normalization. Programs for trend surface analysis are widely available  since
they are used by exploration geologists in structural studies. These programs are
cheap to run and their output routinely lists trend surface equations, residuals,
and analysis of variance data, as well as generating simple maps or files for the
plotter production of maps.
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Example:     Use  of  trend   surface  analysis   in  the   search for  Upper  Devonian

reefs   in  Alberta,   Canada

Ihe__S_t.I.at_igraphi_cjuccesLslQnu=verl=y+n.g_Upper  Devonian  Leduc  reefs
shows  a  pronounced  structural   drape  whose  magnitude  diminishes  upward,

but  is  still  distinctive  in  horizons  as  high  as  the  Upper  Cretaceous.

The  geologica.1   structure  of  southwest  Alberta  is  dominated  by  a  strong

regiona.i  dip  towards  the  Rocky  Mountain  chain,   so  that   local   structural

drat)e  over  Leduc  reefs   is  manifested  as  minor  perturbations  to  the  main

structural  grain.     As  a  result,   it  is  difficult  to  distinguish  local
structural  highs  from  the  regional  trend  in  raw  structural   surfaces.
The  structul.e  of  any  horizon  in  this  area  may  be  considered  to  be  the

s-urn  of   three   components:

(1)   trend   (the  regional   tectonic  surface);

(2)   local   anomaly   (structural  drape  over  reefs);

(3)   error   (mis-picks   of  the  horizon,   miscalibra.tion  of  logs,   etc.).
The  base  of  the  Fish  Scales   Sandstone   (Lower  Cretaceous)   is   the  most

commonly  used  horizon   in  searching   for  structural   drape  anomalies   caused

by  underlying  Devonian  reefs.     This  horizon  is   selected  for  two  reasons.

Firstly,   the  base  of  the  Fish  Scales   is  highly  radioactive,   appearing

as   an  almost  unmistakeable   spike  on  gamma  ray   logs,   so  that   the   chances

of  a  mis-pick   (error)   are  reduced  to  a  minimum.     Secondly,   since  the

horizon  is  relatively  shallow,   there  is  a  significantly  greater  degree
of  well   control   than  is   available  for  the  Devonian.     As  a  result,   local

stl.uctural   anoma.lies  may  be  napped   in  areas  where  there   a.re  few  or  no

wells   that  penetrate  the  Devonian  and  the  method  used  as   an  exploration

tool .

The   illustrated  maps   show  the  relationship   between  processed  basal

Fish  Scales   structure  and  the  distribution  of  Leduc  reefs   in  the  Windfall

Reef  area,   south-central  Alberta.     The  raw  structural  map   is  dominated

by  the  regional  dip  of  the  horizon  to  the  southwest  and  reef-related

anomalies  are  difficult  to  perceive.     A  linear  trend  surface  fitted

to   the  horizon  has   a  fit  of  98.696  and  may  be  equated  with  the  regional

Component.     However,   the  regional   structural   surface   shows   a   small  but

systematic  curvature,   with  increasing  dip  to  the  southwest,   as   is
Shown  by  the  increasing  constriction  of  the  contour  lines   in  that  direction.
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Consequently,   a  second-order   surface   (corresponding  to  a  parabolloid)

is  more  truly  representative  of  the  regional  trend  and  provides  a  fit
o f -9L9T7 96T-ByLTs ubL±±j±±=±in£=±he=seco nd==-,ord:er=sur-fac e-=fr om -t he-law            -

structure,   second-order  residuals  may  be  napped  which  are  composed  of

local   structural   anomalies  together  with  any  error.     The  correspondence

between  positive  residua.i   anoma.lies  and   the  Windfall   Reef  complex   (as

deduced   from  available  Devonian  well   information)   is  very  striking.

Devonian  tests   in  the  shelf  area  to  the  east  are  relatively  few  a.nd

positive  residual   anomaly  areas   in  this  region  are  worth  close  exa.mina-
tion  as  possible  fringing  reef  prospects.
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Basal   Fish  Scales   structural   surface

Second-order  trend  surface  fitted  to  basal   Fish  Scales
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Basal   Fish  Sca.1es   second-order  trend   surface  residuals

Leduc   reef  paleogeography   as   deduced   from  Devonian  wells
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DISCRIMINANT FUNCTION ANALYSIS

Discriminant analysis covers a wide range of techniques aimed at the classification of
unknown samples to one of several possible groups or classes. Classical discriminant
function analysis has the tighter focus of attempting to develop a linear equation that best
differentiates between two different classes. Fisher (1936) first derived the linear
discriminant function as a statistical method to separate two populations by a linear
weighted function of their measurement variables. The method is a supervised technique

Eiaot=e#1i:Sdaa:aa::Lns:sf::a=:t|tfi:ra#ectaa|sus:g#:::;oiTdeivTdou:|o|Pnuiaotiio:so;rue|:ir::dy

=:E::srij:g|fed¥aopg::nutgswTir:ip#:ddi:ti=:i:gis=;::;otinoa:::::eiteh::gTeoeu:Eoa5epr::;.as
An axis is located on which the distance between each cloud is maximized while the
dispersion within each cloud is simultaneously minimized. This axis defines the linear
discriminant function and is calculated from the multivariate means, variances, and
covariances of the two groups. The data points of the two groups may be projected onto
this axis as locations on a single line. This operation results in the collapse of the many
variable dimensions of the recorded data into a single, composite variable that best
discriminates between the two groups.

I
The process is perhaps best understood by reference to the diagram of a hypothetical
small problem in two-dimensions. When two groups are plotted with respect to a single
variable there is frequently a range of overlap, as shown by the frequency curves on each
axis. When an observation of unknown affinity occurs in this range there is a degree of
uncertainty in its classification. It can be assigned to one of the groups by a decision based

#hErno3fobt±t]:g,#:hcea::::¥aTsepnatc::t*;nvc=Taebc]tefsTLheog:fgur]e[g,o:d::fe::ntyti£E::c:s]ifns.



improve or, at worst, stay the same. An ideal situation is shown with a perfect separation
btheetwfeondTtea_¥o:ngtr:I:EsdsTTErea::scce£Efenr:n¥#::tiro::shithyebnetg:e:aeuaa3fofnntoefE]:nag±;:gthoaft

cuts obliquely across the crossplot plane at an angle determined by the relative
contribution of the two variables to discrimination. In the computation of the function, the
two clouds are modelled by bivariate normal distributions whose probability density

::snip:r£SnTtipopno#ee#:tiLc:Lsdhsaapreesin¥chheendawt&h£;;:rT]Pfeprs::dvs¥ta£[::a;=:€ef:;ace.
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The equation of the discriminant function, y, is:
y  =  W]Jxi   + W2Jr2 + .......  WmJrm

where x] to xm are the 7# variables used for discrimination and w, is the weighting

:£:#:::|totnofehi?cphpEea:itfi¥eesaaeriva£]]:ex:fTE:#Fn:Fb€]#e:£tnhaen:[fouundc:::Eso;s::at
divided by the dispersion of the two clouds. This condition occurs when the following
equation is satisfied:

SW-D
where S is a matrix of pooled variances and covariances from the two groups, W is a
vector of the unknown weights to be solved, and D is a vector of the differences between
the means of the two groups with respect to the variables.

There is a simplifying assumption that the variance-covariance matrix is the same in the

!et:aggE:t:?:b:yhsf,e:Fsifi!:|r::Vf::nboas:s=a-:Ci:o::nea:n::1io=::s=#:i:ei=:P:I:sg:epioi::thoei?o:eggr:o:u:P:Sb|e
can be checked by a simple visual inspection of crossplots. The method is sufficiently
robust that moderate differences do not generally degrade the power of the function as an
effective classifier. Indeed, as Reyment (1974) pointed out, the original example used by
Fisher (1936) clearly violates this assumed equality of the dispersion matrices.
Heterogeneous discriminant functions can be applied for particularly troublesome
classification problems. However, the simple linear discriminant is usually quite adequate
for most applications.

The solution of the matrix equation for the vector of discriminant coefficients then follows
as:

W - S-1 D
Tanh;|i::icvti;::fezs::::sanaii:::rn::1i:eE:i::oassdei:£i=nu;El|vsac::::;.?=ifhi:cao;#encatit:iof

onto the discriminant axis and gives its relative position:
y,.  =  W,jr, ,.  +  W2jr2,. + ..... WmJrm,.

where x]t to xm, are the values of the 771 variables in the ith zone. The multivariate data
clouds are now condensed into two ranges of points on a single axis. A discriminant index
li:fticvual:taet!iseTnes#g:ii:::=Yneaen:iT:edxisscefvmeisnaasnisbcoo:i!::)e:::Jn:eonf#:d%ig|rfsugf

the two groups and can be used as a decision criterion to identify an unknown
observation with one or the other of the groups. The choice of midpoint reflects the
assumption of equal dispersion matrices for the two groups. However, the discriminant
boundary can be adjusted to a better value, based on the rate of misclassifications
observed in validation tests of the function.

The mathematics of the discriminant function will generate some form of solution, even
when there are no systematic differences between the two groups. This contingency can
be checked statistically by an F-test, based on a generalized measure known as
Mahalanobis' distance, . This represents the relative degree of separation between the
centroids of the two groups, given by:

D2-_w,d\+W2d2+......+Wmdm
where d, is the difference between the means of the two groups for the ith variable.
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Mahalanobis' distance can also be used to assess the relative contribution of each
measurement variable to discrimination. This is computed through a comparison of the
weighted difference of the group means:

where E[ is the contribution of the ith variable. In addition, the distance function can be
ufeodgtroo:;:v:f::tT:aa;9st:i:e:€£ewdt:tT£:eTs:#pouTendobbesLrve::oEeb::Tt¥::::t:e]:jag:n
of the zone and the centroid of each group. Because the distance is computed in
multivariate space, it is useful as an error diagnostic to alert the user to situations where a
zone is likely to belong to a third group.

Finally, a table of correct and incorrect classifications for the calibration data set and in
addition, preferably, a validation set, will also give a direct measure of classification
performance. The results of such tables can be used to evaluate overall success in
predicting classifications, compare different models of log measurements, and monitor
possible improvements in prediction made through corrective adjustments of the
discriminant index.

DIFFERENTIATION OF TRACE ELEMENTS IN DEVONIAN REEF AND NON-REEF
CARBONATES: A PETROLEUM EXPLORATION CASE STUDY

Exploration holes that penetrate the Upper Devonian Woodbend Group in Alberta,
Canada are either successful in locating a Leduc reef or fail by drilling through a section of

|E:ilcaat:er:llryeeefq|uoicvaa#:roet£:,Sah:::I.uFey:;:#y5ethaefe::emdi!::effo#:::ssmo:cthp::Sap:::SceT:ftu|
well could be completed by either directional drilling or twinning the well.  Altematively,
the exploration hole could be far removed from a reef and so should be abandoned as a
dry hole.  Off-reef sections frequently have carbonates interbedded with shales, so trace
element geochemical analysis was made of the acid-soluble content of carbonates from
Leduc reefs and contrasted with carbonates in the Ireton Shale that represent basinal
facies.  If a satisfactory distinction could be made, then the results could be used in the
assessment of carbonates from a potential near miss as to whether they were likely to be
from the talus of as nearby reef or from a basinal facies carbonate.  Crossplots are shown
of average trace element compositions from carbonates in reef and non-reef wells in the
Sturgeon Lake area.  The data are summarized from more extensive analyses published by
Chester (1965).

I         ID         I          Ni                   Cr                   Cu                   Pb                   Ga
REEF 24 23                     3.6                     18                      29                      16

33 13                      3.4                     24                      8.6                     18
46 8                        0.9                       18                        11                       4.7
32 51                       6.6                       19                       4.7                      9.8

NON-REE 11 82                     6.1                     26                      34                     20
6 45                      4.9                     18                      30                      16

13 19                      3.8                      15                       17                        7
12 16                        4                        14                       19                       13
51 47                      7.8                      15                      21                      12
67 27                     6.6                     20                      19                      17
61 31                      6.4                     27                      32                      15
18 32                      8.1                      23                       17                       11
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As a simple demonstration, we can show the results of discriminant analysis using just
two elements - nickel and lead - to differentiate the reef and non-reef wells, before using
all five elements.
The data are:

ID                   Ni                  Pb              GROUP
REEF                        24 2329 1

33 13                        8.6 1

46 811 1
32 51                        4.7 1

NON-REEF            11 8234 2
6 4530 2

13 1917 2
12 1619 2
51 4721 2
67 2719 2
61 3132 2
18 3217 2

The group means are:

Group                     Count                 Ni  mean                 Pb  mean

1                                   4                           23.75                         13.33

2                               8                         37.38                       23.63

Global                           12                          32.83                         20.19

The pooled covariance matrix for the groups (S) is:
NiPb

422.06                    57.78

57.78                      70.37

The inverse of the covariance matrix is S-1:

0.00267                -0.00219
-0.00219                     0.01601

The vector of the differences of the means of the two groups, D is:

-13.625                             -10.3

Therefore, the weights are W=S-]D which results in:

-0.0138                     -0.1350

The discriminant scores are then calculated for each well by the equation:

y,.  =  W, jr, ,.  +  W2Jr2,. + ..... Wmjrm,.
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Group                           lD                                Ni                               Pb                           Score

124 2329 -4.23

133 13                               8.6 -1.34

146 811 -1.60

132 51                                4.7 -1.34

211 8234 -5.72

26 4530 -4.67

213 1917 -2.56

212 1619 -2.79

251 4721 -3.48

267 2719 -2.94

261 3132 -4.75

218 3217 -2.74

The discriminant index is the discriminant score of the midpoint between the two group
centroids and is -2.92.  A plot of the well scores and the discriminant index shows one reef
well and three non-reef wells misclassified.

NON_Rm   Dischlulnant st:ore      REFT
.?       4        i       +       t3        -a       .I         J         I         2

Mahalanobis' distance is given by  D2 = w[cJ,v,. + w2cZ„ which calculates as 1.579

TherelativecontributiontodiscriminationbyNickelisestimatedbyEIV,=#which

equals 0.119 . The relative contribution to discrimination by Lead is estimated by

E„=#whichequalso.881.So,usingNickelandLeadalone,Leadprovides88%

of the discrimination.
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Discrimination between reef and non-reef wells using all five trace elements gives the
following results.
The mean values of the groups are:

Group          Count              Ni                 Cr                 Cu                 Pb                 Ga
1                         4                     23.75                 3.63                 19.75                13.33                12.13
2                         8                     37.38                 5.96                 19.75                23.63                13.88

Global                 12                   32.83                 5.18                 19.75                20.19                13.29

The pooled covariance matrix for the groups is:

Ni                 Cr                 Cu                 Pb                 Ga
422.06              20.29               32.65               57.78               37.99
20.29                 3.45                  2.75                 -1.89                 2.00
32.65                 2.75                 20.83                12.53                11.37
57.78                 -1.89                 12.53                70.37                21.59
37.99                 2.00                 11.37                21.59                22.29

The solution for the weights of the linear discriminant function are solved to be:

Ni                 Cr                 Cu                 Pb                 G a
0.0447           -1.3602             0.2069           -0.3043             0.1564

Estimation of the relative discriminatory power of the trace elements indicates that
chromium and lead dominate the distinction between reef and non-reef carbonates.

Although the score values give a sense of which group any well should be assigned to,

;::8];CbE]:;Staoreb:eag:£rg=eadd;±£nrienTS:;eps:°ifaebq£L£?ti.o=ifacta::::a#art:g?ireesd]Psgnp£:nation
statistics in the estimation of the posterior probability that the well belongs to one or other
of the groups.  Typically, the prior probability will be set as either equal an probability for

:icchuFar::f&re:r:sbsaubi:Eel:FLa::obsT:vparti8opnosrtairoeniouf|:::eiv:f;ndsisi=ebaucthegraobuopu.tLhee
centroids of their groups.  Assuming an equal probability of occurring in either reef or
non-reef as the priors, the posterior probabilities for the wells, based on the five trace
elements is:
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Of course, the ultimate purpose of using discriminant functions to see if reef carbonates
could be distinguished from non-reef carbonates was to see whether a classification
method could be developed so that in a reef prospect well that did not penetrate a reef, an
evaluation could be made from trace elements measured from the acid-soluble fraction of
carbonates in drill-cuttings as to their likelihood of proximity of the borehole to a nearby
reef.  In one such well, the trace element composition was analyzed as:

Nickel 32  Chromium  4.2  Copper20  Lead  14  Gallium  15

Using the discriminant function developed from the Sturgeon Lake data set, what is the
probability that it could be assigned to reef carbonate facies?  The posterior probability

Fr:tbFbe£]fteywofwo:5]j.haRse:::eetrda::fdorTsesthalo::dofthae::f:Peybr:e£:sd%.::tot:::euE]enrge:fpa:3ranew
well drilled or the current hole deviated.
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DISCRIMINANT FUNCTION ANALYSIS OF DRY HOLES AND
PRODUCING WELLS: AN EXPLORATION STUDY IN THE
MISSISSIPPIAN OF STAFFORD COUNTY, KANSAS

Small  oil  and  gas  fields  are   found  in  the  Mississippian   '8'   chert

interval  in  South-West   Stafford  C  unty,   Kansas.     Conventional  explora-

tion  for  these  targets  relies  mainly  on  the  location  of  structural  highs
by  reflection  seismic  methods,   although  it   is  recognized   that  chances  of

finding  a  new  f ield  are  enhanced  in  locations  where   the  interval   is

relatively   thick  and  has  a  low  shale  content.   Data  f or   three  variables
were   assembled   for   a  s_ample   of   124  wells   in   the   area  which  measure   the

following  characteristics:

(1)   The  average  gamma  ray  log  deflectioq  in  the  interval,   standard-
ized  as  a  proportional  measure  of  shale  content,   ranging  between  the

extremes  of   zero   (no  shale)   and  one   (total  shale).

(2)   The   thickness  of   the  interval   (feet).

(3)   Deviations   from  a  linear  trend  surface   (q.v.)   of   the  structural
elevation  of   the  top  of  the  interval  as  a  measure  of  the  local  structure
with  simple  regional  dip  removed   (positive  and  negative  elevations   in

feet) .



.--Structure   of  the   top  of  the  Mississippian   '8'    (feet   subsea).

•9I].i]                          ..a.a                          ..a.a                          .... a                          ..a.a                          -.a.a                          .}®.a

.--Linear  trend   surface  residuals  of  the  Mississippian   '8'   structure
(feet   subsea).     Negative  residuals  are  shaded;   positive  residuals   are
unshaded .
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--Areal   isopach  development   of  the  Mississippian   '8'    zone   (feet).
Areas   thinner   than   20  feet   are  sha.ded;   aI.eas   thicker   than   20  feet
are  unshaded.

--Areal   variation  of  the  Mississippian   '8'   ganma  ray  shale   ratio.
Area.s   with  ratio   greater  than   0.2,   shaded;   areas   with   ratio   less
than   0.2,   unshaded.



The   sample     was   subdivided   into   a  producing   group   P   (33  wells)   and   a

dry   group  D   (91  dry  holes).   Histograms   of   the   two   groups   for  each  vari-

able  are  shown  in  the  accompanying  f igure  and  indicate  the  degree  of

distinction  between  the  groups  in  terms  of  each  variable  considered

separately.
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Computation  of  a  linear  discriminant   function     led  to   the

equation:

z   =   -6.34   G   +   0.07   T   -0.01   S

where       G  =  shale  ratio

T  =   thickness

S  =   structural   residual

The   scores   of   the  groiip   centroids   are:

zp   =   i.30   and   ZD   =-0-08

where  the  discriminant   index,

z      =   0.61
C
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Contributioii  to  discrimination  by  each  variable  as  computed   from  their

fractional   component  of  Mahalanobis'   distance  are:

shale   ratio,   G:      39.6%

thickness,   T:      52.6%

structural  residual,   S:        7.8%

The  discriminant  function  analysis   theref ore  suggests   that  the  dif f erentiation
between  dry  and  producing  locales   is  made  primarily   in  terms   of   t'nickness

and  shale  content  with  relatively  minor  contribution  t)y  local  structure.

Producing  wells  are  to  be  found  in   thick,   "clean"  chert  sections  and

trapping  contexts  are  stratigraphically,   rather  than  structurally,   con-

trolled.   An  empirical  measure  of   the   success  of   the  discriminant   index

as  a  critical  classif ication  boundary  value  between  dry  and  producing
wells  may  be  made  by   tabulating  the  frequencies  of  correct  classif ications

and  misclassification.
DISCRIMINANT   INDEX   CLASSIFICATION

Actual  status

Producer
PRODUCER                       23

DRY                              29

-gi.a                      .89.a                      d7.o                      d5.a                      -a].a                      di.o                      .79.o

--Classifica.tory  map  of  the   study  area   in   terms   of  producing  and
dry  areas,   based  on  the   interpolation  of  Complited  discriminant   scores.
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Multiple Discriminant Analysis (MDA)

Multiple discriminant analysis (or canonical discriminant analysis) is a multi-group

i|:f;=::rift::h:e::|rFsgi:,u:cF:io:nio:nca:i:Fyi::efafo:r|rs?ill::ol:hpfe::T:sfna::#eccim=:::th¥ig::EFleto
centroids is maximized and the discriminant scores about the group means are
minimized.  The second function is orthogonal to the first and represents the second
most powerful discriminator axis.  The remaining functions account for successively
lower discriminations.  When observations are classified with respect to one or other of
the groups, the assignment can be made in terms of probability, using a Bayesian
estimation from the discriminant scores in conjunction with a prior probability.  The
prior probability is conventionally chosen to be either an equal probability for all groups
or probabilities that correspond to proportion of observations to the total sample that is
supplied by each group.
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EXAMPLE: DISCRIMINATION BETWEEN CHEROKEE SANDSTONE
DEPOSITIONAL TEXTURES SEEN IN CORE DETERMINED FROM POROSITY<
PERMEABILITY, AND COMPOSITION

Elongate sandstone bodies of the Cherokee Group (Middle Pennsylvanian) in southeast
Kansas have been prolific producers of oil for many years.  Depositional origins of
individual sands have been ascribed to nearshore bars, barrier islands, tidal channels,
and alluvial valley-fill.  Monroe 1-T (SE 9-21S-22E) was drilled through a productive
section of the Skinner Sandstone in the Selma field.  The reservoir section was cored.
Porosity and permeability measurements were made on 2-inch plugs; bedding
structures and textures described from examination of whole core; compositional
estimates were made from microscopic examination of thin-sections.  The results are
tabulated below.

Monroe 1-T SE 9-21S-22E   Skinner Sandstone, Cherokee, (Pennsvlvanian), Selma field, Kansas
DEPTH POROSITY%1 PERM (md) QUARTZ LITH CEMENT TEXT

714 17.4 12 46.6 21 15 SILT
715 12 0.1 38 50 0 SILT
716 19.9 29 55.1 20 5 RIPL
717 20.6 33 54.4 17 8 RIPL
718 20.2 62 56.8 18 5 RIPL
719 21.4 44 49.6 17 12 XBED
722 18.3 12 46.7 25 10 RIPL
723 18.9 25 41.1 35 5 RIPL
724 19.3 24 52.7 23 5 XBED
725 22.8 173 54.2 16 7 XBED
726 20.2 39 49.8 24 6 RIPL
727 18.4 21 39.6 37 5 RIPL
728 20.7 66 45.3 25 9 RIPL
729 22.7 173 45.3 18 14 XBED
730 20.1 27 47.9 23 9 XBED
731 18.6 17 35.4 35 11 XBED
732 21.6 78 35.4 29 14 XBED
733 20.5 53 34.5 30 15 XBED
734 19.8 61 28.2 38 14 XBED
735 15.1 8.1 32.9 38 14 SILT
736 21.5 197 40.5 18 20 CONGL
737 18.9 74 41.1 24 16 CONGL
738 19.2 60 41.8 23 16 CONGL
739 20.8 186 33.2 23 23 CONGL
740 19.3 48 37.7 28 15 XBED
741 18.5 22 38.5 28 15 XBED

The bedding structures and textures can be subdivided broadly into four classes:
conglomeratic facies (CONGL), cross-bedded sandstones (XBED), ripple-bedded
sandstones (RIPPL), and siltstones (SILT).  Using multiple discriminant analysis, we will
see how the rock fabric is related to porosity, permeability, and contents of quartz, lithic
fragments, and calcite cement as a way to integrate geological and engineering data and
characterize flow units for oil production.
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porosity/permeability, which might be expected for larger grain sizes and pore-throats.
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When a multiple discriminant analysis is run with the five variables of porosity,
logarithm of permeability, quartz, lithology fragments, and calcite cement, for the four
groups, the group means (and so the centroids of the group clouds in five-dimensional
space) are:

Group Count PH1% logk QUARTZ LITH CENINT
CONGL 4 20.10 2.05 39.15 22.00 18.75
XBED 11 20.42 1.69 41.76 25.91 11.91
RIPPL 8 19.65 1.50 48.60 25.13 6.63
SILT 3 14.83 0.33 39.17 36.33 9.67
Global 26 19.49 1.53 43.17 26.27 11.08

Lheegpr::1;€]:°uvdasnfg|i:eTda±¥:nf:£roFae[8;:::)S£::eflectingtheorientationandinflationof

PH1% look QUARTZ LITH CEMENT
PH1% 2.24 0.58 4.36 -8.83 2.23
look 0.58 0.20 0.48 -2.09 1.03

QUARTZ 4.36 0.48 53.23 -46.50 -11.09

LITH -8.83 -2.09 -46.50 61.38 -6.06

CEMENT 2.23 1.03 -11.09 -6.06 14.92

The multiple discriminant classification of the zones is then:

CONGL XBED RIPPL SILT PRED|   CORE
0.096 0.001 0.000 0.903 4 4
0.000 0.000 0.000 1.000 4 4
0.001 0.078 0.921 0.000 3 3
0.005 0.402 0.593 0.000 3 3
0.001 0.018 0.980 0.000 3 3
0.008 0.910 0.082 0.000 2 2
0.127 0.347 0.339 0.187 2 3
0.000 0.133 0.867 0.000 3 3
0.001 0.064 0.934 0.000 3 2
0.000 0.263 0.737 0.000 3 2
0.001 0.171 0.828 0.000 3` 3
0.001 0.111 0.888 i      0.000 3 3
0.004 0.436 0.559 0.000 3 3
0.008 0.927 0.065 0.000 2 2
0.006 0.622 0.371 0.000 2 2
0.024 0.809 0.166 0.001 2 2
0.002 0.981 0.017 0.000 2 2
0.024 0.952 0.024 0.000 2 2
0.025 0.911 0.064 0.000 2 2
0.026 0.000 0.000 0.974 4 4
0.891 0.105 0.004 0.000 1 1

0.979 0.007 0.009 0.005 1 1

0.952 0.027 0.014 0.007 1 1

0.984 0.016 0.000 0.000 1 1

0.625 0.306 0.067 0.003 1 2
0.687 0.213      1 0.031 0.069      i 112
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The classification table is:

PREDICTION
CORE CONGL XBED RIPPL SILT
CONGL 4
XBED 2 7 2
RIPPL 1 7
SILT 3

and a graphic comparison between the core classification and the discriminant
prediction is:

CORE
rmEDIcrloN

PHI+I.OGH+QUARTz+I.ITH+cEhnRT

I S ILT
IE R IPPLES

H *BED

i] coN6Lori

Examination of the discriminant statistics reveals which variables are most strongly
linked with discrimination between the bedding-type facies.  The depth plot of

:::hibe#;ti:e:sni[s:ofli¥:;s:i:ie::wxv:e:rrctt:#e:no::i!|y:shi:e:dg|epsnelg:;;pP:npchip:OPE:rptie:sti::well
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PRINCIPAL  COMPONENT ANALYSIS  (PCA)

iou:fupv::in:an:t:s#=ofe;:th=easlea:¥e::,:te%f:i:fs%|#taftr:°i§LS:ir:er::°Lttd:at:is:t§%i::I:n::a::pa:C:]a:pLff

%xEe:in::oc;;1;rr:o=1elF:th:iiaf;:mfu:r:asel::::::oiftE;::clla:bie3aF::e?gefT:::S:f:o:ka#oe::rti:Ce
in;:rciixp:!c==gaot::Ttfea::::Epi:lei:g=iesiTh:rihoer:::a=1=:Cnecohro::eT3`eacti;::e

Ff?:id:;ffsr:a:End::uzfagnuta:b|e|:=:erh:::n:gcrdob:y:s=:yin::r:th;:::::ryia:b:lf:f;'rg:E:e:g::=i[f:tdaerto
dividing by the standard deviation. The covariance matrix of standardized data is
the correlation matrix.

viable 1

:i:::awtig:tiascalto:odise=:f|:llteod!:isei:sgj:ehmygnetr:1iiepssfi.Lheer:l|liEsvoeiqirections
of axis elongation reflect systematic relationships between the variables. The axes
of the ellipsoid are the eigenvectors, whose relative magnitudes are given by

bthe:£aruasses°£[:a:eodmej8:::::uaers:£a::Fg:ets£:°£nnt°efr:;::fasi°onnas]}b¥£e=:da:°SS±b]e



variables. As a simple and extreme example, if there is a perfect correlation
b::LF:i[:T%ii:¥trF¥ab§Liri#in:;i:rdia::i=:::i:n:n;:TL#ri:!¥vd:£Sa;#e§:lie:;C;n;i:th¥LLL:b:e:a

§i:I:rn:t:oh:i:a:ci::C:g::n;:f::ii]ce:::aEf;:1:±i:pnfeh::¥sr:p;L#c:£:fua:X:iiF:1):t::#t::fitc;1:S#::aaiiiL:i:iLt;:ne
ordered allocation.

The total variance of the original set of in variables is the sum of their separate

;::catipcce:SiTa#;faueaa::r¥ise:isv°ar::g]tgs#w°Sas±s::empfiT;:i±tp#:emepo°fnents.]n1±e:r:;i:#f:nfigT::t:#iitafjfyt:w:oifif::w:#:|egn:t:|i=#oF:ng;hft:s:#eevlal

variability is picked up by p principal components, then the dimensionality has
been shrunk from in  to p . The collapse reflects the dimensionality of the
information content of the variables as a replacement for the original reference
framework. It is not uncommon for the first two principal components to
account for most of the variability, thus a multivariable data set can be mapped
on a crossplot with little loss of information.

The derivation of the principal components follows from a property of matrix
algebra that a symmetric, nonsingular matrix,  S, can be converted into a
diagonal matrix, I, by multiplying by an orthonormal matrix, LJ , through the
following equation:

uTsu = L
where T signifies the transpose of a matrix. If S is the covariance matrix, then
the conversion to a diagonal matrix is the geometrical equivalent of a rotation of

:¥::d¥::a:i:i:]e:e;:::¥j;§I:f:¥±::h¥i¥:u¥a::::iih±r::::8;;::¥i¥:¥±%:i:i::i::ie::ei°:i:a:::es
a;[s[£og:e££:neaif::onLne€:a::o:ap£:e£:t;eT:cet:du.TE:r;=eafc=%:ue]aacrfyv:an9#]:£s
then unity, and the total variability equals in  (the number of variables). Each

EjEet%¥fi]:eanq;#±q;etyd.bymfstheproportionofaprincfpa]component,sshareof

The fact that U is an orthonormal matrix leads to the useful result that the
inverse of U is the same as the transpose of U . This means that both the

:tr:aintr:e::eFff:edm:o::;1:n:gs fa:a?::n:::e:eE=eeoei|tg¥:,S:ec:o:r;f:nr::o:nnc:|¥e:|=;:e#:X;i:CeT:d
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location of any point within the data cloud can be related to the principal
component axes by the transformation:

z = uTx

*me;eonxei::c:::ts?rT°±sth:ev=ia£]aetrtehsep:cnosreesoafntdhez].iiaz:icet%rn°tfh:n;n#ndpal
component is given more simply by:
Zp.  = uipx\.  + u2pX 2, +  . . . + umpxmi

where the 11 coefficients are loadings from the p th principal component. These
are the values of the p th fgfz±zzfzE in the table matrix, shown diagrammatically in

s¥:rf:gud:;::a°thrie8i::]ersaer±oafbk9sC3fot:dr:::yeredfromtheprincipalcomponent
X=UZ

PRINCIPAL COMPONENTS, Z

LILLu]ELL   i3L]    i± .....-.   L]      im

u=L  Ll 2=L]  E3LL  24 ....... I   LL   Em

uuuu........u
§1        BE        EE       E4 3m

L]miL])ttEum3um4-.......L]mm

X=UZ       ;      Z=UH

So, the g th variable of the I.th observation can be computed by the equation:

Xgr.   =  Wgizi,.  +  %g2Z2,.  +  . . . + Wapzm,.

%iic±fig°snoFfiifef8gufrfjfr]dc°ITespondtothemultiplicationofthescoresbythe
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The ability to move easily between the two systems of coordinates is more than

ifa::::n:zn:::lil:r:eiic:::Err:iy:i;n:un&s::e[jn#?eF=:T;hEae;e::oil:iog£;oni¥ieg:jn:ie=f:x::dthe
original variables. The observational variables are indirect measurements of
fundamental, but unseen, properties. In the PCA of the correlation structure of

;#:1:;:c:e3hi:;:6:¥oft;[e::;#s:1:s;;:*E;;b;e;:g::te§;::;:raT::f;;:ng:f:£e;e{::;os§s;[T;h:e]:o:I:::SeEu±aetion
preceding explanation only covers the bare bones of the mathematics of
principal component analysis. The ideas and further ramifications are best
understood by consideration of actual examples.

The methods of discriminant analysis described previously are types of
Sd'£`%rr]Uis±endap£:tntesrt:-tit:E:g#i:t°:e€:°pcaer€£utiroe:.tErear:#:sgesd:::oS;=zaer:#::odr:°thdeeve[°P

analysis. The success of the discrimination is first checked by classification
predictions from the training or calibration set. Whenever possible, a more
realistic assessment is made by measuring classification performance in another
known, but independent validation set.

E]ysccr:=T::ttiown:e:;Pthii:Cjftaa]£Ct°o::r°ant:::nan=]%:£sS„£;c?::sdc;°±:g::.rTphaett£E:Sand
solution is simply a geometric rotation in multidimensional space that locks onto

r:o;mr°;rsoTnn:t:isnEais:pX:e§¥°aftn::iac:::o:cL:°£::at;ti:o::Lt¥r:c?£:Lfao:t:h:as:tgatg;dL:n:tL:;e:d:;£]n°c:galls

measurement variables. Any correlations other than zero indicate that there is
some degree of information redundancy in the system and that the full

ifnino]S::gc?=C€hib£:a::;:eaty:S:eft;s:pi:rt£#:I;1;i:ta;tia°#n:]c::f:e::t:o=h]ce:fierr:sst:¥a:[n
multidimensional cloud. This attribute of dimensional reduction is a major reason
for the popularity of principal component analysis in data processing.
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CASE STUDY: ELECTROFACIES ANALYSIS OF A MISSISSIPPIAN CotwffLEX
CARBONATE UNIT

In this case-study, a Mississippian carbonate section was logged but not cored, .so
that information on lithofacies is restricted [o generalized drill-cuttings
observations. In addition, the section is composed of variable amounts of chert,
calci[e, and dolomite. The neutron, density, and photoelectric factor logs from
this well were used in the Compositional Analysis section of this manual to
evaluate mineral and porosity content both from visual interpretation of the logs
and as a matrix algebra solution using digital log data.

g|a[at:ranltree=oa#::::tpegry6ae:act:otfhaeci|eosg:,:v:lei,:Fear;treedtafrtioo=[tfaet#|tobwysathe
analysis, rather than precedes it. Principal component analysis of the gamma ray,
neutron porosity, density, and photoelectric factor logs are summarized in the
table.  The data show that the total variability in four-log space can be napped
almost entirely in the two dimensions of the first two principal components
which account for 970/o of the total variance. The loadings of the first principal
component show the strong distinction between the high-porosity cherts and
lower-porosity carbona[es. The second principal component appears to be keyed
principally with gamma-radioactivity.

While no core information is available to locate reference lithofacies in these log
clouds, electrofacies can be differentiated by pattern recognition methods.  A
quick method is [o locate three endmember points as vertices of a compositionaL
triangle and then solve the composition of any zone as proportions of these three
endmembers in a methodology which is a simple adaptation of the
compositional analysis method discussed earlier.

5



PRINCIPAL COMPONENTS ANALYSIS
OF CHAT SECTION

VARIANCE EXPLAINED BY COMPONENTS
1234

3.101         0.778         0.078         0.043

PERCENT OF TOTAL VARIANCE EXPLAINED
1234

77.516      19.457         1.962         1.065

COMPONENT LOADINGS
1234

0.573         0.818       -0.043       -0.021
0.971       -0.048         0.233         0.001
-0.97        0.158         0.107       -0.149

-0.942         0.285         0.104        0.142

COMPONENT SCORE COEFFICIENTS
1234

0.185         1.051          -0.55       :0-.484
0.313       -0.062         2.971         0.023

-0.313         0.203         1.361          -3.49
• -0.304         0.366         1.327        3.324
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Pioneer Exploration Petrie #4  SE-NW-SW  36-26S-1W  Sedgwick Co., Kansas

Cross|)lot of the first two principal components of the gamma ray, photoelectric
factor, neutron and density porosities referenced with vertices of a composition
triangle that appear to locate three electrofacies endmembers.



Pioneer Exploration Petrie #4  SE-NW-SW  36-26S-1W  Sedgwick Co., Kansas

Electrofacies profile plot of Mississippian carbonate section computed as
compositions of reference facies located on the crossplot of the first two principal
components of the gamma my, photoelectric factor, neutron and density porosities.
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THE POISSON DISTRIBUTION

The Poisson distribution describes the expected frequencies of events per unit area or
length, provided that these events are scattered randomly and are comparatively
infrequent in occurrence.  A distinct advantage of the Poisson distribution is that it may
be applied in situations where the quantity 71p  is known, but neither n (the number of
trials) or p are known independently.  This condition occurs in a wide variety of
applications where "rare" events are observed to occur within time periods, areas and
volumes of fixed size and their non-occurrence ("failure") is not ennumerable.

The Poisson distribution is defined by the Poisson probability P(X):

P(X) =
e-np(np)x

X!

where e = 2.718 and X = the number of events in an interval.
The estimate of the mean is _x -- n p

#eicvhai:ethoef=eea=Tsu,I::rffee:sen#:fin:evT::1a:rceTeaveragerateofoccurrence.
s2--np

The Poisson distribution is the limiting approximation of the binomial distribution for
low values of p, where the binomial distribution becomes highly skewed.  Notice that
the mean value for the Poisson distribution is the same as for the binomial and that the

:8]e[s:p:o:sfo#,adi:eia:£,u:Seow#hTe:r:n*%tcgae±e::iT=eb:e:r:1:rmel[:a:Esffn£L:£sS1[:g¥ipe;ta#:v:a:u:t(::;:e
and the zero is a FALSE designation, so that the probabilities for each occurrence
frequency is generated (as distinct from a one for TRUE, which would give a cumulative
probability).  So, for example, when the mean value is 2.5 number of occurrences per
unit, then the Poisson distribution is:

Tin-ri=.±.F-~-~
(.,y-..--.------v-+wh;i

1'XFpq
0.1i0.ZD80.15I+

•    `    ,a,#

a1 a.aE21,~^^v<~~-6T.2qusE^F^"~

I 0.=j65

-)iRE#! i

#*#RE¥¢
es¥        `.,z,`

v!   .ts

im\,A--,-A 0.=138 `,,     ,`S``;'`..,A•:;I`tie,.i:?•ii.`.I,`2

ri;ig!`*+£»
±^--~-` a.133G 0.10OJJ5Om

*,`^se,.

Fw_ii a.a668~~'__a,-@`-!~iB`    ``_v

1 •          ,`1#(-q,`¥b.'f sO

:        i;i?p`.a      -+i.                      _i---_-in-"-^S~__  i
`    OJra¢-in_ffG@-i

91 i}:I
:,.#``3£<

1         I       3       4       5        8       7       a       9     10    11

9_'|~b_-- a.Oa090.0002 Number cif occTirrErue5

Notice that the Poisson distribution was generated using only one parameter, the mean,
because the variance takes the same value as the mean.



We can count the number of occurrences per unit, compute the mean n umber of

a:soutri=:nticoe::ongethmeirtcvhaenda;;e&e`5oTses::c:nlfdeFhc:smoec::rt:abnedaopmplryo,xTme:t:;Lx::=teas
the variance.  If the variance is markedly lower than the mean, then the distribution is
more uniformly distributed than we would expect to see for a random process; if the
variance is distinctly higher than the mean, then the distribution is more clustered.

2

Uniform  distribution

Poisson   (random)
distribution

Contagious   (clustered)
distribution



LANSING DISCOVERY WELLS IN NORTHWEST KANSAS

As an example of determining whether a spatial distribution of events is random, more
uniform than random, or clustered, let us analyze the distribution of discovery wells in
the Lansing Formation of a 33x33 mile area in northwest Kansas, as shown below.
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LANSING  DISCOVEF3Y  WELLS

The area has been overlaid with an llxll grid which defines 121 map cells.  There are
169 discovery wells, so the mean number of discoveries is 1.4 per map cell.  The variance
of the number of discoveries per map cell is then:

s2=£((=L:)2wheremisthenunberofmapcdis

(121).  The variance is calculated to be 1.97, which is greater than the mean value, so the
initial indication is that the discoveries are clustered rather than random.
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F:isnsgonth:i:#€:Eopn°c[is3eNc5|mn;::enaawiftagergs:fbf:etiqoenn:]fe:besxep£Cet:dfr::umen¥]ees:

012=456

Lansing discoveries pEr map ceu

Comparison of the distributions show there to be a higher number of map cells with
either zero or greater than 2 discoveries in the northwest Kansas area than would be

i;:i;:ii:eif:i:efofi:I:;i:ii#idnvug:frie:ub;:t=thTge:gr::e:a;tt:jeE:a:oirir;;:eo::?sss:?:eE;;#:;;F|,
hypothesis that the distribution is random?  This question can be resolved by a t-test.

FahtiFOTbea:|e::aoria|n2C|e:3geoi;oartiTnesFiEchoev::Y|#::i:egi?o;o:i|saitsesa&aaTpckieseessE:=taeteo:sthe
distributed about the Poisson parameter mean:variance ratio as a t-distribution, where
the spread is dictated by the standard error, se .

The standard error for the Poisson distribution is given by:

which is calculated to be 0.129.

The t-statistic is then    f = ( 1 - rcl'''O ) which gives a value of 2.32  This value exceed the
S'c

critical t-test value at 120 degrees of freedom (in-1) and a significance level of 0.05 which
1;Sit]e.i8;tiTvteh#Eyeg;°s¥;Sc£]Su::earirnagngf°Es€:Sv=#:#s£:stha:::fp°treed:ejectedandthe
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POISSON DESCRIPTOR MODELS FOR EVENTS IN TIME (OR ALONG
AN AXIS)

As with the distribution of events in space, it is often difficult visually to distinguish
random from clustered events on a time record.  The human eye (or more accurately,
brain) tends to see patterns of clusters and sparse occurrences in the results of random
processes.  This can be seen below, where the random occurrences in time are easily
rationalized in terms of pattern.

UNIFORM

IIIII
IIIh
IIII
IIII

I

m=5
s=0

RANDOMIIIIIIBIHIII[llmll]I
in = 5.19
s = 5.21

5

CLUSTERED

in = 5.11
s = 7.98



A CASE STUDY: CHASE GROUP ANHYDRITE OCCURRENCES

Beds of anhydrite occur commonly throughout the Chase Group in
southwestern Kansas and mark evaporite deposits thought to be linked with

i£-g:1r:1:ge:Se%:c=eegn:::Ion:i::rfri!a::gxfe:::a:e!iio:n:;otifooin:sfiio:u:peunie#|?c:anheosns
overlays or from  RH077tafl-Lrmaa crossplots. A record of anhydrite occurrences
1;nrfycdhn?tseez€:°e:Po:iq:::::£asrsahn°gTo£%5#eft:trviph:°n#:I:uWc.cfsst]°ot:I;is34

subdivided into 18 equal intervals, it was found that the mean number of
anhydrite zones per interval was 1.89 and the variance was 2.81. Based on the

Foe::fibnegedxi;::::ioi:,tifeaypELeearresrti:ioth=|;ig¥iTbtiLot:a:a:Lee:I:r:t::emde!|::wance
must be made for the relatively small sample of anhydrite beds.

rate of occurrence

spacing thickness
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:hte:s|:Sieo:i:E#hc;t:i:na:a::life:eth:;::::::;:i:or:::i::iw;a:;c;v::i:e±:;;effa:i:c;::dga:t::thi:eenan
geological significance. The nonstationary alternative can be modelled as a

faoribsis::r;;::::i#,Tse:fi;:a:t::F.annv:i::ty:i.f::fdueern,ci:sd::,eavnec:ts:ntweea::
successive events. Then the average distance, Jz , is given by the reciprocal of the
rate of occurrence,  r , that is:

fr=±
r

Now, if there is no trend, the rate r is a constant, and is conventionally written
as:

r -- ea
where  # is a constant. If there is a linear trend with time, then:

r--ea"+a`t
where i represents time, or, as in this example, depth. Taking logarithms of both
sides:

log  r  =  czo  + cz]f

from which it follows:
_  log fr  =  CZO  + ¢Lf

because the length between events is the reciprocal of the occurrence rate. In

a:tt':t:dtrfeonrdtrceanndbiea};sa}:do:dc:::npu°o[¥:?omgfga::n:::lil:ra£:ea¥ssi#e::SF¥r°Fhte°
in th polynomial the trend equation is:

-log h = ao  + a\t + . . . + amtm

;;#:¥:th::Te)?:a:r:s:fac::°:n:S::s:e:n:;e#tL:S#i:r;e::;£d::¥ni::r:eyii:Lr¥fla:p;o¥t:c=:SS
programming, but can be run using a conventional multiple regression
procedure.

1234

Order of polynomial regression trend
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The results of fitting first- through fourth-order trend polynomials to the Chase

:r:°!L£P#r:aeE:tk:::a±atp:o:rtsL±si¥:pobfyeci::¥:h:erl¥:Sgarssed::o:dErtao::Ce¥:i:p¥e:iehv=ei;t:o%d
Tanhiqsfr¥i:°ct€afiseTauc:tara?S££egstfacpa]netstfrzeen}gsf'a::1;hs°mwaT]?g3tho:£nITaleynsc£:s°:fvariance.

v¥nyf:e:;)abti:3ss?:t%::x#d::::a:ne;:::y::ifu¥:a::o:::::st:ite:qsf:::,tra:ao:h:c:e;Es#e=:
distinctive. Strictly speaking, the aggregate spacing of events taken at a
minimum of four at a time is preferable in order to average out some of the
extremes (Cox and Lewis, 1966). However, this step becomes impractical for
short sets of events and may mask some changes in occurrence rate.

Source of Variation
SLi[t\ of                                                      Mean

Squares                     D F                    Squares                  F-ra tio

Linear regression
Linear  deviation

Quad[atic-Linear
Quadratic  deviation

CubicLQuadratic
Cubic deviation

Quartic{ubic
Quartic  deviation

Total  variation

0.5
333.0

26.0
307.I

0.0
307.1

2.5
304.6

10.5
32                         10.41

1                            26.0
31                              9.9

0.1

2.9

1                              0.0                               0.0
30                          10.2

1                               2.5                               0.2
29                           10.S

333 i                      33

Critical F-test value at 5% significance,  1 and 31  df = 4.16

±e:Cai::S::t::sin:bci:=°a:;E:i]Sfrdm:aiegs:es::}eacgl:::i¥:St::C:abfal°b]:sr:°iE:1::d:'uo:n:8:SP::rail
distribution of events that can be interpolated between wells in the mapping of
lateral changes in event rates.
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ANALYSIS OF CYCLIC PATTERNS

A common objective in the interpretation of data recorded in time is the location

:;#b:::de:i;i:e:sa:u¥?uEeein:c;essfr:"ieyfeei|cfy|ge!o:lpfi?fiirfc?renEil:an=alsyslsof

;ee::e:n:r##e:s:=thtrje:i:::f:i::c:#:oLTeett,iu:T;E:::¥:i:s:;ieoose#|¥r:larch

I::i::bs;e::;s:t:s:qeiTo::ss¥s:hEg=hdnti¥Taile#re:a:tii=dos|:#i|:oipF!ac:osii;finstt:einet:log
simple trigonometry as discussed in the following pages.
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Both sine and cosine functions generate sinusoidal waves. The cosine equation to
generate a wave is:

Y -_ a cas 0
where  ¢ is the amplitude of the wave and 0  is an angular measure that changes

#u:=c;,£nwahifcyhc]£;sC:iemnaurmmebr;rT:fecy:I::;:i`::Pte::atma:::t:]rsvt:[nsc:iby±ts

Reoc::ts:nycef:rnectyoonrffngmwei#egcs6nwveer=i:lnt:i:mdedpet#teoasa:rgeuTaern:eaass::=:an
be understood from examination of the figure. If k  cycles occur over a total
thickness of Ji , and each cycle has a wavelength of p , then:

h -- k p

If the depth axis is symbolized as X , then the conversion from depth to angles is
given by:

o-(¥)x
when expressed in radians, where 27J  represents one complete revolution.

Because radian measures are cyclic, the value of Y'  will repeat at depths that are
displaced by multiples of p  depth units. The cosine equation as written above is a

;[1gj!:na8t¥Cci:es'Io:=o:ra€ue#oto#a=t:it:h,g]£t:c:atn:biezmiro:r:i;LFa:tr:alaFogr]eko:yz:re%athnadta
Y -- a cos (ko - ¢)

where  ¢ is called the phase angle and represents the initial shift displacement
between the depth origin and the beginning of the nearest wave.

Now, from simple trigonometry, this can be expanded:
Y -- a cos ¢ cos k 0 + a sin ¢ stm k 0

Because the phase angle is a constant, the equation can be consolidated:
¥ -_ A cos k o + 8 sin k o

where the tangent of the phase angle is equivalent to:

tan¢
a      „sin¢
A     acos¢

#cph°i¥::v°ernvb¥#:es:itho:fineussq°jdaraleswoafva:Sc¥eeffs±€]reanrt::°f±tsanplitude;
A2 + 82

The expanded equation:
i -- A cas k 0 + 8 sin k 0

can be used to fit k  cycles to a log trace,  Y , by least squares in a conventional
multiple regression of the general form:

y = Axi + BX 2
because the trigonometric quantities are simply angular transforms of the depth
variable.
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r:iefaf#ionfckofy=leesd;:a:Ao!osigpTe::t;etth:fr:::|ti:£c=:;efoo=ni:sT:=n?esrthe
series,which,whensummedtogether;recreatesyt±ez°rA8::sa]k]o°::nsitns#rety:

The summation range extends between zero and a harmonic number of 7t/2 ,

rohITe::p%iasi:nthuemNb;a:]fs#rt:qpu°e[::;.£#se£Seaq#:n£:ebeTyt:dhi#:ihhiEe°rmc

::e:q::r:?!:i;tie:d%tciarTno:rtTbn:oge£:1:i:ttie:dss:eifees;s|rs:itor:;eetn:t:o:nas::a:;oP::s:n:egnw:a;vC:asufueat

fre=i£:g:Fy,ththaet£:£hosm¥en::+::s(Vma:;ya%:e!eapgr:£snesnttFdebhya:::#econfuEei:r..

S°o:;eesrp(°Egfsnq8urr:Voef]ef8T£'pa]]{,#.Waveamplitudeplottedinsteadofthe

WARELENGTH   {feet)
loo  50                20                                10

(a)

Pover
(vari-e)

fl})

Poluer(-e)

(c)

Pover(-e)

0               Hamionie numhe`r            50

Periodogram of a  gamma-ray log of the Lower Permian Chase Group:
(a) original log, (b) log minus mean, (c) log first derivative.
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i:id¥ie§!aet::iii]ci;¥iiaB:e::i|;:I:lit::aisiejsis:=ii!¥S:::|j:ji;iai:S:ji;¥biij:i;je:a:;:sill;::i:::i;:]as]'
::ct%Ffpwr::£:eag]fytirde#eflc::sdi::;:::]ti8owngfagsnc:]]eant::ryoFo::::;:::[£heo]otica]
carbonate shelf, driven by tectonic, eustatic, or more localized phenomena.

I::°guE:p::a£:a]¥:a;::C|a:le;t:huu:Se:§f:s:iLa:roe:::e:¥#Sg:Sl::¥hn::T:ice::e:Li£Ls8e:e:ii:c%|faoia#e

:itreb%::t:ntsrab=s¥ree::]g::gf::d±ntE:]sa::ise°a::.Cestothenorthwestandmarine

;;£egi]L:c:r#a±a::ohrp::t:oi;a:g:1:::Tis:°;;T#e£%fv=a:d::i¥Li°::::r€;t::d:W:Letr:oth::rhmomc.

E:::re:EL;mF:?:1i:ri:a::t:s:ti:e;ii:b::¥:u:t:re:a;E:ilo::et:e:Ti::T=:ot::n::o:;u::::ii:;:n:it:af¥ginlc

#i§±:;;:¥eiqi§ieb§r§:::::i::i§|ie°::i:::i§¥±i§:;|¥§ftl!;:¥§c::¥:d:jf_;#::±e:n::d:p::::adn::
#p°a:jafii::g:asast]::n::]ii±:ttehsefiag¥e¥¥eaqtiL°enn::tshwa;:ahizzLuer¥:'sfadc#an]8.aBSoathE

long- and intermediate-term fluctuations can be absorbed through the

i°h#adti;:rrpofd¥:rfirftgdrear#X:;fo#:r]%#¥riu:::::::#taecde¥:::gt#oe§.

i;:::e::i::tfg§n:b:::o::o:§jar§;§dt:::::;i::jyr::;¢¥r:hi::=:jLf:e§u::Fir;:ct:¥;{§L;s§Cg¥n±ead:;i:±Cbsy

i!%:¥e:§i};¥¥§[j:±±ie¥:!vi¥¥gbi§j¥t§¥¥g¥ai%:¥¥#i:et:Sit;]%oP|¥¥¥n
#:S::I::r:acdtia:wia°:ni::sr;e::t:e|#:anF:h:efrmiEe::i:e:pt£Ldi:c;e:s:a)ciH::g::g::a|:s:p=a:iairug8difests
over a range of frequencies.
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Towanda ls
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Fort Riley ls

Floltlree ls

Blue  SprirLgs  gh

IIilue}t 1g

Wy-re §h

"'reford Lg

-Z
a:-I
0:
E4L
Df
EE]a-
C)I-
LIa
I:g
FE
utaI
uI

Depth
(feet)

Gamma-ray log of the Lower Permian Chase Group fitted with a ninth harmonic sine wave.
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£osinagLe#:uhgahTh°emucsemoafyt£:£%:¥]Ferrteedq::t£;t:n:quivalentwaveforminthetime
Y -- A cas k 0 + 8 sin k 0

where 0  is the angular conversion of the depth into k  cycles and calculated by:
(D -Do ) 2"0=

A
where Do  is the depth of the top of the sequence marked as a zero angular
reference point. The coefficients of A  and 8  are taken from the Fourier series

i:cT=:iia£L:°s:i#tr:ce#att:eu:fee:eeiae;xeotrs=i:s:#g8¥n¥#T:h%e¥S1:£€#f:#g:o°:fitr=e:¥::±Lpth
the shale and carbonate subdivisions.

The discrete Fourier series is widely used in time series analysis because so many
records are measurements that are taken at intervals of a day or some other
time unit.  A continuous spectrum of component frequencies can be generated

¥tiii::i:::;t::;::iiic:s:oil::::ff!z`!iii:iiiai;:::::j#:s::::fi:jsl::t#ah;:;:c:::::i:;%1;9:e:'sls
wavelengths down to the Nyquist frequency. A limiting condition of the FFT
operation is that it must be applied to a record whose number of sample points is
a power of two.

::e±[:eat:1;ro;::n±e±h:;raafn:£;]Ee;::Eu;:lid:¥:tr::e:r:ej;po;;;::;T:t]:c[:i:;:jo;i;:::stfb;n%t:h£]:]gn]s::
has become increasingly common. In part, this is because notions of cyclicity in
the rock record have a long history and geologists are making increasing use of

£:::g£Tct:ir.p[#e:dod±t::'hr:::nbte:n°€eisa?:rc[:a:tuei£°srt%nti:¥ecayrcc[icfor

iyhsetee:aet::epnect°odf;Lce°cmo:::petnst:fth#[::nk::;:£cnhk:ydc#£ncd°¥ee::teanbc]:sti:Faeti:¥:gis;
has also encouraged spectral analyses and cyclic interpretations.
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PROPERTIES  0F NONSINUSOIDAL  CYCLES

:x:][;aa[v:rffse:t:::u£]n±amfea:eaFcoalstpcroo:e¥t:fsywT]Pcdhe#eadk:¥haes±::¥earv:.a::feorm
a particularly powerful means to view records such as logs in terms of their
frequency content. However, the sine wave convention is most commonly

:Chceenp:ideE::aLi;eh:tisasveeesni°db:tthheera;Tvae[;:Eessefrnot:ti°thne°ef[gchtry:[£aa]gnetic
;grem¥Ea=euofe(:,c;t,e,dp:si:::asl;Cue,X,iTtpEss::::i:Fcleys:acfFyTE:.gpsirsums:iiai

#:g::.t]T°#e8iaat:E8iaartiFc::fet]hyedFeovj:Fesrt£:tngfeocr°mmE:Steht:8s:tri:t:pae::::fn:£ne
Regardless of whether or not a log actually has sinusoidal components, the
transformation results in its representation by a series of uncorrelated sine
waves spread over a range of frequencies.

fE#aeE€:::e:;rbeyg#:rs::::]enfuusnoc±ggn:a:edsdaE:::nTcosT.Asquarewavecanbe
y=s;nx+5ts±n3X,+:ts±n5X,+...

when taken to enough terms. A sawtooth wave can be built from both odd and
even harmohics using:

y=2(sinx+±sin2X+5sin3X+...)

In the analysis of conventional time series, the presence of harmohics in an

i:E[:=:=t&rcpyoc¥ce;:a:i:smn:snsTno::ocfod:]T€#a¥f::[t:,i;;t5e,ftosuggestthatthe
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£oap¥rk::C:CC5a;t:Li:i::a:I;:j:pge:a¥::tiyoth::ieFoPcu:r:%d:°e%r:a:ii:faT:±eef8:a:¥t¥ga#h±°£:=sa
Wavelength  (feet)

loo   5040 30            20                                          1o

Hamonie nurrLber                           50

;y=:ne::u:!ih::s:lap:r?|f::hel:#:Tr:,:reach::[ti:i:e:h:a:r:Tb:eom:c:s::;de:¥:pr:eto:.::rse:lg:ttlohboenc#she3
CGR Gartt~ Ray

o             AI]I  units             150              4                           7                              14
hi-ILicg

Ha-nieg
4 + 7 +  14 + InearL

8
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A considerable body of research and applications have been made using square

Poai=ess£:vr:Cbeenetny;::;o£:td|°tEghms::te:a;]dae[]t;r:saetrdv:rseyss::Trse°t:evcetsanthgauti:k¥a#:
value of either + 1  or - 1 . A hierarchy of independent square waves is described
by a set of Walsh functions. The concepts and terminology of Walsh functions
have much in common with the Fourier series. Instead of frequency, a Walsh

;ue:Ct?i:]uS#±%itdeen;Z£S#oa.STehqeu:::X:nwuEcbhei:dthfeu::tiTobnesra:fezseyr£::ts£]cna8:d
are called CAL functions because they are analogous to cosine waves. The odd-

i:ag¥oe:s:rf:,te:iy;in:Tn=:Ft;cp=e:f?h%eanl;,has:o:tfhc:tit:a::;:t:;::spi::ra#ia;fJ:eis:(::;v:a,fleiin:es
much faster than a Fast Fourier Transform.

A conversion to a set of Walsh functions is a transformation to the sequency
domain. As with the Fourier transform, the original signal can be recreated

;xfadctEyv:rosTo;tsso¥#:hs]%:::fcoaTbeA:teenTraati:::]g,y[:eT:E::se,shjgmh;paati9:,no:fb#£:h
functions of appropriate sequency. Lanning and Johnson (1983) used this
property as a means to block well logs in a consistent manner. By excluding

9



Walsh functions with sequencies that exceeded a "minimum resolvable layer
thickness," they used the Walsh transform as a low-pass procedure to block well
logs as stepped functions.

Density  Resigtivity    Sonic
gin/a a         oh]Ii -in         LLsec/ft

I.4          3.0  0         1200 40            120

•-----;:I

I

I

I

iihfc;:o:i:jii§e:[tr:i[¥]W¥:a:e:h¥:u:p:±::r:bie;dc:;tv¥:¥:::f;:::±e::s:Sq:uiei:S§:n::°::i:;ii:iefr:rn::t
::neti;nuT€:isei°t8o:ta:eo.p[.dfa]e]yd±tst:ert:S:ittuwr£:]oefmmu::tyebaesdudc±Cne:Ssr::u°efnbc:Ssh;:enfn

i¥e¥::##9i:Ie:n:i%j:i:±::r£!::§h;i:fie:i§qi:::::rj:e]:i::i::n;es:jc:1;::h;i::bi€[;so:n¥s;r:8;esat
cause them to be poor descriptors of longer term gradual changes.

Ultimately, the choice of Walsh or Fourier transform should be made with

::gdTfdmt±:aE:nnsTurs::::i:F::cue::gaonds:I;rEmac±aE::saf:Fve¥];ec::sp£::xstrengths
description of a blocked function, the Walsh transform requires multiple square

¥[:s§j:::i::a:d;:¥§a::±¥¥::sit:¥¥§t;::e€:9:8:;::::e:;:¥y¥j;±::C:i::i;§¥e:::yF::n¥ss:hf
the signal at the scale of interest.
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Doveton (1986) provided an example of a Walsh transform computed for a short

§[e}gT::c;±snedgomweE[.teTrh;rcoogTapmut(aAtiEse:r:tva::y];£7T)pt]:::£efroagatieobv::]gs#ral%h

t::e;E§:e:n:8:e;;oti;ET±}:j:Sir;§L::i;f:issL¥:¥ipi:gs§:c¥Le:s:w:f§#p¥:S!LL%:t;:res::C!::ii¥°al±ys,
Viola Limestone example, the log records calcite content computed from a

|eEi:;s:its:I;c:l;i::1i;:i:iiie:1::d:t:i::::::|iso::::einis:lt;;i:i.d¥r:;::b;;o;i:F::ini;::E:;e;!f
(thin) features, and is contrasted with the low- and intermediate-sequency

:5::ic:::aoit;epTcpaf|eyr:i==sst:a:.lew:tee:baepdp:::gtcoh:rg:t=r=satiT:sa.y|:gvie::r,the
same technique can be used to analyze reservoir structure through the
transformation of a porosity log.

Moving Walsh spectrogram of calcite variation in a Viola Linestone
section.  Sequency increases  from  left to right.  Modified  from  Doveton  (1986).
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MARKOV CHAIN ANALYSIS

There are many situations in which a sequence of events in either time or space is
observed as a succession of states taken from a limited set of alternatives.
Petroleum geology and engineering are concerned with rock successions where
observations spaced at constant intervals record the occurrence of lithology

:u:in:;iina:%d::u¥:itt::?T=:::r:::;:ha?|#fetrb::¥n)efn#c:C:e:let:ee:1;:iimo¥ha¥yre::ge=::Ire:fby
the column). So, for example, a succession consisting of lithologies A, 8, C, and D

Fnae¥f::ts]rnTeFvaar|fs:eadccausir:1"asttifiog"i"a'i%±#"of=zfot¥]st:#tnhgeoa%sperr#:tnescaet[]ssuac=:ssfve
might appear as:

where for example, the number of times C succeeds A is 3. It can be seen that the

g|::i:e:t:ot::iieefE:e:,ati::t:h:e:::efy:i:iF:n*itfasl;,hfthTescr:o:?eat:pfr::I:u::on:if:t:|l#:a#;e::
written as the vector:

[16      12      12      10]

#Lctfr:#:ef:eunrt:tTt:s:umberoftrmesthatthesuccessionobservationsarein

Division of the tally matrix by each of the row totals leads to a £7'¢71sztz.o7z
probability matrix, P..

A

8
P-c

D

AB

0.50      0.25

0.33       0.42

0.08       0.17

0.30       0.10

CD

0.19       0.06

0.17       0.08

0.33       0.42

0.30       0.30

Similarly, division of the totals vector by the grand total results in an estimate of
tl+a fixed probability vector-.

[0.32    0.24     0.24     0.20]

which expresses the proportions of each lithology in the entire sequence.

1



;::!eiie:b::;jc:et:;?;:jii!i;:i:i:i;:;ci:iiai;fiigj:ai:1::f£:¥:ioc:::1:i::::::f:::i::dn:i:e:ilFi;|i;:v:S:::s:t

A     8    C     I)
I a 10 ti

a 1 -

1 - 1 2

1 I - 0JI JI

Thansition tal|]r matri.T=

ABCD
0.4E: 0.00 0.4E 0.14

0.6'7 0.=3 0.00 0.00

0.25 0.00 0.25 0.50

0.20 0.40 0.00 0.40

Tralisition probflbility mfltrix

A    I    C    I)
0.='7 0.16 0.21 0.26

fiji-ed |}robflbilit}r vector

2



Because A, 8, C, and D are mutually exclusive events, the probability that one

§t:a:t!r:r:elfi:#h(:Bdfb£:)v¥:h:ee%r:]t:ati]::n:i:at:giE;:E:e:ino:ioc¥se:dn£;nB:]gl%:i]thatAhas

p(B,+l/4)--
P(Aand  B)      P(A)   P(B)

FT=Th p(B)

as opposed to the conditional alternative where:

p(B I A) i P(B)

If all transitions are unconditional, then:

P(B / A) -- P( 8 I 8) --  P(B I C) --  P(B I D)

and the model is one of z.7tdcpc7iczc7if ct)e7zfs. The expected transition probability
matrix, A, for independent events consists of rows of the fixed probability
vector. For the example that we started with:

0.32     0.24     0.24     0.20

0.32     0.24     0.24     0.20

0.32     0.24     0.24     0.20

0.32     0.24     0.24     0.20

aemrao#xtootfa:sx::cieedotbals`ei:;ec::aT|eyc==#.efhbeyn=|#iyp;:ifiEs!eo#:E:3i:itiieesniy

:rveeendt:m=a|TEeet::#;:oaf|:i:qi:::;e::en#::cfiew#eLm::);ed=gor::|si:faccepted

:fr;;a:»:ea¥ttrh:e:nedni;e:rfd:e:necEyteLb:eh¥::tte:::o:::§jt:±r:d¥:e:ndtse::fei;Fy°r¥ina£:£sfhi";f:bMefl*k::n

If the sequence is shown to have a Markov property, then the structural form of

Eeeqreanr::¥#nthmo:gebxep€:tdeudc:rdo£°tEea£=:Fppe:a:°n::;etftes°pbrseedr±¥:dontrsTsfti°n
Transition types that occur more frequently than expected can be linked together

:;;]7crffti9:rncsd,{L„e„;,.:,£:rfa#r::e£:r:gr££nhis,:tiqoenssc:£epflti::F£:pq::i:hoa£:I.:Eagnego::gdcaat]

:::de±[]eyT:nt:si:fss:fdiFpee::tafrvyef£%:£sfsms:gal:;I;:,:satot:rrE;gma:sget:i::e:P:a:ed
limited number of states in the Markov chain.

Named after its discoverer A.A. Markov, whose inspiration was the alternation
°£Ve:=`;I:nodf:°s:::#a¥:;pnr::esshshiin:Sd:I:e#a:8onve€in:;'nMma:i:yscohc:;LTrTn°tdhee]Sare

range between the extremes of determinism, where every event is exactly

3



:gieacaf::ghi3£t:a;r:ednecseuscsc°er:s::ede£:::tps?ndentevents,wherethereisno

If the matrix P is squared:
P2 = p.p

i±i;i;i{jai:±e¥i:ein:#:e§:::¢gr:t;§ii;::i§f:!i§te;±:::;::ill:lei:o¥:¥:{v:iio¥::::::I::::a:::g::::re::,
probability vector.

:¥a:i:S::a:ai:eij°::;£cb;Lj;ts§;¥v::::s:c§:i;;e8[ii::;;:i:;:::ii:n¥::t::i°:Vi!j;:e:je:r:in:s#±e;neb:y;ee:f
dependency is often known as the memory of the process, which in this instance,

;§§:::1:;;;rn:o::r:p::::t:ltd;its:::o::os;:i::c;:rgE;f:i:i::;§e:;tc;e]:g:t;#:£m::;e::f;§nd:;cent
The concept can be generalized to 7lth-order Markov models with memories of 71

#i::;£ta:tneeveexnttrseFae;ean:e£:fl°L:¥n°cfeno°nsie:Spise:enn[tnedveepnetnfednk:Vs:nctcse::#o:ti:n
random. Models with long memories suggest complex patterns of ordering with
systematic, long-term components that are relatively free from short-term
disruptions. In practice, many rock sequences can be represented adequately by
low-order Markov models (Doveton, 1971). A first-order Markov model is often
a sufficiently useful representation for descriptive purposes. However, the

::a:::[v:::::o;i;fi:e§;ttru:pe:¢jt:i:;j§::::i_:i;:;;;t;;::§o;i:::t:§e§[;§L::Ct¥oe:r:::;:h;::::;:#:]j#¥o:t;:e

transition probabilities will then change in value over the length of the

?|C::;;lls:1::::Poll:vElrl±tle::u!c:c!;;jo=L:=-t:qauc::=eF:rdf;el:±ynugslEE;er:iraa:1iletlt:S
Some authors also experimented with the modeling of sedimentary successions
from transition probability matrices. Simulation examples ranged in scale from
the internal structure of fluvial sandstones (Potter and Blakely, 1967), through
simulation of the Pennsylvanian rock sequence (Schwarzacher, 1967), the lateral
migration of transgressive-regressive strand-line deposits (Krumbein, 1968), to

#a:[knoevs:}di:]eantit:#:Fufdn±:spa:edaanc:j];i:c(Fn::::sutgbhe'c::6s€);ftthtehiei£#eeaEsees%f

::s=rpvuoti:::;nar8ti:col:fagrY;bwuitthari::=e°r;ee::ett:sloe:I:sdti?cursees!=°ouiFnme:yd:?sm°del
(Haldorsen and Lake,1984) .
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MARKOV CHAIN ANALYSIS AND SIMULATION OF SEDIMENTARY
SEQUENCES IN ONE DIMENSION

The fundamental Markovian descriptor of a sequence is the transition probability
matrix, P, which takes the form:

for a first-order Markov chain with (in this example) three states. In general

:PE]ic:.tiT°fes't]P£:e:#}f°o=Se::ihsetes:a}tsec°hfoasepnr::e::::eb:askina]iteiqo:ag]h}::rethma::i:
events of significance are recorded in the sequence of transitions.

The selection of the length of the interval between successive events must be

:O:ss£]qti%:g:a:::::]sy[o[fti%OmssT|;I:sagefcnot;:sa]eistrceh£::;'|:i::.9teaE:ti=:|e:e::sfora
significant Markov property will then reveal the trivial fact that successive

:::::V:::;Stie:get:::er:tpseati;te£°mn±Ss::dtha:t:ag:teh:ia::.d[fri:°ciaar£Eefsa:±£anstee:Va]£S
towards states that tend to have thicker beds.

Fr:is:::;dniacg::aalct:I:=iec:t:eoit:eentrs::tsei:i::dp#|aE:lit¥e=aa=:xf::pa:yres:iep|ing
interval finer than the thinnest bed. The transition probabilities of a state to itself

:tcac#srti°c:o¥eth:ajrstd±3g%::1:ff#eciaensssfet:°onf:::£asti[::ya:da*[£T].Jahreyy;itc±attfethe
length of the interval used. The mean thickness, 771, and its variance, zJ, of the state
I. are easily computed from the equations:

1

(1-p,.,.)

P'.I.

(1 -p")2

and

:qhuear€o¥::fmdses=ep]anr::Ft:::s°£:*tetrhva:]tship:fane%:e(sK±emmpe]Teydafyd#a:[±'o]v96°).The

¥9a6ngs,i.tLOEsp5::oa£;:±st±::{go¥t:ngte:omn:]Td£:r€rL9otr#:Loen#r±:vbter±:n:ftido:acey,

8f::af:£e¥t=#:js#Sceite°ss:s°£:]v::ye:tehr:[£];Sc::€]gur3:dhiisaictchees;i:rn:Studies
lognormally distributed (see e.g. Pettijohn,1957; Potter and Siever,1955).

Thio.wk:::::sthairseifiettnetfiac3;iroonx.f£Tt:;yfrboymsfa:gehTpiinn:csa|ohbesnerpY::,:::hna;i:g
probability grid. A theoretical model of bed sedimentation based on simple

Eg[:[£]ntya#[]Dgaecneeyrij;6agi.e8Fceo¥rcseT]:cuthe:smd;sd¥|bi::£no£:si::lil;teMda:±:3]yan.
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If a transition probability matrix is used to model a synthetic succession, then
systematic comparisons should be made with the real succession to verify that
desired features are replicated by the simulation. The transition matrix of a first-

;:r:d±r::;i:t::ip:rL:I;i¥E]a:i:I;¥£Tat#E]sih:;iwofok:ojvra:c]:±i;:v:eso:is:sEaeh:e:c:k:s::cit]:s:;g-
match. If not, then a higher-order Markov chain may be appropriate or
additional longer-term elements should be incorporated to supplement the
Markov model.

;:::b:a:b:]LiLst:C:C::u:c¥:i:h:?:uv±dia;;:it:::a:n:t%L::I::p;o:s;:S:::n:::1:ta:rris¥;u:c::ts:::i::ti::t:hoe;do
effectively stationary. Alternatively, the transition probabilities can be modified
to incorporate a drift component that reflects relative depth position. Is a first-
order Markov chain an adequate description of the transition properti_es of the

i::q!us:,tn;:;?a:A::i:e;;t:er;up:h:tT:::i|::yga:Tui;:a:rs:::frl:c::gris:e:if:a:-:u:ue=;[|:t|etrfai:e:rnTshTsaet
:::epmtraatin::t:oC:ntybpee:h;:£ei:]yrca:E£]a;i:8uf:ms:;::q3ro%::#9P7r[e)?i:trio:Sfi:jtr°-

i:rgi6e;r,eT::n:i:o:vrt5er:;::atr€;:f;:I:s-i:apE::a:de:qcol:da:e::;:,oc:e::s:y:ipe:?s;s:±[;aregx:p:::fftehde
Pennsylvanian sequence of Kansas.

::=oi#cha:1)og;etL-:erimarEroovpseirii:ia:|foansiT:lees::::srtii:lnEeaFeo::::iedfromthe
succession. At the most fundamental level, the proportions of the lithologies in
the total succession are registered by the row and column totals of the transition
tally matrix and these proportions are transferred into the transition probability
matrix. In addition, Matalas (1967) pointed out that the first three moments of a
succession will be preserved in a Markovian simulation.

The means and variances of the thicknesses of the lithologies in the succession

ffn¥ri::ei;i::i:9i;;!i:a:a::fiiiiiiaii:::i:i:i:T::eE:noi;c:::;::::di!jin::r:jiii;ii;e;SET:a::nltxo
:P;esrtva::::±E:]tf}axr:snuos:dptroe:]euc::a:#dy#eanms]:i:::abgeo¥ae]eonfsiaete:;=:]#Ons

8:°ELeg}:¥tnmxantri;Xwhbaesc:e::sV:]sueeps;rEaat:hs:::e::fh::LTcuiaeti;:no?fe:cshe::::::abnasbeed

ELeen::a::gpboyna}rnagngt°aTe::I:i:i::a{rs°u¥ctehs:I:Cnt.ualdistributronofthicknessesof

Does the occurrence of the states throughout the synthetic succession show
comparable characteristics to those observed in the real succession? Useful
measures for this comparison are those of thef.rs£-pflssngc ft.mc s£¢fl.s£!.cs.
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i:omv:::no fa:Je:t:fLi%4c':uTr:eaf=eera|neafijris:-gp:ssst:i:!ie=oer:x£:es:=seitea:ev:srage
reentered. The variance measures the relative dispersion of passage time about
the mean value. The expected passage time statistics can be calculated from the
transition probability matrix as a matrix, M, of mean values, and W, of their
variances. A fundamental matrix, Z, may be defined as:

Z -(I -P + A)-1
Then:

M = (I - Z + Ezd)D
and:

W = M(2ZdD - I) + 2(ZM - E(ZM)d)

where E is an mx77i matrix of unit values ; Zd is the diagonal matrix of Z; D is a
diagonal matrix whose elements are the reciprocals of the fixed probability
vector; and in is the number of states. Interested readers are referred to Kemeny
and Snell (1960) for additional details on the derivation of these matrix algebra
relationships.

The passage time statistics are the Markovian prediction of the mean and
variance of the number of lithologies that intervene between successive
occurrences of any given lithological state. These measures are particularly useful

#:::Tpd[eegt;:essuccac:sbs:o]:se£:;]f;±eevde#&ht£:e£EetiFantfg:Poors;ct:£c::sC£%g]:fs:€;:]ne:es.
then the state forms a reference marker and the passage time statistics of this
state are Markovian descriptor of the cycle. Comparisons with actual cycles
extracted from the real succession will verify whether the Markov simulation is
adequate in their representation.
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MONTE CARLO SIMULATION

The Monte Carlo method was introduced in 1946 by Stahislaw Ulam, a mathematician
who worked on the Manhattan Project during World War 11. He invented the Monte

:oar:::£r=:t#:i*n9t€6c:f]±:empeotE::n;npgpFeesE:Oiaybi[e£:he=%fu¥];nf¥t:gsaticc¥|ds#|:no:used
to approximate solutions to quantitative problems. Ulam did not invent statistical

:::5ii:8'hbaudt£:::eae#±:£eb;Sa:feca:Typs:::rssdtc:aanus:°b::ti:?euE:°dc=:.o:ttac5Smti:salofdice
or card draws for their selection of a random sample. . Ulam worked with John von
Neuman and Nicholas Metropolis to develop algorithms for computer implementations.
Most importantly, they expanded the approach to also solve non-random problems that

#:rtee=°fa°omnE:e€atr#:ethbeyit:adoadrg[::#haE:fne¥e:c:Tools;¥aes::g.°i££e±:±¥s°tdpuacpefr
on the Monte Carlo method was published by Ulam and Metropolis in 1949.

Monte Carlo simulation is a stochastic method. The use of the term "stochastic" refers to
the application of random numbers to generate an answer. Large numbers of repetitions
of a Monte Carlo procedure create multiple scenarios of a problem which collectively
converge on a solution. When repeated for many scenarios, the average solution will
give an approximate answer. The accuracy of this answer can be improved by
simulating more scenarios. For any given Monte Carlo simulation, the accuracy is
proportional to the square root of the number of scenarios used. Monte Carlo simulation
is a "brute force" approach that is able to solve problems for which no other solutions
exist or where direct computation would be far more complex than the Monte Carlo
equivalent.

A simple demonstration of A Monte Carlo simulation would be a method aimed at
solving the value of Jt.    In the illustration below, a circle with radius r is precisely
enclosed by a square, the length of whose sides is therefore 2*r.-,

/
/ I

0,Oi

_1                                    X      +1

1



Let us imagine that we throw thousands of darts randomly at the square.  The
proportion of darts that fall inside the circle ("hits") is given by the ratio of the area of
the circle to the area of the square.  The area of the circle is Jtr2 and the area of the square

is 4r2.  Therefore the ratio and so proportion of hits is J[/4.

We can design a Monte Carlo procedure to give us an approximate answer to the value
of Jt, using these observations.  In our simulation, we will have a circle whose radius is
unity and with a center whose coordinates are (0,0).  The enclosing square has reference
axes of X and Y and the minimum and maximum values of X and Y in the square are -1
and +1.  Now we will use a random number generator to determine the coordinates of
the landing of our first dart.  The EXCEL function RAND() generates random numbers
between 0 and 1.  By modifying the outcome to 2*RAND()-1, the random number will be
between -1 and +1.  We select two random numbers to specify the X and Y coordinates.
Was the dart a "hit" (inside the circle) or a "miss" (outside the circle)?  Now the distance
of the dart from the center of the circle is the square root of the sum of the squares of X
and Y (from the Pythagoras theorem).  If the distance is less than 1, then the dart is
inside the circle ("hit").  If we run the simulation repeatedly for the equivalent of
thousands of darts and then divide the number of "hits" by the number of "darts" and
multiply the result by 4, then this value will be an estimate of Jt whose accuracy will be
basically a function of the square root of the number of iterations.

i
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When the results of the trials are graphed, we can see the convergence of the estimate as an

approximation of Jt.   In this example run, the estimate after 10,000 trials was 3.1404.  A larger
number of trials would give a closer estimate, but remember that the accuracy is controlled by the
square root of the number of trials, not the number of trials.   Another issue is the difficulty of

generating truly random numbers by an algorithm which is inevitably a non-random procedure.
So, a random number generator is really a pseudo-random number generator with hopefully only
minute differences from randomness.   However, these minute and systematic differences may
limit the solution to being an approximation, regardless of the number of trials.

3





MONTE CARLO SIMULATION EXAMPLE:
FORWARD  MODELLING LOGS FROM
SIMULATEE) RESERVOIR SECTIONS



Introduction

Conventional log analysis applies the Archie equation to wireline resistivity and
porosity measurements in the computadon of a water Saturatious in potential reservoir
sections. The process is commonly (and maybe appropriately) termed "log
interpretation", both because of the irtherent uncertainties regarding the true values of
the pal.ameters in the Archie equation and the need to reconcile the calculated fluid
distribution with the physics of a buoyant hydrocarbon column in its penetration of the
pore structure of successive sedimentary units in a sandstone reservoir. The reasoning is
an inverse approach in which log responses are used to deduce the rock properties that
control them. Altematively, "forwarcl-modeling" can be applied to predict log responses,
based on rock properties and capillary pressure measurements, and a comparison made
between predictions and log curves in a search for the optimal reservoir model.

Forward-modeling software can be written as an EXCEL spreadsheet, using standard
functious rather than specialized macros, as demonstrated by this report and the
workbook on the attached diskette. The procedure follows the following steps (see Fig.
1):

(1) the identification of petrofacies to characterize rock units in terms of common
associations of porosity, permeability, and fluid saturation:
(2) the constniction of a transition probability matrix of the petrofacies to be used in
creating a stratigraphic colu.inn of the petrofacies sequence as a Markov chain
realization,.
(3) the assigliation of a representative porosity to each zone of the model sequence
according to its petrofacies,.
(4) the estimation of the permeability of each zone, based on its petrofacies and porosity,.
(5) the prediction of the water saturation of each zone, using Pittman equation
calibrations with height above free-water level (the base of the simulated section),and
the zone porosity and permeability;
(6) the generation of the resistivity log curve for the simulated section, as a forward-
modeling application of the Archie equation,.
(7) the display of a Pickett plot of resistivity and porosity as an expectation of a log
pattern to be compared with observed crossplotted logs.
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Fig.ure 1. Flow diagram of operational steps (numbered in order) to simulate a
sandstone reservoir and compute its wireline log responses.



1. Petrofacies identification

There are numeroiis ways to subdivide sandstones into facies, based on mineralogy, bedding
structures, paleontology and other characteristics. However, the purpose of conventional
geological facies is a classification that reflects the genesis of the sandstone and/or its diagenetic
history. By contrast, effective petrofacies subdivision is morphological, rather than genetic, and
should reflect the pore space of the rock in terms of volume, pore body and pore throat size
distributions, geometry and connectivity. These factors control reservoir quality and differentiate
flow units within a reservoir. Criteria to define petrofacies in sandstones may be based on
petrographic observations of grain size, sorting, and other textural measures and/or petrophysical
measiires of porosity and pemeability.

The example data set of this report used for demonstrating the modeling methodology is drawn
from (unpublished) measurements of porosity, permeability, and grain-size of Simpson
Sandstone core samples from Stafford County, Kansas by Alan Bymes. Bymes subdivided the
sample set between medium-fine grained sandstone (petrofacies A),  very fine-grained sandstone

1:edtrp°ef:ice:b:I:;aonfdthv/:sr:sfi;n=;gsar(nFef9usr;e]tz:::dps::£n=.£Pse,tr;::ifsehse:t);:eh:ocfra°c:::I)°:hoof;::::jtt¥he
grain-size petrofacies subdivision is reflected by systematic and distinctive petrophysical trends,
with increasing grain-size matched by higher pemeability, as would be expected for the decrease
in internal specific area. So, although the petrofacies were defined petrographical]y, the
classification captures useful petrophysical distinctions between Simpson Sandstone poretype
farilies. The measurement data and their statistical averages are shown in Figure 3 (and
pfsim.xls, worksheet 'petrofacies'),
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Figure 2. Crossplot of porosity and pemeabilty of Simpson Sandstone core .samples frcim
Stafford County, Kansas measured by Alan Bymes :medium-fine grained sandstone (petrofacies
A), very fine-grained sandstone (petrofacies a), and very fine-grained/ silty sandstone
(petrofacies C).
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Petrofacies:  porosity versus  permeability
Simpson Sandstone sorted  by grain size and basic lithofacies

Permeability md
%               med-fnss      vfnss    /fn-sltyss

lD#        Porosity          A                    a                  C
18             15.0                   455

19            12.9                  287
20            14.0                  379
58             11.6                    147

59            14.7                  243
60            12.5                  265
61               11.4                      164

62               9.5                  61.0
63                7.1                   31.7

64              8.3                38.0
65              7.9                40.7
18.5

2              11.5

3               10.1

4             13.8

59.6
43           20.6
44          22.6
45           20.6
46          20.6
47           16.5
56            16.7
57             19.1

31              18.2

32            19.4
33            21.3

34             21.1

35             19.9

36            16.9
37             18.8
38             16.4
39              16.1

40             16.2
41                 13.1

Petrofacies A
mean values
Porosity   Permeability

11.4                       132.9

Petrofacies a
mean values
Porosity   Permeability

15.8                       65.7

Petrofacies C
mean values
Porosity   Permeability

17.9                       54.3

Figure 3. Summary of porosity and permeabilty measurements of Simpson Sandstone core
samples from Stafford County, Kansas (data from Alan Bymes) :medium-fine grained sandstone
(petrofacies A), very fine-grained sandstone (petrofacies 8), and very fine-grained/ silty
sandstone (petrofacjes C).
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2. Petrofacies sequence si.inulation

A Markov chain succession of petrofacies units can be generated as a Monte Carlo
simulation, by the use of a random number generator in conjunction with a transition
probability matrix. The general structure of the transition probability matrix takes the
form of a probability table, where each row is matched with a petrofacies at some tine
increment and the cells contain the probability that the sequence will be in the
petrofacies matched with the column at the following time increment. In this
application, "time" is transformed to depth and an inerement of 0.5 feet was chosen to
match standard digital log sampling frequency. The probabilities in the matrix diagonal
cells control the thickness distribution of each petrofacies.

In the workbook pfsim.xls, the transition probability matrix is under the control of the
user. By changing the matrix input values, sequences with fining-upwards or
coarsening-upwards trends can be generated and petrofacies modeled with varying
thicknesses. The structure of the sequence generator is shown in Figure 4 (and pfsim.xls,
worksheet 'markov'). The user enters values in the transitional probability matrix, with
the condition that the probabilities in each row sum to unity, and an initial state of either
A, 8, or C. The sheet then generates a sequence of states as an ordered set from a an
initial time of zero to 100 units, using an EXCEL random number generator of RAND()
in conjunction with a look-up table generated from the transition probability matrix. The
time series is then inverted to a depth sequence of petrofacies, where initial petrofacies
is set at the Free-Water Level (FWL) of the reservoir and the successive incremental
states are scaled at half-foot intervals above the FWL. The top of the succession in the
workbook is at 50 feet above FWL. By this choice of range, the final model will scaled to
represent transition zones and the lower parts of reservoirs that are at "irreducible"
water saturation. The limitation in scale is appropriate for Kansas applications, but is
also dictated by the poorer performance of Pittman equations in modeling saturations
above the transition zone.

7



MARKOV CHAIN SEQUENCE SIMULATOR
|nitialstate(A, B, orc)=    H

Transition  probability matrix           Lookup table

ABC

t               X(t)

0               C          0.071
1               A         0.499
2              A         0.167
3              A         0.072
4             A        0.795
5              A        0.738
6              A     ,0.068
7               A          0.135

8              A         0.221
9             A        0.274
10             A         0.798
11               A          0.943

12             a         0.781
13             a         0.556
14             a         0.165
15             a         0.686
16              a          0.051
17             A            0.6
18             A         0.074
19             A         0.435
20            A        0. 904
21             a          0.57
22             a         0.614
23            a        0.583
24            a        0.507
25            a        0.973
26            C          0.46
27            C         0.262
28            a         0.6S8
29            a        0.769
30             a           0.5
31                a           C).438

32            a         0.789
33            a         0.286
34            a         a.637

AB

Figrre4.ThestructureofthetransitionprobabilitymatrixandMarkovchainsequence
generator on pfsim.xls, worksheet 'markov'.
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3 .Allocation of pore volumes and 4. pemeabilities to a simulated succession of
petrofacies

A[ each depth increment of the simulation, the petrofacies is identified and a porosity
assigned, using a random number to select a value based on the petrofacies mean value
and standard deviation (summarized in Fie,crure 5 and on. pfsim.rds, worksheet'petrofacies'. By using the EXCEL function NORMSINV(RAND()), the random nt.unbers

conform closely to a normal distribution, which is used a the model to characterize the
porosity distributions in the three petrofacies.

From a regression analysis of logarithmic permeability predicted from porosity (Figures
5 a.nd 6; pfsim.xls, worksheet 'petrofacies'), parameters for the intercept (a) and the slope
fl]) of each petrofacies were applied in the prediction of a permeability for each
increment in the simulation.
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Petrofacies characterization
Mean and standard deviations of porosity
Regression analysis  of log  k = a+b*phi

ID#            Phi               k                   log  k
18      0.15042   454.514    2.657547
19      0.12932   286.979    2.457851
20      0.14041       378.64    2.578226
58            0.116               147     2.167317

59           0.147             243    2.385606
60           0.125             265    2.423246
61            0.114              164    2.214844
62           0.095                 61        1.78533
63            0.071              31.7     1.501059

64           0.083                38     1.579784
65           0.079           40.7     1.609594

1.   0.08479    8.91569    0.950155
2      0.11531     13.3326      1.124915

3      0.10092    9.41183    0.973674
4         0.1378    24.5016     1.389195

5      0.09561     18.2438     1.261115

43           0.206              155    2.190332
44          0.226            233    2.367356
45          0.206            243    2.385606
46           0.206             249    2.396199
47           0.165            48.8        1.68842
56           0.167              162    2.209515
57           0.191              751        2.87564
31             0.182

32           0.194
33            0.213
34            0.211

35            0.199

36            0.169

37            0.188

38            0.164
39             0.161

40           0.162
41               0.131

154    2.187521
158    2.198657
98     1.991226
94     1.973128
82     1.913814

98     1.991226
73    1.863323
38    1.579784
15     1.176091

16        1.20412
101

Petrofacies A
Porosity

mean
0.114

a
0.4385

Petrofacies a
Porosity

mean
0.158

a
-0.0985

Petrofacies C
Porosity

mean
0.179

a
-0.7084

Figure 5. Petrofacies statistics for porosity and permeability.

10

sd
0.028

b
14.8274

sd
0.050

b
12.0928

sd
0.025

b
13.6126



'

®AEB®C

11111111== lil-
I

I

`

10

I

I

I

i/ Eo E

I/-tE->-Jaa)EIa)i
II IIIir-IIIL| IR

a
GE

EJ
8I-I -.       --           J=__    I

/ I
I / I
I I

IIIIIIIIIIIIIIIIr--IIIIIIIIIi

1 0 I05.0to.015 . 0              20 . 0              25 .0

Porosityo/a

Figure 6. Permeability-porosity regr, ession trends for petrofacies A, 8, and C.

11



5. Pittman equation mod.eling of water saturations based on height above FWL,
pemeability, and porosity

Pittman (1992) made predictions of the radii of pore-throats penetrated over a range of
mercury saturatious from loo/o to 75% in 5°/o increments. The measurements and
statistical analysis were based on 202 sandstone samples from 14 formations, Ordovician
to Tertiary in age, and with variation in composition and texture.  Each equation was of
the form:

log(r* ) = A + 8 . log k + C . log a
where rx is the prediction of the radius of the smallest pore-throat penetrated when the
sandstone is saturated by x°/o of mercury, k is the permeability of the sandstone in
millidarcies, _ is the sandstone porosity in percent, and A, 8, and C are constants
determined by the regression analysis. The Pittman equation coefficients were used first
to model capillary pressure curves based on the average porosity and permeability of
the three petrofacies (Figure 7 and pfsim.xls, worksheet 'pe[rofacies'). The pore throat
radius was converted to equivalent capillary pressure in a mercury/air system in units
of psi, and then converted to equivalent height of oil column in feet, using a conversion
number Lunder user control.

Pittman (1992) noted that at the lower range of mercury saturation (10-35), the porosity
termwasnotstatisticallysicrfu,ficantandpore-throatradiuscouldbepredictedequally
well by using permeability alone.  Predictions in the range from 10 to 55% mercury
satriration appeared to be the most reliable with correlation coefficients in excess of 0.90.
Above 550/o mercury, the regression fits declined progressively. Consequently the
Pittman equations provide an adequate first-order model for sandstones, particularly in
the transition zone, but predictions degrade at higher levels so that the simulation is best
restricted to a limited interval above the FWL, and is fifty feet in pfsim.xls.

The Pittma.n equations are used in conjunction with the simulated succession by using
the porosity and permeability at each level to compute a vector of expected heights
above FWL that correspond to fixed increments of water saturation and then using the
actual height above FWL to select the matching water saturation by an EXCEL look-up
function as shown in Figure 8 (and pfsim.xls, worksheet 'markov').

Finally, the petrofacies assignments, porosities, and water saturations are combined
together in a graphic profile of the simulated succession, ranging over a fifty-foot
interval above the FWL (Figure 9 and pfsim.xls, worksheet 'markov').
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PITTMAN'S  EMPIFllcAL EQUATIONS  FOPI SANDSTONES  EXTENDED

TO PBEDICT HYDBOCAf]BON COLUMN HEIGHT OVEB A BANGE OF MEf]CUPIY
sATimATioNs, BASED oN COBE poPlosiTy AND pEF]MEABiuT/

Porositv%      Permeability

-
•-.            .£...,-I:....IL:,,i;T~.   i.,      ,

•1.`; . i `  "L

t..,.*,y.,'L.          I"-I-,'h   1,=u-            ¢u=,-=i-.I-.``,.I

4:.,,3,•„,,..I,,..i.H'-3--`   .     :.:J..'`    +

PSI to  hydrocarbon column  conversion constant =

Pore  throat  size  (log  r)                                                    Height  above  FWL  (feet)
a/a               A                       a                       C               S w%           A              a             C

10                   1.114                   0.906

15                  1.050                  0.846

20                1.000                0.798
25                0.962                0.750
30                0.933                0.706
35                0.902                0.655
40               0.877                0.603
45                0.871                 0.547

50                0.834                0.471
55                0.783                0.387
60                 0.711                  0.277

65                0.646                 0.169

0.844              90           5.8
0.785              85           6.7
0.739              80           7.5
0.687              75           8.2
0.638              70           8.8
0.580              65           9.4
0.518               60         10.0

0.443               55         10.1
0.354               50         11.0

0.258              45        12.4
0.133               40         14.6

0.008              35        17.0
70                0.550                0.030              -0.147              30        21.2

9.3         10.8

10.7         12.4

12.0         13.7

13.4         15.5

14.8         17.3

16.7         19.8

18.8        22.9

21.4        27.1

25.4       33.3
30.9        41.6
39.8        55.5
51.1          73.9

70.3     105.8
75                 0.398                -0.161                -0.353                25         30.1      109.1      170.0

Figure 7. Use of the Pittman equation coefficients to model capillary pressure curves
based on the average porosity and permea.bility of the three petrofacies.
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PITTMAN  EQUATIONS

Height
50

49.5
49

48.5
48

47.5
47

46.5
46

45.5
45

44.5
44

43.5
43

42.5
42

4- I . 5

41

40.5
40

39.5
39

38.5
38

37.5
37

36.5
36

35.5

35
34.5

34
33.5

33
32.5

Capillarypressure (psi) tc) height (feet)conversion =            E

Water saturation  -  height  look-up  table

1          0.9       0.85         0.8       0.75         a.7      0.65         a.6      0.55         0.5      0.45         0.4      a.35 0.3      0.2SSW
0     12.9     15.1      17.I      19.2     21.2     23.7     26.2     28.8     33.1 38.7    48.2     57.9     73.5       106
0    22.7    27.6    32.5     36.1     39.3     42.6     44.3     42.8    44.5     46.2     51.5     S1.3     52.6     61.5

0     4.62     S.16     5.S9     6.23     6.86     7.73     8.92     10.7     13.3      17.1      23.3     33.3     52.4     92.5

0     S.74     6.46     7.06     7.87     8.69        9.8     11.3     13.316.4     20.8     27.9     38.7     58.7       loo

0     27.I     33.S     40.3     44.3     47.5     50.I     49.8    43.8    42.3     40.6    41.8         37    33.1     34.1
0     3.62     4.01        4.3     4.77     S.2S     S.91      6.8S        8.3     10.4     13.7     18.8     27.7    45.2         83

0     8.84      10.5      12.1       13.1            14      14.8      15.1       14.3      14.7      15.4      17.1       17.7      19.4     24.3

0     7.S5     8.8710.1            11       11.812.5           1312.713.414.416.417.9     20.7     27.3

0    26.7         33    39.7    43.7    46.9    49.6    49.S         44    42.7    41.3     42.9    38.4    34.8     36.3
a     9.1510.511.713.1      14.516.318.4          2125.130.5     39.4     50.8     70.4       110

0     13.9     16.3     18.6     20.8          23     25.6     28.3     30.6         3S     40.4    49.8     58.7     73.1       103

0     5.77        6.5        7.1     7.92     8.74     9.86     11.3     13.416.5     20.9         28     38.8     S8.9       loo

0    4.72     S.28     5.72     6.37     7.02     7.92     9.13     10.9     13.6     17.5     23.7     33.8          53     93.3

0     8.68     9.9511.1      12.413.715.417.4         20     23.9     29.3     38.1      49.5     69.3       109

0     18.2     21.6     25.1          28     30.7     33.9     36.4     37.6     41.2     45.4     S3.5     58.5     66.6     86.1

0     6.47     7.54     8.52         9.3      9.9310.611.211.2           1213.315.417.5     21.129.1

0     12.3     14.3     16.2     18.1      20.1      22.4          25     27.5     31.9     37.5         47     57.1      73.6       107

0     7.24     8.31     9.2510.3      11.212.413.8     15.217.6     2L1      26.5     33.5     4S.4     69.6

0     7.53     8.57     9.4710.611.713.2          1S      17.4     21.126.2     34.4     45.8     66.1        107

0     6.17     6.97    7.64    8.S3     9.42     10.6     12.2     14.3     17.5     22.1     29.5     40.6     60.8       102

0     12.4     14.4     16.3     18.2     20.2     22.6     25.1      27.7         32     37.6     47.1     57.2     73.6      107

0     10.9     12.7     14.2     15.9     17.6     19.7     22.I      24.8     29.1      34.7     44.1      54.9     72.9       109

011.513.41S.1      16.918.7     20.9     23.3          26     30.3     35.9     45.4     S5.9     73.3       log

011.713.615.417.2          19     21.3     23.8     26.4     30.7     36.3     45.8     56.3     73.4       108

01.95     2.112.22     2.44    2.66     2.98     3.48        4.3        5.5     7.4610.5     16.5     29.4     58.8
0     4.37            5     5.54     6.04     6.46     6.96     7.47     7.81     8.71      10.1      12.3          15         20    30.2
0     5.96     6.917.78     8.49     9.07     9.73      10.3      10.411.3      12.614.817.1      21.1      29.7

0     3.17     3.52        3.8     4.18     4.S4     5.03         S.7     6.62     8.OS      IC).2     13.6     19.3     30.3     S3.7

0     6.OS     6.89    7.62     8.44     9.Z210.211.412.8          1518.2     23.3     30.3     42.6     67.7

0     1.84     2.01     2.12     2.32        2.S     2.76     3.14     3.72        4.6     6.04        8.2     12.3     20.9     39.9'

0     5.06     5.72     6.28     6.95     7.58     8.41      9.43     10.7     12.7     15.7     20.3     27.1     39.4     64.6
0     14.9     17.S     20.1      22.4     24.7     27.5     30.2     32.4     36.6     41.8     51.1      S9.2     72.2     99.8

0     5.36     6.19     6.92     7.S6     S.08     8.68     9.23     9.4410.411.7          1416.5     20.9     30.2
0     3.92    4.46    4.915.36     5.73     6.18     6.66     7.03     7.919.2711.314.219.3     29.8

0     13.4     15.6     17.8     19.9     21.9     24.5     27.1      29.6     33.9     39.4     48.9     58.3     73.4       los

0    7.01     7.96    8.76     9.79     10.8     12.2     13.9     16.2     19.7     24.6     32.6     43.9     64.3       106

0.35
0.35

0.4
0.5

0.25
0.45
0.35

0.4
0.4

0.45
0.45
0.45
0.45

0.3
0.25
0.25

0.3
0.35

0.3
0.35
0.55
0.25
0.25
0.SS

0.45

Fit,crure 8. Use of the Pittman equations in conjunction with the simulated succession by
inputting the porosity and permeability at each level in the computation of a vector of
expected heights above FWL that correspond to fixed increments of water saturation
and then using the actual height above FWL to select the matching water saturation by
an EXCEL look-up function.
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6. Forward-modeling of resistivity curves and 7. generation of a Pickett plot

The Archie equation is applied to forward-model the resistivity log curve, using
porosities and water saturations from the simulation. The values of the Archie equation
parameters are selected by the user (Figure 10 and pfsim.xls, worksheet 'markov').

:Fs:£:xr|::]Ltyor¥sdh:::i:£::tkyo::)I:[oersea;:|FaetiFo]no::ttee:i::fpic:emttoE[eo|ta(::Or:i:]arTtiqve
work with real successions.                       +

Conclusions

The softwa.re model presented in this report represents a first step in an integrated
petrophysical evaluation, as a tool in forward-modeling of petrofacies to their expected
log responses. In its current implementation, the workbook generates hypothetical
successions, although they are controlled by the user's input of transition probabihties.
However, future versions will be applied with real successions so that the workbook can
be moved beyond a teaching tool to aid in the interpretation of Pickett plots from real
log suites to predictive capabilities of FWL estimation and analysis of reservoir flow-
unit architecture.
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THE CHI-SQUARE DISTRIBUTION AND TEST

The chi-square distribution and chi-square test was introduced by Karl Pearson in 1900.

It is related to the normal distribution where if n values are drawn independently from a
normally distributed population with mean of pr and variance of o2 then:

%2=£(=)2
An important application of the chi-square distribution is in the chi-square test of

goodness-of-fit that compares observed frequencies with frequencies that would be
expected from a statistical distribution or from probability calculations.  If Oj is the

observed frequency in category i and Ei is the expected frequency then:

_-2      &(a.-E,.)2%2-Z•-         f±l         E,

for k categories.  The critical test value of chi-square is determined by the significance

level chosen (conventionally Ci = 0.05) and (k-1) degrees of freedom (v).  If the computed

chi-square exceeds the critical value, then the null hypothesis of no difference between

the observed and expected values is rejected.  Critical values of the x2-distribution can

be obtained using the CHIINV() function in EXCEL.

x2

The x2 Distribution

0510 20



EXAMPLE: PEARSON GOODNESS-OF-FIT  x2 TEST

The distribution of porosities in the sandstone field of the TORIS database does not look
normally distributed although it has a mean and a median that are very close.  We can
compute the frequencies that we would expect for these sandstone porosities, using the
same mean and standard deviation.

1a 2030
5and5tnne fiEld  pDrn5ity7o

TORIS DATABASE OF SANDSTONE RESERVOIR POROSITIES
COUNT                      839
mean              23.4814462
stdev               7.31022862

PH1%                 Z                 PROP      EXPECTED OBSERVED  (O-E)^2/E  INTERVAL
-2.6650           0.0038
-2.3914            0.0084
-2.1178            0.0171
-1.8442            0.0326
-1.5706            0.0581
-1.2970            0.0973
-1.0234            0.1531
-0.7498            0.2267
-0.4762            0.3170
-0.2027            0.4197

0. 0709            0.5283
0.3445             0.6348
0.6181              0.7317
0.8917             0.8137
1.1653             0.8780
1.4389             0.9249
1.7125             0.9566
1.9861              0.9765
2.2596             0.9881
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First the class boundaries are converted to Z-scores by subtracting the mean porosity
value and dividing by the standard deviation.  Then the cumulative proportion of the

:Lttnecdti::r#:81#ssE;?suTti(?.nfi:apcrho:::tipodn=yn:::ioirnet:#eisactowmopui:egeuesi#eedEffocmEL
the normal distribution is found by subtracting adjacent boundary cumulative
proportions and, when multiplied by the total number of fields (839) gives the expected
frequency in each interval.

When the chi-square value is calculated from:

( c,, - E, )2-      #       E,.

the value summed over the cells is 97.5.  The number of intervals is 18 and so the
number of degrees of freedom is 17  (n-1).  The critical test value of chi-square at a
significance level of 0.05 and 17 df is 27.6 .  This is given by the EXCEL function
CHIINV(0.05,17).

:::oCs:tiTeg:tfefa:8:::setxocneeef±:]hdesc±:ti£#eosiivsa]duaetaTads::sthn%=]a]]]hyyg£°sEebsisteE::the
rejected.  The alternative, non-normal distribution looks distinctly bimodal, but
systematic examination of this hypothesis is another issue.
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EXAMPLE: PEARSON x2 TEST OF ASSOCIATION

I:anthdesTo°n¥:riiaiaebs€::eT::afgeAa5i:°r::;;noafsi°:i:±T.°nofthelithologyofthefie|ds

TORIS DATABASE OF FIELD LITHOLOGIES AND API GRAVITIES

API        FIELD LITHOLOGY
GRAVITY         SS             L S
HEAVY

MEDIUM
LIGHT

147               11
165             35
406            221
718            267

(O-I)^2.I

SSLS
115.2          42.8
145.8          54.2
457.0         170.0
718            267

%2-Z

CHI-SQUARE =              62.8
AT 2 DF AND ALPHA 0.05, CRITICAL CHI-SQUARE =               6.0

NULL HYPOTHESIS OF NO ASSOCIATION BETWEEN API GRAVITY
AND RESERVOIR LITHOLOGY IS REJECTED

In this case, the expected frequencies are generated using the marginal probabilities in
conjunction with the total number of fields to create a table that reflects no association
between lithology and API gravity.  The computation of chi-square from:

__2       +(a-E,.)2.      a      E,.

gives a value of 62.8.

For a contingency table, the number of degrees of freedom is (r-1)*(c-1) where r is the
number of rows and c is the number of columns.  So, for this example, the number of
degrees of freedom is 2. The critical test value of chi-square at a significance level of 0.05
and 2 df is 6.0 .  This is given by the EXCEL function CHIINV(O.05,2).

The null hypothesis of no association between field lithology and API gravity is rejected
in favor of the alternative hypothesis that there is an association.  Remember that this
says nothing about cause and effect between these two variables.  In this instance, their
association is probably related to a third variable, probably reservoir age, but this can be
the subject of another statistical investigation.
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CPE940 Dataset 1

Tertiary Oil Recovery Information System
(TORIS) data base



INTRODUCTION

NPC Public Database: (NPCPUBDB.GEO). Database developed by the National
Petroleum Council (NPC) for its 1984 assessment of the nation's enhanced oil recovery

£Eh?E!cpftiec:Fa];tadescriptionisatthereservoirlevel.Includedwiththedatabaseare
the Appendices from the "TORIS Data Preparation Guidelines" (NIPER/BDM-0042)
defining the data elements in the database. Available in Spreadsheet format that can be
used on a PC or Macintosh.

TORIS was originally developed by the National Petroleum Council (NPC) for its 1984
assessment of the nation's enhanced oil recovery (FOR) potential.  The analysis was
requested by the U.S. Secretary of Energy.  In this effort, the FOR committee utilized
and built upon data bases of individual oil reservoirs and computer models that were
then under development by DOE, Office of Fossil Energy.  After augmentation,
adaptation, and validation, these oil reservoir data bases and models were remanded to
the DOE's Bartlesville Project Office (BPO) for maintenance, updating, and subsequent
application. The data bases and models become components of a larger system known
as TORIS.

The TORIS data base currently contains over 2,540 oil reservoirs, accounting for over
64% of the original oil-in-place estimated to exist in discovered crude oil reservoirs in
the U.S.  TORIS utilizes its comprehensive data base and detailed engineering and
economic methodologies at the reservoir level to estimate crude oil recovery, investment
and operating costs, and ultimately project economics.

TORIS can analyze resource potential at two levels of technology:  implemented and
advanced. The implemented technology case assumes recovery processes that are
currently available for implementation in the field. The advanced technology case
assumes improvements in recovery technologies and reductions in extraction costs that
will result from successful research and development (R&D) within a reasonable period
of time. Each reservoir in the data base is subjected to a screening process to identify the
technical applicability of altemative potential recovery processes.

TORIS is an analytical tool that has been utilized by DOE to support state agencies,
federal agencies, Congress and industry by addressing broad policy issues in the areas
of R&D, tax incentives, and environmental impacts. Through agreement with DOE, the
Interstate Oil and Gas Compact Commission (IOGCC) has used the TORIS models and
data base to evaluate the recovery potential by FOR and advanced secondary methods
for its member States under a long-term project known as Advanced Oil Recovery and
States.



TORIS.xls

TORIS.xls is a truncated subset of the complete TORIS database, where variables have
been selected from the full set.  However, all the fields (1269) have been retained.

Lithology Code.  A numeric code describing the predominant lithology in the reservoir
(Sandstone, Carbonate, or Dolomite).  A distinction is made between a calcareous
sandstone and a sandy limestone.  The former is a sandstone and the latter is a
limestone.

State Postal Code.  A two-character postal abbreviation (e.g., CA, TX, etc.) of the name
of the state in which the reservoir is located.

Field Name.  The officially registered field name, with no abbreviation.

Reservoir Name and Formation Name. The Reservoir Name is not necessarily the same
as the Formation Name. While reservoirs are almost always named after the geologic
formation in which they reside, this is not the case in every situation.

Reservoir Acreage (Acres).  The actual surface of the reservoir corrected for dipping,

£[ed::s8:rfvaou][rtianc!'e:rb:±t£:rg::Satt°e:t££:i°i:hf:e|%C:€r¥s°::rthhi?:#;Ssfae£;t¥dti::dTsat%rrt:Sdu[t±n
formations. This is the acreage used in the volumetric calculation of OOIP.

Net Pay (Feet).  That portion of the oil interval in the reservoir which is determined to

i:tv;:;sce:yoof[fr];#:i:¥nvda]tE:smo:apnesTfeibefifstznq#:rfsiFe.r:gh]:nmse:::£gscoafn€e::Fining
generally based on prior experience.  Do not include any gas zones in the net pay
determination.

Gross Pay (Feet).  The thickness of the entire oil interval in the reservoir including
intervals which fall below the permeability and porosity standards used to determine
net pay. This element is primarily used by the steam flood model in accounting for heat
loss. Do not include any gas zones in the gross pay determination.

Porosity (%).  Obtained from whole core studies or more commonly from electric log
data.  This should be the porosity value used in calculating Swi, from which Soi is
obtained.  The value must be a weighted average representative of the entire reservoir
and must be greater then 797o .  The source of the porosity data should be documented in
the source file.

Initial Oil Gas and Water Saturation, (97o).  These values should be determined at
reservoir conditions and should represent the entire reservoir. The values are usually
derived from electric log analysis. The three safurations must sum to 100 percent.

True Vertical Depth (Feet).  The distance from the Kelly Bushing to the mid-point of the
perforations in the reservoir under consideration, expressed as a positive (not subsea)
number.  This should be a representative value for the entire reservoir.
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Formation Temperature (jF).  The best source for this datum is usually the maximum
recorded temperature from the electric wireline logs or temperature logs.

Permeability (MD).  The effective, dynamic, horizontal permeability of the reservoir in
millidarcies.  Preferentially this should come from whole core studies, but it may be
calculated from pressure buildup test or sidewall core analysis.

API Gravity (j-API).  The initial producing API gravity of the oil, as specified in the
American Petroleum Institute guidelines.  This value should be taken from early
producing data before the introduction of stimulating fluids which could alter the
composition of the produced oil.  It is permissible to approximate the gravity from field
curves.  This should be a representative value for the entire reservoir.

Formation Salinity (PPM TDS).  The total dissolved solids in parts per million, best
obtained from the downhole sampler.

00IP (BBL).  The OOIP for this system must be volumetrically derived.  Since the
TORIS models use rock and fluid properties to estimate tertiary recovery, the OOIP

=|r=ttrheep:eos|:n:ethtr::ed:Fays6c8iFsu:::::sd.f:ohis=::enn?at|hba:|fnecgeoql:a=ou::::froon=istent
decline curves will not necessarily agree with the volumetric OOIP.

EXCEL TORIS.xls DATABASE
COLUMN     VARIABLE

A         State postal code (2 characters)
8          Lithology code (1=Sandstone,. 2=Carbonate; 3=Dolomite) (2 digits)
C         Geologic Age code, AAPG (Three-digit integer code as shown in code sheet)
D         Field Name
E          Reservoir Name
F          Net pay (Feet)
G          Gross pay (Feet)
H         Porosity (%)
I           Initial water saturation (%)
J           Tnie vertical Depth (Feet)---Mid-Perforation
K         Formation Temperature (jF)
L          Current Formation pressure (PSI)
M        Permeability(MD)
N         API Gravity o.API)
0         Formation salinity (PPM TDS)
P          OOIP (BBL)
Q         Reservoir Acreage (Acres)
R           Initial Formation pressure (PSI)
S          Depositional system (Three-digit integer code as shown in code sheet)

3



AGE CODES

-1         Unknown
100       Cenozoic
110      Quaternary
111       Holocene
112       Pleistocene
120      Tertiary
121       Pliocene
122      Miocene
123       Oligocene
124      Eocene
125       Paleocene
200      Mesozoi c
210      Cretaceous
211      Cretaceous/Upper
212      Cretaceous/Gulf
213      Cretaceous/Coloradoan
217      Cretaceous/Lower
218      Cretaceous/Comanche
219      Cretaceous/Coahuila
220      Jurassic
221      Jurassic/Upper
224      Jurassic/Middle
227      Jurassic/Lower
230       Triassic
231      Triassic/Upper
234      Triassic/Middle
237      Triassic/Lower
300      Paleozoic
310      Permian
311      Permian/Upper
312      Permian/Ochoa
313      Permian/Guadalupe
317      Permian/Lower
318      Permian/Leonard
319      Permian/Wolf camp
320
321
322
323
324
325

Pennsylvanian
Pennsylvanian/Upper
Pennsylvanian/Virgil
Pennsylvanian/Missouri
Permsylvanian/Middle
Pennsylvanian/DesMoines

326      Pennsylvanian/Atoka
327      Pennsylvanian/Lower
328      Pennsylvanian/Morrow

33:     RE::i::i55i=,upper
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i!;   I!i:;:;:ii:#]i:el:r::ok
340      Devonian
341      Devonian/Upper
342      Devonian/Chautauquan
343      Devonian/Senecan
344      Devonian/Middle
345      Devonian/Erian
347      Devonian/Lower
348      Devonian/Ulsterian
350      Silurian

3:i    :il::::(:gypue;an
354      Silurian/Middle
355      Silurian/Niagaran
357      Silurian/Lower
358      Silurian/Alexandrian
361      0rdovician/Upper
362      0rdovician/Cincinnatian
364      0rdovician/Middle
365      0rdovician/Champlanian
367      0rdovician/Lower
368      0rdovician/Canadian
370      Cambrian
371      Cambrian/Upper
372      Cambrian/Croixian
374      Cambrian/Middle
375      Cambrian/Albertan
377      Cambrian/Lower
378      Cambrian/Waucoban
400      Precambrian

5



Description of Geologic Reservoir Classification System

The following discussion will help familiarize the data preparer with the geological
classification system used in TORIS. The classification in TORIS incorporates an
individual assessment of the: (1) depositional system, (2) diagenetic overprint, and (3)
structural compartmentalization, in order that the reservoir can be compared to other
reservoirs with similar properties.

In practice, the primary decision in applying the classification first requires the
determination of the lithology of the reservoir, i.e., carbonate or siliciclastic.  Each
lithologic type is secondarily characterized by the three basic elements as outlined in

Egur:en:;Eoafc::::Ef:|tya;:ss::bci'|Tg::fao:etE::;irc:::|i::iee|Seih:Eta:euf:tsii|i::dint:in:i|uyde
exclusive. Each category has been further subdivided into sub-categories in order to
capture more detailed facies information if it is available.

Definition and characteristics of individual categories of the element axes are based on
current acceptable usage as defined in standard geologic texts. Boundary conditions
between categories are gradational and by their very nature interpretive, thus creating a
subjective element in the classification.  However, the categories are made sufficiently
broad in order to minimize differences in interpretation.

DEPOSITIONAL ENVIRONMENT CODES

-1         Unknown
Depositional System does not apply to heterogeneity

100       Default
110       Eolian
111       Eolian/Ergs
112      Eolian/CoastalDunes
120      Lacustrine
121       Lacustrine/Basin Margin
122      Lacustrine/Basin center
130      Fluvial undifferentiated
131      Fluvial Braided stream
132      Fluvial Meandering stream
140      Alluvial Fan
141      Alluvial Fan/Humid
142      Alluvial Fan/Semi-Arid
143      Alluvial Fan/FanDeltas
150      Delta/Undifferentiated
151      Delta/Wave-Dominated
152      Delta/Fluvial-Dominated
153      Delta/Tide-Dominated

:::    i:a¥:;::( g:nil::e§:o:r:eaftaecde
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163      Strandplain/BackBarriers
164      Strandplain/Tidal channels
165      Strandplain/Washover Fan/Tidal Delta
170       Shelf
171      Shelf/Sandwaves
172      Shelf/Sand Ridges/Bars
180       Slope-Basin (Clastic)
181       Slope-Basin/Turbidite Fans (Clastic)
182      Slope-Basin/Debris Fans (Clastic)
190       Basin(Clastic)
191       Basin/Pelagic
220      Periti dal
221      Peritidal/Supratidal
222      Peritidal/Intertidal
223      Peritidal/Subtidal
230      Shallowshelf
231      Shallow shelf/Open
232      Shallow shelf/Restricted

2f?     :i:I:M::gi:/RImmed shelf
242      Shelf Margin/Ramps
250      Reefs
251       Reefs/Pinnacle
252      Reefs/Bioherms
253      Reefs/Atolls
260      Slope-Basin (Carbonate)
261       Slope-Basin/Debris Fans (Carbonate)
262      Slope-Basin/Turbidite Fans (Carbonate)
263      Slope-Basin/Mounds
270      Basin (Carbonate)
271      Basin/Drowned shelf
272      Basin/DeepBasin

7





CPE940 Dataset 2

Picaroon Sandstone reservoir
petrography/petrophysics database



PICAROON SANDSTONE

The Picaroon field is located on the Corsair trend of offshore Texas and has
estimated gas reserves of 400 bcf (Vogler and Robison,1987).  The structure of
the field is an anticline with a NE-SW axis, that is extensively faulted and

#£:::eadnEyu;np:rnfu°i%fc°ern:£r¥gtr°e:±[ev:asset#:cre:SeT¥e°;rasraenf€]S::;:Stha£:etgart°fa

i#:h:,::::a:noefss;::fc:ie;c:eair::c::a:nsedsd:I;eytdhc:o::::s:aeE:ae::e:d;1tcai:ol=r:o:sr:':de:s:::dfeeptiocslts
dissolution of calcite in sandstones of the Picaroon field has resulted in greatly
improved reservoir quality.

5:Z|::j`::a);:E:ret:#jnf-::cp::anrg:inft;:[Odusn££jt:On¥s?Ofiti:Ocno¥:tst:rora£]th
::Eafiis.:eioarnq:gs¥:f|eir:#ezi,I:,T:faf;,agFaer:!s:ed=E:|t,:lc::if:e.(elime:s,:oan±:onF,E
cement.  Because this is a demonstration data set in a basic statistics course

Faanpaublle,s:hbeuctowm£:I:Fi:rheat:|Fnbteheencchoa::::ie!aot:fhien:ori:isn=|al!::aTUEELe:of
fragments and detrital calcite have been combined into a single ``LITH"
component;  quartz, calcite, and ankerite cements have been aggregated into a
single ``CEMENT". The composition of 39 Picaroon sandstones are tabulated in
terms of quartz, lith, clay, cement, and porosity, and are listed with sample depth
and permeability.

The depth range of the 39 sandstones show distinctive groupings at four levels.
Four informal subgroups have been named as ``Unit 0" (Sample #1), ``Unit 1"
(#S3agT.P|:St#:;:[[#o2t|'n`;Udnefi2o'i:Straamtipo[:::f2:t::£2€|'ai:edcLU£¥:e3:;faaempE:::o#o3n°to

sandstones will be analyzed both in aggregate and as subdivisions.

REFERENCES
Taylor, T.R., 1990, The influence of calcite dissolution on reservoir porosity in

Miocene sandstones, Picaroon field, offshore Texas Gulf Coast: Jour. Sed.
Petr., v. 60, no. 3, p. 322-334.

Vogler, H.A., and Robison, B.A., 1987, Exploration for deep geopressured gas:
Corsair Trend, offshore Texas: AAPG Bulletin, v.71, no. 7, p.777-787.
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A.   A low-porosity sandstone with approximately 30qro calcite cement.r

a.  A sand-stone (same bed as A.) with approximately 27% porosity and
Httle calcite cement. Note that the volume of porosity in 8. is
approximately equal to the volume of cement in A.

Picaroon Field sandstone thin-sections (from Taylor, 1990)
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PICAROON     SANDSTONE     (PICAROON     GAS     FIELD,     M OCENE,     OFFSHORE    TEXAS)
ID# DEPTH PH1% PERM     md        UARTZ%1      LITH%     I     CLAY% CEMENT%

1 16209.0!                  19.6 43                   39.2                  19.3 4.5 17.4
2 1645o.o!         |T3T 525{                  43.4 I                     21.9 3.1 8.4
3 16454.5 I                      13.8 o.8H

----   2o.6
1.7 25.7

4 16455.0 I                      18.2 4.9 41.1 23.1 0.6 17.0
5 16455.5 17.6 2.6 34.4 23.7 1.0 23.3
6 16456.0 19.6 2.9 46.3 15.5 1.5 17.0

7 16457.0 19.8 3.8 44.9 20.2 0.3 14.8

8 16457.5 21.2 5.4 36.2 26.6 1.6 14.4
9 16458.0 22 87 40.8 25.5 0.3 11.4

10 16459.0 I                     21.4 73 40.2 22.2 2.4 13.8

11 16459.0 I     _21.4 73
__  38.5

25.71                     0.6 13.8

12 16461,0 18.2 1.8 42.0 I                   25.4!                      3.6 10.7

13 16462.0 20 5.3 40.2 25.9 3.8 10.1

14 16463.0 20.4 6.9 44.4!                  19.8 2.6 12.8

15 16466.5 12.5 4.6 I                   36.5 21.4
'6.2

23.4

16 16469.0
I_T5 ,         ZT

341'                222 6.4 22.2
17 16472.0 16.8 I                     7.6_                   33.7

__F3_
1.7 22.5

18 16473.0 17.2 7.2 i5T8l 22.8 3.4 20.8
19 14740!                 193

'17 I--------Ti-9+--------25  3
2.5 21.0

20 16475.0 11.1 11 37.4 25.1 I-.       2.o 24.4
21 16482.0 14.1

.__5_.3
34.4 21.8 1.6 28.0

22 16586.0 10 0.01 38.6 19.I 5.8 26.5

23 16606.0 19.5 71 38.0 20.9 4.2 17.3

24 16607.0 20 82 37.3 22.3 6.0 14.4

25 16607.5 11.5 0.15 37.2 24.5 2.8 24.0
26 16609.0 13.7 2.4 37.7 28.9 3.3 16.4

27 16610.5 9 0.08 32.1 27.1 5.4 26.4
28 16640.0 3.5 0.06 38.5 18.4 4.0 35.6

29 16646.0 I                  20.3 0.13 38.8 I                    20.1 4.7 16.1

30 16860.9 2.8 0.03 44.9 15.0 5.2 32.1

31 16863.3 2 0.03 47.1 22.1 0.6 28.2

32 16868.4!                   11.2 2T__51.6
I                 20.6 0.3 16.2_i3 ---9.0

I                    21.11                   __2_1_5_282896 50.4 12.2 3.3 12.9__3TZ
16876.0 43.8!                  22.2i 1.6 4.1

35 16879-.o
_27T8 ___T.1_'5-6.

50.2
I                        15.5

2.5 4.1

36 16881.0 27.4 1210 rl8_._1 19.0 1.3 I4.2

37 16886.0 2:I .2 1100 49.8 17.2 2.4 3.4

38 16890  0 25.7 399 I                 44.6 23.5 1.9 4.3

39 16895.0 27.1 838 i                 49.9 18.1    i                             1.6 3.3

Picaroon Sandstone data table

4



Ikyth
(feet)

'runit 0„

'runit 1"

'runit 2„

'runit 3„

Picaroon Sandstone sample depth locations

5
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