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Methods  of  Fitti • a  Straight  Line

Calculation of a line of best fit by a mathematical
method  that  minimizes  the  deviations  of  the
points from the line in some manner.

A. Ordinary Least Squares-Minimizes the
sum of the squared deviations of Y from
the fitted line (minimizes lines A-B).

8. Inverse Least Squares-Minimizes the
sum of the squared deviations of X from
the fitted line (minimizes lines A-D).
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Regression divides the variance of Y into two parts:
That due to the regression, and that due to deviations

from the regression.

Source of Sum of Degrees of Mean
F TestVariation Squares Freedom Squares

Linear Plegression Ssr, 1 Msf, Msfii.'MSo

Deviation SSo n-2 MSo

Total  Variation .. Ssr n-1
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• SIMPLE  REGRESSION  EXAITIH :
Regression  of  sonic  transit  time  on
core  porosity  in  the  Sadlerochit  of
the  Prudhoe  Bay  field.  If there  is  a
strong  relationship  between  the  two,
then  perhaps  the  sonic  logs  can  be
calibrated  against  core  porosity  and
used  to  estimate  porosity  in
non-cored   wells.

10 1520
Core Porostty

gx;:413.985Sy  =  4-7T2             rsxxy=3-.3;3
The regression line is

At = 58.056 +1. 216¢
The  regression  line  is shown on the scatter plot,
as  is  a  line  representing  the  mean  i.    Are  the
two significantly different?

The  significance  of  the  fitted  regression   can

&hNe6§adtgg,:T3:Iysis of Variance.   The necessary

Source of Sum o' Degrees of Mean F-test

edny

Variatlon Squares Freedom Squares
LlnearF]egresslon

731549 1 731.549
137.67'1i.42=4.07

Deviation 223.172 42 5.31 4

Total 954.721 43

The  computed  test  value  greatly  exceeds  th
critical  value for a significance level of 95°/o, an
even  exceeds  99°/o.    The  I-elationsh ip  betwee
core porosity and sonic log transit time is  high
significant.



The regression
A,=58.056+1.216¢

frs8Lwa!ifeweyd#Sc:!PetpEr€rdoj;:tttse:.::§n`f°ogr#rTa:nts!t¥,:L#h:a:t
relationship cah be found in two ways.

ByreversingxJ.a`nndvtr,Sferecgarnesisnj8iheregression
¢=-33.435+0.6302At

Unfortunately,  the  uncertainty   is   in   the  core

88Fg#¥ofsi:ieas8i:epnress°un+CedtrtaonB:t«ttjrE:J,¥:]tu:hs?

2.  Calibration

:#ecco°r:ffbco!reonsft,:fst::nrebgere€:i:rnmifn:rdanasitdtj#::

#ueesq:fatj:rojiiy.er+#jtn°ve:::Veeqj::joensjtsmated
X -(y -a)/b

Substituting in the regression coefficients gives

S=(At-58.056)/1.216
Since  the  coefficients  of  Y  =  a  +  bx  and  X  =  a  +
bY  are  not  the  same,  the  two  approaches  give
different  answers.
For   values    near   the   means,   both    inverse

!!qfuii§:i:ii§:(:i;S:anggs3:i;Pe:r::i:ne::b:r¥;§f:ti;b:3rfe::dn,g:t!;r!
orosities), the calibration procedure gives much
etter resul]ts.   Calibration -is advocat6d  by most8

(but not all) statisticians.

5560 65          70          75          80          8 5          9 0
Sonlc Translt "me
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The   differences   that    result   from   fitting    a
regression   by  alternative  procedures  can   be
demonstrated  using  the  44  measurements  of
core  porosity  and  sonic  transit  time  data  from
Sadlerochit  Zone  3.    Here,  X  =  core  porosity,  a
and Y = sonic we[] log transit-time, Ar

Ordinary least squares (Y on X):
Y = a +bx i At = 58.056 +1.216®

Inverse least squares (X on Y):
X=a+bYi¢=-33.435+0.631At

Least normal squares (major axis):
Y = a +bx i At = 54.862 +1.453¢

Reduced major axis:
Y = a + bx i At = 55.724 +1.389¢

A



LOGARITHMIC    TRANSFORMATIONS

Regressing  Y  on  the  natural  log  of  X  :             Y  =  a  +  b  ln  X
This  transformation  will  not  affect  (he  distribution  of  (he  deviations  of  Y
from  the  fitted  regression.
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Regressing  the  natural  log  of  Y  on  X:     .         ln  Y  =   a  +  b.X
fits  an  exponential  model

y  =  ea + bx
The  deviations  of  Y  from  (he  model  will  not  be  symmetric,  but  the
deviations  of  ln Y  will  be.
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Regressing  the  natural  log  of  Y  on  the  natural  log  of  X
ln  Y  =   a  +  b   ln  X

fits  a  multiplicative  model
y  =  a xb

Because  of  the  logarithmic  (ransformation  of  Y,  (he  devia(ions  of  Y
from  the  regression  will  not  be  symmetric,  although  the  deviations  of
ln  Y  will  be.
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hted  re ression

The  normal  equations  for  linear  regression  ca.n
be  extended  to  allow  individual  observations  to
be  weighted  so  their  importance  in  determining
the line of best fit is increased or decreased.

Zwizw.ixiYi-(Zw,X,)(Zw,Yj)

Z;Wizwix,2-(Zw,Xj)2

a- ZwjYj-bfwjxj
Z:wi

The  weighting  factors  wi  can  be  iiormalized  so
their sum is equal to the number of observations

Nwiwi-ir
Normalizing   is   not  necessary  to  compute  the
regression,   but   it   will   simplify   comparisons
between  alternative weightings of the same  data
and    also    simplifies    the    normal    equations
because  then £W§ = N.
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TIIE  GIINERAL  REGRESSION  MODEL

A  dependent   ( or  predicted )  variable  Y,  is  regressed  on  in

inhdeepnenodbesnetrv(aEroend£::°isr)cavnan;:b]se;L¥o]riz¥3';.;
Xm.

DATA
INPUT

---- >

dependent  in  independent
variable                variables    .

The  regression   equation  is :t = ao + a]X] + a2X2+ ...... + amxm
The  vector  of predicted  values  of Y  for  all  n  observation  sets
can  be  written  in  matrix  form  as :

1    X1 ,  X"
1     X2i   X22

1     Xni     Xn2    ...... ` .....   Xnm am

which  can  be  symbolized  as     t=XA
Now,  the  solution  is  found  ^by  minimizing  the  sum  of
squares  deviations  between  Y[  and  Y£ ,  given  by :

a = z(y, -t)2 = z(y, -(ao + atx,, + ..` .... + anprm) )2

The  partial  differentials :    #= o ... gg = o ...... #= o

8



These  in  equations  rearranged  in  matrix  form  are :

n           Z:X]         £X2        ......   £Xm

I:Xt    I;Xi2       I:Xix2   ......  Zxixm

ZX2   £Xix2   ZX2        ......  ZX2Xm

£xm   ... •..   zx2m am

SA=P
I.. A = S_`P

But ... S = XTX ... and  ... p = XTy

•.. A = (XTxp txTy

which  gives  the  coefficient  unknowns  for  the  general  regression
equation:      v=ao+atxt+a2x2+ ...... arixm

When  there  is  only  one  independent  variable,  X1,  this  is  the
solution  for  SIMPLE   LINEAR  REGRESSION :

^
Y = ao + a,X

When  there  are  several  independent  variables,  this  is  the
solution  for  MULTIPLE   REGRESSION :

V = ao  + a,X] + a2X2  + ...... amxm

When  the  independent  variables  are  powers  of  a  single
independent  variable,  this  is  the  solution  for  POLYNOMIAL
REGRESSION :     V=ao +atx+a2X2+  ...... anprm

When  Y  is  measured  at  geographic  locations  and  two
independent  variables   are  polynomial  combinations  of
geographic  coordinates,   this  is  the   solution  for  TREND
SURFACE  ANALYSIS :   ^

when  the  relationship  be¥w=e:no teapteYn:eaL£Va=d..ii.dependent
variables  is  of the  form :

t = axb ... then ... log t = log a + b .  log x
and  this  is  a  solution  for  NON-LINEAR  REGRESSION.

9



MULTlpLE  REGRESsloN  EXAI\mLE :
Development  of  equation  to  predict
acoustic  transit  time,  based  on
regression  on  gamma-ray,  density
and  neutron  logs.   The  result  is  used
to  compute  a  pseudo-sonic  log  in  an
equivalent  section  where  no  sonic
tool  was  run,  for  the  purpose  of
generating  a   synthetic  seismogram
as  reference  for  field  records.

standardized  partial
regression  cofficients  :

0.05         -0.06          0.81

j
pseudosonic  log                     >

150            Hsec/ft        9o

Fort  Hays  Ls

synthetic
seismogram
Bicker  30 Hz)

Blue   Hill   Sh

Greenhorn  Ls
Graneros  Sh

Dakota

Longford/Cheyenne

Cedar  Hills   Ss
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PoL¥NOMIAL  REGREssloN  EXAMplm :
Regression  of  log(Th/U)  on  depth  in  the  Permian  Chase  Group  as  indicator
of  long-term  trends  in  redox  potential  and  transgression/regression  history

^
Y  (logTh/U)=   a    +   a  d   +   a  d2+   .........   +   a  din

012m

in

ORDER



i. TREND  SuRFACE  ANALYSIS  EXAI\mLE :
Fit  of regression  surfaces  to  the  neutron  porosity  of the  'Lower
Limestone"  zone  of  the  Viola  in  south-central  Kansas,  as
polynomial  functions  of  the  geographic  well  coordinates,  X  and  Y.
The  trends  pick  up  meg.or  regional  changes  in  neutron  porosity,
while  the  residuals  for  this  zone  are  mostly  linked  with  tool  error.
The  procedure  is  a  useful  method  for  normalization  of  log  data.

0                                   20    miles

0
limestone   porosity   units

Quadratic   trend-surface
neutron  porosity  residuals
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NON -LINEAR  REGRESSION                 LE :
Calculation  of  Archie  equation  constants  for  the
Arbuckle  Limestone,  based  on  core  measurements  of
formation  factor  and  porosity

LIJr-

0.01                                                          0.1

FRACTIONAL  POROSITY, a

Equation  of  regression  line  ( F -on -a) :
^

log F = -0. 445 -2. 444 log ®

•  i-0.36''   _a"4

(The  reduced  major  axis  (RMA)  solution  is :     F

13
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®
DISCRETTE  FOURIER  ANAI+YSIS
EXArmLE  :
Evaluation  of  potential  cyclicity
in  the  carbonate - shale
alternations  in  the  Permian
Chase  Group,  through  harmonic
analysis  of the  ganima  ray  log.
The  pronounced  spectral  peak
accounts  for  22%  of  the  total
power  (variance)  and
corresponds  to  a  wavelength  of
about  50  feet.

Power

FREQUENCY
DormN

Conversion  of X  to
angular  measure :

o-(¥)xx

For k  cycles  with
an  initial  "shift'!  of
phase  angle, a :

Y  =  a. cos  (ko -® )

ko
Fourier   Series :

n/2
Yi=kEOAkcosko+Bksinko

2k7t

1A

0             API           120
Gamma  Ray
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PRINclpAL  conmoNENT
ANALYSIS   EXAh4PLE  :
Pattern  recognition  of"electrofacies" through   computation
of  the  eigenvectors  of  standardized
log  variables  of apparent  grain
density,  apparent  matrix
volumetric  cross-section,  neutron
porosity,  thorium,  uranium  and
potassium.  The  first  two  principal
components  account  for  78%  of
the  total  variability,  so  that  most
of  the  six-variable  information  can
be  shown  on  a  single  crossplot.
The  principal  component  scores
are  themselves  'Togs"  which  may
have  diagnostic  meaning  as
suggested  by  the  eigenvector
loadings.

REonmU-
CNL
Th
U
K

. PCI       PC2     PC3      PC4      PC5      PC6

0.51        0.06        0.05       -0.16
0.45       -0.05     -0.08      -0.79
0.39        0.36      0.72       0.25
0.44      -0.30     0.00       0£8
0.27         0.67     -0.63      0.25
0£5      0.56     ro.28      0.29

-0.16       -0.83
0.04        0.41
0.32         0J20
0.69       0.30
0.07        0.12
0.62      -0.02

Eigenvalue%     59           19

PC  crossplot

87 52

PC  score  logs
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CLUSTER  ANALYSIS  EXAnmlE :
Location  of  clusters  identified  with
different  sedimentary  environments
in  the  Lower  Cretaceous  Dakota
Formation.
The clusters  are  based  on  the  log
variables  of  apparent  grain  density,
apparent  matrix  volumetric
cross-section,  neutroll  porosity,
potassium,   uranium   and   thorium.

floodplain        bay      deltaic   channel
A     8     C      D    E    F      G    H     I      J



DlscRII\nNANT  FUNCTION  ANALysls                LE :
Discrimination  between  offbank  and  intertidal  carbonate  facies
in  the  Winfield  Limestone,  based  on  six  log  variables  of
apparent  grain  density,  apparent  matrix  volumetric  cross
section,  neutron  porosity,  thorium,  uranium  and  potassium.

RHg°.nM/Mc:A        ga¥£stcc           ®n9ro           Th   ppm         Uppm

offbank

intertidal

offbank

Discrininant
function   equation :

Z =    131.9  RIIOIVIAA
-  1.99 unIA
+  0.33  CNL%
+  5.9     Th
-0.6       U
+  5.8      K

intertida

Relative
contribution

B

I,]B

®V

c,O
intertidal®

I          offbank
BIJ

IJ

DDI
Ill                      DDI..EFE,n

RHonm   gnrfec
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