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APPROXIMATE   MODEL   OF   SALT-WATER   UPCONING   IN   AQUIFERS

INTRODUCTION

The  motion  of  the  salc-water/fresh-water  transition  zone  due  t.o

pumpage  in  coastal  and  inland  aquif ers  is  of  importance  for  water

resources  development.    Unstable  salt-water  upwelling  (intrusion  of  salt

water  into  wells)  has  caused  contamination  of  many  wells.

Perhaps  the  rrost  general  description  of  this  problem  is  given  by  a

variable-density  hydrodynamic  dispersion  model   (Bear,1979) ;  however,

the  dif f icul€ies  associated  with  the  numerical  solution  (mainly  due  to

the  numerical  dispersion)  make  this  approach  impractical  in  many  cases.

One  way  to  avoid  these  problems  is  to  utilize  the  sharp  interf ace

approximation.    This  approximation  has  been  used  quite  extensively  by

two  types  of  models:     1)   a  three-dimensional  flow  model   (Liu  ec  al.,

1981;   Kemblowski,1984,   and   1985a),   and  2)   a  horizontal   flow  model  which

uses  the  Dupuib-Forchheimer  approximation   (Shamir  and  Dagan,   1971 ;

Mercer   et   al.,1980;   MCElwee,1985;   Kemblowski,1985b).     Kemblowski

( 1985b)   analyzes  the  impact  of  this  approximation  and  concludes  that,  as

long  as  the  size  of  the  sinks  or  sources  (drains,  rivers,  etc)  is  of  the

same  order  as  that  of  the  fresh-water  zone,  this  approximation  is  quite

acceptable .

However,   in  some  cases  the  sharp  interface  approach  cannot  be

used.    Due  to  transient  boundary  conditions   (pumpage,   river  stage

fluctuations) ,  a  transition  zone  between  the  fresh-water  and  salt-water

zones  may  develop.    A  simplified  description  of  the  transition  zone  that

uses  the  concept  of  the  boundary  layer  was  presented  by  Ribin  and  Pinder



(1977)   and  Rubin   (1983).     In  this  paper,   we  use  this  concepc  to  develop

a  solution  for  salt-water  upconing  and  to  analyze  the  mechanism  of  the

development  of  the  €ransicion  zone.

DEVELOPMENT   OF   TIIE   MODEL

The  development  of  this  solution  assumes  several  approximations;

therefore,  it  is  important  to  emphasize  that  all  of  them  have  to  be

verified  if  a  practical  problem  is  to  be  solved.    It  is  assumed  that  the

Dupuit-Forchheimer  approximation  is  valid  in  the  fresh-water  and  salt-

water  zones,  thus  the  Darcian  velocities  in  both  zones  are  horizontal.

The  velocity  distribution  function  (shape  function)  and  the

concentration  distribucion  function  within  the  transition  zone  are  also

assumed  to  be  known  and  are  similar  to  finite  element  basis  functions.

The  velocity  distribution  is  given  by

vT(T`)    =   u.F(T`)    +   v.G(n)

where  U  and V  are  fresh-water  and  salt-water  Darcian  velocit.ies,

VT(T`)   is  the  groundwater  velocity  in  the  transition  zone,   n  is  a

dimensionless  vertical  coordinate  given  by

z-zb

(i)

(2)

Z  is  the  vertical  coordinate,  Zb  is  the  elevation  of  t.he  bottom  of  the

transition  zone,  and  6  is  the  transition-zone  thickness.
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The  concentration  distribution  may  be  described  in  a  similar  manner

C(T\)    =   CFK(r\)    +   CslJ(T`) (3)

by

CF  is  the  f resh-water  concencra€ion  and  Cs  is  the  salt-water

concentration.    Assuming  that  the  fresh-water  concentration  is  equal  to

zero,   equation  3  may  be  simplif led  to

C(n)    =   CsL(r\) (4)

In  the  following  developmenc,  we  assume  that  the  aquifer  is

unconfined.     The  analysis  may  be  easily  modif led  for  conf ined

conditions.    Equation  4  may  be  used  to  derive  a  relationship  between  the

fresh-water  and  salt-water  potentials   (¢f  and  ®S),  which  are  defined  by

if£  -- z + p , y i

ifs   =  z  +  T£/Y a

(5)

(6)

and

where  p  is  the  pressure  and  Tf  and  Ts  are  f resh-water  and  salt-water

specific  weights.

Assuming  that  the  flow  in  the  transition  zone  is  horizontal,  we

obtain  the  f ollowing  relationship  for  the  pressure  dif f erence  between

the  top  and  the  bott.om  of  the  transition  zone:
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Ap  -  pt  -  pb  =  - (7)

Zt  is  the  elevation  of  the  top  of  the  transition  zone.    Using  the

following  relation  bet.ween  the  specif ic  weighc  and  the  concent.ration

(the  equacion  of  state)

Y   =   Yf(1    +   olc),

we  may  evaluate  the  pressure  difference  as  follows:

(8)

1

Ap=-I:Yf(1+ac)dz=-Yf(Hacs6"(n)d"
0

=   -Yf(6   +   a6Csi)                      (9)

1

where   i   =  J-L(T\)dn.
0

This  pressure  dif f erence  lgiay  be  also  estimated  from  equations  5  and

Ap  =  Tf ¢f   -Ys¢S   -Yfzt  +  Yszb (10)

6.

Combining  equations  8,   9,   and  10   leads  to

Yf(1+acs)®S-Yf®f   +  Yfzt-Yf(1+acs)Zb  =   Yf{6+a6CsL)          (lla)

( 1+acs) ¢S-dyf-acszb=   a6Cs=

4

( llb)

Or



Using  equation  llb,  the  salt-water  potential  may  be  expressed  as

follows :

sl==-
1+a (¢f+  azb+  ai6) (12)

where  a  =  ac     .
S

FLOW   CONTINUITY   FOR   FRESH-WATER   END   TRANSITION   ZONES

We  are  considering  unconf ined  groundwater  f low  in  the  fresh-water

and  transition  zones.    The  continuity  equation  for  both  zones  as  a  unit

may  be  written  as  follows:

(13)

q    =  horizontal  flow  rate  in  the  fresh-water  and

transition  zones  per  unit  width

where i

n    =  effective  porosity  (dimensionless)

®f  =  fresh-water  potential   (groundwater  level  for

unconfined  conditions)   (L)

N    =  recharge   (positive)   or  discharge   (negacive)   (:)

Vector  q  may  be  expressed  by

q=u(®f_Zc)+i:VTdz

After  substituting  equation  1  int.o  equation  14,  we  obcain
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11

q  =   u(¢f-zt)   +   6u/F(n)dn  +   6vJ.G(n)dn.
00

When  we  clef ine  F  and  G  as

11

i   =   /   F(n)dn   and  6   =   /  G(T\)dT`,
00

equation  13  may  be  written  as  follows:

v[(®f_zt+  6E)u  +  6av]  =  n(¥ -*)  +  N

TJ --  -k fp ifE

V  =  -k sV Ofs .

where i

(15)

(16)

(17)

(18)

(19)

kf  and  ks  are  hydraulic  conduc€ivities  in  the  f resh-  and  salt-wafer

zones ,  respectively.

Substituting  equations   12,   18,   and  19  into  equation  17,  we  obtain

V[kf (¢f-zt+   6E)v¢f+
k66

S
1+a (V¢f+   avzb+   a=V6)I

= n,ii -ii, - N.

Ai   =  kf (¢f-Zt+65)   +

6

k66
S

1+a

(20)

(21)

Defining



81-
k6aa

S
1+a

C1   -B,L

(22a)

(22b)

and

equation  20  may  be  written  as  follows:

V(A,V®f+B.Vzbtv6)  =n(ig=--ii)  -N.              (23)

MASS   TRANSPORT   IN   THE   TRANSITION   ZONE

The  solute  transport  in  the  transition  zone  is  assumed  to  be  of  the

advection  type,  wich  the  exception  of  dispersive  salcwater  flux  at  the

bottom  of  the  transition  zone.    Under  such  assumptions  the  horizontal

mass  transport  equation  may  be  written  as  follows:

VQ
@M_EE _  nDTTfrlz:  p

where

Q    =  solute  mass  flux  in  the  transition  zone,

M    =  mass  of  the  solute  in  the  transition  zone,

DT  =  transverse  dispersion  coef f icient  out  the  bottom

of  the  transition  zone  and

P    =  a  source  or  sink  in  the  transition  zone.

The  transverse  dispersion  coef f icient  is  further  clef ined  as

DT  - ¥  ,   U   ,   +  Df

7
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CtT  is  the  t.ransverse  dispersivity  and  Df  is  the  molecular  dif fusion

constant.

The  solute  mass  flux  in  equation  24  may  be  calculated  as  follows:

1

Q=!:vTcdz=cs6[u/FmLmd"
0

1

v/G(n)L(n)dTi]    .
0

11

E=  =   /F(T`)L(ri)dT`,    and  a  =   J.G(T`)L(n)dT`,
00

Q  =  Cs(6uE=  +  6vE)

Denoting

we  obt.ain

The  second  term  in  equation  24  may  be  expressed  as  follows:

# = k t;tncaz,  = * t6nc
1

/L ( rl ) dn )
0

- ncsi ¥

(26)

(27)

(28)

(29)

The  dispersive  f low  through  the  bottom  of  the  transition  zone  may

be  written  as

nDTflzb=nDT[##]n=o=¥g#`

8
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Denoting

we  obtain

L`(o,  = #,n-o,

nDTflzb=nDTCsL'(0)/6.

(31)

(32)

In  equation  24  P  represents  the  solute  mass  flux  due  to  a  source  or

sink  that  is  operative  in  the  transition  zone.    Suppose  Qp  is  the

strength  of  the  source  or  sink  that  is  evenly  dist.ributed  vertically

through  the  fresh  and  transition  zones  considered  as  a  single  unit.    We

will  only  consider  a  sink  for  P.    In  that  case,  the  water  pumped  will

have  the  appropriate  concentration  for  the  transition  zone.    The  tocal

solute  mass  flux  is  obtained  by  integrating  over  the  transition  zone.

Z€

p = i /  cdz -
®£-zb,   zb

P=

rfu ; LtT`idn
(¢f-zb,   ofi.
¢f-zb,

(33)

Substituting  equations  28,   29,   32,   33,   18,   19,   and  12  into  equation

24  we  obtain

kGLa
V[6(kfil + =)V¢f  +  6 + Vzb+  6

k   GLaL
S

1+a
V6j

=  r= # +  nDTL'(0)/6  -

9
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Equation  34  can  be  simplif led  by  defining

A2  =  6(kfEI + g)

kGLa
82 =  6(iT)

C2   =  82L

The  resulting  f orm  for  equation  34  is

V(A2V¢f+   82Vzb+   C2V6)   =   nI €S  +  DTL'(0)/6

_EH
¢f-zb,

which  is  very  similar  to  equat.ion  23.

FLOW   CONTINUITY   IN   "E   SALT-WATER   ZONE

Salt-water  flow  continuity  may  be  written  as  follows:

v,qs,  = -n + + Qs

qs  =   (Zb  -   ZB)   V

10

where

(35)

(36)

(37)

(38)

(39)

(40)



ZB  =  the  elevation  of  the  bottom  of  the  aquifer.

Qs  =  areal  "recharge"  of  salt  water  in  the  salt-water

zone   (from  underlying  formations) ,   may  be  expressed

as  a  function  of  the  salt-water  potential  (leaky

aquifer  conditions) .

Subscit.u€ing  equations   12,   19,   and  40  intc>  equation  39,   we  obtain

V(ks(Zb-ZB)/(1+a)    (V¢f   +   avzb  +   a=V6)

@zb= n - - Qs

ks(Zb-   ZB)
A3=

1+a

83  =  A3a

C3   =  83=

Introducing  the  coef f icients

allows  equation  41  to  be  written  as

V(A3V¢f  +  83Vzb  +  C3V„   =  n  ¥  -Qs.

(41)

(42)

(43)

(44)

(45)

Equations  23,   38,   and  45  complete  the  mathematical  description  of  the

approximate  model  of  salt-wat.er  upcoming.
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SHAPE   FUNCTIONS   OF   VELOCITY   AND   CONCENTRATION

The  velocity  distribution  within  the  transition  zone  is

approximated  by  equation  1.     The  boundary  conditions,  which  shape

functions  F(T`)   and    G(n)   are  Co  satisfy,   are

F(0)   -0

=(o,  =  o

G(O)     =    1

#(o,  -o

F(1)    =   1

=,1,  =  o

G(1)    =    0

=,,,  =  o.

(46)

(47)

(48)

(49)

The  conditions  given  by  equations  47  and  49  are  not  necessary;  however,

they  assure  the  smoothness  of  the  velocity  distribution.

The  lowest  order  polynomials  that  satisfy  equations  46  through  49

are  given  by

F(n)   =   -2n3   +   3n2

G(n)    =   2n3   _3n2   +   1    .

The  values  of  the  in€egrals  in  equacion  16  may  now  be  calculaced:

1

I  =  /(-2n3  +   3n2)   =   1/2
0

a  =  J(2n3   -3n2   +   1)   dn  =   1/2
0

12
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The  shape  funccion  of  the  concentration  discribuLion   (L(r`)   in

equation  4)   has  the  following  boundary  condicions:

L(0)    =    1

=(,,  =  o  .

L(1)    =   0 (54)

(55)

The  lowest  order  polynomial  that  satisf ies  this  equation  is  given  by

I(n)   =   n2   -2n  +   1 (56)

The  derivative  of  this  function  at  the  bottom  of  the  transition  zone

(which  is  related  to  the  concentration  gradient  and  €heref ore  to  the

dispersion  through  the  bottcm  of  the  transition  zone,   given  by  equation

32)   can  now  be  evaluated.

L,,0,  = ¥,n=o=  -2 (57)

The  values  of  the  integrals  in  equations  9  and  27  may  now  be  calculaced

I  =  ;   (n2   -2n  +   1)   dn  =   1/3
0

1

EI  =  /  F(ri)L(n)   dn  =   1/15
0

1

a  =  /  L(n)G(T\)   dr`  =   4/15
0

13
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NUMERICAL   SOI-UTI0N

Equations  23,   38,   and  45  form  a  set  of  three  simulcaneous  equations

which  must  be  solved  for  ¢f ,   Zb,  and  6.     For  a  complete  solution

appropriate  boundary  conditions  and  initial  conditions  musc  also  be

given.    The  left-hand  side  of  all  three  equations  consist  of  terms  of

the  following  form:

i (w #) (61)

In  order  to  implement  a  numerical  solution,  a  grid  system  with  grid

spacing  AX  is  introduced  in  the  X  direction.     Since  the  t.hree  equacions

are  vertically  averaged  and  since  we  are  only  considering  a  cross-

sect.ional  model,  no  spatial  derivatives  other  than  X  appear  in  V.

A  centered  finite  difference  approximation  €o  equation  61,   located

at iede  i,  is  given  by

[*  (W  g) ]±  =   [Wi+ 1/2 Ui+1-   (Wi+ 1/2+  Wi_  1/2)U|

+Wi_1/2U±_,I/Ax2 (62)

The  half -integer  values  of  W  are  usually  evaluated  at  node  points  by  the

approximation

Wi+  1/2 =  i  (Wi+1+  Wi)

14
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Using  this  approximation,   equation  62  becomes

[k(W  #)].   =   [(WL+,+  WL)u±+,-(w±+,+   2w±   +  w±_,)u±i

+   (Wi+   W±_,)U±.i]/2Ax2 (64)

In  equation  64,   as  applied  to  equations  23,   38,   and  45,   W  may  be  All   A2t

A3J   BiJ   82/   83t   Cii   C2i   or   C3   and  U  may   be   dyf ,   Zb,   or   6.

In  addition  to  spatial  derivatives,  the  right-hand  sides  of

equations  23,   38,   and  45  involve  various  time  derivacives.     These  time

deriva€ives  may  be  approximated  several  ways.     We  consider  only  two

ways.    Let  time  be  discretized  into  invervals  At  and  let  n,  when  used  as

a  superscript,  denote  the  nth  time  step.    If  n  is  the  current  time  step

for  which  values  are  known   (either  from  the  initial  conditions  or  a

previous  time  step  solution)   then  n+1  represents  the  unknown  values  at  a

new  time  step  which  are  €o  be  solved  for.     The  time  deriva€ive  Dray  be

evaluated  as

-=-I.  =i

lg]n+1=
1

uP+1_  up11
At

uP+1_  u?
11

At

(65)

(66)

Or

Equation  65  implies  the  whole  equation  is  evaluated  at  time  n,  and  the

end  result  is  an  explicit  procedure  with  its  attendant  restriction  on
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time  step  magnitude.    Equation  66  indicates  the  equation  is  evaluated  at

time  n+1   and  gives  an  implicit  procedure.     In  equations  65  and  66,   U  may

be  ¢f ,   Zb  or  6.

Using  an  implicit  procedure   (equation  66)   on  equation  23  gives

All+,+A,i

2Ax2

+(k-

+(

)n+`¢:::,-(

+(
A,i+A,i-,

2Ax2

All+1+2Aii+All-1

Bii+1+2Bii+Bii-1

2Ax2

C1i+,+C,i

2Ax2

n+1

)     6:::  -  (

+(
C,i+C,i-,

2Ax2

+k,n+1¢:n+1

a,i+,+a,i

B,i+B,i-,

2Ax2

Cii+1+2Cii+Cii_1

n+1

z::Jl

n+1

z::i,

2Ax2
6r+1I

n+1

)       6:I:  =E€(z:i_  ¢:n)  _N:+1. (67)

In  equation  67  the  new  time  level  values  of  the  dependent  variables  have

been  collected  on  the  left,  while  the  known  previous  time  level  values

and  the  recharge   (which  should  be  known)   have  been  kept  on  the  righc-

hand  side.     If  we  consider  A,   8,   and  C  known,   then  equacion  67  has  nine

unknowns  and  can  be  written  for  each  active  node.     For  convenience,

equation  67  can  be  written  in  more  compact.  form.

[ai`)¢:_,+  ai2)zb±_.+  ai3)6±_,+  bi.)¢f+  bi2)ZbL

+  bi3)6±+  ci.)¢:+,   +  ci2)zb±+,+  ci3)6±+t    ]n+'=   di').           (68)

The  new  coefficients  in  equation  68   (a,  b,   a)   can  be  easily  idencified
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by  cromparison  with  equation  67  and  then  ref erring  to  the  clef ini€ion  of

All   Bi.   and  Ci   (equations  21   and  22)   and  using  the  values  of  i  and  a

given  by  equations  52  and  53.

ail)   =   {kf[(¢:+   ¢:_,)   -(ZbL+  Zbi_1)   -(6i+   6i_1)/2j

2 ( 1 +a ) (6±+   6±_,)}/2Ax2             (69)

ai2)
ka

S

4Ax2(1+a)    `-i

ai3)  -ai2)/3

(6i+   6i_,J

ci`'  -ail!

ci2'  -ai::

ci3)   -ci2)/3

bi.)   =  -H  _  ait)_  Gil)n

bi2)        n= ri -ai2)  -ci2)

bi3)   =  _ai3)   _  ci3)

ai,,  -= (zbi-¢:,n

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

(78)

The  same  implicit  procedure  used  to  obtain  equations  67  through  78
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can  be  applied  to  the  remaining  two  equations,   38  and  45.    This  results

in  two  more  equations  with  nine  unknowns  similar  to  equation  68.

[ai4)¢±_.+  ai5)zb±_,+  ai6)6±.,+  bi4)¢=+  bi5)zb±+  bi6)6±

+  ci4)¢:+,+  ci5)zb±+.+  ci6)6±+,]n+'=  di2)

ai7)¢:_,+  ai8)zb±_,+  ai9)6±_,+  bi7)¢:+  bi8)Zb±+  bi9)6L

+   ci7)¢±+,+  ci8)zb±+1+  ci9)6±+.]n+'=   di3).

(79)

(80)

The  coef f icients  appearing  in  equations  79  and  80  are  obtained  in  a

manner  similar  to  that  used  for  equations  69  through  78.

4k
ai4)   =   [kf+  i=]   (6±+  6L.1)/30AX2

a!5)1

2ka
S

15Ax2(1+a)    `   i
(6i+   6i_,)

a`:'   =  ai5)/3

ci4'  -ai:i

ci5'  -ai:i

ci6)   -ci5)/3

b!4)   =   _a!4)    _c!4)lil

18
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(82)

(83)

(84)

(85)

(86)
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6L

( 001 )

(66)

(86)

(46)

(96)

(s6)

(,6)

(C6)

(z6)

(L6)

(06)

(68)

(88)

I::5  -i:z 3¥ -  =  ,c?p

„(4?q  ,e,  =  ,6fq

|V
i  -   (4Tq  ,p,  =  ,8fq

t4f°-t4+  =  t4fq

„(8?O  -   (6fo

::Te  -   ,8To

:ZTe  =   ,4fo

€/(8TE  =   ,6Te

(4Je   (e,   =   ,8fe

(I-Taz  _Taz  .I-Tqz  +Tqz)

('::z  -,+u:a,c        ,+:9

(e+L)ZXVZI
(4;e

-:9 ¥ -=(zfp

€/(3:  -   (gTq,  =   ,9Tq
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Equations  68,   79,   and  80  form  a  tri-€ridiagonal  system  of

equaitions.     Von  Rosenberg   (1969)   has   shown  how  to  solve  this   set  of

simultaneous  equations  directly.    He  gives  an  efficient  algorithm  which

takes  advantage  of  the  sparseness  of  the  coefficient  matrix.     If  we  have

N  active  nodes,   it  is  seen  that  equations  68,   79,   and  80  form  a  3N  x  3N

set  of  matrix  equations  to  be  solved  for  the  3N  unknowns.     ®f ,   Zb

and  6  must  be  found  for  each  of  the  N  active  nodes.     However,   it  is

clear  from  equations  68,   79,   and  80  that  only  a  maximum  of  9  unknowns

appear  in  each  equat.ion.     Therefore,   in  the  3N  x  3N  matrix,   only  a

central  band  of  9  diagonals  is  nonzero.     In  fact,  the  t.hree  equations

(68,   79,   and  80)   only  have  6  unknowns  for  t.he  first  and  last  active

nodes.     This  is  so  because  some  type  of  boundary  condition  must  be

applied  at  the  ends  of  the  model  and  this  eliminates  3  of  the

unknowns.     We  have  written  a  program  to  implement  von  Rosenberg's  tri-

tridiagonal  solution  on  equations  68,   79,   and  80.

Unfortunately,   a  single  solution  of  equations  68,   79,  and  80  for  a

given  time  step  does  not  give  the  correct  answer,   since  the  coefficients

defined  by  equations  69-78  and  81-100  are  themselves  functions  of   q)f t

Zb,   and  6  at  the  new  time  level  n+1.     In  other  words,   we  have  a

nonlinear  set  of  equations  in  68,  79,  and  80.    Therefore,  an  iterat.ive

scheme  must  be  used  at  each  time  step  until  suf f icient  accuracy  has  been

obtained.    At  the  beginning  of  each  time  step  the  preceeding  time  step

values  of  ®f ,  Zb,   and  6  are  used  to  evaluate  the  coefficients  and  start

a  new  itera€ion.     Iteration  ceases  when  there  is  little  change  becween

iterations  in  ®f ,  Zb,   and  6.     This  convergence  Grit.eria  is  specified  by

the  user.
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Alternatively,  an  explicit  procedure  for  solving  equations  23,  38,

and  45  can  be  derived  by  using  equation  65  for  the  time  derivatives.     If

this  is  done,  the  evaluation  of  each  equation  is  at  time  n.    The  only

place  where  the  new  time  level  values  for  ®f ,  Zb,   and  6  appear  is  in  the

time  derivative.     Therefore,  we  have  only  one  unknotm  in  each  equacion.

In  this  case,  the  equations  decouple  and  they  can  be  solved  sequentially

for  6,  Zb,  and  ¢f  with  simple  algebra,  no  simultaneous  equation  solution

or  matrix  solution  is  required.    However,  as  mentioned  earlier,  the  time

step  must  be  kept  quite  small  with  this  technique  to  prevent  stability

problems .

The  explicit  technique  can  be  implemented  easily  using  the  a,  b,

and  a  coefficients  defined  by  equations  69-78  and  81-100  with  only  minor

changes.     First,   the  n/At  part  in  equations  75,  76,  89,   and  98  must  be

dropped.     Second,  the  time  evaluations  in  equations  90  and  loo  must  all

be  at  the  old  time  level  n.    With  these  changes,  we  can  define  a  new  set

of  coefficients   (ac,  bc,  ce,  and  de)   for  t.he  explicit  procedure.

ae`:'   =  a`:'

ce`:'  =  c`:'

be`T'   =  -a`T'   -c`T'lil

in  -1,2,3        9

in-1,2,3         9

in  -1,2,3         9

de`i)   =  d`i)

de(:)=-3k6:-¥-3(:i:::i)n
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de`:'  =  -# z:i-  Q:i

The  explicit  equations  can  then  be  written  in  the  following  form:

¢fn+L=  z:±L+  :  [ae(:)¢:_I+  ae(:)Zb±_1+  ae(:)6i_1+  be(:)a:

+  be(2)Zb±+  be(2)6i+   Ce(i)®:+1+  Ce(i)Zbi+1

+  Ce(:)6L+L]n-: de(:)

6:+1  =  j:  [ae(i)¢:_1+  ae(:)Zb±_1+  ae(:)   6±_1+  be(i)¢:+  be(:)Zbi

(106)

(107)

+  be(i)6±+  Ce(:)¢:+1+  ce(:)Zb±+1+  ce(:)6±+Ljn-2£i  de(:)        (108)

Z::L=  :  [ae(i)¢:_I+  aei8)Zb±_I+  ae(:)6±_I+  be(:)¢:+  be(:)ZbL

+  be(:)61+  ce(:)¢:+1+  ce(:)Zb±+1+  ce(:)6±+L]n-#  de(2)        (109)

It  is  clear  that  equations  108  and  109  may  be  solved  in  any  order  since

they  only  depend  on  old   time  level  values.     However,   equation  107   can

only  be  Solved  af ter  equation  109  has  been  solved  since  Zn:i    is  needed

on  the  right-hand  side  of  107.

RESULTS   AND   CONCLUSIONS

We  have  written  implicit  and  explicit  computer  programs  to

implement  the  equations  given  in  the  previous  section.     In  order  to

check  the  validity  of  the  computer  programs,   several  tests  were  run.     In
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particular,   analytical  results  can  be  obtained  for  simple  cases.    The

simplest  test  was  to  see  lf  initial  horizontal  surfaces

for   ®f ,   Zb  and 6  were  maintained  with  no  imposed  stresses.     Then  the

effects  of  constant  areal  recharge  of  freshwater,   constant  areal

recharge  of  saltwater,   and  constant  areal  hydrodynamic  dispersion  were

tested  independently.     The  program  results  checked  with  known  analytical

behavior.

The  area  of  interest  in  this  study  is  the  alluvial  river  valley  of

the   Smoky  Hill  River  between  Salina  and  Solomon.     MCElwee   (1985)   has

worked  with  this  area  using  the  sharp  interface  approximation.     In

applying  the  transition  zone  model  currently  under  investigation,  we

will  use   the  same  physical  parameters  he  used.     These  are  only  gross

averages  for  the  area  and  cannot  be  considered  site  specific.

kf  =  300  f t/day

n     =   .15

N     =   .00197   ft/day

a=.2

Yf   =   1.0

Ys   =   1.2

Qs   =   .0000974   ft/day

Ax  =   231   f t

The  model  was   set  up  with  79  active  nodes.     The  river   is  at  node  40  with

a  base  flow  from  the  groundwater   system  of  Qp  =   .154  ft/day.     Barrier

boundaries   (zero  slope)  are  assumed  for  all  three  quantities

¢f ,   Zb,   and  6  at  nodes  0  and  80.     The  maximum  saturated  thickness   in

this  area  is  about  40  feet.     Using   this  data  MCElwee   (1985)   found  that

unstable  upconing  was  occurring  under  the  river.     The  profile  generated
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by  this   sharp  interface  approximation  ls  shown  in  Figure  I.     The

interf ace  was  assumed  to  intercept  the  bottom  of   the  river  when  it  was

10  feet  below  the  water  table  at  node  40.

As   further  checks  on  the  validity  of  the  new  computer  programs,   a

few  other  tests  were  run.     The  transition  zone  and  saltwater  zone  can  be

disabled  in  the  code  so  only  the  freshwater  zone  i§  modeled.     We  ran  a

few  situations  to  verify  that  the  freshwater  zone  was  being  modeled

correctly.     By  setting  6  =  0,   we  have  the  sharp  interface

approxlmatlon.    We  attempted  to  reproduce  the  sharp  interface  result

shown  in  Figure  1.     The  interface  produced  by  the  current  programs  was  a

little  wider  near  the  river  than  Figure  1,   but  was  of  acceptable

accuracy.    Lastly,   the  implicit  and  explicit  programs  were  written

separately  using  different  numerical  techniques.    Therefore,   a  good

conparlson  of  results  between  the  two  would  indicate  both  are  working

correctly.    This  was  the  case  for  several  test  runs.    These  transition

zone  programs  are  still  1n  the  development  stage  and  need  further

testing  along  with  the  addition  of  more  useful  features.

One  of   the  objectives  of  this  study  was  to  see  if  the  transition

zone  model  developed  here  would  signif icantly  af feet  the  previous  sharp

interface  results.    The  new  parameter  to  be  introduced  is  the

dlsperslvity  otT.       This  will  control  the  amount  of  hydrodynanic

dispersion  that  is  occurring.    We  have  run  the  transition  zone  model  for

a  range  of  aT  letting  lt  approach  a  steady  state  profile  in  each  case.

The  profiles  for  two  values  of  o[  are  shown  in  Figures  2  and  3.     It  is

seen  that  ln  both  cases  we  still  have  unstable  upconing  under  the

river.    Additional  runs  indicate  that  for  all  reasonable  values  of  olT  we

still  get  unstable  upconing.    This  was  a  little  surprising.    We  had
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originally  supposed  that  for  large  enough  o[  a  stable  upcoming  situation

would  occur.    It  appears  that  the  saturated  thickness  in  this  area  is

just  too  thin  for  that  to  happen.

The  conclusion  seems   to  be  that  although  dispersion  has  an  ef f ect

on  the  groundwater  concentration  prof ile,   it  is  not  the  major  nechanlsn

feeding  saltwater  to  the  river.     The  convective  effect  causes   the

unstable  upcoming  and  f eeds   the  major  part  of  the  saltwater  to  the

river.    Field  data  collected  for  this  project  suggest  that  the

concentrations  fall  off  away  f ron  the  river  faster  than  shown  in  Figure

3.     Therefore,   one  might  expect  an  upper  limit  on  a+  in  this  area  to  be

about  1.0.    If  one  is  primarily  intersted  in  the  concentration  profile

ln  the  groundwater  system,   1t  is  clear  that  the  transition  zone  must  be

considered  either  by  the  present  approxlnate  model  or  a  more  rigorous

model.    However,   it  appears   that   the  unstable  upconing  is  a  strong

enough  ef f ect  that  the  discharge  of  saltwater  to  the  river  can  be

understood  mainly  in  terms  of  the  sharp  interface  approximation

(MCElwee,1985).
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Figure  1.     Sharp  interface  approximation  profile.
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Figure  2.     Salt  concentration  profile  for  aT  =  .075
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Figrure  3.     Salt  concentration  profile  for  aT  =  1.5
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