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I.  Introduction
In this report,  the mathematical derivations of the extensions

of  the  Hyder  et  al.   (1994)   solution  to  the  case  of  head  in  a  well

other   than   the   test   well    are   presented.        For   the    sake   of

generality,   the  solutions  are  obtained   in  a  dimensionless   form.
Software  implementing  these  solutions  is  given  in  Liu  and  Butler

(1995) .    See  Hyder  et  al.   (1994)   for  notation  definitions  that  are

not  given  in  this  report.

11.  Confined  Aquifer  Solution

Equations   (1)-(9)   of  Hyder   et   al.    (1994)   describe   the   flow

conditions  of  interest here.    To work with the most  general  form of

the   solution,   this   derivation   is   performed   using   dimensionless

forms  of  these  equations.     The  dimensionless  analogues  of   (1)-(9)

of  Hyder  et  al.   (1994)   are  as  follows:

i# + rf# -Rig

¢j(€,n,o)   =  o,   €2i,   Osnsp
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(1)

(2)



®(0)    =   1

¢z(oo,r|,I)   --0,   T>0,   0<r|<B

a¢f(€D'no'"         a¢j(€`np'"    =o,   €21,   T>o

¢i(1,n,T)dn   =   a(T),    T>O

a¢, ( 1, n , ' )
I(n)  ,   r>O

¢i(€sktn,r)    =  ¢2(gsk,n,7),   o<n<p,   r>o

6±Ji3a±:nln    =  ya¢2(€s=kE'n'"  ,  O<ri<p,   T>O

where

¢i   -hi/Ho,

!  -  r/rw,

n  =  z/b;
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(7)
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I   =   (tbKr2)/(rc2)  ;

+i   -(A,/a2,.5,

A,   =   Kz,/Kr,;

a -- b / I r i
R,  -ya/2^'   i  =  1,

-a/2,   i  -2;

A   =   Ss2/Ssl;

P  -  B/b;
®  =  head  in  the  stressed  well  =  H/Ho;

Y   =   Kr2/Kr|;

a --  (2r H2bs s2) / r : .I

I(n)   =  boxcar  function  =  0,   p  <  c,   n  >  ¢   +   1,

=  1,   elsewhere;

c  -  d/b;

€sk   =   rsk/rw.

A   solution   can  be   obtained   for   (1)-(9)   through   the   use   of

integral  transforms  (Churchill,  1972) .    A Laplace transform  in time

followed  by  a  f inite  Fourier  cosine  transform  in  the  n  direction

produce  a  Fourier-Laplace  space  analogue  to   (1)   of  the  following
form:

i= + +# -trfof + R,ptfi = 0
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where

(10)



5T   =  the  Fourier-Laplace  transform  of  ¢„   f(€,a,p) ;

o  =  the  Fourier-transform  variable  =   (n7r)/P,   n=0,1,2, . . ;

p  =  the  Laplace-transform  variable.

The     Fourier-Laplace     space     solution     to     (10)      is     quite

straightforward,   as   (10)   is  simply  a  form  of  the  modified  Bessel

equation  (Haberman,  1987) .    A  solution  can  therefore be proposed  in

the  form:

fi  =  CiKo(vie)    +  Djlo(vie)

vi   =   (uia£   +  Rip).5,

where

(11)

Cj,   Dt  =  constants;

Kj  =  modified  Bessel  function  of  the  second  kind  of  order  i;

Ij  =  modified  Bessel  function  of  the  first  kind  of  order  i.

Using  the  transform-space  analogues  of  auxiliary  conditions

(4)    and    (6)-(9),   the   constants   in    (11)    can   be   evaluated.       The

transform-space expression for head at an arbitrary radial distance
can  be  written  as:

fi(€iotp)   =  ¥[1-P§(P)]Fc(0)fi+1
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where

a(p)   =  Laplace  transform  of  ®(t) ,   the  nondimensional  form  of

H(t) ,

[1  +  !pn]

n=cj`(Fc-1(Fc(O)fi))dw
C

=  inverse  finite  Fourier  cosine  transform;

Fc(a)   =  finite  Fourier  cosine  transform  of  I(z)

-±sin,¥,cos,0
a(1+2c)

=  1,   0-0;

[ A2Ko ( V 1 )  -Ai Io ( V 1 )  ]

K1  (V1)  + 11  (V1)  ]

f2= [ A2Ko ( V 1 g )  -Ai Io ( V 1 i )  ]
K1  (V1)  + 11  (V1)  ]
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) ,   o=mr/P,   n=1,2,3 ...,



f3= [ A2Ko ( V 1 i sk )  -Ai Io ( V 1 € sk )  ] Ko ( V 2€ )

sk)  v 1  [ K1  (V1)  + 11  (V1)  ]

Ai=Ko(Vi€sk)Ki(V2€sk)-[¥]Ko(V2€sk)K|(Vi€sk);

A2=Io(V|€sk)K|(V2€sk)+[¥]Ko(V2€sk)I|(V|€sk);

N   =  vl/V2.

The  application of  an  inverse  finite  Fourier cosine transform
to   (12)   produces  the  following  Laplace-space  expression:

FT,i,n,p,   = y/2
( 1 + ( y/2 ) pn )

(13)

fi (n=O)

where

nj   =  Fc-1 I Fc ( ®) fj ]

+ fi #sin(=,cos,n„ ( 1 +2 c )
2P

cos,#,

Equation   (13)   was  developed   for  the  case   of   an  observation

well   that   can   be   represented   as   a   point   (€,n).      Although   this

approach  might  be  reasonable   for  a  well  with  an  extremely  short
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screen,  it  is  clearly  not  appropriate  in  the  general  case.    A more

general  approach  would  be  to  clef ine  the  observation-well  head  as  a
vertical  average:

•ow,-±i

AC    =   C2   -C1,

where

¢i ( ! , n , T ) dn (14)

Ci   -   zi/b,

Zf  =  distance  from  top  of  formation  to  top   (i=1)   or  bottom

(i=2)   of  observation-well  screen.

Employing     the     transform-space     analogue     to      (14),      the

application  of  an  inverse  finite  Fourier  cosine  transform  to  (12)

produces a Laplace-space expression equivalent to  (13) ,  except that
the  nj  expression  is  clef ined  as

a,=rii,fi (n=0) +ffi#sin,=,cos,
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n7r ( 1 +2 C )
2P

cos,#,,dn



fi (n=0)

P

±£¥sin,=,cos,n7r ( 1 +2 C )
2P icos,#,d"

The  integer  in  (15)   can  be  rewritten  as

cos(#)dtry = #[sin(¥)  -sin(#H

=  # (cos( nIT ( ' 1 +C2 )

2P
sin,#,,

(16)

(15)

Substituting   (16)   into   (15)  produces  the  following  expression  for

ni:

fi (n=0)

#.f±
*cOs (

rT2     ---- `  2P
ilsin(¥)sin(¥)  (17)

n7r ( 1 +2 C )
2P ) cos ( 2P

Equation   (13)   with  the  nf  definition  given  in   (17)   is  employed  to

calculate  observation-well  heads  in  Liu  and  Butler   (1995).     Note

that  equation  (13)   is  based  on  the  assumption  that  the  observation

well  has  been  packed  off   (i.e.   well-bore  storage  effects  can  be

neglected).     Well-bore  storage  at  the  observation  well  could  be

included by utilizing an approach similar to  that of Tongpenyai  and

Raghavan   (1981)   and  Novakowski   (1989).

9



In  the  homogeneous   (no  skin)   case,

n2  =  n3  =

#±,i¥
*cOs (

f,'(n=O)

Sin(¥)sin(#)    (18)
nIT ( 1 +2 c )

2P ) cos (
n7r(Ci+C2)

2P

where

f{*   =   Ko(V€)/(VKi(V))

Note  also  that  f,   in  the  a  term  of   (12)   becomes  Ko(v)/(vK,(v)) .

Ill.  Unconfined  Aquifer  Solution

For  the  unconfined  case,   (5)   is  replaced  by  the  dimensionless

analogues  of   (11)   and   (12)   of  Hyder  et  al.    (1994):

¢i(g,O'')   =  0'   !21,   T=0

a¢` (E , G , T )

ill

=  0'   !21,   '>0

(19)

(20)

A  solution   for   (1)-(4),    (6)-(9),   and   (19)-(20)    is   obtained  using

the  same  approach  as   in  the  confined  case.     The  Fourier-Laplace

expression   for   head   at   an   arbitrary   radial   distance   in   the
unconfined  case  can  be  written  as:
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¢i=:(i,O*,P)    =   ¥[1-P§uc(P)  ]Fs(0+)fi+1 (21)

where

Si=:    =      the      Fourier-Laplace      transform      of       ¢iuc,       the

nondimensional  form  of  hj  for  the  unconfined  case;

®uc(P)   =  the  Laplace  transform  of  the  nondimensional   form  of

H(t)   for  the  unconfined  case,

±n*
2

1  +  fpn,,

n*=cj'(Fs-1(Fs(O„i))dp;
¢

=  inverse  modified  finite  Fourier  sine  transform;

Fs(o*)   =  modified  finite  Fourier  sine  transform  of  I(z)

isin(
®*

®` ( 2 c + 1 ) sin(±*,,

o* =Fourier transform variable  for the modif led sine transform
=    (n7r)/2P,    n=1,3,5 ,...

The    application    of    an    inverse   modified    finite    Fourier    sine
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transform  to   (21)   for  the  case  of  an  observation  well  that  can  be

represented  as  a  point  (g,n)   produces  the  following  expression:

5I(i,"'p,  = y/2
( 1 + ( y/2 ) pn')

a,t  =  Fs-1 [ Fs ( 0*) ff ]

®

-;E ,1+,-1,n+,.¥
*sin,#,sin,n7r ( 1 +2 C )

4P
sin,#,

(22)

where

Employing     the     transform-space     analogue     to      (14),      the

application  of  an  inverse  modified  Fourier  sine  transform  to   (21)

produces a Laplace-space expression equivalent to  (22) ,  except that
the  nj*  expression  is  defined  as

®

a: -#£ .1+,-1,n+1.ig
C2

*sin,#,sin(nIT ( 1 +2 c )
4P lsin,¥,dn

The  integer  in  (23)   can  be  rewritten  as
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sin(#)dF #[cos(#) -cos(¥H
= #,sin,"r ( ci +c2)  ` _ t _ ,  nfrAr

) sin (4P           '-_--`      4P

(24)

Substituting  (24)   into   (23)   produces  the  following  expression  for

a,*:

®

nT--#EEL+n)"`lf#
n2

*sin(¥,sin, ) sin (nor ( 1+2C )  ` . i n ,  nIT ( C| +C2)
4@            I-___`               48

sin,#, (25)

In  Liu   and   Butler   (1995),   equation   (22)   with  the   nj*   definition

given  in   (25)   is  employed  to  calculate  observation-well  heads  for
the   unconfined   case.       Note   that   in   the   homogeneous    (no   skin)

unconfined  case,  the  fj  terms  are modified  as  in  the  confined case.
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