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The spatial pattern o[ sediment types on Che sea, bottom in the Darss SHl area of the Baltic Sea can
be napped using regionalined classifecat}on of grain size measuremencs.  Unsupervised classification
distingiiishes  seven  sediment  groups,  each  representing  a sedinentary  fiacies.   The  genesis  of the
groups ls interpreted from the median grain size aLnd sorting fior each group.  Six o[ the groups form
a sequence beginning with their source (eroded subm8Irine tills) aLnd extending to depocenters o[ fine
grained sand; ai seventh group represents a channel facies.  The regional distribuclon of sediment types
js chowl] on contour maps produced by krjging. the probabjjjty that each observatj.on js a member of a
specified group.  A regionallzed map o[ the dominant sediment types on the sea floor in the Darss Sill
arcs is produced by combining these group probablllties.  The map confirms assumptions albout t;he
dynamj.es of erasjon,  transport and deposjtjon  wjthin  the area.  Jn  thj.s appjjcatjon, regjonaljzatjon
works well even though many o[ the underlying assumptions ot t;he methodology are violated.

KEY  WORDS:  Fiegionalized classification,  geostatistics,  marine sediments,  grain size distribution,  facies type,
sea flcor mapping.

INTRODUCTION
Grain-size distributions have been used since  the early  1930's to provide clues to the depositional
environments in sedimentary basins.  The relative proportions of the different sand fractions of elastic
sediments commonly are regarded as reliable guides to current velocities and transport energy levels.
As an idealization, originally heterogeneous sediments are continuously sorted during transport, and
a progression of ever-finer matei.ia,I is deposited in successively less energetic environments as material
moves from the sediment source on t,he basin margin to deep, calm water in the center of the basin.
This genetically based model will predict certain patterns of sediment types (facies) within a basin;
unfortunately, there are many circumstances that can disrupt this idealized picture and complicate
interpretation.

The possible complexities in  facies patterns can be  assessed by examining the distribution of
sediments in modern depositional basins, where the environments are apparent and inference is not
necessary.  The Darss Sill area within the Baltic Sea (Fig.1) provides an example where the primary
source of sediments is not by transport  from the basin marctn; rather,  sediments are derived fi.om
within  the basin  itself.   Since  the  classical  genetic  model  of facies patterns  is  not  appropriate  for
such a circumstance,  we have turned instead to a statistical procedure which constructs a pattern
of sedimentary facies based directly on the observations.

The  Darss  Sill is  a bottleneck  in  the exchange of water between  the  North  Sea and  the deep
basins of the Baltic Sea.  The dyna,mics of water exchange during the Postglacial geologic history of
the Baltic Sea have  resulted in  a spatial  distribution  of sediments that have been investigated for
many years by the  Baltic Sea  Research  Institute-Warnemt.inde  (Lemke,  1992)  and by  the  Danish
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Figure 1.  Darss Sill and surrounding area of the eastern part of the Baltic Sea.

Geological Survey  (Lemke and others,  1994).   Grain size measurements  from almost  1,300 bottom
samples collected in the Darss Sill area were analyzed using the method of regionalized classification
(Harff and Davis,  1990).  The objective was to deter.mine the distribution of sediments in the area
of investigation and to produce a genetic interpretation of the resulting pattern.

THE DARSS SILL AREA

The  Baltic  Sea is  the  world's  largest  modem  brackish  water  reservoir.   It  is  the  largest  body  of
Water in western Europe, and is connected with the North Sea by the Danish straits.  Because of the
humid climate, the Baltic Sea is characterized by a positive balance of runoff water into the North
Sea„  Marine water flows into the Baltic, forcing oxygen-rich ocean water into the deep basins of the
central Baltic.  These currents flow past the Darss Sill,  which forms a natural barrier between the
Mecklenburgian Bight in the west and the Ai.kona Basin in the east.  This barrier was formed during
the Late Weichselian glaciation (14,000 to 13,000 yrs BP) at the marginal zone of the  "G"  advance
and consists of glacial tills which now crop out on the sea bottom.  Postglacial drainage created the
Kadet Channel which was incised into the tills.  This channel divides the Darss Sill into a northern
(Danish) part and a southern (German) part, each characterized by different current systems.  The
Currents move in a counter-clockwise direction because of col.iolis forces, with inflowing ocean water
passing through the Kadet Channel and over the southeastern part of the Da,rss Sill while outflowing
water  from  the northeast  follows  the  northwestern  border  of the  Baltic Basin.   It  passes over the
northern part of the Darss Sill before leaving the Belt Sea through the Great Belt.

The  glacial  tills  of the  Darss  Sill  are  covered  by  a thin  layer  of lag sediments  which  are  the
main source  of sediments within  this part of the Ba.Itic  (F`ig.  2).   Because of the dominant current
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Figure 2.  Generalized geologic  map showing bottom sediments in the Darss Sill area,
Baltic Sea.  After Lemke and others,  1994.

directions, sediments in the German part of the Baltic are transported from the southeast part of
the area to the northeast and east,  becoming progressively better sorted.  This is in contrast to the
Danish part of the Baltic, where the main transport direction is to the southwest and west (Fig. 3).
North of the eastern tip of the Zingst Peninsula, glacial tills crop out at some locations.

BALTIC SEDIMENT DATA

The data represent 1281 bottom samples collected by grab sampler a.long marine traverses conducted
by the oceanographic research vessels R.S. Alexander von Humboldt and R.S. Prof. Albrecht Penck.
The  UTM  coordinates  of each  grab  sample  location  are  a  part  of the  data.   The  sediments  were
dried and separated by mechanical sieving into eight size fractions ranging from less than 63#m (silt
and finer) to over 2000pm (gravel and coarser).  The amount of material retained by each sieve was
recorded  as  the  percent  of the  total  sample  weight.   Table  1  gives  the  variable  names,  grain  size
class limits,  number of observations,  average weight pei.cent,  and standard deviation of the weight
percent of each size fraction.
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Figure 3.  Sediment transport directions in the Darss Sill area, Baltic Sea.  After Lemke
and others,  1994.

TABLE 1.  VARIABLES USED FOR REGI0NALIZATI0N OF BOTTOM SEDIMENTS IN THE
GERMAN PART OF THE DARSS SILL AREA OF THE BALTIC SEA

Grainsize             No.  of      Averagewt.     Std. dev.
Variable                      class limits     observa.tions     percent     wt.  percent

Gravel
Very coarse sand
Coarse sand
Medium sand
Medium fine sand
Fine sand
Very fine sand
Silt

i 2000„m
2000-1000„m

1000-630„m
630-400„m
400-200/,in
200-100„m
63-100„m

< 63pm
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Such  data have several  characteristics  that complicate  their  analysis.   Conventional measures
of  size  express  dimensions  of  individual  objects  such  as  grains  directly,   using  a  ratio  scale  of
measurement  (6.e.,  the  lengths  of  grain  axes  in  millimeters  or  grain  diameters  in  microns).    In
contrast, sediment grain size a,nalyses express size indirectly, as the rela,tive weight of all grains that
pass through the openings of one sieve but  are retained by the next smaller sieve.  The number of
grains involved is not known.  Since the measurements do not relate to individual observations, 7t is
unknown and conventional statistics (mean, variance)  cannot be computed.  The quantities referred
to as  "gra,in size statistics"  are not true statistics, but are graphical descriptors of the shape of the
histograms  that express the weight percent in each gi.aim size class.   The  unique characteristics of
grain size measurements have been discussed at length by Griffiths (1967).

A more serious complication ai.ises because the weights of individual size fractions are expressed
in relative  form  as  the  percent of the total sample weight.   Such dat,a constitute  a  compos¢t6o7},  a
set of variables which sum to a constant.  This constraint restricts the range of possible values and
induces negative relationships between  variables,  as one constituent  cannot increase unless others
decrease  an  equivalent  amount.   The  treatment  of compositional  variables  has  been  examined  in
detail by Aitchison (1986).  The effects of the nature of the grain size data on computations used in
regionalization will  be discussed in a later sect,ion.

REGIONALIZED  CLASSIFICATION PROCEDURE
The concept of multivariate classification of  "geological  objects"  developed  by Voronin  (1967)  and
extended by Rodionov  (1981)  has been combined with elements of regionalized variable theory by
Harff and  Davis  (1990)  to produce  what  is  called  "regionalized classification."   The  mathematical
formalism  will  not  be  repeated here;  instead,  the  computational  aspects  will  be summarized  and
certain underlying  assumptions highlighted.   The  objective of regionalized classification is  to sub-
divide a two or three-dimensional portion of t,he earth's crust into contiguous parts called regions
that  are  as  internally homogeneous  as  passible  and  as  distinct  as  pessible  from  adjacent  rectors
(Harff,  Davis,  and Eiserbeck,  1993).   In  this  application,  the  area  to  be  regionalized  is  the  Darss
Sill study area of the Baltic Basin,  and the properties on which the regions are based are grain size
measurements  from  bottom samples.   In  conventional  geological  terms,  the  regions correspond to
sedimentary facies.

The  initial  step  is  typification,  in  which  the  observat,ions  are  subdivided  into  groups  based
on  their  mutual  similarities.    An  unsupervised  hierarchical  clustering  procedure  such  as  Ward's
algorithm, which uses a within-cluster minimum va.riance criterion, can be used to produce candidate
groups (Bock,1974).  In common with other Q-mode procedures, there is no theoretical underpinning
from which to estimate the appropriate number of groups or to evaluate their significance  (Davis,
1986).   External  criteria,  may prove  useful,  and  the  degree  of contiguity  of cluster  members  also
may be indicative.  At the highest level of clustering, all observations belong to a single cluster and
of necessity form  a contiguous group.   At  the  next  lower level,  the single  cluster is split  into two
clusters whose members ideally occupy two distinct, separate areas.  Because the spatial coordinates
of  the  observations  are  not  used  in  the  clustering  process,  there  is  no  guarantee  that  this  will
occur-it  is  possible  that  membei.s  of  the  two  clusters  will  be  spatially  intermixed.    In  such  a
circumstance,  we  must  conclude  that  regions  either  do  not  exist,  or  the  variables  chosen  to  not
reflect the regionalization.  Typically,  when the number of clusters is limited,  the cluster members
will form a pattern consisting of ap|)roximately the same number of (or slightly more) discrete areas.
As the number of clusters increases, howevei., the spatial oi.ganization breaks down and the resulting
map is a chaotic mixture of individual points.  The level in the hierarchy at which this occurs provides
a clue to the appropriate number of regions.

In the Darss Sill study,  the appropriate number of clusters was chosen by examining the map
patterns  formed  by cluster members,  a,nd by comparison  with  conventional  maps of bottom sedi-
ments.  It was decided that a regionalization into seven classes would be most effective.
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For each cluster,  the group centroid and within-group covariance matrix  (actually,  the rna,trix
of sums of squares and cross products)  are calculated and the individual within-group matrices are
pooled  to  form  matrix  E.  The  between-group  covariance  matrix  H  also  is  calculated  (again,  the
matrix of sums of squares and cross products is used in practice).  Because grain-size measurements
are compositional data, these matrices have troublesome properties that will be considered later.  The
eigenvectors of E-LH are linear discriminant functions, orthogonal axes onto which the observations
can be projected  (Fisher,1936).  To classify individual observations,  it is necessary to calculate the
similarity between each observation  and the centroids of the groups to which it might be assigned.
The similarity metric used is Mahala,nobis' distance, which takes into account the relative inflation
of the groups about their centroids.  For classification purposes, these multivariate distances can be
turned  into  a set  of posterior probabilities  that  the obsei.vation belongs  to each  respective  group.
The observation  is  assigned  to  the group  for  which  the  probability of membership is  the  greatest
(Tatsuoka,  1971).

Grain size measurements such as the percentage of fine sand in a sample can be considered to
be a spatially varying stochastic variable whose spatial continuity can be expressed by its semivar-
iogram;  in other words,  a regionalized variable  (Journel  and Huijbregts,  1978).  Since discriminant
functions are linear combinations, the discriminant scores based on grain size classes also are region-
alized variables, as are the Mahalanobis' distances and the group membership probabilities.  At every
sample locality, the probability that the observation is a member of group fa can be determined, and
from these,  a semivariogram describing the spatial  continuity of the group  k  probability  function
can be estimated.  Using parameters from an appropriate model fitted to the semivariogram, kriging
estimates of the probability of classification in group k can be made at locations where no observa-
tions are a.vailable; it is convenient to make such estimates at the nodes of a regular grid covering the
study area (Deutsch and Journel,1992).  The process can be repeated for all fa groups, resulting in a
series of probability surfaces that describe the likelihood of group membership at every grid location
in the area.  A specific grid node is  assigned membership in the group for which the probability is
the highest.

The  final  phase  in  regionalization  is  to  produce  a, grid  showing  the  maximum probability of
assignment to any group.  As a pr&ctical matter, no group assignment is made at grid cells where the
highest probability is less than 0.5; this disting.uishes those areas that can be placed in a group with
reasonable certainty from areas whose classification is unclear.  The latter mostly form boundaries
between regions but may also delinea,te areas which do not fit well int,o the system of classes that has
been specified.  A map showing the membership assignment at each grid node is the final expression
of the regionalization.   The  regionalization  map  should  be  accompa,nied  by  a contour map  of the
maximum probability of assignment,  because this expresses the reliability of the regions.

TYPIFICATION 0F DARSS SILL SEDIMENTS

In  the  process  of regionalization,  all  observations  in  the  Darss  Sill  study were  assigned  to  seven
groups.    These  groups  are  represented  by  a  "typical"  member  represented  by  the  compositional
centroids of the groups.  Table 2 summarizes the typical mean weight percents in the size classes of
each group.  The groups were ordered and numbered by decreasing mean grain size.  Although not
used for regionalization,  the graphic median grain size and the graphic sorting also are included in
the table; these are conventional summary measures of the grain size distribution.  Figure 4 is a crossr
Plot of the graphic median versus graphic sorting,  with the group membership of the observations
indicated by colors assigned to the I.egions in the final regionalized map.

The  process  of hierarchical  agglomerative  clustering  is  shown  as  a  dendrogram  in  Figure  5.
Although a complete hierarchical clustering was performed of all 1831 observations, only the highest
seven  agglomerated  groups  are  shown.   The  histog.rams  on  the  dendrogram  represent  the  average
compositions of the group members  at each stage of clustering.   The  histogram bars at the lowest
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2
Median (phi)

Figure 4.  Median grain size versus sorting of bottom sediments  from the Darss  Sill
area, Baltic Sea.  Statistics are calculated from the shape of weight-percent size
cumulative curves.

level  shown correspond  to the  average class interval  weight  percents given in  Table  2.   The color
convention is the same as used in Figure 4.

Following the initial  typification,  the probabilities of class membership can  be determined by
computing Mahalanobis' distance between every observation and the centroids of the seven groups.
Mahalanobis' distance reflects the relative inflation of the group as well as the differences between
the observation and the group centroid, and can be found by linear discriminant analysis.  This step
may result  in  some  reallocation  of observations  to different  clusters  to  which  they  have  a higher
probability of membership than  to the original clusters.   Table  3 is  a reclassification table  for the
Darss Sill observations.

A genetic interpretation can  be assigned to the result,s of sediment classification.   The poorly
sorted Group 1, with an unusually high proportion of gravel and coarse sand, represents the I.emnants
from submarine erosion of a glacial till.  Group 2 also is erosional in origin, but shows a transitional
character.  Group 3 belongs to a depositional facies but its relatively poor sorting suggests that it is
a transitional sediment.  The more typical depositional facies include Group 4 which has transitional
characteristics, Group 5 which is typical of depocenters,  and Group 6, which represents a sediment
that has bypassed the depocenter and has been deposited in a distal position.  Group 7 represents a
channel environment where erosion, transportation,  and deposition change very rapidly.

Computations were performed using routines from SAS, JMP, and MathcAD.
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6453721
Figure 5.  Dendrogram showing seven highest levels of agglomeration of sediment data

from the Darss Sill area, Baltic Sea.

TABLE 2.  GRAIN SIZE DISTRIBUTIONS CORRESPONDING TO THE CENTROIDS OF THE
SEVEN GROUPS DEFINED BY HIERARCHICAL CLUSTERING OF DARSS SILL DATA

Very
coarse

Group     7t       Gravel   sand

Med.                 Very
fine      Fine     fine
sand    sand    sand

REGIONALIZATION OF THE DARSS SILL
USING GRAIN SIZE DATA

As an initial step, a geostatistical study was made of the bathymetry of the Darss Sill area.  Depth
measurements are free of the numeric complications that affect grain size data a,nd can be analyzed
with little difficulty.  Since the bottom topography may have a profound effect on the distribution
of sediment types, computing the semivariogram of water depth and producing a bathymetric map
seems a prudent  initial st,ep in the regionalization process.   Because water depth is an anisotropic
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TABLE 3.  RESULTS OF SUPERVISED RECLASSIFICATION.  PRIOR ASSIGNMENTS 0F
OBSERVATIONS TO CLUSTERS ARE COMPARED TO POSTERIOR GROUP

ASSIGNMENTS BASED ON PROBABILITIES OF GROUP MEMBER-
SHIPS F`ROM DISCRIMINANT ANALYSIS

Prior      1            2            3            4            5            6            7            p€
Posterior

1         0.938
2         0.062
3        0.coo
4        0.coo
5         0.000
6         0.000
7        0.000
Sum

0.064   0.1304
0.000   0.2693
0.000   0.1655
0.000   0.1663
0.000   0.1764
0.000   0.0453
0.936   0.1304

1.0000

55          47      1831

property in the study area, the sea bottom northeast of the Darsser Ort was modeled separately from
the sea bottom in the western part of the area,.  F`igure 6 shows the experimental semivariograms and
fitted models for the two areas.  Directional semivariograms oriented perpendicular to the regional
sea floor slope were used to avoid the nonstationarity caused by drift.  The semivariograms show tha,t
sea floor topography is rougher in  the western part,  where the range of the fitted Gaussian model
is only 8.32 kin.  In the eastern part,  the Gaussian model has a range of 11.72 kin.  A bathymetric
map produced by kriging based on these two models is shown in Figure 7.  The map clearly shows
the Kadet Channel and some smaller channels in the western part of the area,  and also the smooth
change in basinal structures in the eastern part.

Figure 6.  Experimental semivariograms and fitted models for water depth at sampling

Boai,#:i:a(.e)+-tfee:¥ntesrqnu¥=tmaent:r!Tk-t£:swi:stare:e:s=t#:,efprar=tsei:lng=a`
is  Gaussian  with a nugget  of 1.186,  sill of 3.7,  and range  of 8317.3.   Model  for
western part  is Gaussian with a nugget of 0.8, sill of 6.7, and range of 11,718.6.

To perform rectonalization of sediment types, it is necessary to map the probabilities of group
membership.   Since  the  probabilities  a,re  calcula,te(I  as  linear  combinations  of the  grain  size  mea-
surements, the probabilities can be regai`ded as regionalized vai.i{Lbles.  Figure 8 shows experimental
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semivariograms for each group probability and the semivariogram used to fit these data.  Based on
these semivariogram models,  kriging was performed and the probabilities of group membership  at
the  nodes  of a  regula.r  spatial  grid  were  estimated.   This  yields  seven  grids  of estimates,  each  of
which can be displayed  as a contour map.   An  individual  map indicates  locations  which  are mast
likely  to  belong  to  a  specific  grain  size  group  and  distinguishes  high-probability  areas  (shown  in
shades  of red)  fi.om  those  where  the  probability  of group  membership  is  low  (shown  in  shades  of
blue).   Comparison of the seven rna,ps shows  that  the high-proba,bility areas of different groups do
not overlap;  each rna,p defines sepa,rate areas that have  a high probability of belonging to a single
specific group.

The probability of membership in Group  1 is shown in Figure 9.  The areas of high probability
are close to the submarine outcrops of glacia,I till.  Two soui`ce areas, one in the western and a,mother
in the eastern part of the study ai.ea,  are clearly recognizable.  Figui.e  10  shows  the probability of
membership  in  Group  2,  the  next  group  in  the  genetic sequence.   The  link  of the  region of high
probability with the sediment source  area and the source of lag sediments  is obvious.   A ring-like
pattern in the eastern part of the map may reflect the circular current field.  Sediments of Group 3
also are transitional types but are more closely I.elated to their depositional environments.  Figure 11
shows the probability of membership in Gi.oup 3.  The generally lower I)robabilities correspond to the
probabilities shown in Table 2, reflecting the transitional nature of this class.  The ring-like feature
in the east is clearly visible.  Comparable patterns appear in Figure  12,  showing the probability of
membership in Group 4.  This similarity in pa.ttern tends to confirm that the genetic sequence of the
groups is a response to sediment  fractionation during ti.ansport.  Regions having high probabilities
for membership in  Group 5 represent the depocenters in  the study area.  Figure  13 clearly defines
the main depositional centers in the eastern area.  Two are  apparent;  one at the western border of
the region and one in  the center of the ring-like  feature apparent in Figures 9  and  10.   The distal
concentration of Group 6 beyond the western depocenter is shown on Figure  14.  In Figure  15, the
special  nature  of Group  7  is shown;  it  is  confined  to  the  Kadet  Channel  and  reflects  the  unique
transport conditions within this erosional form.

The interpretations derived from patterns in Figui.es 9 thi`ough 15 are summarized in Figure 16,
which shows the regionalization  as  a  form of geological map.   This map was created by allocating
each grid cell to the group for which its member.ship probability is the highest.  The reliability of the
resulting regionalization  can  be judged  fi.om  Figure  17,  which shows  the maximum probability of
membership at every point.  As we might expect, areas of ti.ansition between the sources of sediments
and sediment depocenters are characterized by I.elatively low probabilities of correct classification.  If
we construct a regionalization based only on classification probabilities that exceed 0.5, we produce
the map shown  in Figure  18.   Areas  where the probabilities of correct  classification  are  relatively
high are shown in color.  Zones where the proper classifica.tion is uncertain are indicated by a gray
tone;  these  represent  environments  of transition,  particulai`ly  between  source  areas  and  different
depocenters.

Figure  8.   Experimental  semivariograms  and  fitted  models  for  Darss  Sill  area of the
Baltic  Sea.   Variables  are  the  probabilities  of classification  of observations  into
Groups 1 through 7, estimated at each sampling locality.  Y-axes in probabilities
squared; X-axes in meters.  Model for Group 1 is Gaussian, with nugget of 0.078,
sill of 0.055, and range of 2853.4.  For Group 2, model is spherical, with nugget of
0.1, sill of 0.066, and range of 1238.8.  For Group 3, model is spherical, with nugget
of 0.02, sill of 0.08, and range of 570.3.  For Group 4,  model is exponential, with
nugget 0.045,  sill of 0.03,  and range of 4404.8.  For  Group  5,  model is  Gaussian,
with  nugget  of 0.015,  sill  of 0.02,  and  range  of 7000.0.   For  Group  6,  model  is
Gaussian, with sill of 0.012 and range of 1725.  For Group 7, model is exponential,
with nugget of 0.004,  sill of 0.022, and range of 8862.6.
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Probability of member-
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Group 1, Darss Sill
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Group 4, Darss Sill
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Probability of member-
ship, bottom sediment
Group 6, Darss Sill
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Probability of member-
ship, bottom sediment
Group 7, Darss Sill
area, Baltic Sea.
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COMPLICATIONS IN THE ANALYSIS

The Darss Sill sedimentological data have two charact,eristies that complicate their analysis.  First,
not  all  observations  include  all  grain  size  interva.Is;  in  fact,  only  a  small  minority  of the  bot,tom
samples contain grains in all size categories.  This reflects the dynamics of sediment depesition;  in
areas  of sufficient  hydrodynamic  energy to  transport  gravel-sized particles,  fine  sand  and silt  will
be kept in suspension and swept away.  Conversely,  in areas of relatively still water where very fine
sand and silt can settle out, thei.e is insufficient energy to bring in large particles.  Second, the Darss
Sill  sedimentological  data  are  given  in  weight  percent,  and  each  observation  sums  to  10097o.   Such
data  are  called  "compositional  data"  and  are  said  to  be  closed,  because  the  quantity in  one  size
category can only increase if there  is  a corresponding decrease  in  other categories.   This constant
sum constraint results in  inherent negative correlations between some of the size categories;  these
are rna,thematical artifices of no physical significance.

These two characteristics have a similar mathematical effect.  For some groups, there are certain
grain size categories which are absent in all sediment samples.  The covai.iance matrices of such groups
will contain rows and columns whose elements are zei.o,  and the determinants of the matrices will
be zero.  In other words, the covariance matrix of a sediment group with absent grain size categories
will be singular.

In  addition,  the  closure  constraint  imposes  a collinearity of the  form  Xm  =  100 -i)®r=i] Xj
on the group covariance mati`ices.  Although the nega.tive dependencies are not apparent on casual
examination because they are spread through all of the variables, they have the same effect as though
there were a linear dependency between two rows  (or two columns)  of the matrix.   A rna,trix with
dependent rows or columns  has  a rank less  than its size,  is singular  with  a zero determinant,  and
has one or more zero eigenvalues.

Although we expect the covaria,nee matrix of the Dai.ss Sill data to be singular, initial calcula-
tious showed that this was not the case,  although the covariance matrix was ill-conditioned.  Upon
examination,  about  60  observations  were  noted  that did  not sum exactly to  100.0;  most summed
to  99.9  and  a,  few  summed  to  100.1.    These  were  made  to  sum  to  100.0  by  two  alternative  prcL
cedures,  either by adjusting the weight  percent  of the  most  abundant size  class up or  down  until
the sum equaled  loo.0, or by multiplying the weight per.cents in all size classes by (100/sum).  The
two adjustment procedures produced essentially identical I.esults in subsequent analyses.  Following
adjustment, the covariance matt.ix of the Darss Sill data was singular.

Discriminant analysis is a vai.iant of canonical  analysis and is identical in computational  form
to multivariate analysis of variance  (MANOVA). The coefficients of the discriminant functions are
found  from the eigenvectors  of the  product  of the  inverse  of the  pooled  within-groups  covariance
matrix and the betweemgroups covariance matrix, that is, from E-LH.  This is analogous to finding
the ratio of the between-groups sum of squares over the within~groups sum of squares in ordinary
analysis of variance.  The computational problem with the Darss Sill data (and all other collections
of compositional data) arises because singular matrices such as the pooled within-groups covariance
matrix cannot be inverted by conventional means.

The  individual  within-group  covariance  matrices  each  have  an  order  of 8,  representing  the  8
grain-size classes of the sieve  analyses.   Of the seven individual  within-group covariance  matrices,
the covariance matrix  for  Group 6  is singular and of rank  5,  the covariance matrix  for Group  1  is
Singular and of rank 6,  and the covariance mati.ices of the other groups are singular and of rank 7.
The pooled within-groups covaria.nce rna.ti.ix E also is singular and of rank 7.  The between-groups
covariance matrix  H  is singula.r and of rank  6,  while the matt.ix product  E-]H  is singular and of
rank 7.

The discriminant functions are the eigenvectoi.s associated with the matrix E-]H.  To determine
these even in the face of the singulai.ity of E, we rna,y turn to a singulflr va,lue decomposition (SVD)
algorithm.  Here,  the inverse of E is foun(I as the product of a square orthogonal matrix V and its
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transpose VT and the inverse of a dia,gonal matrix W:

E-1 = VW-LVT

The inverse of a diagonal matrix is another diagonal matrix whose elements are reciprocals of
the elements on the diagonal.  The element,s u;,.  are eigenvalues,  and if any of these are zero or near
zero, their reciprocal will be infinite or so lai.ge that the numerical solution to the equation becomes
unstable.   In  the  foi.in  of singular  vflliie  decomposition  used  in  the  SAS  numerical  routines,  these
zero or near-zero elements a,re replaced by small consta.nt values equal to a fi.action of the average of
the non-zero eigenvalues.  The resulting solution is a  quos6-¢m;crsc that will either satisfy or closely
approximate the definition of an inverse:

E-1E = I

Expressed in the form of SVD,  the discriminant functions are found by solving the equation

E-1H = Vw-1(vrH)

The successive eigenvectors cori.esponding to the eigenvalues coj  are the columns of V. For the
Darss Sill data, the numerical values of the matt.ices and their SVD solution are:

E-
8429.92325

2718.31218

1194.63848

-706.03981

-8058.4693

-2949.7983

-733.72594

105.159481

H-

Lilli

2718.312181194.63848  -706.03981  -8058.4693  -2949.7983  -733.72594105.159481

8743.49669  7219.40021  -4.7134598  -12400.955       -4967.87   -1268.4824        -39.1883

7219.4002116434.8576  6909.93025     -17350.97  -10055.553   -2655.4043     -1696.899

-4.7134598  6909.93025  35012.5929  -13155.613  -20309.578   -5678.6186  -2067.9607

-12400.955     -17350.97  -13155.613136937.079  -36537.572     -26944.01   -22489.489

-4967.87  -10055.553  -20309.578  -36537.572    100840.99   -17625.698  -8394.9207

-1268.4824  -2655.4043  -5678.6186     -26944.01  -17625.698  47646.6596  7259.27945

-39.1883     -1696.899  -2067.9607  -22489.489  -8394.9207  7259.27945  27324.0191

784.611983  2047.22829       4074.062  6950.76886  2017.72839  -17735.452  -620.15168  2481.20433

2047.22829  6014.92295     12183.818  21386.3416  9221.93579  -46664.856  -4996.0058  806.615592

4074.062     12183.818  24822.7637  44165.5378  26516.4881  -99331.803  -11884.395  -546.47162

6950.76886  21386.3416  44165.5378  81247.7909  85599.3265  -203035.43  -28451.301  -7863.0345

2017.72839  9221.93579  26516.488185599.3265  661630.505  -608441.52  -117244.87  -59299.598

-17735.452  -46664.856  -99331.803  -203035.43  -608441.52  940887.235  62968.8731   -28647.046

-620.15168  -4996.0058  -11884.395  -28451.301  -117244.87  62968.873165808.1625  34419.6829

2481.20433  806.615592  -546.47162  -7863.0345  -59299.598  -28647.046 34419.6829  58648.6468

10.9345867            0                       0                       0                       0                       0                        0

0             2.38636748            0                       0                       0                       0                        0

0                           0              1.89191117             0                         0                         0                           0

0                        0                       0            0.71575369            0                       0                        0

0                         0                        0                        0             0.00219194             0                         0

0                         0                        0                       0                       0            0.00026081              0

0                        0                       0                       0                       0                       0            0.000000002

0000000

The matrix E is not exactly singular as theoreticftlly expected, pi.esumably because of the accumu-
lation of rounding errors during calculation of the sums of squares and cross products.  The matrix

24



Davis, Harff, Lemke, 0lea, Tauber, Bofrltng & Zhou

is,  however,  poorly  conditioned  and  its inversion  requires  that  either  a  Moore-Penrose generalized
inverse  or  a quasi-inverse  be  calculat,ed.   In  this  instance,  either  procedure  will  yield  results  that
differ only by a constant.

The  eigenvectors  asociated  with  eigenvalues  of E-tH  that  are  identically  equal  to  or  very
near  zero can  be  discarded  without  effecting  the  remaining eigenvectors;  when  normalized,  these
constitute  the  desired  linear  discriminant  fiinctions  (MCLachlan,   1992).    The  contribution  of  an
individual discriminant function to the separa,tion between the groups is expressed by the proportion
of the trace contributed by its corresponding eigenvalue.  The eigenvalues are given as the diagonal
elements of Wi  those marked with an  astei.isk  a.re deleted  fi.om further calculations.

t„,.            Pel.cent

10.9346     68.6%
2.3864         15.097o

1.8919          11.997o

0.7158           4.597o

0.0167           0.097o

0.0022            0.097o'o

0.0003*         0.097o'o

0*                   0.0%

The normalized eigenvectors can  be used  to project the observations and the sediment group
mea,ns onto the canonical  axes.  F`igure  19 is a projection onto the first two axes.  As expected,  the
canonical projections of the group centroids are completely distinct, especia,lly along the first axis.

For regionalization,  it is necessai`y to expi.ess the diffei`ence between each observation and the
centroids of the groups in terms of Mahalanobis' distance, D2 .  In t,urn, these distances are converted
into posterior  probabilities  of membership  in  each  of t,he groups.   Let  y¢  be  the  vector of weight
percents for sediment sample 6.  Mahalanobis' distance between this observation and the centroid of
group k, represented by the vector Mk, is:

di,I. = y:E-Lyj -2y;E-]Mfe + M'kE-tMk

If we assume each group has a multivai.iate normal distribution, the posterior probability (Gnedenko,
1970) that an observation belongs to group k is:

p(A  I  £)  -
exp(-0.5di,le)

Z:fexp(-0.5dj,k)

These are the probabilities that  are mapped to define ai.eas of membership in the sediment groups
of the Darss Sill region.

The Darss Sill sedimentological data obviously are not multivariate normal, one of the presump-
tions underlying all multivariate ana,lysis procedures,  including discriminant functions.  In addition
to the skew introduced by the a,bsence of some grain size categories,  compositional data cannot be
normally distributed because they are constrained to a range.  However, multivariate normality is not
required for estimation and data description,  a,lthough it is essentia.I  for inference  (Marascuilo and
Levin,  1983).  In addition, linear discriminant analysis assumes the individual within-group covari-
ance matrices are equal.  Tests of homogeneity confii.in what can be anticipated fi.om the differences
in rank of the within-group covaria,nee matrices-they are not equal.  Because of inhomogeneity, t,he
computed linear discriminant functions cannot be optimal,  but the deg.Tee and practical significance
of non-optimality cannot be assessed.  The discriminant functions could be calculated in a quadratic
form that accommodates unequa.I individual within-group covariance rna,trices, but tests show that
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-0.1 0
Canonical Axis 1

0.1

Figure 19.  Projection of bottom sediment observations from the Darss Sill area of the
Baltic  Sea onto their  first two  canonical axes.   Circled  numbers  indicate group
centroids.

for the Darss Sill data, the misclassification rate of a quadratic discriminator is significantly higher
than the rate for a linear discriminator.  Undoubtedly the Mahalanobis' distances between observa-
tions and group centroids a,re incorrect as a consequence of erroneously assuming homogeneity, and
the posterior probabilities of group classification are therefore incorrect as well.  However, for most
of the observations the calculated posterior probabilities of group membership are extreme (near 1.0
or 0.0),  reflecting the distinctness of the sediment groups along the canonical axes.  In view of this,
the potential effect of distortions in the posterior probabilities seems inconsequential.

These  complications  could be  avoided if it  were passible  to  transform the  Darss  Sill  data  to
normal form.  Most compositional data can be normalized using Aitchison's (1986) centered logratio
transformation,  but this is not possible with the Darss Sill data.  There are significant numbers of
observations in all groups that do not contain grains in one or more size classes.  For example, none
of the observations in Groups  1  and  6 contain  gravel-sized particles  and,  in addition,  none of the
observations in Group 6 contain coarse sand.  Many of the obsel`vations in Group 7 contain no silt-
sized material.  Such zero entries cannot be transformed by an operation involving logarithms.  To
apply the logratio transformation, it would be necessary to either combine grain sizes into no more
than four classes, or to work with a subcomposition of only four classes.  Since both the compacted
data and the subcomposition also are subject to closure,  only three degrees of freedom would be

26



Davis, H(Irff, Lemke, 0lea, Tauber, Bohling & Zhou

available for distinguishing groups.  The most distinctive aspects of the sedimentological data would
have been discarded.

In an unpublished report, Zhou Di and others applied Aitchison's centered logratio transforma-
tion to the Darss Sill data by repla,cing zero values in the data with an arbitrary small constant, thus
avoiding the problem of taking logarithms of zero.  Unfortunately,  the result,s seem highly sensitive
to the choice of constant.

SUMMARY
The method of regionalized classification developed by Hal.ff and  Davis  (1990)  can be used to sub-
divide clastic sedimentary facies on the basis of grain ssize measurements.  The procedure is carried
out in two steps.  F`irst, the sediments ai.e gi.ouped based on similarities in the grain size distributions
of samples using a method of hierarchical  unsu|)ervised classification.  The groups  are described by
their average grain size distributions.  A genetic interpretation of the groups is based on a cross-plot
of average grain size and sorting, The succession of groups can be interpreted as a genetic sequence
extending  from  source  areas  to  depositional  sites.   In  a second  step,  the  regional  distributions  of
the groups are expressed by a spatial  function of the probability of group membership.  The prob-
abilities  are regarded  as stochastic regionalized  variables  and  kriging interpolation  algorithms  are
used to construct  a probability map  for  each group.   Each  probability map shows  patterns in the
distribution of a sediment type, permitting a genetic interpretation related to a specific depesitional
environment.  By considering these maps simultaneously,  any location can be assigrled to member-
ship in the group to which  it  has  the  highest  pi.obability of occurrence.   Because the allocation is
performed on a regular grid, it is easy to create a, geological map of the distribution of facies types
in an area of investigation using computer mapping algorithms.

Regionalization of bottom sediment data fi.om the Darss Sill  area of the Baltic Sea-the bot-
tleneck in the connection of this marginal sea with the oceanutlearly delineates source areas that
provide  poorly sorted,  coarse  grained  sediments  ei.oded  from  tills  that  crop out  on  the sea floor,
the routes of transport of these sediments,  and  the depocenters where  they come  to rest.   During
transport, the sediments are progressively separated and eventually become well-sorted, fine-grained
facies.   The succession is represented by a genetic chain  fi.om  Group  1  sediments to Groups 5 and
6.   The  intermediate  sediment  Groups  2,  3  and  4  ai.e  tra,nsition  types.   The  western  part  of the
Darss Sill area is dominated by source and lag sediments,  and depocenters domina,te in the eastern
part,  reflecting the  direction  of movement  of the main  currents.   The easternmost  depocenter  for
Group 5 shows  a circular pattern  sun.ounded  by ti.ansitional  groups,  suggesting that  a pa.ttem of
circular  currents  (gyTes)  were  responsible  for  sediment  transport.   Sediment  Group  7  is  a poorly
sorted, heterogeneous group reflecting the relatively unsettled conditions within the Kadet Channel.

The success of regfonalization in  producing interpretable facies patterns in the Darss Sill  area
of the  Baltic  Sea  indicates  that  the  methodology  may  be  useful  in  many  similar  circumstances,
involving ancient  sediments  as well  as  modem.   Although  many of the  distributional  assumptions
underlying regionalization are violated by the use of compositional data such as grain size measure
ments,  regionalization  seems  to  be  robust  and  produces  acce|)ta,ble results.   It  is noteworthy that
discrimination and calculation of Ma,halanobis' distances can be performed using singular value de-
composition even  though use of compositional data inevitably means that  the covariance matrices
are singular.  Although the calculated probabilities rna.y be distorted,  the results of this study of the
Darss Sill suggests that these theoretical problems rna,y have limited practical effect.  However, both
the theoretical problems and our results shoul(I encourage others to investigate alterna,tives.
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