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INTRODUCTION

The subject of nonlinear estimation, which has been of interest for
the last three decades in physics and electrical engineering, is gaining
renewed interest in the field of earth sciences.

This interest is perhaps owing to the fact that earth scientists
are becoming fully aware that many physical processes cannot be
represented adequately by traditional linear models (e.g., Mein et al.,
1974; Jackson and Marechal, 1979; Bras and Georgakakos, 1980;
Christakos, 1987).

Given the success in linear real-line problems, certain nonlinear
recursive optimization algorithms wuse the related approaches in
nonlinear systems with behavior close to that of linear ones. Assuming
that the nonlinearities can be expanded in Taylor series, the resulting
extended Kalman equations for the estimate and the error variance may be
obtained (Gelb, 1974; Anderson and Moore, 1979). Work by Athans et al.,
(1968) suggests the expansion of the state nonlinearity about the
optimal estimate, but the residual of the expansion is unspecified.
Then, by establishing a cost criterion one may derive this residual
recursively. Similar analyses have been done by Jaswinski (1966) and
Culver (1969). Due to the Taylor-series expansions, these methods
require that the nonlinear functions of interest are differentiable.
Thus, in order to take into account the effect of saturation, threshold
and other nonlinearities, approximating any discontinuities or corners
in the nonlinear functions may be necessary, and this reduces the
accuracy of the resulting expansions.

Some authors (e.g., Sorenson and Stubberud, 1968; Willman, 1981)

have viewed the problem of nonlinear estimation as one of approximating
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the probability density for the state conditioned on all available
measurement data by Edgeworth or Gram—-Charlier series. This procedure
leads to very complicated equations describing the moments of the
density; also, obtaining analytic criteria for judging the validity of
the approximations is difficult.

Nonlinear recursive optimization based on statistical linearizatiom
(Mahalanabis and Farooq, 1971; Gelb, 1974) does not make any assumption
regarding function differentiability, but in order to calculate the
expansion coefficients, knowledge of the full distribution of the state
at every step is required. Furthermore, a great number of calculatioms
are needed depending upon the specific type of the nonlinearities.
Therefore, one usually keeps only the first few terms in the expansions
and this further questions the accuracy gained.

In this presentation, we develop an estimator which considers
expansions of the state and measurement nonlinearities in terms of
orthogonal polynomials. These expansions experience properties of
significant importance when the states are modeled as factorable random
processes. The latter institutes a class of random processes which we
define so that their two-dimensional distributions are expressed as the
linear combination of the one-dimensional distributions and the
orthogonal polynomials of the states. Factorability is a key hypothesis
for the present study and it proves to be directly related to the
assumption required in order to establish the expansion terms of the
nonlinearities. The results obtained are extended to processes which
are not necessarily factorable but can be derived from the latter by
some kind of transformation. Then the problem is seen to become that of

testing to determine if such a transformation can be established. One
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distinct advantage of the proposed method is that we do not have to
calculate a finite number of expansion terms, since the nonlinear
estimates are expressed exactly via the state and measurement
functions. The gains require no more than polynomial coefficient of
degree one to be calculated exactly by means of a dynamic process
involving estimated statistics. These features of the proposed method
may avoid questionable approximations at this stage of the
optimization. On the other hand, the forms of the filtering and
prediction expressions assumed cover a wide space of possible nonlinear
estimators. Furthermore, because it is a recursive estimator, the
method experiences the powerful properties of this type of estimators,
connected with the importance of dynamic structure in data-processing
methods (Christakos; 1985; 1987). Within this framework, the proposed
method may be viewed as a simple, practical substitute to more
sophisticated approaches to nonlinear estimation, e.g., martingale
theory (Kallianpur, 1980), Lie algebraic and differential geometric
methods (Brockett, 1980), stochastic partial differential equations

(Pardoux, 1979) or Volterra series expansions (Marcus, 1979).

ORTHOGONAL POLYNOMIALS AND FACTORABLE RANDOM PROCESSES

A basic goal in applied estimation is to develop new types of
random processes which conform to the particular estimation models and
procedures. This is usually a matter of devising suitable relationships
between the associated random variables and the probabilistic

hypotheses. Within this context, the notion of using orthogonal
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expansions related to the probability density has always been an
intriguing one (e.g., Stratonovich, 1963; Sorenson and Stubberud, 1968).
Let p,(x), k=1,2,... be a sequence of polynomials of degree k which

are orthogonal with respect to a probability density function g(x), i.e.

~Szego (1959)

[ pp(x) p(x) g(x) dx =6, . (1)
R

where

ékk’gl (k=k”), =0 (k+#k”). Here Po(x) =1, in consequence of the
property of a density (Sg(x)dx = 1). Assuming that f(x) is a square
integrable function with respect to g(x) (f f2(x) g(x) dx <= ), it is

possible to expand f(x) in terms of orthogonal polynomials py(x) as

follows
f(x) = & £ p (%) (2)
where the coefficients f;, are given by

£, = E[£(x) p (x)] = IR £(x) p (x) g(x) dx (3)

for all k. Eqs.(2) and (3) offer the best approximation up to order k of
the function f(x), by a polynomial of degree k in the mean square

sense. This is easily shown, since the minimization of

M= E[EG) - T £ p, (0] = f [0 - I £ (017 gdx (&)
k=0 R k=0
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with respect to the coefficients f,, i.e. aM/afk=0, immediately implies
equ+.(3). The above procedure may be thought of as a statistical
approximation technique and it has the important advantage over the
Taylor—series expansion employed by some nonlinear estimation methods:
it does not require the existence of derivatives for f(x) and,
therefore, numerous nonlinearities can be treated without having to
approximate corners and discontinuities in f(x). Moreover, the
expansion coefficients are calculated more easily than by the usual
series expansions of other statistical linearization methods (Gelb,
1974). Of course, the density function g(x) must be known or
approximated and this is a problem to be considered within the context
of random processes, below. In the following, working with "normalized”
random quantities is convenient. Thus a random variable x may be
replaced by the variable {x-E[x]}//Var[x] ; the latter has zero mean and
a unit variance. We consider random (or stochastic) processes in the
sense of Doob (1953), and we define the particular class of factorable
random processes to be employed in this presentation. (A detailed discussi-
on of this class of random functions is given in the Supplement at the
end of this report.)

DEFINITION 1l: Let xt,tzeif(T is a reference set), be a random process,

which is assumed to have the same one-dimensional (univariate) density
function g(xi)=g for all variables x;, while the two-dimensional
(joint) density g(xi,xj) can be expressed, for any two variables x, xj,

as follows

g(x;»x5) = kiouk(i’j) P (ty) 2 () 8Cxy) 8Cry) (5)

where uk(i,j) are coefficients such as
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coay = 6
Random processes satisfying the above assumptions are of significant
importance for the purposes of our study and will be called factorable
random processes. The corresponding variables Xy, X3 will be called

J

jointly factorable random variables.

DEFINITION 2: Two random processes X.,y, will be called jointly

factorable if for any t T the corresponding variables are jointly

factorable.

Probability models similar to (5) are widely employed in stochastic
mathematics. For example, Pearson (1930) used the so-called tetrachoric
series model; see also Harris and Soms (1980). Other applications are
found in Cramer (1945), Stratonovich (1963), and Matheron (1976). The
class of factorable random processes is quite wide and can take account

of a broad range of applications. We give some examples below.
REMARK 1: In fact, eq.(6) can be proven by setting

Elp, (x;) P (x 1= [Ip () py(xy) 8xssny) dnydx

and then substituting g(xi,xj) form eq.(5)

Elp (x;) P (x)] =xioux(i,j) Jpy () P (xy) &(xy) dxg

fpx(xj) pk(xj) g(xj) dxj

Due to eq.(l) the terms with A#¥k vanish and the integrals are equal to
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one; thus, eq.(6) is obtained.

EXAMPLE 1: An interesting example of factorable processes are the two-
dimensional (but not necessarily completely) Gaussian processes combined
with Hermite polynomials; the link between them is that the latter may

be viewed as the derivatives of the unidimensional Gaussian density. 1In

1 dk

Yk! g(yx) dy

this case, p (x) = = [8(x)] , where g(x) = exp[-x>/2]//2n
and uk(i,j) = E[xixj k, (This result is easily obtained by expressing
the corresponding characteristic function in series—form, and then

taking the inverse Fourier transform term-by-term.)

EXAMPLE 2: Random processes having one—dimensional y (gamma) density
g(y) = xc—lexp(—x)/F(c) ,» I'(c) is the gamma function, and the two-

dimensional one is expressed in terms of

Pk(X) = Xk Léc)(x), where

(c) DS 4k
Lk (x) T M) i [x 8(x)] are the Laguerre polynomials and
dx

w0 (D) = (B D]

are factorable also. In fact they represent a diffusion process (such

processes is known to play a fundamental role in nonlinear estimation
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theory; see, e.g., Zakal, 1969). Depending on the value of c,

the y density can take a variety of shapes: If c<1, the g(.) is
monotonically decreasing, if c=1, the g(.) is exponential, and if c>1,
it is bell-shaped approaching the Gaussian density as c increases.
Various densities of the factorable form (5) may be obtained starting
from orthogonal polynomials such as in eq.(l), under the condition that

the weighting function g(.) can be used as a density function.

REMARK 2: From eq.(5) and the multiplicaton theorem of densities

8(x;-xy) = 8(xy) g(xi/xj)

we find

8(xy/x5) = 8Cxysx4) 8(xy)

«©

where, e(xi, xj) =7 uk(i,j) pk(xi) pk(xj). Clearly, this equation
k=o

may be used in Definition 1 in the place of eq.(5).

PROPOSITION 1: Let x4, Xy be two jointly factorable random variables.

Then we may write

(i.e., pp(xy) and pk,(xj) are uncorrelated for k#k” ) and,
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Elp, (x;)/% ] = u (1,5 p(xy) (8)

Proof: Combining orthogonal polynomials with the factorability
assumption implies that the function g(x) of eq.(l) is the density of

the factorable process defined by eq.(5). Then we find

Elpy (x Py - (x D1 =SS 2 (xp) - () 8(xy5x4) dxydxy

Substituting g(xi,xj) from eq.(5) we obtain

E[Pk(xi)pk,(xj)] = kioux(i,j) Jp () px(xi)

8(x; )Xy Py~ (x 5Py (x )8 (x )dx

It follows from eq.(l) that the terms in the right-hand side vanish
except for A=k=k”, and so eq.(7) is obtained. To prove eq.(8) one may
work along similar lines using the expression for g(xi/xj) given in

Remark 2 above.

REMARK 3: More generally it can be shown (Christakos, 1986; manuscript
submitted to IEEE, Trans. on Aut. Control) that the bivariate density of

any theoretical or observed process subject to the
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2
g (xy>xq)

summability condition [ g(xi) 8(Xj)

dxi de < «, can be described by

eq. (5). This fact largely extends the applicability of the estimator

presented in this paper.

REMARK 4: Since classification of random processes based upon
statistical regularity or memory do not make specific references to the
detailed form of the probability densities, a factorable process may be
coupled with properties from either one or both of these classifications
(e.g., stationary and/or Markovian properties). To illustrate this

assume that the process x_ 1s also Markovian; then

t
Elx /X, 1 = Elx /x_,]

where, X = {xs:o<s<t—1}. By applying the definition of factorability

t-1

we can express the conditional mean as

x, L ou(t,e-1) p (x) p(x 1) 8(x)) g(x, _,) dx,

_ k

E[xt/xt--ll =J g(xt_l)
= {i u (t,t-1) [x p, (x )g(x)dx } p (x _;)
=b x

where b (=u1(t,t—1)) is a numerical coefficient (see eq.(8)).
Thus

E{Xt/xt—l} =b x
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which means that the result of combining factorability and Markov
properties may be a martingale-type random process (except for the

coefficient b). This is important within the context of estimation.

The numerical coefficients uk(i,j) in eqs.(6) and (7) express the

correlation structure of the process. In fact,

PROPOSITION 2: The coefficients u (i,Jj) are such that

|u, (1,31 (9)

Proof: By the Schwartz's inequality (we always assume that the variables

have been "normalized”)

/ /2

. 2 /2, .. 2 1
o (19 = |Elp, () 2y (x| < {Elp(x D1} {Ep, (x D1}
But from eq.(l), both expectations in the right hand side are equal to

one and, thus, eq.(9) follows.

For k=0, a straightforward result of the definition of the orthogonal

polynomials (p,(.) = 1) is, u,(1,3) = 1.
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ESTIMATION ALGORITHMS

First, both the structural and the measurement models are assumed

to be scalar. The random process X_ is given by the nonlinear dynamic

t

structural model

X = £(xp_,t-1) + w4 (10)

where Wy is a Gaussian white noise, independent of the initial
condition x . Then the solution of eq.(10) is a Markov process. The

observation process y, is given by the nonlinear expression

v, = h(xt,t) + v, (11)

where \£8 is a Gaussian white noise, uncorrelated with W in eq.(10).
Eqs.(10) and (11) describe a nonlinear state-monlinear observation
system (NSNOS). Estimating x. by processing the observed data

Vg O<s<t 1is desirable, satisfying the minimum variance criterion.
More precisely, let 1t be a fixed real number and let Y, denote the

o-field of sample path {ys, 0<s<t}. Then, by ; we will denote the

t+e/t
estimation at time t+t of the signal X o while taking into account the

set of values Y  observed up to time t. If =0, the estimation problem
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is called filtering, while if <>0, it is called prediction.

In order to obtain specific results, additional structure will be

a d 3 he state x and the
ssumed for the processes xt+1 and xt+1/t’ t 4t

~

estimate x are assumed jointly factorable, so that

t+t/t

Blpy (ke yp) Po(xppr/e)] = S W GRppe Xppr/e) (12)

« (Later we will relax

where uk(xt+1’;t+1/t) = E[p (x . .) pk(;t+1/t)]

this hypothesis by assuming processes which may be not factorable
themselves but, instead, may result from such processing by some kind of

well defined transformation.)
REMARK 5: Eq.(10) may be used to evaluate the probability density of Xy

in terms of g(x,_;). Indeed, by definition of marginal density and by

applying Bayes' rule, we obtain
g(x.) = [ g(x /x __e(x _ )dx__, (13)

The g(xt/xt_l) can be computed from eq.(10), namely

g(x /x,_;) = 8w _;), atw _, =x~f(x _;, t~1) (14)
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where the density g(w._;) is Gaussian. Thus eq.(14) gives

fxtg(xt/xt_l)dxt = f(xt-l’t—l) (15)
Since X is factorable it can be easily shown that (see also Remark 2

above)

Bx/ xy) = B (e Dpy (xdp (o DaCx,) (16)

where, uk(t,t—l) = E[pk(xt) pk(xt_l)] . If one substitutes eq.(16)

into the left—hand side of eq.(l15), one finds

-]

fxtg(xt/xt_l) dx, =kio u (t,e=1) p (x, _;) fxtpk(xt)g(xt)dxt

= u, (t,t-1) X, _ (17)

1

where the factorability property (7) has been employed. Similarly,
working with the right-hand side of eq.(l5) (w,_j, pk(xt_l) are

uncorrelated),

@®

z
k=
T
k=0

f(x t-1)

t-1’ o fkpk(xt—l)

Efx p (x._1)] p (%)

ul(t,t-l) xt (18)

-1
i.e. the same result as in eq.(l7). Therefore, eq.(15) is valid for a

factorable x, and consequently the structural assumption (10) is
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compatible with the assumption of factorability.
More detailed results will be derived by assuming that the filtered

state has the form

~

Xe/e T ¢(;t/t—1’t) By, : (19)

where the first term represents the nonlinear weighting of the previous
estimate and the second term is weighted current data sample. The
latter is considered reasonable since knowledge of y, contains

information about x_.. The predicted state xt/

t will be reasonably

t-1

described by

A -

Xe/e-1" ¢(xt—1/t—1’t-1) (20)

Expressions (19) and (20) are approximations of the nonlinear estimation

around x since the optimal estimates x / and x are conditional

t/t t/t t/t-1

expectations of x. with respect to Y. (the ¢ —field of sample

path {ys, 0<s<t}) and Yt-l ({ys, 0<s<t~1}) respectively. (Equations of
this form are exact for multi-Gaussian processes.) No approximation is
assumed regarding eqs.(l0) and(ll). Instead, some workers in the area
(see, e.g., Sorenson and Stubberud, 1968; Willman, 1981) suppose that

perturbations of the system (10), (11) can be approximated by the first

Christakos - 15



" “and second order “terms of the Taylor series. This leads to a
significantly more restricted space of possible nonlinear estimators
than éhose suggested by (19), (20) above. Moreover, the equatiomns
expressing the moments of the probability densities are very
complicated, while questions arise regarding the validity of the

approximations.

We will assume that the functions £(.), h(.), ¢(.), and ¢(.) are
square integrable with respect to the density functions of the state and
its estimate and, therefore, they may be expanded in terms of orthogonal

polynomials. Thus,

X = I f e R (21)
k=0

Ve T P ) T (22)
=0

e/t kzo Ot PuCFe/e-1) + BLY, (23)

Xe/e-1" kio b, e-1 Pk Feog/e-1) (24)

Coefficients ¢ and ¢k £ and accordingly the functions

k,t
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¢(.) and ¢(.), will be determined from the minimization of the mean

square errors

c’12:/t B E[;t/t— Xt]2 (23)
and
oi/t-—l = E[;t/t-l—xtlz (26)

respectively. The choice of ¢(.) and ¢(.) is the main problem in

optimization. Conventional statistical linearization keeps only the
first few terms in the corresponding polynomial expansions and, thus, it
leads to questionable approximations. As we saw above, approximations
are introduced in the proposed estimator only via the filtering and
prediction models (19) and (20). We will show below that due to the
factorability properties the functions ¢(.) and ¢(.) can be expressed
exactly via the functions f(.) and h(.), and there is, finally, no need

for approximation by orthogonal expansions.

The estimation algorithm is derived for scalar processes. First we
consider factorable random processes and then the results obtained are

extended to nonfactorable ones.
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A. Factorable random processes

We will attempt to determine the equations of evolution of

A

X and 62
t+t/t

i . f
t+e/t directly from the NSNOS defined above. Of course

these two parameters do not determine the probability function of the

state xt+¢ y» Since x is not, in general, Gaussian. However, they may

t+t
offer valuable information about the mean path of the structural model

(10) and the dispersion about the path.

PROPOSITION 3: The recursive estimation equations for the NSNOS

formulated above, assuming factorable random processes, are as follows:

Filtered state:

~ ~

where we introduce the nonlinear innovation process
€= ¥~ h(xt/t—l’t) (28)

Filtered error variance:
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Sese = (LT byt Be) Gpyp-1 T By ELVE ] (29)
where

= 2 (30)
By = hl,t S¢/e-1 / Ty

is the gain, h1 t is an expansion coefficient of degree one, see
H4
eq.(22), and
2 2

r =nh

2
£~ P, e% e BV ] (31)

1s the innovation variance.

Predicted state:

Xese-1™ EXpop/e-p D (32)
Predicted error variance:

2 _ 2 2 2

O /e-1 = f1,e-1 %e-1/e-1t B [¥] (33

where fl t-1 is an expansion coefficient of degree one, see eq.(21).
b

Christakos - 19



Proof: Substituting eq.(23) into (25) and differentiating with respect

to ¢ and B, we obtain, respectively
k,t t
E L xp =] P (Bpypny) = EI §,¢k’,t Pr- (R peo) ¥ By %] P(x )
=0 for all k (34)
Bl X% v = El §,¢k’,t Pro Kppap) ¥ BV Xl v =0 (35)

which are the orthogonality equations of the filtered state. Similarly,

for the predicted state it holds

Bl % e %) P (Bpgye-) = EL §,¢k’,t-l P (B fe-1)7 %]

~

pk(xt—l/t—l) =0 for all k (36)

Clearly the measures with respect to which orthogonality is considered
are assumed to satisfy the factorability property (Definition 1).
Before we continue with the proof of Proposition 3, we will prove the

Lemma 1, below.
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Lemma 1: If the state x,. is jointly factorable with the

t

~

estimates x / and x

e/t t/t-1 of the NSNOS defined above, then

O ¢ B[P Cx /1)~ B8] By y) = O (37)
and

LRI ACHEYNER R MR MY (38)

for all k (¢k ¢ and ¢k -1 are the polynomial expansion coefficients,
’ ’

see eqs.(23) and (24)).

Proof: From eqs.(24) and (36), we find

Elxie-1 7 %] Xeorfe-1 70 OF
~ ~ A 1

Efx , - xMl=x, . ,-Z ¢ & _,, )]— =0
t/t-1 t t/t-1 el Kot 17k t-1/t-1 ¢1’t

Due to the factorability property, the terms with k#1 vanish, thus

E[x -xt] X =0 (¢1 #0) (39)

t/t-1 t/t-1 ,t

Similarly, the last equation together with eq.(23) yield
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~ A A 1 -

Elxy je-17 e 1 ¥y ;21 O e Peje-1) - Btyt]'$I:t 0

or (factorability, again)

E[’A‘t:/t~1 _xt][;t/t “ Byl =0 (0,0 (40)
Eqs.(7), (12), and (39) give

E“’k(;‘t/t—l) Py ()] ;t/t-1= 0 (41)

for all k. The last equation in turmn yields

kkkkkk

—-]-;— = Q

where eq.(23) has been used. Finally from this, eq.(40), and the
factorability properties, (¢1 t#0), we find eq.(37). From eqs.(23) and
’

(35)
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1

e/t Xl B T i O, P Fe/e-1)] B, =0

E[x

or due to eq.(34)

-~

E[Xt/t —xt] xt/t =0, or
(42)
ElXe_1/e-1 Fe-1] Fe-1/e417 0
After some manipulations, eq.(24) becomes
Xe 1/e-1 —5— X joq =2 b g P(Fiq/e-1)]
t-1/t-1 ¢1,t_1 t/t-1 5, Tk,t-l Tk e-1/e-l
which together with eq.(42) give
ElXio1/e-1 e-1] Xeje-1 = O (43)

(factorability has canceled the terms with k#1). Clearly,
Bl ey e-1) ~ Pl X ppq = O or
B g jean) P By By b =0 o

b, e-1 BIPe ey ypm1) ~ P PRy y) =0
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for all k; this completes the proof of Lemma 1.

Proof of eq.(27): Eq.(34), after some manipulations involving (22),

writes

2,.% - ~
O e BIP G )] = Elxpepy (1)) - BtElﬁ,hk’,tpk’<xt)pk(xt/t-1)]

~

2 -
or Op,t Bl Py (Rppeopdl = 8y Bl xexe ) 41 = B By ¢ Elp(xy)
Py (;t/t_l)] for all k (44)

since Vo pk(x ) are uncorrelated. Taking into account eq.(37),

t/t-1

eq.(44) gives

= § —B

¢k,t 1k for all k (45)

thk,t

Applying this result into eq.(23), we immediately derive (27).

To proceed, we need the Lemma that follows.

Lemma 2: The nonlinear innovation process defined by eq.(28) satisfies

Ele ]= 0 (46)
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2, .2 2 2

Ele ] = hl,t % et BV ] (47)

E[x < ] e.=h o (48)
t t/t-1" "t 1,t t/t-1

Proof: The filtering condition of unbiasedness

E[x,,. ] = E[x, ] (49)

t/t

combined with eqs.(22) and (23), gives

i b, B (R g )]+ By i b ¢ Blp(x)] = Elx,]

Using eq.(45) together with the prediction condition of unbiasedness

E[x = E[x, ] (50)

e/t-11
we obtain
E[;‘t/t-ll - By i et E[pk(;t/t—l )1+ 8, E By, (EP (R I 1=E[x ] or

: b IR (X, )] = Elp (k1) 0 (51)

(Bt¢ 0). Then from eq.(28)
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Ble,] = Ely, - h(x,/,_>t)]

E[h(x,,t) = B(x,/p_;>t)]

: by e (EIR () = P Gy 1} = 0 (52)
due to eq.(51). The innovation variance is

2

- h(xt/t_l) t)]

E[ei ] = E[h(xt,t) + Ve

E(v]] + E[n(x,,t) = h(x, /1,01

~ 2
Eivil + i hi,tE[pk(xt) = P yp-1?]

~

since Vs X x, are uncorrelated. Now, using eq.(37)

t/e-1 “t

(assuming ¢k,t# 0 ),

Blvi] + : hy ¢ EIpOx,) = B(xy /e IR (x0)

E[si]

2 ~
Efv ] #+ E hk,tE[pk(xt) ER NP I b vt_xﬁkhx,t Py ()]
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~

2

1,t E[x

due to the factorability property. Next by inserting eq.(22) and

deleting the terms with k#1, the last equation becomes

2 2 2 »
E[xt xt/t—llxt

2 2 ~ 2
E[vt] + hl’tE[xt— xt/t—1]

2 2 2
Elvg T+ h1,t°t/t—1 (33)

where eq.(39) has been used. Furthermore,

A

E[xt - xt/t—ll g, = E[;t/t—l— xt][h(xt,t) - h(;t/t-l’t)]

B ﬁ b BT X IR () = P (X )]

> 2
hl,t E[xt/t—l xt]

(54)

(the terms for k # 1 vanish due to the factorability property), which is

eq.(48).

Proof of eqs.(29), (30), and (31): If we substitute eq.(27) into (25) we
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we find

2 ° 2

Tese = El¥pjea” %] (33)

+ Bi E[si] + 2Bt E[ ; x, Je

t/t-1" Tt
and by inserting eqs.(47) and (48), we obtain eq.(29).
Eq.(31) is, by definition, idential to eq.(47).
Eqs.(11) and (353) give,

E[; - xt][h(xt,t) - vt] =0 or

t/t

x ]x, = - E[; X, ]v

Elxp o™ % 1%, e/t *e!Ve

by e (56)

By definition,

2 - 2 1 ~
e/t = B[Ry e %l = N tE[xt/t S
]

where both eqs.(42) and (56) have been used.

Clearly,
ot = —2 E[x_, v ], since the ar lated. Th
t/t h1 ¢ [ t/ee!? Xes Vi e uncorrelated. us
3
62 ), =7 E[ I 0, (X /e ) * B3IV
t/e R Th L Tkttt /el Ve
’
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Bt
= E[y v ]
hl,t tt

~

since vt,x are uncorrelated. Finally,

t/t-1

p ;
2 t 2 t 2
el URCEANEE AR G

Combining eqs.(29) and (57) one may solve for Bt to find equ(30).

Proof of eqs.(32) and (33): To proceed with the proof we write eq.(36)

as follows

2A A
b e-1BP ey ye-1)] = BDXP (R g /)] or

A

2 _ A
Ye,e-1 BIP (poyje-1)1% B e BL PeCeog) PGy )] (38)

A

since V1 pk(xt-l/t—l) are uncorrelated. From eqgs.(38) and (58)

¢k,t—1 = fk,t—l for all k (59)

which immediately yields eq.(32). Finally, to obtain eq.(33), one may

substitute eq.(32) into (26)
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2 _ _ ~ _ 2 2
Gt/t-l = E[f(xt_l, t-1) f(xt-l/t—l’t -+ E[wt-1]

noting that W10 f(xt_l, t-1) - f(x t—-1) are uncorrelated.

t-1/t-1’

The last equation becomes

2 _ 2 _ ~ 2 2
Ouft-1 = i 1B P (B y) = P (g /e )1+ Elw ]

where the terms with k“#k have disappeared due to factorability

properties; then

2 2 o 2
Oefe-1 i e, e-1BP (X107 P (X g e )1 PG ) + Elw 4]

the terms E[p (x, _;) - Pk(xt_l/t_l)]Pk(xt-llt—l)

being all zero (see eq.(38)). Clearly

2 A

2
Tese-1 - f1, 18017 Fearse-1 1 T Ve T EDve ]

where eq.(21) and the factorability properties have been used. But

A

Xe-1" *e-1/t-1 Ye-1

are uncorrelated and x, may be expressed by eq.(21)

again, so that

2 2 °

2
O/e-1 = F1,e-1 Bl¥e1™ ¥eopye-1] *ep tEIV

t-].]

This equation combined with eq.(42) yields eq.(33).
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REMARK 6; Eqs.(27) and (29) may be rephrased in terms of the previous

estimated state to give

;t/t = f(;t_l/t_l,t—l) +8, 1y~ h[f(;t_llt_l,t-l)]} (60)
2 2 2 2 2 2 .2
S = A7y e B { -1 %e-1/e-1 t E[w ]} +B_ Elv,] (61)

If in eqs.(29) and (61), we substitute E[vi] from eqs.(30) and (31), we

find the simpler expressions

2 _ ol 2
Sese T ATy Be) e (62)
oi/t = (1- hl,tBt) { fi,t_l °i—1/c-1 + E[Wi 1} (63)

respectively. The recursive formulation of the approach propagates a
. " 2
priori information xo/o s GO/O through the system to give the

estimate x /

e/t and the associated accuracy di/t at each point t.

It is remarkable that the nonlinear functions ¢(.) and ¢(.) of
eqs.(19),and (20) are determined exactly from the known functions £(.),
h(.), and are not approximated by the expansions (21)-(24). Therefore,
no approximation is introduced at this stage of estimation. Also, for

the gain and the error variances we only need to calculate the expansion
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coefficients which correspond to k=1 (the other terms vanish due to
factorability properties). These coefficients can be obtained by means
of the statistics of the estimated states, i.e.

(64)

h = E[ h(; t) x

1,t t/t-1° t/t—ll

£, = ElfGx (65)

1,t —petTl ) x

t-1/t t—l/t-ll

and inserted into the estimation algorithm (see eq.(3), also following
sections).

Under the hypothesis of factorability, the estimations obtained are
optimal for the nonlinear approximation (19), (20) (we will see below
that the same holds true for certain nonfactorable processes as well).
Surely, they are not the best of all possible estimators, which is the
case of conditional expectation, but the prerequisites are less and the
theory simpler. An assumption is required for the demsity function of
the state x ; however, such an assumption is already inherent in the

hypothesis of factorability.

We saw that the innovation process Et 1{s a zero mean white noise,
and it is, by definition, orthogonal to YosV1seeesYe-1 * In fact, this
is a quite general result of the stochastic estimation theory (Kailath,

1971; Allinger and Mitter, 198l1). (Moreover, under certain
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circumstances the st is not only white, but also Gaussian.)
In conclusion, another appealing property of the proposed estimator

is that in the case of linear state—linear observation systems, like

xt = a xt—l + wt_1 (66)

vy, =bx_ +v (67)

t t t

it is equivalent to the Kalman filter (Nahi, 1969). 1Indeed, if in eqgs.
7— -~ - ~

(27)-(33), we replace fl,t-l’ hl,t’ f(xt-l/t-l’t 1) and h(xt/t-l’t) by

and b x respectively, these equations become

a, b, a Xt—1/t—1 t/t~-1

identical to the standard Kalman ones.

B. Nonfactorable random processes

The presented method may be extended to random processes which do
not satisfy the assumptions of factorability. The key point is to
establish a suitable transformation of the given nonfactorable to a
factorable process. If such a transformation exists, then estimation
may be made in an analogous way. The relevant results are summarized

below:

PROPOSITION 4: Let z. be a nonfactorable random process generated by a

NSNOS as above, for which we assume that it can be established a

Christakos - 33



transformation vy(.) such as

z, = y(x)) (68)
and

-1
x, =y (z,) (69)

where the process X, is factorable. Then, the recursive estimation

equations for the process z_ are as follows:

t

Filtered state:

A~ -~

Zeje™ Zee-1t O & (70)
where

ey = ¥, = Bz pot) (71)
is the innovation process.
Filtered error variance:

2 _ - 2 2 2 2

Gt/t = (1 hl,tet) ot/t + et E [vt ] (72)
where

0 2 (73)

£ ™ P O /T

h1 ¢ is the expansion coefficient as before
3
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and

2 2 2
= 74
r, hl,t O¢ /e-1 +E [v, ] (74)
Predicted state:
2eje-1 = £(Zeoqye-10tD) (75)

Predicted error variance:

2 2 2

_ 2
%/e-1 = f1,e-1 Se-1/e-1 T EIV

e-1) (76)

where fl,t—l is the expansion coefficient of degree ome for the function
£(.).

Proof: The proof can be made following an analogous procedure with that
of propositon 3; therefore, we will restrict ourselves to a brief

description of its main points. Let z = A(x ), t»0. Since

t+t/t t+t/t

eqs.(68) and (69) are valid, the orthogonality equation

-~

E[ =z = 0, 1immediately gives

t+e/t” Zeard P CFragye)

A = Ye.t? where A
’

and vy are the expansion coefficients of the
k,t k,t

k,t

measurable functions A(.) and y(.) respectively. Thus,

~

Zevr/t Y(;t+¢/t) 77
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This is an interesting result: if a random process z_ can be expressed

t
as a function of a factorable process X., see eq.(68), then its

estimator is expressed by the same function, see eq.(77).

Let the filtered state be

~

= <+ =
Zepe =N ) T O, i Mt PkFese-1) T 0T (78)
where xt/t—l is the factorable estimator (eq.(77)). The corresponding

orthogonality equation

A~

Bl 2z, 2] Pe(xpypq) = 0, leads to Me,e™ Yi, e etk e?
where By o are the expansion coefficients of the observation term
?
p(xt) = h{ Y(xt)] = h(zt). Substituting M ¢ into eq.(78) and after
’

taking into account eq.(77) we find eq.(70). If we insert (70) ianto the

2 _ " - 2
error variance dt/t— E[zt/t zt] , we derive eq.(72). Then eq.(73) is
2 _ 2
obtained if we combine eq.(72) and % /e etE[vt]/hl,t’ and solve
for Gt.
Next, let the predicted state be
Zeje-1 = VCeoyge-1) T ﬁ Y, e-1 P ®e-1/e-17 (79)

Using the orthogomnality equation

Ef zt/t—l-zt] pk(xt—llt—l) = 0, and following similar lines to that of
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the proof of Proposition 3, we yield eqs.(75) and (76).

At this point a fact to be stressed is that the
transformation y(.) in eqs.(68) and (69) is not involved in the
estimation algorithm. Though it is used throughout the proof to show

that, if
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the proof of Proposition 3, we yield eqs.(75) and (76).

At this point a fact to be stressed is that the
transformation y(.) in eqs.(68) and (69) is not involved in the
estimation algorithm. Though it is used throughout the proof to show
that, if such a transformation can be established between a factorable
process X, and a nonfactorable one Zy, the latter can be estimated by
the algorithm discussed above. However, we need a priori values for the

initial statistics x ’ 62 and the error variances
o/o o/o

E[wtz], E[vtz]. These are model parameters and may be selected through

analysis of the empirical data or computer simulations (see following

section for some detail).

REMARK 7: Particularly interesting may be these

transformations y(.), which lead to two-dimensional Gaussian processes
X, In fact, it is possible to construct a transformation such as in
eq.(68) and (69) where x, will be a random process with Gaussian one-
dimensional distribution (see e.g. Cramer and Leadbetter (1967)).
Furthermore, for many practical applications it is reasonable to assume
that the two-dimensional distribution of x, 1s Gaussian too. By way of
example, consider the lognormal model commonly used in geostatistical

applications: 1f z_ is a lognormal process, the transformation

t

Y(.) which maps a Gaussian process x, into z, 1is
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z, = v(x.) = exp(atex ) (80)
where a and ¢ are the expectation and the variance of the Gaussian
process log(zt). Many nonfactorable distributions which cannot be
evaluated in closed form can be represented by approximations based on
the Gaussian law (the best are those which are asymptotic, converging in
some sense to normality; see, e.g., Patel and Read, 1982). Using the
above approach consequently, the estimation problem is seen to become a
problem of testing if a transformation can be established between the

given process z, and a factorable process x

t.
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SOME PRACTICAL ASPECTS OF THE NSNOS ESTIMATION ALGORITHM

We distinguish two groups of parameters available in the proposed
estimator: (1) those which control its operation and must be specified
by the scientist in proper time, and (2) those which reflect the quality
of the algorithm performance and, therefore, may be used to check if it
is properly functioning. The group of control-parameters includes the

variances E[wg 1, E[vtz], the coefficients fl,t—l’ hl,t and

2

the initial conditions xo/o’ do/o

. To the group of test-parameters
belong the gain Bt and the innovation process €. *

2 2. ° 2
The parameters E[wt], E[vt], X,/ and % /o have to be determined a

o
priori. Their influence on the estimation accuracy has as follows:

The accuracy of the estimator improves as E[wi] and/or E[v:] decrease.
The initial estimation variance oi/o affects the initial state
estimates. However, it decreases drastically as more observations

become available, meaning that errors in choosing a Oi/o value as well

as errors in calculating further 02

£/t values vanish asymptotically.

As follows from the algorithm, the gain Bt is directly related to

variations in E[wg 1s E[vi ] as well as in Xt/t’ 02 . More

t/t
specifically, if E[wi] is large (or E[vi ] is small), the Bt is large
and thus the estimator is governed by the observation model, the
structural model being inadequate (in this case the estimates obtained
are rather scaled observations.) 1If, instead the

E[wi] is small (or E[vi] is large), the Bt will be small too and then
the algorithm followss naturally the structural model. Innovation €, is

more sensitive to changes in E[vi] than in E[wi] and this follows
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easily from eq.(31).

The structure of the algorithm requires the expansion coefficients
fl,t—l and hl,t to be calculated on~line in terms of the statistics of
the estimates; this can be done using eqs.(64), (65). However, the form
of these equations must be determined a priori. For instance, eq.(64)
writes
hl,t=Rj h(xy o108 X 8( ) a8/ (81)
If the g(.) is known or is assumed, this integral may be calculated
analytically (e.g, if g(.) is Gaussian and the h(.) is a polynomial, the
form of the equation expressing h1 ¢ is easily determined in terms of

L

the moments of x _15 see example below). In more complex situations,

t/t
one may apply numerical integration methods. We will briefly describe
such a situation here: assume that for the given observation process y,,
there exists a transformation y(.) such as .= y(ut), where u, is a
standard Gaussian process. Numerical values Y(ut,i) of this
transformation may be determined graphically by studying the standard
cumulative distribution curve of u. and the experimental cumulative

distribution curve of Ve Using these values together with Hermite

polynomials, the y(.) may be completely defined by

K
Te Y@ = Eovpy () (82)

for proper K. The coefficients Y are calculated by the Hermite

integration formula

2
1 M u

_ R
Ve TEvEm ) Y0, 0) Pl g) exel T =5
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(83)
where the abscissas Up § and the weight factors w; are given (see, e.g.,
Abramowitz and Stegun, 1965). Next, since y(.) is determined, the
probability density of y, may be defined from eq.(82) in terms of the
Gaussian density of ug . Furthermore, using eq.(l11l) one may calculate

the density of X Supposing that X, and x have the same density

t/t-1
the coefficient h1 ¢ can be readily calculated from eqs.(64). (Similar
?

comments hold for the computation of the coefficient fl,t-l‘)

We will now discuss some statistical tests for the evaluation of
the algorithm, from simulation results. 1f the true process X, 1is
known, one may test statistically the reasonableness of the obtained
error variances by plotting a confidence interval, say *2 /oi/t, around

A

. The 02

t/t will be considered

the estimation error ;t/t =X~ xt/t
reasonable if about 95% of the ;t/t values lie within these limits.
Since €, is a zero mean white noise, one may check the values provided
by the algorithm; if the plot of €, Vs t does not oscillate around zero,
the initial conditions may need to be changed. More specifically, a
number of statistical hypothesis tests about the postulated zero mean
white noise €, may complete the evaluation of the algorithm. For
example, at a 5% significance level the sample mean Be of a

Gaussian € should be less than 1.96 /cz/n (n is the number of data

and oi is the sample variance), and 95% of the sample correlation
coefficient pe(s) obtained at several intervals s = ty =ty should lie
within + 1.96/ ¥n ,n>30. Furthermore, proper functioning of the
algorithm implies that the interval 2 /rt, where ry is the innovation
variance provided by the algorithm, should include about 95% of the

sampled et.(See also the example that follows.)
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AN ILLUSTRATIVE EXAMPLE

In order to give some insight into the theoretical results of the
preceding sections and to compare the proposed algorithm (abr. PA) and
the well established extended Kalman algorithm (abr. EKA, see Jazwinski,

1970; Candy, 1986), a simple example has been simulated. The NSNOS is

given by
X = 99.95 x 10-2 X + 4 x 10—4x2 + w (84)
t t-1 t-1 t-1
and
2 3
yt xt + xt + vt (85)

where the initial state X, is Gaussian with mean 2 and varlance 10_2,
and Wi_1», Vp are zero mean Gaussian white noises with variances

5 x lO—Sand 9 x 10—2 , respectively. The simulated measurements are
shown in Figure 1. On the basis of eqs.(84) and (85) and the Gaussian

assumption, the PA coefficients are found to be

_ -2 ~2 _ ~2 2

fl,t-l = 99,95x10 E[xt-llt-ll’ hl,t- 3 E[xt/t_l] ;
the EKA jacobians will be
a, = 99.95 x 1072+ 8 x 1074 % b, =2x, +3x2 .

1,t t/t-1’ 1,t t/t-1 t/t-1
For both the PA and EKA we assume the initial
conditions, x = 2 and 52 = 10'-2 « The PA estimated state ; is

o/o o/o t/t

shown in Figure 2. Since we know the true state X, We can plot the

~

estimation error x =X - X

2 ,
e/t t ¢/p 20d use ¥ 2 /o, as confidence

intervals, see Figure 3. The error ;t/t is very small (its mean

is ~ 2.4 10—4) and only about 0.7% lies outside the bounds. The last PA
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variance avallable is close to the sample variance
(0.25 10_4 ~ 0.20 10—4) . In Figure 4 we show the nonlinear innovation
process € together with the confidence interval + 2 /rt provided by the

PA. Here none of the ¢ values exceeds the bounds, while the mean is
very close to zero (~ 3.4 Xx 10—3 < 1.96 v oi/n = 5.84 x 10_2) . Figure

5 shows that only 2.67% of the Pe lies outside the bounds 1.96/ v n =

0.16. Therefore, the €, is a zero mean white noise, fact that implies

t

proper functioning of the PA. In Figure 6 we compare the estimation

error X (PA) provided by the PA and that provided by the EKA,

t/t

~

xt/t (EKA): the plot of Axt/t =lx (PA)I- |x (EKA)' establishes the

t/t

superiority of the PA (note that negative Ax values indicate more

t/t

accurate PA, while positive Ax values indicate more accurate EKA).

To obtain the sensitivity of the two algorithms to variations in
the statistics of the state noise w;, we again consider the NSNOS of
eqs.(84) and (85) where now the variance E[wi ] takes the wvalues 10_5, 5
10—5, and 9 1079, The plots in Figure 7 show the PA estimation variance

+» Note the rapid reduction of the 02 with the number of

t/t

observations processed leading to increasingly accurate estimates. This

62
t/t
reduction seems to tend to continue and after the last observation
available. The same for the EKA are shown in Figure 8. As the last two
figures verify, the PA gives better results in this regard also (smaller

2
o}

£/t values and less sensitive to changes in E[wi]).
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SUMMARY ~ CONCLUSIONS

In this paper, we presented on-line recursive estimation algorithms
for nonlinear state-nonlinear observation physical systems generating
factorable random processes, or processes which, while are not
factorable themselves, can be transformed to such processes. Such
situations may arise in diffusion models of transport phenomena, real-
time estimation of physical parameters, identification of environmental
models, mine planning, etc. The proposed method combines these
processes with orthogonal expansions of the nonlinearities in the state
and observation models leading to efficient and mathematically
meaningful estimates.

In summary, some notable features of the method proposed are: It
takes advantage of exact nonlinear dynamic structural and measurement
models to adequately describe spatial variations and measurement errors
in the underlying processes. Approximations are introduced only via the
nonlinear filtering and prediction models. Estimation is carried out
using sequential algorithms that enable the available information to be
analyzed and weighted with less computational cost than other methods.
If processing a priori information, new data can be handled immediately
and new estimates made. The present algorithm is suboptimal but very
comprehensive, so it may serve as a simple substitute to substantially
more complicated approaches, like martingale theory, Lie algebraic and
differential geometric methods, etc. As the example illustrates, the
method compares favorably in practice with the well established extended

Kalman algorithm.
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FIGURE LEGENDS

Figure 1: Simulated measurements.

Figure 2: Estimated states.

Figure 3: Error estimates and confidence intervals.

Figure 4: Nonlinear innovation process and confidence intervals.

Figure 5: Differences in error estimates, Proposed vs extended
Kalman estimators.

Figure 6: Sampled correlation and confidence intervals.

Figure 7: Error variances for Proposed estimator assuming,
E[wi] =9 107 (labeled --), = 5 107> (labeled v.-)
and = 107> (labeled ~).

Figure 8: Error variances for extended Kalman estimator assuming,

E[Wﬁ} =9 10_5 (labeled --), =5 10“'5 (labeled «+-)

and = 107° (labeled —).
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SUPPLEMENT: The factorable random processes

ON THE POLYNOMIAL EXPANSION OF BIVARIATE PROPABILITY DENSITIES

Let x,, teT (T is a reference set) be a random function and let g(xi,xj)

be the bivariate probability density of the random variables x, and xj at t=

i

t; and t= tj respectively. Furthermore, assume that pk(xi) and
qx(xj), k,A\ = 0,1,..., are two complete sets of orthonormal polynomials having
weighting functions the univariate densities gi(xi) and gj(Xj) respectively,

i.e.,

[ Pty poCay) 8y(xy) dxy =8, ,  and (1)

[ () ay-(y) 85y dxy = &, (2)

where ékk (=1 if k=A, =0 otherwise) is the Kronecker-delta. Accordingly, one

may define the correlation coefficients W as
wo = JIP xg) 4, () sugsny) dxy dxg 3
and the coefficient r by

r=[] Kz(xi,xj) 8;(x;) 850y dxy dx; (4)

where K(xi,xj) is such that



8(x4 5% 3)

K(xssxs) = (5)
737 g () 8y(xy)
If r is finite, the bilinear form
U(p»qy) = E % U PrX3) () or (6)
T
U(p,»q,) = U Q )
where,
po('fi) qo('{j) u(.)o‘ ¢ ° u?)\
P = : , Q= : and U = . . is the matrix of the

form, offers the best approximation of the quantity K(xi,xj) of Eq. (5) in the
mean square sense. Indeed, since pk(xi) and qx(xj), k,A = 0,1, ..., are two
complete sets of orthonormal polynomials, the functions pk(xi) qx(xj) also
form a complete orthonormal set of polynomials (Courant and Hilbert, 1953).
The K(xi,xj) is square integrable by Eq. (4) and the hypothesis that r is

finite and, thus, the minimization of

* 2
[T RGsxp) = U (e,017 85 () 85(xy) dxy dxy

where
* T *
U (py>q)) =P UQ, and
00 ... "1n
* P .
U= . .
Tkl T



with respect to the coefficients < k,A=0,1,..., implies

kA?
U=10 (8)

When k,A+> », the approximation (6) becomes equal to K(Xi,xj), i.e.

K(xg o1 p) = U(pyady) 9

Moreover it is wvalid

o« o« 2 ~

2 2 uk)\— r (10)
k=0 A=0

which is the completeness relation of the linear algebra theory (Gel'fand,

1961). For instance, if the density g(xi,xj) is bivariate Gaussian,

r = 1/(1-p2), |p|<1; p 1s the correlation coefficient.

The polynomials pk(xi) and qx(xj) depend, in general, on the parameters
t; and tj, and so do the correlation coefficients Upen and the univariate and
the bivariate densities. Taking into account that the

gi(xi), gj(xj) and g(xi,xj) are probability densities, one finds
Po(xy) = qp(xy) = 1
- Y/,
p;(xy) = {xy - E[x;]} / {var[x,]} (11)

ayp) = by = Blx )} / {var(x,)}2

3

These results demonstrate that the mean and variance of the two variables may

be derived from the orthogonal polynomials and vice versa.



The Importance of the Correlation Coefficients Uy

The above procedure shows that the bivariate probability density may be

defined in terms of the two univariate densities and the coefficients ukx .

This fact depicts that it may be useful that the latter be studied in more

depth. A straight-forward application of the Schwartz's inequality yields

1 A 1
lugal = (Bl (xp) a,x 1] < {E[Pt(xi)]}/z{E[q}\(xj)]}/z

or, due to Eqs. (1) and (2),

lo, | < 1 (12)

for all k,A. Furthermore, since gj(xj) is given by
gi(xy = [ alupxy duy

one may use Egs. (1) through (4) to find

(-]

1 = z u. . . .
j—o

or, due to eq. (11),

uyo=1, and (13)



Ugy = 0 (14)

for A\ > 0. Similarly one may prove that

o = 0 (15)

for k > 0. Finally an important property of the coefficients

u can be established as follows: by defining the covariance function

kA

cx(ti,tj) E {xi - E[xi]} {xj - E[xj]}

[ Ay - Bl I} Dy - Elxglh eCrgongp) dxy dxg,

and by using eqs. (1), (2), (3) and (9), one finds
c_(t,,t) =u, . {var [x ]ﬁ& {var [x ]ﬁ& (16)
x 1] 11 i J

(i.e., u;y is the correlation coefficient of the variables x4 and xj).

Note that in this section no restriction regarding the statistical regularity

(such as stationarity) of the function X, is being imposed. So, the

covariance cx(ti’ tj) is in general a function of ty and tj.
Since eq. (6) 1is a bilinear form in the polynomials

pk(xi) and qx(xj) and w, is the mean value of the product

pk(xi) qx(xj), one is able to go from the bilinear form (6) to its matrix

representation (7) and vice versa by inspection.



Example 1: Assume that the univariate density is uniform over the range [0,
1]. The associated orthonormal polynomials are Legendre and the bilinear form
is

-1 -2 2 2
U(pk,qx) =1 + /0.75x10 (2xi—1)(2xj—1) + 3/5x10 [3(2xi—1) —1][3(2xj—1) -1] +

2.5/7 x 10'2[5(2xi—1)3—3(2xi—1)] [5(2xj—1)3-3(2xj-1)]
Writing the last equation according to the terminology of eq. (6) one finds

UpysPy) = ugg PolXy) Polxy) + up) pylxy) Pylxy) + uyy Pylxy) Polxy)

*ugq Py(xy) P3xy)s
where, po(1)= 1, pj(X)= Y12t~/3, p,(1)= 6/5 [3(2x-1)*-1] and
577

P = 2L [s(2x-1)%-3(2x-1)1+

Therefore, the matrix U in eq. (7) is found, by inspection, to be

-
Yoo 0 0 0 b1 0 0 0 1
0 u, O 0 0 0.05 0 0

U= 0 0 uy, 0 |7 o 0 0.08 0
0 0 0 u 0 0 0 0.04

33

Nonlinear Transformations of Random Functions

In many applications one may define an output function z, which is the

nonlinear, in general, transformation of the input function x., i.e.

z2,= £(x;, t) (17)



Such transformations are very common in geotechnical engineering: for example,
numerical models (finite elements, etc) or elastoplastic methods. In
geostatistics nonlinear transformations arise when data must be transformed to
normality so that nonlinear kriging estimators apply. The correlation

structure of the output function will be defined by the covariance below

cz(ti,tj) E{zi - E[zi]} {zj - E[zj]}

E{f(xi,ti) - E[f(xi’ti)]} {f(xj,tj) - E[f(xj,tj)]}

]

JJ {0yt - BleGge D]} {0t ) - ELEGg,e)])
8(xy>x ) duy duy (18)

It is easy to see that

I EL£Gey e 0] {8yt ) ~ E[£Gxgt 0]} 80xysxy) dxy duy

= E[f(xi,ti)] {E[f(xj,tj)] - E[f(Xj,tj)]} =0

and thus
cz(ti,tj) = E{f(xj,tj) - E[f(xj,tj)]} f(xi’ti)’ and (19)
cz(ti,tj) = E{f(xi,ti) - E[f(xi,ti)]} f(xj,tj) (20)

To proceed one may assume

[

f(xi,ti) =k§0 fk,i pk(xi) (21)

and



= 22
f(xj,tj) xio fx,j qx(xj) (22)
where

i ™ E[£(x ,t;) p(x)] (23)
and

£y,y = ELEG ) g, (x )] (24)

respectively. (Here it is assumed that the functions used are such that the

expansions exist.) Then eq. (18) writes

-]

fr,i Pxg) 20 £y 5 g, (xy)

Cz(ti’tj) = J’Iki )\=1

1

LoLoou, (g a,(xy) 80xy) 8xy) dxy dxy
where eq. (9) has been inserted. Taking advantage of the orthonormality
relationships (1), (2) one finds

¢ (t,,t.) = z z
2" 1] k=1 A=l

“n Ti,1 B, (25)

(Eqs. (16) and (25) stress the importance of the coefficients Yy in the

determination of the correlation structure of a random function.)

Example 2: Let X5 xj be two jointly Gaussian random variables with bivariate

density



_ 2 2, 2 -1 IR GRS
S(Xisxj) = [21'50'1 oj /1 pi,j] eXP{ [ 0.2 + 0.2
i J
X X
- LI I -2 -1
%157 o 1 1Pyl ) (26)

/2

where, o,= {Var[xi]}1 and dj= {Var[xj]}ll2 . This density may be expressed

in a bilinear form, where

2.~1/2 2 2 2.-1/2 2 2
g; (x;) = (2no)) / exp[-x{/2071, gj(xj) = (Zﬁcj) / exp[-xj/Zdj ] and
k -1/2 -1/2
P () = PN w (x 20, a () = @AM B (1y/v20)  and
k .
W= pyy s AF k=A
YkA T
o0, otherwise.

Now, let z = f(xt,t)= xi. The cz(ti,tj) will be of the form (25) which,

taking into account the above results, reduces to

@

cz(ti,tj) =1 u fk’i fk,j (27)
k=1
where, in this case
= - - 2 - 2
fk,i— fk,j 0 for k#2, and fz,i /2 oy » fz,j V2 oj . Thus,
- 2 2 2
cz(ti,tj) =20 S (28)

(Note that if x; and x; are uncorrelated, then so are f(xi’ti) and f(xj,tj)).

Example 3: An interesting special case of Eq. (25) is to choose ukk such as

Yr™ PkCat11 (29)



where k,A>1; bk’ ¢, are real coefficients and by= cy= 1. (This choice is not
without a good reason, for eq. (29) is a linear relation of the correlation
structure of the random variables pk(xi), qk(xj) and that of Xy xj.) Eq.

(25) simplifies to

w0 .-}

cz(ti,tj)=u11 b T b £ (30)

k=1 A=1

k S Tyt B,

which using Eq. (16) writes
cz(ti,tj) = o, cx(ti’tj) (31)

where the coefficient ac depends on the functions f(xi’ti) and

f(xj,tj) and is such as

b C f £, .
K 1 A 1 k A k,i "N,]

a. = (32)
£ {Var [xi]}1/2 {Var [xj]}]'/2

W8
™8

(In effect, it is not difficult to show that Eq. (29) is a necessary and

sufficient condition for the validity of Eq. (31).)

A Method for Deriving Orthogonal Polynomials

The choice of the polynomials which are orthogonal with respect to the
univariate density is of primary importance in the establishment of polynomial
expansions for the bivariate density. Here we will discuss a powerful and
comprehensive approach of constructing set of polynomials which are orthogonal

with respect to a given probability density. The approach is based on some

-10-



results by Lavrenter and Schabat (1967) and has as follows:
Let g(x) be a density function and let x; and y, be the limits of the

range of interest of y. If g(y) is such as

dg(x)
dy = w(x) (33)
g(x) v(x)
where w(y) = WX + L
v(yx) = vzxz + VX + v, (34)
and
8(xy) v(xp) = 8(xy) vix,) = 0, (35)

then the set of orthogonal polynomials corresponding to g(y) is given by

(0 ==k & e ) (36)
P, (x ERRB';;E [v (x) 8(x)]

For several types of important orthogonal polynomials which include the
Hermite, Chebyshev, Laguerre, Legendre and Gegenbauer polynomials, eq. (36) is

in agreement with the Rodrigues' formula.
Example 4: Let
a=- 1/2

g0 = (1= x%) (37)

where a»>o and -1<x<1l. Following the procedure above one finds

~11-



dg(x)
X (1-2a) x .

= - = - = -
Sty - - 5 thus, v(x) = -x" + 1. Then, g(x;= -1) v(x;= -1)

= 8(xy= 1) v(x,= 1) = 0, so that

1 dk

2
[(1-¢x)
a=1/2 k
(1¢%) dx

kta~1/2

P (1) = I= const. ¢‘¥ (o) (38)

where C(z)(.) are Gegenbauer polynomials.
FACTORABLE RANDOM FUNCTIONS

In the previous section some quite general results have been presented
about random functions. In this section the attention will be restricted to
more specific classes of random function. It is computationally convenient to

require that the coefficients in Eq. (7) are such as
we = Bl (xy) 0, (DT = 8y uy (39)

for all k#\A . Essentially one needs to choose the associated orthogonal

polynomials so that eq. (39) is valid, where
w, = Elp (x;) q(x )] (40)

corresponds to the maximum correlation between members of the complete sets
pk(xi) and qx(xj), k,A= 0,1,... Then, by a straightforward application of the
theory of diagonalization of bilinear forms (Gel'fand, 1961), the bivariate

density can be expressed as

-12~



[ 2]

8(xy»xy) = 83(xy) 850y T wy p(xy) q (xy) (41)
k=0

The corresponding random function will be called a factorable random

function. 1In this case it is easily seen that

u, =1, and (42)

uy = ety )/ (Varix 2 (Var(x 1)2

. (43)

(see also, eqs. (13) and (16)).
In engineering applications it is many times convenient to work in the
frequency domain. The characteristic function, that forms a Fourier transform

pair with the bivariate density of eq. (41), will then take the form

® k A v
cx’v d ¢i(wi) d"¢.(w.)

= —
bW = ol ] TR P ] (44)
k=0 A,v=0 1 i
for suitable coefficients Cy v ° (The proof is given in the Appendix A.)
b

Some Criteria of Factorability

Let us now discuss some criteria of factorability. It can be proven
(Appendix B) that a necessary and sufficient condition for a random function

X., to be factorable in the sense defined above 1is that

-13-



[}

E[xnil/xj] vy () (45)

m
E[xj/xi] Wﬁ(xi) (46)
where w (*) 1s a polynomial of degree m. It is important to note that this
condition does not require the knowledge of the associated orthogonal
polynomials.

Example 5: Consider the bivariate density

[*4

- 2y L2, 2 -1
8(xy>xy) = [(L=p™) = (xj + x5 ) + 2px;%4] (47)

n(1-p) 2% ~ 2

where a>o and Ipl(l, defined in the region xi + x§ - prixj <1 - p2.

We want to test if equ. (47) is of the factorable form. First, by integration

one finds
- 1/2
T(atl 2. *
g(x) =7_.(.‘?‘....2._.i._ (1-x%) , @0, -1< x <1 (48)
n I'(a + =)
2

Then one needs to check if Eqs. (45) and (46) are valid. Indeed

8()(1 »X 5)
Elxy/x0 =] x5 1. ay,
1773 S(x,) g(x ;) i

2
J
is obviously a polynomial of degree m in Xj' Similarly, the E[x? /xi] is a

where  S(x;) = [px;~ (%) ("), exgt v-o®) (= )1,

polynomial of degree m in Xg and, thus, the criterion of factorability is

satisfied. One may now proceed to the derivation of the polynomial expansion

14—



of eq. (47). For the univariate density (48) one uses the result of eq. (38).

The coefficient uw, are determined from eq. (40), i.e.

(a)
_ k! T'(2a)
uw = Fraey) G @) (49)

where, k= 0,1,2, ..., and p is the correlation coefficient between
Xy and xj. (When k= 1, u; = p.) Consequently the factorable expansion of Eq.

(47) has as follows (a>o)

[«

2 -1 2 2
ggony = -EEEIRL ray yax))® Ty LXWED 3]
J n[M(a +1/)] =0 a[T'(2a + k)]
(a) (a) (a)
Cc (P C (x;) C (xj)- (50)

Another criterion of factorability may be established in the frequency

domain: A necessary and sufficient condition for a random function x. to be

factorable is that

am¢(wi, w.) T« 6x¢(0,w.)
J = Z A 1 (51)
B> -0 it oW
Wl Wi )\=0 W,
m A
) ¢(Wi, w,) m B 3" ¢(w,,0)
j _ 1N i
BN =1 = ) (52)
ow, w.=0 A=0 i ow
| J i

for all m; ay» BK are suitable polynomial coefficients. (The proof is given

in the Appendix C.)

-15-



Further manipulations on eq. (B2) and (B3) of Appendix B lead to the

following useful expressions

Elp, (x)/x5] = [ (x) I u py(x) 4, (x) 8(x;) dx;

A=0
(53)
u qk(xj)

and, similarly,

Nonlinear Transformations

For the random function z, defined by eq. (17) above, if £(.,.) is a
strictly monotonic function and x, is a factorable random function, z, 1s

factorable too; this is easily seen since in this case it holds

- -1 -1
.>0.) = . . 55

8(e;.0p) = 8(e) gl T p (£ (5)) @ (£ () (33)
(assuming that the denominator is non-zero). The formula relating the
corresponding covariances will be as follows (see, also, eq.(25)

c (v, =t ~t) =} u? £ (56)

z 13 "1 73 k "k
k=0

Example 6: Let

-16-



1 if xt>0
. £(x,) = sgn[x ] = (57)
-1 if xt<0

z

where Xy is a factorable (Gaussian) function with unit variance. According to

the results above one finds

©

£Og) = 1 £y 5 Hoen ()
k=0

since the even terms vanish;

k
f =/ -1)
2k+1,1i n 2k1(2k¥L)
and H2k+1(') are the Hermite polynomials. In this case, u, = pk(p is the

correlation coefficient) and

(58)

2k ! 2k+1
) (2k!) P

o 225 (k1) (2k+1)

AN

cz(1=ti—tj) =

Using Gradstheyn and Ryzhik (1965), one finds that the right-hand side of the

last equation is equal to-% sin-lp, and thus,
c (1) =2 gin"Le (t) (59)
z T X

Expressions like the eq. (58) are very tractable. For instance, by taking the

Fourier transform of eq. (58) one easily finds that

(-]

(2k!)
oo 225D (26H)

(e, (wy] *<H (60)

2
€, =3

where, Cz(w), Cx(w) are the spectral functions of the covariances

-17-



*
cz(r) and CX(T) respectively; the [Cx(w)]2k+1 means the (2k+l)th self-

convolution of Cx(w).

THE SYMMETRIC MODEL

This section examines that subclass of factorable processes for which the

bivariate density is symmetric in the variables X, and Xj’ i.e.

8(x;5xy) = 8(x pxy) (61)

Then Eq. (41) becomes

©

g(xgoxp) = 80t () 1w pxy) pilxy) (62)
k=0

where

ue= Elp(xg) pi(x5)] (63)

The hypothesis of stationmarity implies that the univariate densities and the

polynomials in eq. (62) are independent of tj, ti. Also, the coefficients uy

J

t -tj. In this case, eq. (62) is

depend only on the difference 71 i

ij
identical with the well known isofactorial model of Geostatistics (Matheron,
1976; Armstrong and Matheron, 1986). Clearly, a necessary and sufficient
condition for a stationary function to have a bivariate density of the

isofactorial form (62) is that its characteristic function has a similar

factorable form.

-18~



Below, some interesting properties of the model (62) will be discussed:

An Integral Representation of the Isofactorial Model

The theory of integral equations enables one to consider a variety of

different problems from a unified point of view (Courant and Hilbert, 1953).

In effect, Eq. (62) may be written as

it

Jelussx) pelxy dey = 8xy) kZO up Py(xy) TR (xg) 8(xy) dx;
= v, 8(x;) p(xy)

or by setting

Pl ox) = 8Cuyoxp) [80x) 81”2
12X 1%y [80xy) 8lxy)]

8, (x,) = g(x )1/21) (xy)

k\r i LS
1

8, (x;) = 8(x)"2p (x})

and

e T Y

one obtains the well known linear homogeneous integral equation
JEQsxg) 8, (ug) dxy= vy 0, (xy)

Here, F(xi,xj) is the kernel of the integral equation, the

(64)

(65)

(66)

(67)

(68)

(69)

eigenfunctions Gk(.) are orthogonal and normal, and Y are the corresponding

-19-



eigenvalues. Clearly, the problem of deriving a symmetric, factorable
bivariate density expansion is now a problem of the eigenvalue theory,

where F(xi,xj) is given by

_ T
F(xi,xj) o; T ej (70)
where

8. (x,) 6 (x| [y, 0 ..0

1M4 1'%y ol o
9, = . R ej = « |, and T = 6 .

. y 0 .. ¥
0, (x3) O (x5) k

Eq. (70), combined with eq. (65), yields the bilinear form of the bivariate
density. However, expansion (70) holds under certain conditions only: the
eigenfunctions ek(.) must form a complete set and they should not depend

on Tij= ti—tj. Furthermore, by comparing Eqs. (4), (5) and (65) one finds

2]
0

2
[T (s xy) dny dug

7 42 an

which must be finite.

Example 7: Let g(x) = xc exp[-x] if >0, = O otherwise.
For c=n -:Ué, n=0,1,2,..., this is the density of the chi-square
distribution. The corresponding polynomials which are orthogonal and normal

for the interval (0,») are (see, eg, Watson, 1933)

_ vk! (c)
Pk(X) = JF(eFerDy L (x) (72)

-20-



where

1 dk

C
¥ exp[-x] dx

L(E)(x) = {x%exp[—x1} (73)

are the generalized Laguerre polynomials, and
Yo =P

are the eigenvalues (p 1s the correlation coefficient). Eqs. (66) and (67)

write
Gk(xi) = GFTE;E;ISQ sz (Xi) and
k! g(x.)1

ST L (e) . .
ek(xj) {P(k+c+1)} Lk (xj), respectively. By making use of eqs. (65)

and (70) one finds

[

( - SN § ok k! OF () (74)
8(xg>x)=(gxy)exp =Gt x PI L ¢ Frererny W Oy Ty "(xy)

k=0

which, for c= n—%@ , n=0,1,2,..., is the factorable form of the bivariate chi-

square density.

On-Line Stationary Markov Functions

Let %, be an on-line stationary Markov function; then (Melsa and Sage,

1972)

21—



g(xys Xp) 8(xy»x )
8(xy)

8(Xys Xy Xy) =

Since x, is a factorable function one may apply eq. (39) in the right-hand

side of the above equation to find

- [

Bty XXy = 830xp) 8500) g0 L oy vy 4, (xp)
A=0 k=0

9 (Xg) Pe(xp) (X y)

where u, = ux(Tmi= tm—ti) and u, = uk(T = t.-t ) due to statiomarity.

jmf j m

Furthermore, by integrating the above equation with respect to Xy One finds

@

griny) = 8 (xy) g () 1w (e g) wle ) q () plxy)
k=0

Comparing the last equation with Eq. (39) where u t one

o Ue(TyT By Ey)

obtains the equation

u(Ty) =y (g w (o)

The solution of this equation is

uk(t) = exp[—akT] (75)

where O<al<a2<... « Therefore, an on-line stationary Markov function with an

isofactorial bivariate density has exponential correlation functions of the

form (75).

-29-~



Furthermore, the Markov property implies

E[xt/Xt_lj E[xt/xt_l] (76)

where X1 {xs:0<s<t—1}. A straightforward application of eq. (39) yields

E[xt/Xt-l ] = bx_  ,or due to Eq. (76),

e 4
E[xt/xt—l] = bx _, (77)

where b= ul(t’ t-1) is a numerical coefficient. Eq. (77) demonstrates that
the function X, is a martingale-type function. Properties (75) and (77) are

of significant importance in nonlinear estimation.

Frequency Domain

The expression (44) for the characteristic function holds for the symmetric
model, but the ¢i(.) and ¢j(.) have the same functional form ¢(.) in this
case. Moreover, Armstrong and Matheron (1986) have shown that for a

stationary random function one finds

@) L (e )P = | A 2 o 78
) T o IR = L A e o0y (78)
wi k=0 bwi

for suitable correlation factor and coefficients An K*
»
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APPENDIX A

The characteristic function of the bivariate density g(xi, xj) is

o(w,, wj) =[] 8(xy>» xj) exp [1(wy x; + Wy xj)] dxy dxj (AL)
or, by inserting eq. (4{),
® iwixi iwjxj

oW W) = kESLKE[pk(xi) e JE[q, (x) e ] (A2)
§ A

Let p, (x,) = 0 X s (A3)
AN
X v

9, (xy) = VZOBVXJ- (A4)

for proper coefficients ax,Bx.

Eq. (A2) writes

k=0 A=0

Taking into account the Eqs. (A3) and (A4),

© k k
= Tu J ) a ] g () explivynyl ax, f ) 8

v=0

v
. 2.(x.) exp[iw.x,] dy. A5
X3 gJ(xJ) pl v J] Xy (A5)
The below Fourier transform pairs hold
A o u) L dux
(x> 78, (xg)s —————=-=1" E[x] e I}, and (A6)
dw
i
v
v d7°¢.(w.) v v iw.x,
{(1x)7g, (X)), —L=d— = 1" E[x] e I} (A7)
S S aw’ |
h|

which, combined with Eq.

(AS5), yield Eq. (44), where ¢, =

A,V
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APPENDIX B

First, by assuming that x; is factorable one finds that

g(x 5% 3)
E[x/x;] = Ix?-——;;%;;%— dy
= 2 Ry I3 9, (np) 8 (xg) dxy (B1)

and since, due to orthonormality properties the term with k # m vanish, the
right-hand side of the above equation is a polynomial of degree m. Similarly,
the conditional movement E[x?/xi] is a polynomial of degree m. Thus, Eq. (45)
results; Eq. (46) is obtained in exactly the same way.

Conversely, assume that eqs. (45) and (46) are valid. They imply

respectively,
8(x X ;
Elp (x)/x;] = o (xp) ~ (~—§— dyg = W (xy) (B2)
g(x; X ) ,
B[ay (x )/x;] = Ja, (xy) 31(YI7- dxy = vy (xy) (83)

where wk(o) and VX(.) are polynomials of degree k and A respectively. The

coefficients W of the general expansion (6) become

=
i

o = T O 4 () e(xpny) dxy dx

Ja, XU () 80y ox ) dny] axy

Now, by using eq. (B2) one finds
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KA = qu(xj) Wk(Xj) gj(xj) de
0

for all A > k , since the orthogonal polynomial qx(-) is orthogonal to any

polynomial wk(-) of degree k < A . Similarly, using eq. (B3) one gets

o = Ie Gy v () s (xg) Ay
=0

for all k > A\ . Therefore, since W= 0 for all k # A by the definition (39)
the bivariate density will have the factorable form of Eq. (41). Concluding,
eqs. (45) and (46) constitute a necessary and sufficient condition for a
random function x, to be factorable. (Another proof for the special case of

isofactorial bivariate densities is given in Armstrong and Matheron, 1986.)

APPENDIX C

It will be proven that Eqs. (51) and (52) are necessary and sufficient
conditions for the validity of Eq. (45) and (46) respectively (and,
consequently, they constitute themselves a necessary and sufficient criterion
of factorability). To prove the necessity of Eq. (51), assume that Eq. (45)

holds, multiply both sides of Eq. (45) by exp[iwjxj] and take the mean value,

i.e.
iw.x, o iwjx.
E{e 33 E[xi/xj]} = E[e J wm(xj)], or
X iw ,x, A
Ele 39" =V «Ele J7%%] (c1)
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iw . x, o m iw.x . A
Efe J3xT = ) aiEle 1%V (C1)
i A=0 A J

where a, are the coefficients of the polynomial wm(xj). But it holds

A
iw.x, 6m¢(w.,w.)
Ele 9% ]1=1"~ - and (C2)
m
ow . w,=0
i i
A
iw.x, _, 07¢(0, w.)
Ele J3xM =™ d (c3)
J A
Bwj

and Eq. (51) follows. To prove the sufficiency of the conditon, assume that

Eq. (51) is true for all m, fact that implies (Eqs. (C2), (C3))

iwjxj o m A
E{e [x;, = ) ax, ]} =0, or
i A=0 AJ
iwjxj o m A
E{e E[xi - xéo o xj/xj]} = Q. (C4)

But Eq. (C4) is true only if

m . A
— = 5
E[x, Z axxj/xj] 0 (C5)

Then, Eq. (C5) yields

m
m N
E[xi/xj] Xoak Xy = Wﬁ(xj) , 1.e. Eq. (45).
A=

In exactly the same way one may prove that Eq. (52) is a necessary and
sufficient condition for the validity of Eq. (46) and this completes the

proof.
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APPENDIX D : Some more examples of factorable processes

Example: The bivariate density

2,2, 2 2

exp[-p” (x;+ xj)/2(1=p") ] PX X4
cosh

/l—p2 1-p

(p1)

g(xi, xj) = g(xi) g(xj)

1 2 _ 1 _2 o
where g(x;)=yz= expl-x;/2], 8(xy) =737 expl-xy/2], =<y, x4<=,
and p is the correlation coefficient, Ipl(l, may be used as a symmetric

(isofactorial) model, for Eq(Dl) writes

«©

80X, 1) = 8(xy) 8(x) ¥ o2 H, () Hy (x.) (D2)
i’ Aj i j 2k %) Xy
k=0

where HZk(') are Hermite polynomials of even order.
By comparing the model (D2) with the well known bivariate Gaussian

model of nonlinear geostatistics
_ k
g0ts xp) = 8(xp) exy) I o H(xp) B (X)) (D3)
k=0
one finds that

Eq. (D1) = [Eq. (D3) with correlation coefficient p] +

Nl N =

[Eq. (DP3) with correlation coefficient —p].

Example: Consider the bivariate density

expl-Cryt 1)/ (1)) o MY
1 ,
1-p° o -2

80y 1) = (D4)

where 0 <xi, xj { » . Eq. (D4) may be expanded as follows (see
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Gradshteyn and Ryzhik, 1965)

= 2

8(rys xp) = 80t 80y T wH L) L) (D)
k=0

where, g(-xi) = exp[-xi], g(xj) = exp[—xj] and Lk(') are the Laguerre

polynomials which are orthonormal with respect to g(.). The

correlation coefficient is, p = u2<l.
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