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ABSTRACT

In  this  paper,   an  analytical  two-dimensional  model  of  solute

transport,   including  logitudinal  and  transverse  dispersion  along  with

advection,   is  considered.     Additional  considerations  include  an

extended  source  of  finite  length,   a  retardation  factor,   exponential

decay  of  the  source  production,   and  natural  decay  of  the  pollutant.     A

sensitivity  coef ficient  can  be  clef ined  and  calculated  for  each

parameter  of  interest.     The  sensitivity  coefficients  vary  over  space
and  time.     In  order  to  have  an  effective  monitoring  system,   the  wells

must  sample  at  times  and  space  locations  that  have  significant

sensitivities  to  the  parameters  of  interest.    Spatial  and  temporal

variations  of  the  sensitivities  for  several  parameters  of  the  model

will  be  illustrated.     Sensitivity  analysis  allows  one  to  make

intelligent  decisions  regarding  the  spatial  and  temporal  locations  of

physical  measurements.     Obviously,   the  network  should  evolve  in  space

and  time,   depending  on  the  parameter  of  interest.     Some  wells  will

become  insensitive  and  may  be  dropped  while  new  sensitive  wells  will

need  to  be  added.     Sensitivity  analysis  provides  a  method  to  design  an

effective  evolving  monitoring  network.     Of  course,   initial  estimates

of  the  parameters  must  be  assumed  to  get  started;   but  the  system  can

be  self-correcting  as  it  proceeds.     Standard  statistical  techniques

can  be  utilized  to  estimate  the  parameters  and  estimate  the  variance

and  confidence  intervals.     As  the  parameter  estimates  improve,   the

future  design  of  the  monitoring  system  and  concentracion  prediction

also  improve.



INTroDucTIOH

In  this  paper  an  analytical  two-dimensional  model  of  solute

transport  is  considered.     However,   the  formalism  of  sensitivity

analysis  and  its  use  to  design  a  monitoring  network  is  very  general

and  could  be  applied  to  most  any  model.

THE  roDEL

This   slide   (slide  11)   shows  the  two-dimensional  model  we  will  be

working  with.     It  includes   longitudinal  and  transverse  dispersion   (DL

and  DT)   along  with  advection   (v).     Additional  considerations   include

an  extended  source  of  finite  length   (2a),   a  retardation  factor   (R),

exponential  decay  of  the  source  production   (a),   and  natural  decay  of

the  pollutant   (A).     The  next  slide   (slide  *2)   shows  the  analytical

solution  for  this  model.     A  modified  version  of  the  computer  program

published  by  Javandel  et  al.   in  Groundwater  Trans ort  was  used  to

calculate  the  concentration  over  space  and  time.

sENslTlvlTy  FORmLlsH

A  sensitivity  coef ficient  can  be  defined  and  calculated  for  each

parameter  of  interest.     The  next  slide   (slide  *3)   shows  the  definition
of  a  sensitivity  coefficient   (Z).     Zp  will  be  the  sensitivity  of  t.he

concentration  to  a  parameter  p.     The  sensitivity  coef ficient

represents  the  change  in  concentration  that  occurs  when  one  parameter

is   changed  by  a  Small  amount.     In  order  to  directly  compare

sensitivity  coefficients  for  various  parameters  and  to  maximize

computer  accuracy,   it  is  usually  better  to  work  with  normalized

sensitivity  coefficients.
Sensitivity  coefficients   (slide  *4)   can  be  determined  a  nulTber  of

ways.     If  an  analytical  solution  for  concentration  is  available,   as  in
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the  model  used  for  this  paper,   the  sensitivity  coefficients  can  be

obtained  by  dif ferentiating  with  respect  to  the  parameter  of

interest.     Sensitivity  coefficients  may  also  be  obtained  by  solving

the  model  twice  with  slightly  different  parameter  values  and  forming  a

finite  difference  approximation,   AC/AP.     A  partial  differential

equation  for  sensitivity  coef ficients  may  also  be  formulated  and

solved.     It  is  very  similar  to  the  original  model  equation  and  usually

requires  little  code  modification.

The  sensitivity  coefficients  vary  over  space  and  time.     In  order

to  have  an  ef fective  monitoring  system,   the  wells  must  sample  at  times

and  space  locations  that  have  signif icant  sensitivities  to  the

parameters  of  interest.     The  sensitivity  matrix   (slide  *5)   can  be
formed  as   shown.     The  columns  are  sensitivities  with  respect  to  a

certain  parameter.     In  this  model,   we  have  seven  parameters,   so  we

have  seven  columns.     The  rows  are  numbered   from  one  to  n  and  represent

measurement  points   in  space  and  time.     In  order  to  maximize  parameter

sensitivity,   we  should  try  to  maximize  the  entries  in  the  sensit.ivity

matrix.     In  other  words,   perform  the  measurements  at  places  and  times

that  have  large  sensitivity  coefficients.

The  sensitivity  matrix  is  pivotal  to  the  rest  of  this  paper.     If

two  parameters  are  dependent,   two  columns  of  the  sensitivity  matrix

will  be  identical  except  for  a  scaling  factor.     This  will  make

parameter  identification  difficult  or  impossible.     (slide  *6)     In

ordinary  least  squares  parameter  estimation  where  the  concent.ration

errors  are  assumed  to  be  additive,   zero  mean  and  uncorrelated,   with

constant  variance,   the  parameter  covariance  matrix  is  given  in  this

slide.     The  estimated  standard  error   (e.s.e.)   of  parameter  Pk  is  the
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square  root  of  the  kth  diagonal  element.     A  good  design  for  a

monitoring  well  network  will  result  in  low  values  for  the  estimated

standard  error  of  all  parameters.     This  translates  into  making

measurements  at  space  and  time  locations  that  have  large  sensitivity

coef ficients .

As  mentioned  earlier,   if  two  sensitivity  coefficients  are

dependent  ZTZ  is  a  singular  matrix  and  the  present  formalism  cannot  ber----i

used.     The  sensitivity  correlation  matrix   (slide  #7)   defined  in  this

slide  gives  a  way  Lo  look  at  the  colinearit.y  in  the  n-dimensional

measurement  space  of  the  various   sensitivity  coefficient.s.     The

diagonal  elements  are  all  one.     Any  off-diagonal  element.s  in  the  range

of   .9-1.0  indicate  a  high  degree  of  colinearity  and  it  may  produce

instability  in  parameter  estimation.     An  off-diagonal  element  of  i.0

indicates  complete  dependence  or  colinearity.     In  this  case,   one  of

the  parameters  must  be  eliminated  from  consideration.     From  a

practical  standpoint,   it  may  be  that  one  would  need  to  eliminate  one
of  the  parameters  for  each  of f-diagonal  element  which  is  greater  than

about   ,9.

MODEL   RESULTS

The  preceeding  ideas  will  be  illustrated  by  looking  at  results

from  the  t..wo-dimensional  model  defined  earlier.     The   following

physical  parameters  were  used   (slide  *8):     ground-water  pore  velocity
of   .1  in/day,   longitudinal  dispersion  coefficient.  of  i.0  m2/day,

transverse  dispersion  coefficient  of   .1  m2/day,   contamination  source

half-width  of  50  in,   natural  decay  constant  of  0.0  days-i,   retardation

factor  of  1.0,   and  source  decay  constant  of  0.0  days-i.     This  slide

shows  the  concentration  contours  after  4380  days  or  12  years.     The
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next  slide   (slide  19)   shows  a  cross  section  of  the  concentration

contour  plot  at.  y  =  0  in.     The  next   (slide  Ilo)   is  a  cross  section  at  x
=  260  in,   and  appears  to  be  Gaussian  in  shape.     The  next  slide   (slide

Ill)   shows  the  sensitivity  with  respect  to  ground-water  pore  velocity
aL  4380  days.     The  next  two  slides   (slides  12  and  13)   show  cross

sections   aL  y  =  0  in  and  x  =  440  in.      (slide  *14)     The   sensitivity  with

respect  to  longitudinal  dispersion  coef ficient  is  shown  in  this

slide.     IL  has  a  negative  and  positive  peak.     (slides  15,   16,   and

17)     Cross   sections   at  y  =  0  in,   x  =  340   in,   and   x  =  540  in  are   shown  in

the  next  three  slides.     (slide  *18)    The  sensitivity  with  respect  to

transverse  dispersion  coefficient  is  shown  in  this  slide.     Cross

sections   at  y  =  0  in  and  x  =  200  in  are   shown  in  the   next  two  slides

(slides  19  and  20).     Finally,   the  sensitivity  with  respect  to  source
half-width  is  shown  in  this  slide   (slide  21).     Cross  sections  at  y  =

50  in  and  x  =  300  in  are   shown  in  the  next  two  slides   (slides  22  and

23).

We  have  not  shown  plots  for  the  sensitivity  with  respect  to  the

retardation  factor,   natural  decay,   and  source  decay.     The  sensitivity

correlation  matrix  shows  there  is  a  high  correlation  between  the

sensitivity  with  respect  velocity  and  retardation.    This  should

probably  be  expected  for  R  =  1.0.     Therefore,   we  cannot  estimate  both

velocity  and  retardation  when  R  is  close  t.o  one.     Since  the  natural

decay  and  source  decay  constants  are  zero,   the  corresponding

sensitivities  are  also  zero.    Therefore,   the  rest.  of  this  paper  will

only  deal  with  estimating  four  parameters  and  designing  a  network  to

measure  them:     ground-water  velocity,   longitudinal  and  transverse

dispersion  coefficients,   and  the  source  half-width.
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Al  this  point  a  comment  is  probably  in  order  about  the  relative

sensitivities  of  these  four  parameters.     At  4380  days,   the  maximum

sensitivity  to  source  width  is  a  little  more  than  twice  the  maximum

sensitivity  to  ground-water  velocity.     On  the  other  hand,   the  maximum

velocity  sensitivity  is  a  little  more  than  an  order  of  magnitude

larger  than  the  maximum  sensitivi€ies  for  the  dispersion  coefficients.

NETWORK   DESIGN

It  has  been  seen  in  the  previous  slides  that  the  sensitivity

coefficients  for  various  parameters  differ  dramatically  over  space.

They  also  evolve  differently  in  time.     Suppose  we  wish  to  design  a

network  Lo  measure  the  ground-water  pore  velocity  accurately.     The

next  slide   (slide  124)   shows   the   contour  of  90%  of  the  maximum  value

of  the  sensitivity  with  respect  to  velocity  through  time.     If  we

locate  observation  wells  within  these  contours  at  the  specified  times,

we  would  expect  to  do  a  good   job  estimating  the  velocity.

The  next  slide   (slide  125)   shows  the  estimated  standard  error  for

the  four  parameters  of  interest  through  time.     Wells  have  been  located

on  a  20-in  grid  within  the  90%   contours;   89  measurements  were  used

through  space  and  time.     A  a  of   .025  has  been  assumed.     The  error   for

velocity  starts   out  at  6.3%  at  730  days   and  decreases   Lo   .95%  at  4380

days.     However,   the  error  for  the  transverse  dispersion  coefficient

does  not  drop  below  about  33%.     The  error  for  source  width  and

longitudinal  dispersion  coefficient  is  in  the  5-8%  range.     By

designing  for  a  single  parameter,   we  have  a  good  estimate  for

velocity,   acceptable  accuracy  for  source  width  and  longitudinal

dispersion  coefficient;  but  probably  unacceptable  accuracy  for  the

transverse  dispersion  coefficient.
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The  next  slide   (slide  *26)   shows   contours   of  90%  of  the  maximum

value  of  the  sensitivity  with  respect  to  the  longitudinal  dispersion

coefficient.     Locating  wells  on  a  20-in  grid  inside  these  contours

results   in  78  measurements  through  space  and  time.     If  a  a   .025   for

the  concentration  measurements   is  assumed,   the  next  slide   (slide  #27)

shows  the  estimated  standard  error  for  the  parameters.     The  error  for

the  transverse  dispersion  coefficient  is  too  large  to  show  on  this

graph.     It  was   118%   even  a€  4380   days.     A€  4380  days   the   error   in

veolcity  is  about  3%,   the  error  in  longitudinal  dispersion  coefficient

is  about  8%,   and  the  error  in  source  width  is  about  16%.

The  preceeding  two  examples   show  that  design  on  a  single

parameter  will  give  acceptable  results  for  that  parameter  but  perhaps
unacceptable  results   for  others.     Ideally,   we  would  like  Lo  design  a

network  to  measure  all  parameters  of  interest  simultaneously.     The

next  series  of  slides   (slides  28-34)   show  wells   located  on  a  20-in  grid

at  points  which  have  at  least  99%  of  the  maximum  sensitivity  for  any

parameter.     This   series  of  slides  show  how  the  monitoring  network

evolves   in  space  and  time.     Some  wells  will  become  insensitive  and  may

be  dropped  while  new  sensitive  wells  will  need  to  be  added.     This

design  result.ed  in  lil  measurements  through  space  and  time.

Assuming  a  a  of   .025   for  the  concentration  measurements,   the  next

slide   (slide  *35)   shows  the  estimated  standard  error  for  the

parameters.     All  parameters  have  been  estimated  to  within  about  4%  at
4380  days.     The  dispersion  coefficients  are  in  the  3.5-4%  range  and

source  width  and  velocity  are   in  the   .i-.5%  range.     This   example  shows

how  sensitivity  analysis  can  be  used  for  simultaneous  design  of  a

monitoring  network  for  several  parameters.
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cONCLUSI0NS

This  slide   (slide  136)   shows  the  basic  ideas  presented  in  this

paper  in  using  sensiLivit.y  analysis  Lo  design  an  ef fective  Ironitoring-
well  system.     Adopt  a  model  of  the  dispersion  process.     Calculate  and

plot  the  sensitivity  coefficients.     Look  for  dependencies  in

parameters  and  sensitivity  coefficients.     Determine  the  number  of

parameters  that  can  be  estimated  reliably.     Design  a  moni€oring-well
system  lo  sample  at  time  and  space  locacions  that  have  the  maximum

sensitivity  to  the  parameters  of  interest.     Let  the  monitoring  system

evolve  in  time,   dropping  and  adding  wells  as  needed.     Estimate

parameters  and  standard  errors  as  the  system  evolves.     Make  future

predictions.     Of  course,   initial  estimates  of  the  parameters  must  be
assumed  €o  get  started;  but  the  system  can  be  self-correcting  as  it

proceeds.     As  the  parameter  estimates  improve,   t.he  fut.ure  design  of

the  moniLoring  system  and  concentration  predict.ion  also  improve.
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