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EFFECTS 0F PARTIAL PENETRATION, ANISOTROPY,
B0uNDARES AND WEm SlmT ON SLUG ThsTS.

C. D. MCElwee, J.J. Butler Jr., W. Liu, and G. C. Bohling (All at: Kansas
Geological Survey, 1930 Constant Ave., Lawrence, KS 66047; 913186413965)

INTRODUCTION

The slug test is an important technique for site evaluation
investigations. Analyses using the CBP (CoopenBredchoeftpapadopulos),
Bower and RIce, or Hvorslev techniques are widely reported and used.
However, the reliability of these estimates of hydraulic conductivity is
unknown in the presence of complications such as partial penetration,
anisotropy, impermieable horizontal boundaries, and a near-weu zone of
distLirbance (wen skin). We have developed a single model for slug tests
that incorporates all these effects. An analytical solution is obtalned in
Fouriemllaphce apace. Numerical inversion techniques are used to obtain
the solution in the space-time domain. 'This solution has been interfaced
with a program that we are developing for automated stugLtest desigri and
analysis. 'This allows systematic generation and analysis of data under a
varietyofconditionswithrelativeease.



'IThis figure (1) depicts the configuration of interest here. A slug test is
being performed in a well that is screened for a portion ®) of the full
width Of the aquifer Q3). h the immediate vicinity Of the weu, there is a
well shin of radius rsk. The wen shin erfends through the full width of
the aquifer. The shin has transmissive and storage properdes that may
be diffnemt from those Of the aquifer. Ih both the alrin and the aquifer, the
vertical Q[z) and horizontal a[If) components Of hydraulic conductivity
lnay be different. On both the top and bottom, the aquifeu is bounded by
aquitards, which are represented here by impermeable horizontal
boundales
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Figure 1.
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BASIC MODEL EQUATION

ThepartialdifferentialequationrepresemtingtheflowOfground-
watepinreapomsetoaninstantaneousstugofwateristhesameforboth
thestrinandtheaquiferandcanberepresentedinthefollowingmanner:

u.       whae

Folf

hi =  headinzonei, EL]
Si =  apecific storage of zone i, [IA]
Kz£ , Kr± =  vehical and horizontal components,

OfhydraulicconductivityOfzonei,FT/I]
t  -time,IT]
r  =  radial directioub EL]
z  =   vertical direction, EL]
rw < r < rsk9  i = 1,   and for rsk < r,  i = 2.

(1)



INITIAL AND BOUNDARY CONDITIONS

hordertoobtainasolutionto(1)fortheconfigurationOfinterest,
initialandboundarycomditiomsmustbedefined

hitial Conditions
hi(r,Z,0) = h2(r,z,0) = 0,  rw < r < co,  0 < z < B

hl(rw,Z,0)-
Ho,  a<zsa+b
0, elsewhere

frounday Conditions:
h2(co,z,t) = 0,  t 2 0,  0 < z < B

ahi(r,0,t) _ ahi(r,B,t)
azaz

= 0,  rw` < r < co,  t 2 0

hi(rw,Z,t)=H(t),  t>0,  a<zsa+b

2arwKri

whae

ahi(rw,z,t)_7trc2
ar             b      at

apEtzj t>O, OszsB

H(t) = level of water in well, P]

rc = radius of wdl casing, casing and sereen do not
have to be Of equal radius, IT|]

I(z) = boxcar fLmction =
(1,  asz<b+a.0, elsewhere

Attheboundarybetweenthestrinandtheaquiferadditional
conditiomsmustbeprescribedinordertoemsumecontinuityof
flowacrossthatboundary:

hi(rsk. Z.t) = h2(rsk, Z,t),  0 < z i B ,  t >0

Krl ahi(rsk,z,t)
dr

ah2(rsk,z,t)
dr
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0<z<B,   t>0

(2)

(3)

(4)

(5)

(6)

(7)

(8)

(9)



FOURIER - I.APIACE  SOLUTION

Equations (1) - (9) describe the flow conditions.  The procedure for
finding hi and h2 is to apply a pair of integral transforms (Tranter,
1962). A finite Fourier cosine tral]sformi is applied in the z direction, and
aIlaplacetransfomiintineisusedtoobtalnthehansformiedequivalent
of (1).

¥+=-Eo2+Ep]Ei-o,rw=r=co
whae

(10)

Hi = the Fourier and I.aplace transform of hi, ili(r, o, p);
co  = the Fourier transform variable;
p   = the Ilaphace transform variable.

Equation(10)isaformiofthemodifiedBessdequationQlal}er']man,1987).
Asolutioncanthereforebewritteninthefolrm:

Ei(r,o,p)=AiKo(vir)+Bilo(vir)

whne

Ai , Bi = coustants;

Ki=modifiedBessdfunctionofthesecond]ind
Oforderi;

Ii=modifiedBesselfunctionOfthefirstkindOforderi.
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EVALUATloN oF coNSTAr`ITS
IN FINAL SOLUTION

Transforming the initial and boundary conditions (2) - (9),  the
constants in (u) can be evaluated In a slug test only the solution for the
head at the weu is needed:

ill(rw,cojp)=E[Ho-pH(p)]F(a)f(rw)

whae
H(p)  = Lapface transformn of H(t);
F(co)  = Fourier transformi of I (z);

f (rw ) - A3Ko(Virw)-A2Io(Virw
Vi[Ii(V-lit)A2-+k`i(-Vii;)A3]   ;

A2=Ko(Virw)Ki(V2rw)-

A3=Io(Virw)Ki(V2rw)+

Ko(V2rw)Ki(Virw)

Ko(V2rw)Ii(Virw)

ThisrepresentsthefinalsolutioninFourier-I.aphceapace.
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II`IVERSE F0tJRER AND LAPIACE TRANSFORMAHONS

Chace a transformrspace solution has been obtained, the expression
must be inverted back to untransfomied apace. 'This involves the use Of
the inverse Fourier transform and the inverse Ilaplace transfo]rm. 'ITre
analytical back transformation for the finite Fourier cosine transform
canbeperfomiedfor(ra),resultingintheIJaplaeexpaceanalogueto(12)
which is:

ill(rw,z,p)-H(p)-EAIo

whae
ill(rw,z,p)=thehaplacetransformofhi;
A - ®1 + ®2

®1- bf(rw)

®2-:nE14 f(rw)
n Sln COS

nco ^_a nat(b
28     __         2B                         8

(13)

The analytical inverse Laplace transform, however, is not so readily
performed Therefore, a numerical approzdmation of the inversion is
employed, the algorithm of Stehfest (1970) has been found to be of great
use in hydrologic appHcations 04oench and Ogata, 1984). A program to
perfomi the Stehfest inversion Of (13) was whtten and the program was
included in the automated slugltest analysis package currently under
development at the KGS Goh]ing and MCElwee,1989). If b=B and shin
effects are negrrible, equation (13) reduces to the Ilaplacelapace solution
of Cooper, Bredehoeft, and Papadopulos (1967).  If skin effects are
important and the system is isotropic, (13) reduces to the Laplace-apace
solution given by Moench and Hsieh (1985) for the presence of a wellEL
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BASE DATA FOR SIMUIATION

Table 1 I Base data set used in the theoretical analysis
of slug tests in complex geologic settings, unless
otherwh stated

rw = rc = .1,  EL];
Ss = .owl,  EL];

Kr = Kz = 1., un;
8 = 10,  EL];
b = 1.,  ITJ;
a = 4.5,  ITJ;

ILO  = 1.,  [L].
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ASPECT RAHO ERECTS

Figure 2 displays the dependence of slug-test responses on aspect
ratioforaBthratioOf10.AnaapectratioOf10cOisindistinguichablefirom
the CBP solution, i.e. partial penetration effects are needigible. As seen
from this plot, partial penetration effects are only of significance for
aspect ratios less than 100. 'IThis result is to be expected, the effects of
partial penetration are dampened as the peroemtage Of flow through the
well someen with a vehical component deoncases with reapect to the total
flow,
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EFFECT OF AQURER TTHCKNESS

The results displayed in Figure 2 are limited to a Bth ratio of 10.
Figure 3 shows the dependence of slugltest responses on the ratio of
aquifer thiclmess to screened interval Gth) for an aspect ratio Of 10. In
this case, a Bth ratio of 1. is the same as the CBP solution. Note that for
ratios above 5., the effects Of the horizontal impermeable boundaries can
be ignored Although this figure is for the case Of the screened interval
located in the center of the aquifer, additional work shows that these
results are not strongly dependent on the location of the screen. If a is
gpeatepthanJB,slug-testreaponsesareessentiallyindepemdemtOfsereen
lrmtiom,



0.00

FIGURE   5

10-TIME°{Kbt/r°c2'   ,    DI'MENsldRILESS}°'



ANISO'IROPIC EFFECTS

FTgures 2 I 3 diaplay results for a slug test in an isotropic aquifer. In
most natural systems, one is usuauy confronted with a situation where
hydraulic conductivity in the horizontal direction is larger than its
verfucal componerfu An important issue to consider is how tliis anisotropy
impacts slug tests performed in partially penetrating we]]s. Figure 4
displays the results caused by anisotropy for the case of B/b and aapect
ratio equal to 10.  This plot shows that an increase in horizontal
conductivity with reapect to that in the vertical results in the effects of
pardal penetration being progressively dampened. For anisotropy ratios
of .01 or smaller, the effect of partial penetration can be essentially
ignored. 'IThis result has important implications for slug tests in many
aquifers where depositional processes commonly produced horizontal
conductivitiesgreaterthanvehicalcomductivities
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INFLUENCE OF WELL SKIN

Ustia)ly,theprocessOfweudrillingordevelopmemtproducesanearL
well zone of disturbance (well skin) that may have an important
influence on slug-test reapomses. Therefore, the impact Of a wen shin on
slug-testreapomsesmustbeconsideredinsomedetall.

Figure 5 dis|hays the tape curves for a slug test in a wen with a stain
whose radius is ten times that Of the well 'This figure depicts the results
for a well that fully penetrates the aquifer. Note that the inpact Of a lowl
permeabELtyshinisconsiderablylangerthanthatofahich-permeability
one. Figure 6 didylays the analogous results for the case of a weu shin in
association with a partially penetrating wen G/b and b/rw equal to 10.).
Note how partial penetration accentuates the effect of a highl
permneabiHty shin whife the reaponse for a low-permeability chin is very
sindlar to the fully penetrating weu case. IHghlpe]rmeahiHty shin along
the unscreened portion of the partially penetrating well provides a
conduit for fluid flow in the velrfecal direction along the weu bore. 'IThis
allows the slugltest responses to decrease much more rapidly than in the
fullypemetratingc©



FIGURE   5 FULLY   PENETRATING   WELL
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FIGURE   6      -       PARTIALLY   PENETRATING   WELL
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ANISoTRoPIC SlmT EFRECTs

IinFigure6,theimpactOfanisotropicwenstrinonaalugtestinapartially
penetrating weu was considered In some cases, however, the hydraulic
condudivity Of this disturded zone may be decidedly aliisotropic. Figure 7
summarizes the results Of an analysis of the impact of anisotropy in the
wen skin. As can be seen from this plot, anisotropy is of most concerm
when the vertical conductivity in the alrin is considerably larger than its
horizontal counterpart. This is not surprising as a relatively large
conductivity in the vertical direction again provides a conduit for flow
along the well bore, thereby exacerbating the effects of partial
penetration.  The situation of a higher horizontal component of
conductivityisOflittleimpordancefortheconditionsOfthisanalysis(bfrw
equal to 10.). If the aspect ratio was considerably smaller, the higher
horizontal conductivity would have a colisiderably more impertant role
asparfualpenetrationeffectswouldbedampened
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DHVIATION FROM CBP MODEL

IhgeneraLiftheCBPtechniqueisusedtoanalyzedatawhereparfal
penetrationandhorizontalboundariesareimportantalangerhydraulic
conductivity will be obtalned than warmnted hereasing the anisotropy
ratio aggravates this condition while decreasing the ratio lessens the
effect. The eristence of the above complications will be recognized by a
eystematic deviation of the data from the conventional CBP or Hvorslev
models. A systematic deviation of the data from one or both of these
models is a clue that more complex models need to be considered Slug
test data from an experimental field site in the Kansas RIver alluvium
illustratessomeOfthepointsconsideredheneL
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APPLICATION AT TTIE GEMS SITE

We have an experimental site located in the Kansas River alluvium
It is called the Geohydruloric Experimental and Monitoring Site (GEI\us).
Several slug tests have been performied there and they typically show
systematic deviation from the CBP model. The question is whether the
more flexible model presented here can explain the observed data The
focus of this analysis of the response data at GEMS  well #4 was on
whether the inclusion of a low-permeability shin into the model could
explain the observed behavior. Figures 9 and 10 show the results of the
fitting of the Hvorslev and CBP models to GEnus #4 data. Note the good
fitOftheHvordevmodelandthesystematicdeviationsseenwiththeCBP
model.  Figure 11 displays the results when a model with a low-
penneahility shin was employed in the firfuig process. Note the dramatic
improvement in model fit. Table 2 displays the parameter estimates
obtained with the various fitted inodeis, indicating that the I[vorslev
estimate Of transmissivity is less than 30% of the value determined using
the low-permeability skin model (T2).  The Hvorslev transmissivity
appears to be heavily weighted towards that of the skin (Ti). The skin
radius used here was based on the outer diameter of the auger flights
employed to drill GEMS #4.  Results of additional theoretical work
indicate that if the shin is two orders of magivtude less pe]rmeable than
that of the aquifer, the Hvorslev analysis will yield a parameter that is
well over one order of magnitude less than the actual aquifer
transmissivity (T2). Additional theoretical studies show that response
data from a slug test in a well with a low-permeability shin will always
chowthebchaviorobservedhere,i.e.theHvonrdevmodelfitsthedatawen
but the CBP model shows systematic deviation. The assumptions of the
Hvorslev analysis are actually more reasonable in a slug test in a wen
with a low-permeabiHty shitty where the majority of the head drop takes
place in the shin itself, so assuming zero drawdown at the radius of the
stain is quite reasonable. Also, since the thic]mess Of the aldn is small, the
storage of the skin can be reasonably ignored.  Thus, the Hvorslev
analysisyiddsatransmissivityverysinflartothatofthestrinitsel£

Clearly, the widespread use of the Hvorslev model tliat has been the
conventional practice in hydrogeology should be discouraged It appears
from the preliminary results of this work that the Hvorslev and CBP
models can be used together to help soneen test data and suggest when a
more complex model of the flow system needs to be considered.  The
Hvorslev modd should never be used alone.
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MODEL FITTING
T0 GHMS #4 DATA

Table 2 - Parameter estimates obtained from the
application of three different models to the slug-test
respolise data at GEnrs #4. The low-permeability shin
is assumed to have a radius of 6.5 in (.54 ft).  The
subscripts a and s designate aquifer and skin,
regivvely.

Hvordev Medel
T  = 3.92 ft2/day

CBP Model
T  = 5.46 ft2/day

Shh Model
Ta = 13.44 ft2/day
Ts = 3.14 ft2/day
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suMnrmy

The major conclusions of this work to date are as fonows. When
horizontal confining boundaries are more than about five screen lengths
away from the screen, they have a negligible effect on the slug test. The
ratio of seree  length to casing radius (aspect ratio) is important for values
below about fifty. When the aspect ratio is considerably above fifty the
solution converges to the CBP solution. An aspect ratio of one gives a
dramatic deviation from the classical CBP solution. Anisotropy ratio is
defined as the vertical hydraulic conductivity divided by the radial
hydraulic conductivity. The partially penetrating solution converges on
the CBP solution as the anisotropy ratio decreases. When the anisotropy
ratio is less than 10-3 we have essentially the CBP solution. When the
anisotropy ratio is in the range of 1-10 or larger there is substantial
deviation from the CBP solution when partial penetration effects are
imporfut. Even when the anisotropy ratio in the formnation is quite low, a
zoneOfdisturdancecneatedduringdri]lingordevelopmemtmayserveasa
verdcal conduit for a considerable amount of fluid flow. The impact Of this
zone on slugltest results depends on its thickness, the contrast with
formiationproperties,andthedegreeOfanisotropywithinthezone.
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