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AEErmcT

A   simulatiorl   model   i8   developed   for   prediction   of   the   location,   extent

and    Severity    of    naturally    occurriag    8altwater    iatrusion   into    freshwater

equifer8  under  nlBcible-flow  envlronnent8.    The  governing  equations  of  flow  in

Such    ry8tens    iDclude    the    ®quation8    of    fluid    continuity,    Darcy   velocity,

8olute-naB8  continuity  and  a  State  equation  which  relates  fluid  density  to  the

salute   concentration.      The   Bolutlon   of   this   nonlln®ar   Set   of   equations   vas

obtained   here   Tith   the   use   of   afl   iterative   Galerkiri   finite-elenerit   Scheme.

The   mixed   fornulatlon   of   the   fluid-coatiriuity   arid   Darcy   velocity   equations

resulted   ln  a   coupled   Bet   of   approzinate   linear   equations  which  vere,   then,

decomposed  into  tva  Bets  of  ®quation8  to  be  Solved,   I)equentlally,   for  preB8ure

and  velocity  conpohents.     The  mixed  formulatiori  provides  a  coritinuous  approxi-

mation  of  the  velocity  field  which  i8  essential  in  preserviag  the  solute-mass

continuity  ecroB8  the  boundary  of  the  eleDentB.     Subsequent  to  the  calculation

of   velocities,    the   8olute-transport   equation   vas   Solved   vith   the   use   of   a

Standard   Galerkin   finite-element   method.      In   an   appllcatlon   to   the   Henry'8

Bea-voter    lntro8ion    problem,     the    model    developed    based    on    the    proposed

fornulatlon  vas   Bhoirn  to  be  accurate   and   efflclent.     Several  features  of  the

model,   Such  a8   the  storage  and  retrieval  of  the  values   of  t>aB18  functions  and

tholr  derlvetiveB  at  Gau8B-1nt®gration  polnt8,  have  ellninated  the  repetitive

calculation  of  these  terns  needed  for  nunerlcal  lntogrationB  over  eleDent8;  a8

a   result    they   have    lncreaBed    the    conputetional    efflcleney   and   practical

appllceblllty  of  the  model.



ImoDUCTlo]

The   contact  of  freBhvater  and  8altvater  is  genez.ally  associated  With  the

formatioD  of  complicated  phyBiochemical  processes,   the  complete  description  of

vhich  nay  not  be  nathematlcally  tractable.     To  reduce  conl>1exity  of  the  Iirob-

l®m   most   lnve8tigators   have   regal.ded   freBhvater   and   Baltvater   as   irmi8cit)le

fluids  Beparated  ty  a  Sharp  interface.    Hovever,  1n  reality,  a  dlstlnct  inter-

face  does  not  ezi8t  betveen  fre8hvater  and  ealtvater,   mainly,   because  the  two

fluids   are   niscible   afld   there   i8   orily  a   Blight   differerice   in   their   deasi-

ties.      In   fact,   the   two   fluids   become  mixed   and   distributed   in  a  dispersive

zone  of  variable  Salinity.

Cooper   (1959)   iias   among   the   first   to   explain   the  mixing   (or  the  disper-

Blon   zone)   and   the   a88ociated   perpetual   clrculatlon   of   Sea  voter  ln   coastal

aquifers.       According   to   his   hypothesis,    the   wedge   front   of   the   saltwater

floving   inland   i8   contlnuouBly  being  eroded   by  a   8eevard   flow  of  mixed  voter

iD   the   zoDe   of   di8persiori.      This   flow   tends   to   reduce   the   exteat   to   Which

8altuater  nay  occupy  the  aquifer.     Field  lnveBtigation  of  Xohout   (1964)  veri-

fied  Cooper.B  concept  and  confirmed  the  eziBterice  of  the  circulation  phenomem

alorig  the  Bi8cayne  aquifer  ill  the  coastal  region  of  Florida.

In  corroboration  of  Coop®r'B  hypotheBi8,  Henry  (1964)   developed  the  first

azlalytlcel  8olution  of  the  effoctB  of  dleper81on  and  density-dependent  flov  on

ealtvater  ®ncroachnent   ln  aquifer8.      Althougiv   ty  that  time  lt  had  been  dis-

covered   the   nagnltude   of   dlBper8ion   perpendlculaLr   to   the   velocity   vaB   much

8naller   than   that   ln   the   dlrectlon   of  velocity,   Henry   (1964)   a8BUDed   a  con-

stant-dl8perBion   DechaniBm.      I)eBplte   this   and   Bev®ral   other   8inplifying   a8-

8unptionB,   the   results   of  Henry'B   work   clarified   certaia   8igriificant   con8e-

quenc®B  of  di8per81on  tihich  until  then  had  been  inferred  oaly  on  a  qualitative
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basis.     Henry's  quantitative  description  of  dispel.sion  phenomena  Bet  the  Stage

for  future  iaveBtigations  along  this  lifle.

With  the  advancement  ifl  com|juters,   a  8erieB  of  more  rigorous  solutioris  of

sea-vater  lntruslon  problems  vere  obtained  using  a  variety  of  nunerlcal  tech-

rLique8.     Among  these  8tudie8  i8  the  York  of  Pirider  and   Cooper   (1970),   who  used

the     method     of     characteri8ticB     lfl     conjunctioa    tith    an     iterative     ADI

(Altematiag  Directioa  Implicit)   procedure.     Tbeir  approach  Tas   of  practical

lDportance   ln   that   it   va8   applloable   to  heterogeneous,   aniBotropic   equiferB

With   irregular   geometry   and   different   types   of   t>oundary   conditions.      Pinder

and   Cooper   (1970)   obtained   a   transient   Solution   to   the   Bane  ezanple  analyzed

by   Henry   (1964).      Their   Solution   va8   Bhovn   to   approach   Henry'8   Steady-State

solution  after  passage   of  a   long   Bimulatioa  time.     Refomulatirig  the  problem

ln   terms   of   8trean   functlon8,    Lee   and   Cheng   (1974)   derived   a   Bteady-State

8olutlon  for  Henry's  ezanple  u81ng  finite  elenent8.     Their  8olutlon,  hovever,

eDcouDtered   convergeflce   difficulty   when   advective   trarisport   Tas   predominant.

This  latter  formulation  tras  8hoiin  ty  Huyakorn  and  Taylor  (1976)   to  be  iaferior

to  a  fomulatlon  based  on  preBBure   (or  head)  and  8alt  concentration.

Segol  et  al.   (1975)  and  Segol  and  Piader  (1976)  uere  the  first  to  develop

a   transient   Bolution   of   the   Baltvater-encroachment   problem   on   the   ba8i8   of

velocity-dependent   dl8p®rBion   coefflclentB.      U81ng   the   mlzed   flnito-element

forDulatlon   of   groundveter   flov   and   Darcy  velocity   ®quatlonB,   they   obtained

accurate   ®8tlnateB   of  velocity  conponentB  vhlle   pre8ervlng  contlnoity  of  the

velocity  field   acro8B  elemental  boundarle8.     In  advection-dominated  traLn8port

problems,   8uch  a  fornulatlon  18  e88entlel  to  achieving  reallBtlc  8olutlon8.    A

disadvantage  a8soclated  vith  this  approach  iB  the  need  of  Solving  a  very  large

System  of  equations  which  iricrea8es   the   conputatioml   cost.     For  large  aqui-
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fers  requiriag  a  long-term  trarisiezit  reBpoDBe,   this  disadvaatage  carl  limit  the

practical  applicability  of  the  mixed  formulation.

With   enphaBis   oa   optimum   efficieacy,   Frlnd   (1982a)   has   developed   a   fi-

nite-element  model  for  Blnulation  of  8altvater  lntruslon  that  vaB  found  to  be

"ch  less  coBtly  than  comparable  ezl8tlng  models.    Tiro  diBtlnctive  features  of

Frind`8  model  are  the  eliDinatlon  of  Btetlc  pre8Bure81n  the  fluid-flow  equa-

tion,  achieved  ty  lntroductlon  of  equlvelent  fre8hvater  head,  and  the  ellmina-

tlon    of   numerical    integratiofls    over   el®ment8,    achieved   by   the   deliberate

choice  of  linear  rectangular  elenentB.    Although  this  approach  does  not  retain

the  continuity  of  the  velocity  field  at  the  eleneatal  ttoutidaries,   its  Solution

veg   chovn   to   approach   that   obtained   with   a   continuous   velocity   aB   the   grid

81z}e   was   refilled.      Fririd    (1982b)   demoriBtrated   tbat   his   model   Ta8   capable   of

handling  large  81Dulation  period81n  aqulfer  By8tons  of  practical  lnportance.

A8   1ndlcated   above,   a   variety   of   Dathenatic&l   nodel8   are   available   for

descrlptlon  of   Baltvater/fre8hvater  rystems.     The  8peclfic   conditions   of  the

problen   being   analyzed   determine   the   Selection   of   an   appropriate  model.     If

the  flov  donaln  and  boundary  conditions  are  relatively  81nple  and  the  aquifer

hag   homogeneous   characteriBtlcs,   an   analytical   8olutlon   Such   as   the   one   de-

veloped   ty   Henry   (1964)    may   veil   be   Bufflclent.       Hovev®r,    t>ecau8e   of   the

hydrogeologlc  conplezity  involved,  the  majority  of  aqulfer  probl®ns  of  practi-

cal   1nt®reBt   ziece8eltate   the   use   of   a   Bophlstlcated   numerical   model.     Among

varlou8    nun®rlcel    models    that    are    currently   available    for    thl8    use,    a

nlBclbl®-flow  model  based  on  the  nlz®d  fornuletlon  of  the  fluid-contlnulty  and

Darcy  Velocity  equatlon8  reBult8  in  the  noBt  accurate  nutDerlcal  8olutlon  of  a

freshwater/BaltTater  8y8ten  but  also  euffer8  from  lack  of  efficieacy.    In  this

Study,    it   Till   be   8hoirn,    hoTever,    that   Tith   careful   corlstruction   of   the

-4-



approximate    equations,     the    efficieflcy    of    computations     can    be    iacreased

considerably  tlithout  aay  loss  ia  accuracy.

covn]nG EQoiTlo]s

The  di8tributiori  of  Bolute  (Belt)  concentratioD  ln  a  freBhtrater/Saltwater

ByBten   Can   be   obtained   ty   Blnultaneou8   Solution   of   the   coupled   ®quationB   of

fluid  contlmity,  Darey  velocity  arid  8olute-mass  continuity.    The  geaeral  form

of  these  equations  for  tvo-dlnen81onal  cz.oe8  Sectional  flov  18  ezpreBBed  as

fluid  cofltiauity,

Darcy  velocity,

a (ql, -0

qi=-¥(gg¥+pgj,

Bolute  traa8port,   i (D±j   8±)  -i (q±c/e)  -8S

Em

(2)

(3)

vhere   c   represents   the   Bolute   concentration,   p   18   the   preBBure,   qi   is   the

component  of  Darcy  velocity  in  i-directiori,    p     repre8ent8  the  fluid  density,

kij'8   are   components   of  the   pemeabllity  ten8or,   DLj'8   are   components  of  the

di8perBiorL  coefficieflt  terisor,   gj  i8   the  con|]orient  of  gravitatiorial  vector  in

I-direction,    u  18   the  fluid  vi8cosity,    0  18  the  effective  porosity,   x±(i   =

1,2)  are  the  Cez.teBlan  coordlnat®8,  end  t  18  the  tine  variable.     In  derivation

of   the   fluid-tialance   equation    (1),    the   release   of   voter   from   Storage   iB

a88uDed   to   have   a   negligible  off®ct   on  Dovenent   of  the   ealtvater   front.     Ve

have  al8o  eeBuned  that  poroBlty,    ©   ,  and  dynamic  viBcoBlty,    p   ,  are  constant

ln  time  and  Space.

So  far  we  have  introduced   four  unknouns;   i.e.    p   ,   qi,   p  and  c,  but  only
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three   equatioas.       The   additional   equation   required   for   solutioa   of   these

equatioris    ls   a   relationship   betueeD   fluid   density   afld   salt   concentration.

Such  a  relatioflship   iB   obtained   ty  irriting  the   first   order  Taylor  expansions

of  fluid  donBity  about  a  base  denBlty  and  concentration:

p   -p (c,  = pb  + @*  (c-cb, (4)

where    pb    18  the  base  fluid  den81ty  at  base-concentration  cb  (the  base  condi-

tion   i8   usually  taken  a8   that   of  freBhvater  in  vhich  case    pb    -  density  of

freshwater  aad   cb  -   0)   afld    :8g  i8  a  coastant  value,   repreBeating  the  rate  of

chariges  ia  deflsity  tlth  concentration  which  iB  obtained  empirically.

Solution  of  equations   (1)   throuch   (4)   requires  additional  lnfomation  in

the  form  of  iriitial  and  boundary  conditloDs.     As  initial  condition  ve  must  be

giveri  the  Bait  coacentratioa  at  Bone  iriitial  time,   to,   at  all  Spatial  poiats,

that  iB

C(Xi;   t   I  to)   -Co(Z±)                  for  x±eR (5)

where   R   indicates   the   8patlal   domain  and   co  i8   a  knovn  function.     Co  18  used

as   a   Btartibg   point   to   firid   the   transierit   variations   in   8olute   coacentra-

tlon.     The  1ziltlal  pr®®8ur®  diBtrlbutlon  18  not  needed   due  to  the  ellnination

of  the  transient  8torage  tom  ln  equation   (1).     In  other  vord8,   the  propaiga-

tion  of  pzte8sure  has  been  &8Buned   to  be   lnBtantaneouB.     Hovev®r,   the  pressure

Can  change  teDporally  because  of  the  changes  in  fluid  density.

The   boundary   condltlonB   e8Boclated   vlth   the   groundvater   flov   equations

(1)   end   (2)   nay  be   of  either   the   preBcrlbod  pressure   type   or   the   prescribed

flux   type.       The   prescribed   pressure   boundary   condition   requlre8   that   the
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pressure   distribution   at   poiats   aloDg   the   bouadary   Segment,     8,,   remain   the

8a®e  as  certain  I)respecified  values,   i.e.

p(|i.t)   -PB(Xi.t)             for  ZieBi.   t  >   to (6a)

there   PB   repregentB   a   given   pre8Bure   diBtrlbutlon.      This   ty|>e   of   boundary

condltlon  18  usually  used  e8  a  far-field  boundary  vhere  no  a|)preciable  change

ln  piezon®tric  Surface  18  ezpected  to  take  place.

The  prescribed   flux  coridition  Specifies   the   flue  riomal   to   the  boundary

Segment    82    as

q(Ii.t)   -qfl(Xi.t)              for  Zie82.   t  >   to (6b)

where   qn  is   the   Specified   Darcy   flux.     a  -  a,   +  82  is   the   total  boundary  of

the   .patial   domain.      An   impermeable   boundary   18   a  Special   case   of  prescribed

flux   boundary   condltlons.       In   the   case   of   leakage   through   a   8eniperviou8

boundary,   the  nomel   flux  can  be  evaluated  ln  tens  of  the  equivalent  fre8h-

Tater  head  differential  and  the  naterlal  properties  of  the  leaky  layer  (Frirld,

982b) .

A81e   obvious   from   ®quatlonB   (6a)   and   (6ti),   the   boundary   condltlonB   of

groundveter  flow  can  be  tine-dependent.     Hovever,   the  transient  varletlon8  of

the   boundary-preg8ure   and   bo`indary-flux   t®rm8   are  uBually  a8suned   ln81gnifi-

cont  for  most  practical  Bituatloa8.

In   obtalnlng   the    Bolutlon   of   the   Bolute-transport   equation   (3),    the

boundary   conditions   Dust   be   8peclfled   for   all   tine   periods.      The   types   of

conditlonB  Which  ere  commonly  encountered  ln  actual  field  problen8  include  the
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coriditioa8   of   prescribed   concentratiori   and   a   more   complicated   form   of   |tre-

Bcribed   flux.      The   prescribed-conceatratioa  distribution  i8  usually  given  in

the  fom  of

c(=i,t)  -cB(=i,t) for  Zie83.  t '   to (7a)

vhere  cB  18  the  functional  form  of  a  opecifled  concentration.     The  prescribed

flux-condition  (also  knovn  aB  the  Cauchy  condition)   1s  ezpreB8ed  by

(=C-DH*)n±-=Cn           forz±e84ri* (7b)

There  ni  iB  the  i-th  compoaeat  of  the  outward  unit  vector  normal  to  the  bound-

ary,   Cn  i8   the   coDcentratiori  of  the   irLfloTing  fluid  through  the  boundary  afld

8  I  83  +  84  i8   again  the  Spatial-aquifer  boundary.     Equation  (7b)   is  usually

used  in  the  case  of  an  lnflov  boundary  vhen  the  rate  and  concentration  of  the

erltering  fluid,   qn  and  cr},   are  given.     If  flow  i8  leaving  the  bouhdary,   qrL  aad

cn  are   `lnknoim.      In   Such   cage   the   advective   flux   normal   to   the   boundary  ls

aB8umed   to   remain   the   Bane   on   both   8ideB   of   the   tioundary.      A8   a   result   of

this,   the   boundary   condition   (7b)   tranefoms   into   the   Neumann-type   boundary

coflditions  of  the  form:

:=.o for  Iie84.  t '  to (7c)

Equation  (7c)  also  applleB  to  an  lnperneable  boundary  ln  vhlch  case  the  normal

flux,   qn,   bocome8  zero.

With  the  Specification  of  the  governltig  equatioaB  aloag  with  the  ialtial

end    boundary    condltlonB,    the    mathematical    deBcriptlon    of   a    mlBclble-flow
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8ysten   i8   complete.      The   system   of   equatiori8   (1)   through   (4)   are   coupled   by

the   fact   that   the   Solution   of   the   solute-transport   equatiori   (3)   requires   an

appropriate  representation  of  velocity  field  which  deperidB  on  the  fluid  derLsi-

ty   which,   in   turn,   i8   evaluated   ori   the   ba8i8   of   8olute   coaceatration.      The

Bolutlon  of  Ouch  a  conplez  nonlin®ar  ByBtem  of  ®quatlon8   can  be  obtained  with

an   iterative   zlunerical   Bch®ne   and   this   vlll   be   described   ln   the   8ub8equent

B®Ction,

cALFBTI]  mlIE-ELEIAEbT  sol.uTloH

Quite   frequently,   the  numerical   Solution  of   the   governing   equations   (1)

arid  (2)  iB  carried  out  by  first  writing  the  fluid-coriti"ity  equation  in  terms

of  pressure  incorporating  the  equations  for  velocity.     The  pressure  di8trittu-

tion  obtained  from  Solution  of  the  resulting  equation  iB  then  used  in  the  set

of   equations   for   velocity   to   determiae   the   Darcy   velocity   components.      For

8ituation8    characterizzed    by    Bnooth    variations    of   pressure,    this   approach

indeed  has  been  proven   to  be  quite  effective  requlrlng  Dlninal   computational

efforts.    The  inherent  difficulty  as8ociat®d  itith  this  approach  is,  bowever,  a

diBcoatinuity  in  the  velocity  field  across  the  iflter-elemental  boundaries  trhen

zero-order    continuous-beB18    functions    are    used    to    represent    the    pressure

(Pind®r   and   Gray,    1977).      Theri   u81ag   thoBe   velocltleB   for   Bolutioa   of   the

8olute-transport  oquatlon  (3),  the  di8contiriulty  in  velocity  leads  to  a  viola-

tion   of   Da88   con8ervatlon   ln   a   local   Bongo.      Thl8   lack   of   continuity   can

dlBtort   the  Bolutlon  of  the  Bolute-transport  ®quetlon  for  advectlve-donlnated

transport  problene.

In   an   attempt   to   achieve   a   oontinuou8-velocity   field,   Mel8Bner   (1973)

Bugge8ted   a   mixed   fomulatiori   for   Bolvlng   the   fluid   contiauity   and   Darcy
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velocity  equatioaB   simultaneously.     This   approach  leads   directly  to  the  nodal

values   of   |]reBsure   and   velocity.      AB   indicated   before,   Segol   et   al.      (1975)

used   the  mixed   finite-element   fornulatlon  ttithin   the   context   of  a  Baltvater-

1ntru8ion  model.     The  reBultB  of  their  analysl8  Shoved  a  Blgnificant  improve-

Dent   but   at   the   ezpen8e   of   a  con81derable   lncreaBe   ia   coDputation8.      Conse-

quently  very  fen  future  eppllcatlonB  of  thl8   technique  have  t>een  reported  ln

the   groundvater   literature.      The   uBe   of  nixed   flnlte-element  tDethod  has   re-

ceived  a  great  popularity  ln  problene  of  fluid  mechanlcB.

A  nixed   flzlite-element   formulation   18   utilized   here   to   Solve   the   fluid

corltiauity    and   I)arcy   velocity   ®quationB.        Having   obtaiDed   an   appropriate

velocity   field.   Te   theo   I)roceed   to   demonstrate   the   Bolutioa   of   the   8olute-

tran8port  equation  u81ng  a  Btandard  Galerkln  finite-element  method.

Fluid  Continuity  and  Darcy  Velocity  EciuatlonB

The  first  Step  lri  Galerkin  fomulation  of  the  approzimate  equatioas  is  to

eBBune  a  Bet  of  trial  solutlons  of  the  fop:

in

p(I,z.t)  i  iE-,   pj`t)  ¢j`=,z)

a
q=(I,z,t) i I:,   q=j`t)  ¢j`=,z)

a
qg`=.z.t)  i  ]E,   q8J`t)  ¢j`=,Z)

(8a)

(8b)

(8c)

whore  Pj(t),   qzj(t)   and  qzk(t)   are,   reepectlvely,   the  unknown  nodal  values  of

preB8ure,   z-conpon®nt  of  velocity  end  z-component  of  velocity;  I  and  z  are  the

Carte81an   coordineteB,     ¢j  and ¢j  are   an   appropriate   Bet   of   baB18   functlonB

and   n  and   n   are   re8pectlvely   the   number   of   nodes   used   for   approximation   of
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pressure   and   velocity.      Note   that   p,   qx   and   qz   are   depeDdent   oD   time   due   to

the   fact   that   the   fluid   density   changes   Tith   concentratiori.      The   choice   of

basis   functions,     ¢j  and ®j,  are  affected   ty  the   level   of  accuracy   required.

Optimum  efficieacy  and  accuracy  are  achieved  oDly  .hefl  the  variation  in  pres-

•ure  i8  approzlDated  tiy  baBi8  functions  of  one  order  lover  thaLn  those  used  for

defiling   the   velocity   distrlt)utloa8   (Huyakom  and   Taylor,   1976).      The   common

Practice   i8   to   u8e   quadrlleteral   eloDent8   vlth   eight   nodes   to   r®pre8ent   the

velocity  and  then  use  only  the  corner  nodes  for  approziDating  the  pre88ure.

The    differential    operators   a88oclated   With   equations    (1)    and    (2)    are

yritten  as

L(qx.qz)  -ai  (qx)  + £  (qz)  -o

L(qx.p)   =   qx  +

L(qz'p)   I  qz   +

k
ZZ

P

kzz

P

(£,-  .  o

(# -pg,  -o

(9a)

(9b)

(9c)

uhere.   for  8inplicity,   the   two-dinenBioml  x-z   coordinate   system  18   taken   to

be   in   the   horizontal   and   vertically   u|>vard   directions   and   it   iB   further

aBBuned  that  the  z  -  z  azeB  are  colln®ar  irlth  the  prlnclpal  dlrectlon8  of  the

pemeaLblllty  t®nBor.    AB  a  result  of  thle  latter  a88unptlon,  the  tens  involv-

ing   1±g   -kzx   -0  have   beea   ellniaat®d   from   ®quatioaB   (9b)   arid   (9c).     Note

alBo   fron  ®quatlon   (9b)   that   the  body-force   tom  vhlch  has   z!ero  component  in

the  horizontal  dlr®ctlon,  z,  has  been  ellnlnated.

The   next   Step   i8   to   BubBtltute   the   trial   solutlon81n   equations   (9a),

(9b)   and   (9c);   the   reBldual8   of  the   equatlon8  are   Buti8equently  "ltlplled  by
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the   appropriate   basis   functions   and   are,    then,   iDtegrated   over   the   spatial

domairi.     By  the  orthogonality  conditioa  of  the   Galerkin  theory,   the  resulting

Bet   of  algebraic   equations   "st   be   Bet   to   zero.      This   operatiori   Till   even-

tually   lead   to   the   following   get   of  approximate   equatioa8   to   be   Solved   for

pressure  and  mrcy  velocity  components:

[Kx]  tap    +   [Kz]  {qz}    =  {fQ>

[Hx]  (ap   +  [Lz]  (p,   -(fz,

[Mz]  {qz}    +   [Lz]  {P}    I  {fz}

( 1 0a )

( 1 0b )

( loo )

•here     {P}   a    (PF    P2 .....    Pn)I.      {qj      =   (qxi.   qz2 .....   qm)I      and

{qJ      -(qz"   qz2 .....   qzfl)T  are  Vectors  of  unlmoiin  riodal  variables;   and

the   components   of   coefficient   matrices   Kx,    Xz,    Iix,    I-z,   q[   and   Mz   and   the

right-hand-side   vectors   fQ,   fx  and   fz  are   defined   in  Table   1.     Irlcorporation

of  boundary   cofldition8   in   the   Set   of  ®quatiori8   (10)   iB   carried  out   simply  by

noviflg  the   terms   includiag  the  knoiin  values  of  pj,   qxj  and  qzj  to  the  right-

hand  Bides.     The  equations  corresponding  to  the  nodes  with  prescribed-pressure

end    prescribed-flux    condltion8    are    gut>8equently    ellninated    from    further

analysis.      The   remaining   Bet  of  equations   ready  to  be   Solved  ulll   look  very

Blmilar   to   (10)   and   irlll   aot  be   rewrittea;   hoTever,   to   reflect   the  nodifi-

catlon     bade     by     lncorporatlon     of     boundary     conditlonB,     hereafter     ve
;   =          r I          r  i          i -

u8e  Kzi  Xzi  Iiz,  Mx  and  HE  as    Coefflc1®nt    mtrlceB;      fQ,   fz  and  fz  a8    rlght-

hand-81de  Vectors;   and     p,   qz  and  qz  a8  unho.rn   tem8.     note   that   the   diDen-

siozL8  of  these   tens  are   smaller  than  their  orlglnal  counterparts  1n  the  Set

of  equations   (10).     Moreover,   certain  components   of   the   right-hand-Bide   vec-
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tors   that  Were  previously  gero,   nay  Bow  contain  Don-zero   coritributions   of  the

boundary  coaditions.

The   Set   of   linear   equations   (10)   or  its  modified   version   carl  be   Solved

Binultaneously  aB   vaB   Bhovn  by   Segol   et   al.   (1975).     This   approach,   however,

takes   a   Considerable   amount   of   computer   time   and   Storage.      An   alterziative

approach  18  to  decoDpo8e  the  By8tem  into  three  eeparate  equations  to  be  Solved

for     i,  -q[  andlz.      The    deconpo81tion    iB    carried    out    by    elininatlon   of

az  and  Ez  from   equatioD   (loo)   uBlng   the   relatioaship   (lob)   and   (loo).      The

resulting  Bet  of  equations  to  be  solved  for  pressure  18  derived  to  be

[A]  (i)    =  (Q)

There     [A]  -  FT=]   [rix]-1   [Ix]  +   [fz]   [Fz]-1   [Iz]

and           {Q}   -[Fz]   [Fx]-1   {E)   +   [F8]   [Fz]-1   {?z}   -{¥d.

EnE

The   pressure   digtributioh,     5  ,   calculated   from  equatioD   (11)   i8   Substi-

tuted  in  the  folloTiag  equatloas  for  computation  of  velocity  compoaentB:

[Hz] (a)  = (I)  -[Iz] (I,

[Hz]  {azt   -{¥zt   -[Fz]  {@

( 12a)

( 1 2b )

The  8etB  of  equetlon8   (11)  and   (12)   represent  the  final  zLumerical  approz-

1mation  of   the   fluid-continuity  and   Darcy  velocity  ®quatioas.     The   Solution

proce88  for  these  equations   18  8equentlal  and  8tartB  by  Solving  equation  (11)

for    pres8ure    and    then    proce®dlng    to    construct    the    right-hand    81de8    of

equations   (12a)   and   (12b)   and   Bolvlng   these   equatlon8   for   velocltles.      The
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velocity   values   iiill   be   used   in   the   numerical   approximation   of   the   8olute-

trangport  equation  which  i8  the  Subject  of  the  next  Section.

Solute-trari8 uatlon

The  Standard  Galerkiri  finite-eleneat  approach  is  used  for  8olutiori  of  the

Bolute-transport   equation   (3).      A8   Dentloned   before,   at   this   Stage   of   the

8olutlon  proceB8,   the  Darcy  velocity  components,  qz  and  qz,   are  given  from  the

Solution  of  the  groundveter  flow  equatlon8.    The  values  of  velocities  are  used

beforehand   to   determine   the   velocity-depeDdent   conpoaents   of   the   diBpersion-

coefficlent   teaBor,   D±j,   using   the   relatioDBhips   givea   iD   Bear   (1979).      The

advective-transport  term  in  equation  (3)   is  also  dependerit  ori  the  velocities,

but  this  dependence  iB  directly  included  in  the  Subsequent  nunerlcal  formula-

tiorls .

Following   an   approach  analogous   to   the   previous   section,   ve   al>prozlnate

the  unknoim  8olute  coDcentratiori  ia  tens  of  a  trial  solutiori  of  the  fom:

n
c(I.z.t)  i  jz.i   cj(t)  ®j(z,z)                                                                                (13)

where  cj'8  represent   the  un]moirn  nodal  concentratlonB  and    ¢j'B  are  the  ba8i8

functlonB   that   are   Selected  a.  a  natter  of  81Dpllcity  to  be   the   Beme  a8   the

beB18   functlone  uBed  for  repreBentetlon  of  velocity.     The  ]movn  conponentB  of

the  dlBp®relon  co®fflcl®nt  can  also  be  ®zpre8eed  ln  the  fom  of  flnlte  eerles,

for  ezanple:

n
Dn(I.Z.t)  i  I:1   Dxzj(t)  ¢j(I.Z)

-14-
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There   Dzxj'8   are    the   aodal    di8persioD   values.       Similar   expre8sioa8   can   be

•ritterl   for   I)8z,    Dxz   and   Dzx.      Note   that   the   aquifer   porosity,     9   ,    is   a

constant .

The  differential  operator  of  the  solute-transport  equatioa  (3)  iB  lrritterl

ln  its  expanded  fom  as

I,(c)  -@±(Dzx :#)  + @i(Dzz :#)  + @i(Dzx :#)  + ai(Dzz @*)

- @±(VxC)   - £(VzC)   - * -  0

where    Vx  I  qx/0   and  Vz  I  qz/©   are  pore  Velocities.

(15)

Utilizing   the   Galerkin   approach,   the   approximate   integral   equations  are

obtaifled   by   nakirLg   the   residual   arising   fron   subBtitutiori   of   equation   (14)

iato   (15)   orthogonal   to  each  of  the  basis   functioa8,    dyj   .     A  Set  of  ordiDary

differential   equetionB   .ill   everitually   result   from   thle   operation  which,   ill

natrlz  fom,  ig  ezpre8sed  as

[s] (c,  ,  [`] (#  -[f] (16)

vhere   S   le   the   advective-dlf)per81ve   tranBport   Datriz,   I   18   the   Bolute-na8s

Datrlz  and  the  right-hand-Bide  vector  f  contalnB  the  dl8p®rsivo-naB8  fluzeg  at

the  boundary.     The  typical  olenentB  of  S,   I  and  f  are  defined  in  Table  1.    In

fomlatlng  these  ®quationB,   Groen'B  th®oren  18  epplled  to  break  up  the  Becond

derlvatlve8.     Xoroover,   the  conponentB  of  the  fluz-derlvatlveB  re8ultlng  from

expanBioa   of   the   advective   tem8   1n   equatlofl   (15),   i.e.   the   tens   involvirlg

@Vz^Z  and @Vz^z,     Were   a8Bumed   to   be   negllglble   and,   therefore,   vere   ell-
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miaated   duririg  the   development   of  the  approximate   equations.     This  assumption

i8   acceptable   in  the   at)seflce   of   fluid   Sources   and   siakB   (Frind,   1982a).     Note

also   that   the   bouridary-flux   term   i8   nofl-zero   oaly   at   an   infloT   bouridary   ill

vhlch  case  it  iB  evaluated  vlth  the  use  of  equation  (7b).

We   can   riow   proceed   to   Solve   the   Bet   of  ordinary  differential   equatioris

(16)    ty    firiite-differerice    tine    Stepping.        Employing   a    finite-differeDce

approzinlatioa  of  the   temporal   derivativeB,   equation   (16)   can  be  Tritten  in  a

time-veighted  fom  aB

[M]   { C} t+At   =   [N]   { C} t   +  { fc}

There  the  coefficient  matrices  M  and  n  and  the  vector  fc  are  given  by

[H]  -y  [S]  . Ai  [T]

[H]  --  (,   -',  [S]  , Ai  [T]

{fc}    -Y  {f}t+At   +   (1   -Y)   {flt

(17)

(18a)

( lob)

( 1 8c )

in   vhlch     1/2<   v<   118   the   time-veighting   factor,    and     At  repreBentB   the

tlDe   interval.     A  value   of    v  -  1/2  r®BultB   in   the   Crank-NicolBon  approziDa-

tlon  vhlch  18   Becond   order  accurate   ln  time  but  occa81onally  produces  o8cil-

latory  8olutlonB.     On  the  other  hand,  a  value  v  -  1   (1npllclt  BcheDe)  provldeB

good   etablllty   but   Day   r®8ult   ln   greater   eDearlng   of   the   eolute   dl8tribu-

tion.    Depending  on  the  I)roblem  being  amly2ied,  an  appropriate  choice  of  v  can

usually  be  obtaiaed  withiri  a  few  trials.
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StartirLg    from    Some    initial    values,    equation    (17)    trill    determine    the

transient   variations   ill  solute  concentr8tioD.     For  advective-domirlated   trans-

port  problems,  nunerical  difficulties  in  the  fom  of  artificial  dispersion  and

overshooting  nay  be   encountered.      An   lnproved   estimate   of  velocities  as   otl-

tained   in  this  Study  may  alleviate  8ome  of  these  dlfficultle8.     Mesh  refine-

ment   18   tmovn   to   reduce   the   tendency  of  over8hootlng.     The  upstream-veighted

technique  presented  ty  I]uyakom  end  Nll]mha   (1979)   iB  another  vay  of  avoiding

nunerlcal  dlBperBlone  but  at  the  ezpenee  of  Bneaz.1ng  the  concentration  front.

utational  Framevork

Because  of  the  noDliaearity  irivolved,   equatioas   (1),   (2)  and   (3)  or  their

rlumerical   approxination8,   equations   (11),   (12)   aad   (17),   have   to  be   solved  in

combination  with  equation   (4)   1n  an  lteratlve  memer.     The  Solution  procedure

for   each   tine   Step   begins   with   an   e8tlnate   of   fluid   deriBity   obtained   from

equation    (4)    using   the    concentration   distributiori   from   the   previous   tine

8teI>.     The  coefflcient8  1n  the  equetlons   for  pre88ure  and  velocity,   equations

(11)   and   (12),   are   determined   on  the   basis  of  this  e8tinate  of  fluid  density

and   then   those   equetlonB   are   Solved   ln   a   Bequentlal   approach.       The   nodal

values   of   velooltieB   obtained    from   Bolutlon   of   equation   (12)   ere   used   to

define    the   edv®ctlve   end   dlBper81ve   oonponentB    ln   equation    (17).       Subse-

quently,   ®quatioa   (17)   18   Solved   to   yield   the   8alt-conceatratiorl   di8tribu-

tlofl.     At  thl8  Btage,   the  nodal  values  of  the  fluid  donBlty  are  updated  usiDg

the   now   e8tlnat®   of   concentr&tlon   ln   ®quatlon   (4),   and   the   vhole   cycle   i8

repeated  once  Doro.     ThlB  proc®8e  contlnue8  until  the  eucc®BBlve  concentretlon

values   ere   ulthln   a   opeclfled   tolerance.      At   thlB   Stage   ve   can   proceed   to

perfom  the  computatlon8  for  the  next  tine  Step.
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The   iterative   process   described   above  usually   coriverges   rather   rapidly,

provided  the   time   iflterval   iB   riot   too   large.     According  to  Frind   (1982a),   the

choice   of  an  appropriate   time   interval   is   coatrolled   in  most  problems  ty  the

need   to  keep  the  numerical   dl8perBion  to  an  acceptat>le  level  rather  than  the

convergence  criteria.     A  time-lagged  approach  Suggested  I)y  Segol  et  el.   (1975)

has  also  been  ehovn  to  be  very  effective  for  long-ten  transient  81nulation  of

problenB   with   den8itle8   lover   than   that   of   Bea   .rater.      In   this   case,   the

elapsed   tine  betveen  8olutlonB   of  the   flov  equatlon8   i8  much  larger  than  the

time  interval  for  computation  of  Bolute  concentration.

During   the   course   of  model   development,   care   must   be   taken   in   reducing

the   computer-storage   requirement   and   in   increasing   the   conputational   effi-

ciency.     Considerable  saving  va8  achieved  in  our  model  ty  Storing  the  computed

values   of   the   elemental-basis   functions   and   their   derivatives   at   the   GauBs-

integration  poiats  on  an  input/output  file.    Coasequently,   future  reference  to

these    values    vas    obtained    rather   easily   t7ithout    the   need    to    repeat   any

conputatioD.    The  model  takes  full  advantage  of  the  B|tecific  structure    of  the

coefficient   matrices.       For   matrices     Ex  andEz  ln   equation    (12)    that   are

baaded    and    symmetric,    only    the    elements    Within    the    upper   ttarid-width    are

Stored.               The       bended       portions       of       the       non-Bymetric       mtrice8

Kz,   Kz,Iz,  Iz,  M  and  W  are   retained   ln   rectangular   two-dinen81onal   arrays.

The   conBtructlon   of   coefficl®nt   DatrlceB   ln   equatlonB    (11)    and    (12),    1.e.

A,  Hz  and  Hz,  are  needed   only  once.     At   each   time   Step   only  the  right-hand-

Blde  vectors  of  these  ®quetlonB  have  to  be  updated.    The  coefflclent  mtrlz  ln

equation     (17),     1.e.     X,     18    reconstructed    vhenever    the     tine     interval,

At,   Changes   or   the   velocitleB   are   updated.      Solution   of   the   equatlon8   are

carried   out   efflclently   using   a   Gau88   Solver   for   equation   (11),   a   Ohole8ky

Solver  for  equation   (12)   arid  a  Gaussiaa  routine  for  noa-symmetric  coefficient
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mtrices  ill  equatioa  (17).

|ljiiiiEICAli  RESULTS

A  computer  model  va8   developed  on  the  baBiB  of  the   fomulation  presented

in   this   study.     Here  ve   denonBtrate   the  u8efulneB8  of  this  model   for  Binula-

tioa  of  variat)1e-density  flow  problems.

The   analytic   Solution   to   the   ezazBple   prot>len   devised   ty  Henry   (1964)   i8

usually  used   as  a  benchmark   against  which  other   solutiohs  are  compared.     The

problem  involves   the   ifltrusion  of  Saltwater  into  a  confined   coastal   aquifer.

The  configuration  of  the  vertical  cross  8ectiori  of  this  aquifer  is  depicted  ia

Figure   1.       Inlarid   freshwater   recharges   the   aquifer   from   the   left   boufldary

while   at   the   Bane   time   the   denser   sea  water   iB   moving   inland   from  uDder   the

freshwater.     At   equilibrium  a  di8persive   zone  develops   at  the  contact  of  the

two   fluids   through   which   the   mixed   uater  circulates   and   returns  back  to   the

Sea.

The   equifer   is   a88uned   to   be  honogeneou8   and   18otropic.     The  dispersion

coefficient   is  assumed   constant  although,   iri  reality,   it   chariges  uith  varia-

tiofls  in  velocity.     Initially,   the  aquifer  i8  occupied   only  with  freshwater.

The   prescribed   flux   and   prescribed   pressure-boundary  conditions   are  assumed,

respectively,   along   the   left   and   right   vertical   bouDdarios.      The  upper  and

lover   boundaries   are   iDpemeable.       The   hydrogeologic   parameters   a8Bociated

vlth  this  problem  are  given  in  Table  2.

During   the   course   of   numerical   experlDentB,   epprozlmation8   of  pr®B8ure,

p,   velocity.   v,   and   salt   coflcentratloa,   c.   Tere   obtained   over   the   aquifer

domain   using   three   types   of  interpolation   Scheme:   (1 )   linear   interpolations

for   p,   v   and   c   (Figure   2-a);    (2)   quadratic   interpolations   for   p,   v   and   c
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(Figure   2-b);   and   (3)   mixed   irLterpolatioriB,   i.e.   quadratic   interpolations   for

v   aDd   c   (Figure   2-b)   and   linear   interpolation   for  p   (using   corner   Bodes   ia

Figure  2-I)).     The  mixed-interpolation  Scheme,   as  indicated  before,   i8  expected

to  provide  the  most  accurate  f]olution  among  the  three  Schemes.

The   first   analy8i8   vaB   perfomed   to   check   the   accuracy   of   the   model

results  using  orily  the  mixed-interpolation  Scheme.     The   computed  0.5   1Bochlor

from  the  present  model  is  displayed  ill  Figure  3  with  the  Similar  coritour  liaes

from   the   Steady-State   solutiori   of   Hoary   (1964),    the   transient   8olutioa   of

Segol   et   al.    (1975)   and   the   transient   Solution   obtained   from  usirig   the   U.S.

Geological  Survey   "SUTRA.'   model   (Voss,1984).     The  comparison  of  our  transient

8olution8   for   the   elapsed    time    of   30   and    loo   minutes   with   the   solutions

obtained   by   Segol   et   al.    (1975)   and   SUTRA   is   excellent   (See   Figure   3).      For

the  most   part,   the   three   Bets   of  iBochlors  are  located  ia  close  proximity  to

each   other.       One   intereBtirig   observation   is   that   due   to   the   existence   of

artificial  vertical   velocities   along  the   right   boundary  in  the  Segol  et  al.

formulation,   the  top  portion  of  the  di8persive  zone  tends  to  be  narrow  and  the

tip  of  the  Saltwater  zoae  calculated  ty  their  model  Stays  Slightly  higher  than

that  detemined  tty  our  model.     This  difficulty  uas  removed  in  our  analysis  by

explicitly  settirLg  these  velocities  to  2iero.

To  obtain  the  Steady-State  Solution,   tbe  BIDulation  tine  vas  eztended  to

500  nlnut®s.     After  the   elapsed   time   of  300  minutes.   the   top  portion  of  the

dl8perBive  zone  renalned  relatively  Stable  vhlle  the  bottom  portion  moved  only

811ghtly.       The   O.5-i8ochlor   line   for   the   300-minute   tine   period   8hoirri   in

Figure   3   can   be   oonBidered   to   be   representative   of   the   quasi-Steady-State

8olutlon  of  Henry's  problem.     Again  the  agreement  between  Henry's  solution  and

the  model   re8ult8   is   rea8oaattly  good.     The   calculated   O.5-isochlor  line  also
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matched  quite  -ell  iJith  the  results  of  SUTRA  model  for  the  elapsed  time  of  300

ninute8 .

Figure  3  also  depicts  the  Gbyben-Herzberg  interface  obtained  based  on  the

aBBun|)tlon  of  lmiBclble-fluid  flov8   (Henry,   1964).     An  lDportant  observation

18  the   ®ztenBlve   location  of  the   eeltvater  toe  vhich  obviously  overestimates

reality  by  aB  far  e8  tvlce  the  actual  distance.     Thl8  18  a  good  lndlcatlon  of

lnapproprlatene88   of   charp-interface   Dodel8   for   eltuationB   characteriBed   by

81gnificant   diBper8ioa.      This   polrit   18   clarified   even   further   in   Figure   4

There    the    Whole    spectrum    of   the    di8persive    zone    18   demonstrated    for   the

elapsed   tlDe  of  300  ninute8.     Note  again  the  large  extent  of  the  top  portion

of  the  dispersive  zone  created  by  removal  of  artificial  vertical  velocities.

The    transient    changes    ln    Bolute-concentration   dlBtribution   along   the

bottom    of    the    aquifer   are    depicted    ill   Figure    5.        As    cab   be    Been,    the

dl8perBlve  zone  Starting  from  a  relatively  narrow  Btrip  has  gradually  extended

over   a   large   portion   of   the   ®qulfer.      The   changes   in   Bolute   concentration

have,  almost,  been  8tabllzed  after  the  loo-minute  elapsed  time.

To  gain  insight  into  the  hydrodynamlc8  of  the  flow  ln  a  density-dependent

8yBten,   the  nodal  velocltle8  vere  plotted  ln  Figure  6  for  the  elapsed  tine  of

3cO   ninuteB.       A8   Been   ln   Figure   6,    the   vertical   conponent8   of   velocltie8

•ithln  the  Saltwater-froBh.ater nizlng  zone  .ere  affected  sigrliflcantly  ty  the

VarlationB  ln  den81ty.     The  chango8  1n  velocltleB  become  leB8  1Dportant  during

latter    time    .tep8.        In   Dost    |>robl®n8,    eft®r   reachlzig   a    certain   quaBi-

etablllz;atlon  point   ln  time,   the   changes   1n  vertical   velocities  are  ninlnal

and    ln   fact    the   calculation   of   velocities   can   be   carried   out   tDuch   less

frequently   than   that   of  Salt   concentration.     In  our  analyslB  ve  updated   the

VelocltleB   at   all    tine    etepB   although   lt    could   have   been   avoided.       The

-21-



velocity   vectors   demonstrate    clearly   the   whole   circulation   process   of   the

galtvater-intrusion  phenomenon.

The   last   experlnent   iavolved   using   all   three   differerit   iaterpolation

8cheme8   for   8olutiob   of  Henry's   problem.      The   0.5  iBochlorB   obtained   for  the

elapsed   time   of  30  and   100  minutes  ere  depicted  in  Hgure  7.     The  toe  of  the

18ochlor  fran  the  linear-interpolation  Bchene  ls  extended  further  inland  vhile

that   from   the   quadratlc-interpolation   BcheDe   18   Bhaz.per   and   Shorter.       The

lBochlor8   calculated   vith   mixed   lnterpolatlon8   are   Bnooth   and   for   the   Dost

part   are   lri   close   agreement  uith   the   Solution  from  the   linear  laterpolation

8chene.      However,   1t   18   Dot   clear  why   the   solution   obtained   uith   the  use  of

quadratic-1aterpolatiori  Bchene   deviates   coa8iderattly  from  that  obtained  using

linear-  or  nixed-interpolation  8chene  for  long  Blnulation  times.

smABI AID  cO]cl,uslo]s

A  fialte-element  model  laB  developed  for  Sequential  8olutiorl  of  the  fluid

coatiauity,   Darcy  velocity  and   Bolute-transport  equations.     The  model,   while

preBervlag    the    coatinulty    of    the    velocity    field,     reBultB    ill    accurate

approzination   of   the   velocity   field   'hich   iB   ®8Bential   in   the   analysis   of

nlBciblo-flov   probl®ns.       Several   other   features   of   the   model   Such   aB   the

Btorage   of  ba8i8   functlonB  and   tholr  d®rlvativ®8  at   Gau88-integration  polntB

on   an   input-output   file   have   lDprov®d   the   efficiency   of   the   computations

BubBtantlally.

In  an  eppllcatlon  to   the  H®nry'B   e®a-voter   lntruBlon  prot>lem,   the  model

va8   ehovn   to   reach  a   State   of  dynamic   ®quillbrlun  With  mlnlnal   coDputational

efforts.       The   high   accuracy   of   the   model   reeult8   va8   demonstrated   through

excellent   conpari8on9   vlth   Several   available   oolution8.      Ye   have   also   Bhoirn
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that   BubBtaDtial   errors   Till   occur   if   a   charp-iaterface   model   is   used   to

Binulate    a    saltuater    intrusion    problem    iavolvirLg    Significant    dispersioa.

Indeed,    in   most   practical   Bituatioas,    the   use   of   a   miBcit)le   flow   model   is

e88ontlal  to  achieving  realiBtlc  Bolutions.

Vhlle   different   types   of   lnterpolatlon   functions   can   be   used   in   the

proposed   flnlte-element   model,    ve   BuggeBt   to   approzlmate   the   velocity   and

concentration  ulth  18oparanetric  quadrilateral  elenent8  containing  eight  nodes

but    then    use    only    the    four    comer   Dode8    for   bilinear   approzination   of

preB8ure.

The  proposed  model  can  be  easily  modified  to  acconodate  three-dimensional

flows   or   leakage   through  a   Becorid   layer.     This   will   ot)viou81y  require   addi-

tioflal  computational  trork  and  further  measures  to  iricreaBe  the  efficiency  nay

be  needed.
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Tattle  1.     List  of  equatiori8  describirig  the  different
conponeatB  of  coefficient  matrices  arid  vectors
arid  their  Specific  characteristics.

Matrix  or
Vector

ftyplcal  Component Dimensiori                    Specific
Characterl8tlcs

Xz   or  Mz

i 3=  (¢j,  ¢i  dR

/a:gT(¢j,¢idR

R  (¥,  i5=  (¢j, ¢i  dR

/R  (¥)  :5T  (¢j) ¢i  dR

i ¢j  ¢i  dR

0

0

•: (¥, n
[k7:1   Pk  dyk]   8  fyi   dR

£k!i{Dzck¢k

•  Dzck¢k :¢±

@L±

@x

@¢1

@T

+vzk¢k:±¢i+

i  ¢J®1  dR

/8  (D :#, ¢1  dB

@L±  +  Dxzk¢k

@x

•  Dzzk¢k :#

fi@L±
az@z

@¢i

aT

nTT)

m=r]

-
`."

nln

mxl

azl

nxl

Vzkdyki#¢i}dR              nxn

bended ,   Don-8ynnetric

bended ,   non-Symmetric

bended ,   Don-Bynmetric

bended ,   Don-8ymnetric

bended ,   Byrmetric

bended ,  nob-eynnetric

bonded,  symetric
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Tattle  2.     Values  of  physical  parameters  for  Henry'B  problem

Paranete r                                                             Va lue

aqulfer  perosity

hydraulic  pemeabillty

fluid  vlBcosity

dl8perBion  coefficient

left-boundary  influx  velocity

right-t)ouridary  pressure  distrit)utioa

Bea-voter  density

freBhvater  density

Bea-vater  Salt  concentration

acceleration  of  gravity

constaat  rate  of  changes  in  density

vlth  concentration

aquif®r  thickness

aquifer  length

0   I  0.35

k  -   1.020408  X   |o-9  m2

p  -  |0-3  kg/(n8ec)

D  -  6.6  I  |o-6    m2/aec

v  -6.6  I   10-5/0.35   =   1.885  X   10-4  n/see

pB  =  Ps   g     (depth)

P8  -1025   kg/m3

Pf  =  1000  kg/n3

C8  =  0.0357  kg   (dissolved  Bolid8)/kg   (sea  irater)

8    =   9.8  n/8ec2

k8(Sea  voter)2
@C        '--kg(total  diB8olved   8olid8)   n3
d   I   1®0   I

A   -  2.0  I

21 I  7oo
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vz=o:£=o

vz=o;  £ =o

Figure   I.      Schematic  Representation  of  the  Henry's   Example
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(a)  linear  elements

(b)  quadratic  elements

Figure  2.     Fi.nite-Element  Di.screti.zatl.on  of  the
Aquifer  Domai.n  for  the  Henry's   Problem
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present   solution

1.0

distance  (meters)

I.-    SuTRA

-   Segol  et  at.  (1975)          -.-.-.-   Henry  (1964)

Figure   3.     The   Comparison  of  0.5   Isochlors   Computed   by   the
Present  Model   Using  Mixed   Interpolations  with
Several   Other  Solutions
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1.0

distance  (meters)

Figure  4.     The  Complete  Set  of   lsochlors   at  the   Elapsed  Ti.me
of  300  Minutes;   Resulted   From  the   Use   of  Mi.xed
Interpol ati ons
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0.0        0.2        0.4        0.6        0.8         1.0        1.2        1.4         1.6        1.8        2.0

distance  (meters)

Figure  5.     The  Transient  Variation  of  Solute-Concentratl.on
Distri.bution  Along  the  Bottom  of  the  Aquifer;
Resulted   From  the  Use  of  Mixed   Interpolations
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•col.  of  veloclty

Figure  6.     The  Calculated   Velocity   Field  for  the   Elapsed
Time   of  300  Minutes;   Resulted   From  the   Use  of
Mixed   Interpolations
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interpolotions  of  pressure  and  velocity
mixed        -,-,-.-   linear                        quodrotic

Figure   7.     The   Comparison   of  Transient
Solutions   Obtal.ned   From  the
Use  of  Different  lnterpolati.on
Schemes
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