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INTRODUCTION

The  subject  of  nonlinear  estimation,   which  has  been  of  interest  for

the  last  three  decades  in  physics  and  electrical  engineering,   is  gaining

renewed  interest  in  the  field  of  earth  sclences.

This   interest   is   perhaps   owing   to   the   fact   that   earth   scientists

are    becoming    fully    aware    that    many    physical    processes    cannot    be

represented   adequately  by  traditional   linear  models   (e.g.,   Mein  et  al.,

1974;      Jackson      and     Marechal,       1979;      Bras      and     Georgakakos,      1980;

Christakos,   1987).

Given   the   success   in   linear   real-line   problems,   certain  nonlinear

recursive     optimlzatlon     algorithms     use     the     related     approaches     in

nonlinear  systems  with  behavior  close  to  that  of   linear  ones.     Assuming

that   the  nonlinearitles  can  be  expanded  in  Taylor  series,   the  resulting

extended  Kalnan  equations  for  the  estimate  and  the  error  variance  may  be

obtained   (Gelb,1974;   Anderson  and  Moore,1979).     Work  by  Athans   et   al.,

(1968)    suggests    the    expansion    of    the    state    nonlinearity    about    the

optimal   estimate,    but    the    residual   of   the   expansion   is   unspecified.

Then,    by   establishing   a   cost   criterion   one   nay   derive   this   residual

recursively.      Similar   analyses   have   been   done   by   Jaswin8kl   (1966)   and

Culver    (1969).        Due    to    the    Taylor-series    expansions,    these   methods

require   that   the   nonlinear   functions   of   interest   are   dlfferentlable.

Thus,   in  order  to  take  into  account  the  effect  of  saturation,   threshold

and   other   nonlinearities,   approximating   any   discontinuities   or   corners

in    the   nonlinear    functions   may    be    necessary,    and    this    reduces    the

accuracy  of  the  resulting  expansions.

Some    authors    (e.g.,    Sorenson   and    Stubberud,1968;    Willman,1981)

have  viewed   the  problem  of   nonlinear  estimation  as   one  of   approximating
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the   probability   density   for    the   state   conditioned   on   all   available

measurement   data   by   Edgeworth   or   Gram-Charller   series.      This   procedure

leads    to    very    complicated    equations    describing    the    moments    of    the

density;   also,   obtaining  analytic  criteria  for   judging  the  validity  of

the  approximations  is  difficult.

Nonlinear  recursive  optimization  based  on  statistical  linearization

(Mahalanabis   and   Farooq,   1971;   Gelb,   1974)   does   not   make   any   assumption

regarding    function   differentiability,    but   in   order   to   calculate   the

expansion  coefficients,   knowledge  of   the  full  dlstributlon  of   the  state

at   every  step  is  required.     Furthermore,   a  great  number  of  calculations

are    needed    depending   upon    the    specific    type   of    the   nonlinearities.

Therefore,   one  usually  keeps  only  the  f irst   few  terms   ln  the  expansions

and  this  further  questions  the  accuracy  gained.

In    this    presentation,    we    develop    an    estimator   which    considers

expansions    of    the    state    and   measurement    nonlinearities    in   terms    of

orthogonal    polynomials.         These    expansions    experience    properties    of

signif icant   importance  when  the  states   are  modeled  as   factorable  random

processes.      The   latter   institutes   a  class   of   random  processes  which  we

defifle   so  that   their   two-dimensional  distributions   are  expressed  as   the

linear     combination     of     the     one-dimensional     distributions     and     the

orthogonal  polynonials  of  the  states.    Factorability  is  a  key  hypothesis

f or   the   present    study   and   it   proves   to   be   directly   related   to   the

assumption   required   in   order   to   establish   the   expansion   terms   of   the

nonlinearities.      The   results   obtained   are   extended   to   processes   which

are   not   nece8sarlly   f actorable   but   can   be   derived   f ron  the   latter   by

some  kind  of  transf ormatlon.     Then  the  problem  is  seen  to  become  that  of

testing   to   determine   if   such   a   transformation   can   be   established.   One
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distinct   advantage   of   the   proposed   method   is   that   we   do   not   have   to

calculate    a    finite    number    of    expansion    terms,    since    the    nonlinear

estimates     are     expressed     exactly     via     the     state     and     measurement

functions.      The   gains   require   no   more   than   polynomial   coefficient   of

degree    one    to    be    calculated   exactly    by   means    of    a   dynanic   process

involving   estimated   statistics.     These   features   of   the  proposed  method

may      avoid      questionable      approximations      at      this      stage      of      the

optimization.        On    the    other    hand,    the    forms    of    the    f ilterlng    and

prediction  expressions   assumed  cover  a  wide  space  of  possible  nonlinear

estimators.        Furthermore,    because    it    is    a   recursive    estimator,    the

method   experiences   the   powerful   properties   of   this   type   of   estimators,

connected   with   the   importance   of   dynamic   structure   in   data-processing

methods    (Christakos;    1985;    1987).      Within   this   framework,    the   proposed

method    may    be    viewed    as    a    simple,     practical     substitute    to    more

Sophisticated    approaches    to    nonlinear    estimation,     e.g.,    martingale

theory    (Kallianpur,    1980),    Lie    algebraic    and    differential    geometric

methods    (Brockett,     1980),    stochastic    partial    differential    equations

(Pardoux,1979)   or  Volterra  series  expansions   (Marcus,1979).

ORTHOGONAL   POLYNOMIALS   AND   FACTORABLE   RANDOM   PROCESSES

A   basic   goal    in   applied   estimation   is   to   develop   new   types   of

random   processes   which   conform  to   the   particular   estimation  models   and

procedures.    This  is  usually  a  natter  of  devising  suitable  relationships

between     the      associated      random     variables      and     the     probabllistic

hypotheses.     Within  this  context,   the  notion  of  using  orthogonal
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expansions    related    to    the    probability    density    has    always    been    an

intriguing  one   (e.g.,   Stratonovich,1963;   Sorenson  and  Stubberud,1968).

Let   Pk(x),   k=1,2 ,...   be  a  sequence  of   polynomials  of  degree  k  which

are  orthogonal  with  respect  to  a  probability  density  function  g(x),   i.e.

-``--Szego    (1959)

/R  Pk(X)   Pk'(X)   8(X)   dx   =  6kk,

where

(1)

6kk+=l   (k=k'),   =0   (k±k').     Here  Po(x)   =  1,   in  consequence  of   the

property  of  a  density  (/g(x)dx  =  i).  Assuming  that  f(x)   is  a  square

lntegrable  function  with  respect   to  g(x)   (/  f2(x)  g(x)  dx  <co  ),   it  ls

possible  to  expand  f (x)   in  terms  of  orthogonal  polynomials  pk(x)  as

follows

a,

f(x)=       £        fkpk(X)
k=o

where  the  coef ficients  fk  are  given  by

fk  =  Elf (X)   Pk(X)]   =     /        f (X)   pk(x)   g(x)   dx
R

(2)

(3)

for  all  k.  Eqs.(2)  and   (3)   offer  the  best  approxinatlon  up  to  order  k  of

the  function  f (x),   by  a  polynomlal  of  degree  k  in  the  mean  square

sense.     This  is  easily  shown,   since  the  ninimlzatlon  of

M=E[f(X)-:     fkpk(x)I   2=/      [f(x)-:     fkpk(x)]2g(x)dx          (4)
k=o                                     R                      k=o
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with  respect   to  the  coefficients  fk,   i.e.   @M/@fk=0,   immediately  implies

equ.(3).     The  above  procedure  may  be  thought  of  as  a  statistical

approximation  technique  and  it  has  the  important  advantage  over  the

Taylor-series  expansion  employed  by  sore  nonlinear  e§tlmation  methods:

it  does  not  require  the  existence  of  derivatives  for  f (x)  and,

therefore,   numerous  nonlinearitles  can  be  treated  without  having  to

approximate  corners  and  discontinuities  ln  f(x).    Moreover,   the

expansion  coef f lcients  are  calculated  more  easily  than  by  the  usual

series  expansions  of  other  statistical  linearization  methods   (Gelb,

1974).     Of   course,   the  density  function  g(x)  must   be  known  or

approximated  and  this  is  a  problem  to  be  considered  within  the  context

of   randon  processes,   below.     In  the  following,  working  with   .'normalized"

random  quantities  is  convenient.     Thus  a  random  variable  x  may  be

replaced  by  the  variable  {x-E[x]}//Var[x]   ;   the  latter  has  zero  mean  and

a  unit  variance.     We  consider  random  (or  stochastlc)   processes  in  the

sense  of  Doob  (1953),   and  we  define  the  particular  class  of  factorable

random  processes  to  be  employed  in  this  presentation.  (A  detailed  discussi-

on  of  this  class  of  random  functions  is  given  in  the  Supplement  at  the

end  of  this  report.)

DEFINI'rloN   1: Let  xt,teT  (`r  is  a  reference  set),   be  a  random  process,

which  is  assumed  to  have  the  same  one-dimensional   (univariate)  density

function  g(x±)=g    for  all  variables  xi,  while  the  two-dimensional

(joint)  density  g(x±,xj)   can  be  expressed,   for  any  two  variables  xi,   xj,

as  f ollows
CD

g(Xi'Xj)   =     kEouk(1.i)   Pk(Xi)   Pk(Xj)   g(Xi)   8(Xj)

where  uk(i,j)  are  coefflclents  such  as

(5)
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uk(i.j)   =  E[Pk(Xi)   Pk(Xj)] (6)

Random  processes  satisfying  the  above  assumptions  are  of  signif icant

importance  f or  the  purposes  of  our  study  and  will  be  called  f actorable

random  processes.     The  corresponding  variables  x±,   xj  will  be  called

jointly  factorable  random  variables.

DEFINITION   2: Two  random  processes  xt,yt  will  be  called  jointly

f actorable  if  f or  any  t    T  the  corresponding  variables  are  jointly

f act orable .

Probability  models  similar  to  (5)  are  widely  employed  in  stochastic

mathematics.     For  example,   Pearson  (1930)  used  the  so-called  tetrachoric

series  model;   see  also  Harris  and  Sons   (1980).     Other  applications  are

found   in  Cramer   (1945),   Stratonovich   (1963),   and  Matheron   (1976).     The

class  of  f actorable  random  processes  is  quite  wide  and  can  take  account

of  a  broad  range  of   applications.     We  give  some  exanples  below.

REMARK  i:   In  fact,   eq.(6)   can  be  proven  by  setting

E[Pk(Xi)   Pk(Xj)]=  //Pk(Xi)   Pk(Xj)   8(Xi.Xj)   dxidxj

and  then  substituting  g(x±,xj)  fom  eq.(5)

co

E[Pk(Xi)   Pk(Xj)]   =hEou^(±tj)   JP^(Xi)   Pk(Xi)   8(Xi)   dxi

/P^(Xj)   Pk(Xj)   g(Xj)   dxj

Due  to  eq.(1)   the  terms  with  ^±k  vanish  and  the  integrals  are  equal  to
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one;   thus,   eq.(6)   is  obtained.

EXAMPLE   1:   An   interesting example  of  f actorable  processes  are  the  two-

dimensional   (but  not  necessarily  completely)  Gaussian  processes  combined

with  Hermite  polynomials;   the  link  between  them  is  that  the  latter  may

be  viewed  as  the  derivatlves  of  the  unidimensional  Gaussian  density.     In

this   casei   Pk(X)
/k,   g(x)     dxk

4=   [g(x)I   ,   where    g(x)   =  exp[-x2/2]//2"

and  uk(1,j)   =    E[x±xj]  k.   (This  result  is  easily  obtained  by  expressing

the  corresponding  characteristic  function  in  series-form,   and  then

taking  the  inverse  Fourier  transform  tern-by-term. )

EXAMPLE   2: Random  processes  having  one-dimensional  T   (gamma)  density

g(x)   =  xC-[exp(-x)/r(c)   ,  r(c)  is  the  garma  function,   and  the  two-

dimensional  one  is  expressed  in  terms  of

Pk(X)   =  Xk  L£C)(x),   where

kg(x)]     are  the  Laguerre  polynomials  and

are  factorable  also.     In  fact  they  represent  a  diffusion  process   (such

processes  is  knot`rn  to  play  a  fundamental  role  in  nonlinear  estimation
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theory;   see,   e.g.,   Zakai,1969).     Depending  on  the  value  of  c,

the  y  density  can  take  a  variety  of  shapes:     If  c<1,   the  g(.)   is

monotoriically  decreasing,1f  c=1,   the  g(.)   is  exponential,   and  if  c>1,

it  ls  bell-shaped  approaching  the  Gau§sian  density  as  c  increases.

Various  densities  of  the  factorable  form  (5)  may  be  obtained  starting

from  orthogonal  polynomials   such  as  in  eq.(1),   under  the  condition  that

the  weighting  function  g(.)  can  be  used  as  a  density  function.

REMARK   2: From  eq.(5)   and  the  multipllcaton  theorem  of  densities

8(xi,xj'  =  8(xj'  8(xi`xj'

we  f ind

8(xi`xj'  =  0(xi,xj'  g(xi'

co

Where.   ©(Xi.   Xj)   =k=ouk(i.j)   Pk(X±)   Pk(Xj).   Clearlyi   this   equation

may  be  used  ln  Definition  I  in  the  place  of  eq.(5).

PROPOSITION   1: Let  xi,  xj  be  two  jointly  factorable  random  variables.

Then  we  may  write

E[Pk(Xi)   Pk+(Xj)I   =  6kk+   uk(i.j) (7)

(i.e.,   Pk(Xi)   and  pk,(xj)  are  uncorrelated  for  k±k'   )  and,
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E[Pk(Xi)/Xj]   =  uk(±ij)   Pk(Xj) (8)

Proof :   Combining  orthogonal  polynomials  with  the  factorability

assumption  implies  that  the  function  g(x)   of  eq.(1)   1s   the  density  of

the  factorable  process  defined  by  eq.(5).   Then  we  find

E[Pk(Xi)Pk~(Xj)I   =     //  Pk(Xi)   Pk~(Xj)   g(Xiixj)   dxidxj

Substituting  g(x±,xj)   from  eq.(5)  we  obtain

co

E[Pk(Xi)Pk~(Xj)I   =  A:ou^(±tj)   '  Pk(Xi)   P^(Xi)

8(Xi)dxi/  Pk/(Xj)P^(Xj)8(Xj)dxj

It  follows  from  eq.(I)  that  the  terms  ln  the  right-hand  side  vanish

except   for  ^=k=k',     and  so  eq.(7)   is  obtained.     To  prove  eq.(8)   one  may

work  along  similar  lines  using  the  expression  for  g(x±/xj)  given  in

Remark  2   above.

REPIABK   3 : More  generally  it  can  be  shorn  (Christakos,   1986;  manuscript

submitted  to  IEEE,  Tran§.   on  Aut.  Control)  that  the  bivariate  density  of

any  theoretical  or  observed  process  subject  to  the
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sunmabillty  condition  W    :2¥±':±ij    dx±  dx]  <  a,   can  be  described  by

eq.   (5).     This  fact  largely  extends  the  applicability  of  the  estimator

presented  ln  this  paper.

REMARK  4:   Since  classification  of random  processes  based  upon

statistical  regularity  or  memory  do  not  make  specif ic  ref erences  to  the

detailed  form  of  the  probability  densities,   a  factorable  process  nay  be

coupled  with  properties  f ron  either  one  or  both  of  these  classif lcations

(e.g.,   stationary  and/or  Markovian  properties).     To  illustrate  this

assume  that   the  process  xt  is  also  Markovian;   then

E[xt/Xt_L]   =  E[Xt/Xt_i]

where,   Xt_1  =  {Xs:o<s<t-1}.     By  applying  the  definition  of  factorability

we  can  express  the  conditional  mean  as

E[xt/xt-1]   =  /
Xt  Z  uk(t.t-1)   Pk(Xt)   Pk(Xt_1)   8(Xt)   g(Xt_I)   dxt

=  {Z  uk(I.t-1)   /Xtpk(Xt)g(Xt)dxt}   Pk(Xt_1)

=  b  xt-1

where  b  (=ui(t,t-I))  is  a  numerical  coefflclent   (see  eq.(8)).

Thus

E{xt/Xt_L}   =  b  Xt_1
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which  mearis  that  the  result  of  combining  f actorability  and  Markov

properties  nay  be  a  martingale-type  random  process   (except  for  the

coefficient  b).     This  is  important  within  the  context  of  estimation.

The  numerical  coefficients  uk(i,j)   in  eqs.(6)  and   (7)   express  the

correlation  structure  of  the  process.     In  fact,

PROPOSITION   2:

luk(i,j,l<1

The  coefficients  uk(i,j)  are  such  that

(9)

EE8£:   By  the  Schwartz's  inequality  (we  always  assume  that  the  variables

have  been   "normalized.')

luk(i.j)I    =   lE[Pk(XL)   pk(xj)]|   <   {E[p2(x±)]}L/2{E[p2(xj)]}1/2

But  from  eq.(I),   both  expectations  ln  the  right  hand  side  are  equal  to

one  and,   thus,   eq.(9)   follows.

For  k=O,   a  straightforward  result  of  the  definition  of  the  orthogonal

polynomials   (po(.)   =   I)   1S,   uo(1,j)   =   I.
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ESTIRATION   ALGORITHMS

First,   both  the  structural  and  the  measurement  models  are  assumed

to  be  scalar.     The  random  process  xt  is  given  by  the  nonlinear  dynamic

structural  model

xt   =  f(xt_I,t-1)   +  Wt_1 (10)

where  wt_1  i§  a  Gaussian  white  noise,   independent  of  the  initial

condition  xo.     Then  the  solution  of  eq.(10)   is  a  Markov  process.     The

observation  process  yt  is  given  by  the  nonlinear  expression

yt  =  h(xt,t)  +  vt (11)

where  vt  is  a  Gaussian  white  noise,   uncorrelated  with  wt  in  eq.(10).

Eqs.(10)  and   (11)  describe  a  nonlinear  state-nonlinear  observation

system   (NSNOS).     Estimating  xt  by  processing  the  observed  data

ys,   O<s<t     is  desirable,   satisfying  the  mlnimun  variance  criterion.

More  precisely,   let  c  be  a  fixed  real  number  and  let  Yt  denote  the

LI

a-field  of   sample  path  {ys,   0<s<t}.       Then,   by  xtit/t  we  will  denote  the

estimation  at  time  t+I  of  the  signal  xttr  while  taking  into  account  the

set  of  values  Yt  observed  up  to  time  t.     If  t=0,   the  estimation  problem
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is  called  f lltering,  while  lf  ®>0,   it  is  called  prediction.

In  order  to  obtain  specific  results,  additional  structure  will  be

^
assumed  for  the  processes  xt+1  and  xtut/I;     the  state  Xtit  and  the

rr

estimate  xtti/t  are  assumed  jointly  factorable,   so  that.-I
E[Pk(Xtti)  Pk~(XtTh/t)]   =  6kk~  uk(Xtti.   Xtti/t) (12)'-1
where  uk(Xttr,Xtit/t)  =  E[Pk(Xttr)  pk(xtit/I)]   .     (Later  we  will  relax

this  hypothesis  by  assuming  processes  which  may  be  not  factorable

themselves  but,   instead,  may  result  from  such  processing  by  some  kind  of

well  defined  transformation. )

REMIARE   5: Eq.(10)  may  be  used  to  evaluate  the  probability  density  of  xt

in  terms  of  g(xt_1).     Indeed,   by  definition  of  marginal  density  and  by

applying  Bayes'   rule,   we  obtain

g(xt)   =  /   g(xt/Xt_I)8(Xt_1)dxt_1

The  g(xt/xt_1)   can  be  computed   from  eq.(10),   namely

g(Xt/Xt_1)   =  8(Wt_1)t        at  Wt_1  =  Xt-f (Xt_ii   t-1)

(13)

(14)
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where  the  density  g(wt_1)   is  Gaussian.     Thus  eq.(14)   gives

/xtg(xt/xt_1)dxt  =  f(Xt_itt-i) (15)

Since  xt  is  factorable  it  can  be  easily  shown  that   (see  also  Remark  2

above)

E±

8(Xt/  Xt-1)   =k=o  uk(t.t-1)Pk(Xt)Pk(Xt_1)8(Xt) (16)

where.     uk(tot-1)   =  E[Pk(Xt)  Pk(xt_1)]    .     If   one  substitutes   eq.(16)

into  the  left-hand  side  of  eq.(15),   one  finds

co

/Xtg(Xt/Xt_1)   dxt   =kEo  uk(tit-1)   Pk(Xt_1)   /Xtpk(Xt)g(Xt)dxt

=  ul(t,t-1)  xt-1 (17)

where  the  factorabillty  property   (7)  has  been  employed.     Similarly,

working  with  the  right-hand  side  of   eq.(15)   (wt_1,   Pk(Xt_1)   are

uncorrelated) ,

f (xt-1,t-1)   =
co

H

k-o
co

=E
k=o

fkpk`xt-1)

E[Xtpk(Xt_1)I   Pk(Xt-1)

=  ul(t,t-I)  Xt-1 (18)

1.e.   the  same  result   as  in  eq.(17).     Therefore,   eq.(15)   is  valid  for  a

factorable  xt  and  consequently  the  structural  assumption  (10)   is
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compatible  with  the  assumption  of  factorability.

More  detailed  results  will  be  derived  by  assuming  that  the  f iltered

state  has  the  form.-,
xt/t  =  ¢(xt/t-l,t)  + Ptyt (19)

where  the  f ir§t  term  represents  the  nonlinear  weighting  of  the  previous

estimate  and  the  second  term  is  weighted  current  data  sample.     The

latter  ls  considered  reasonable  since  knowledge  of  yt  contains

^
information  about  xt.     The  predicted  state  xt/t_I  will  be  reasonably

described  by

EIH

Xt/t_i=  dy(Xt_1/t_i>t-1) (20)

Expressions   (19)   and   (20)   are  approxlnatlons  of  the  nonlinear  estimationr:--
around  xt/t  since  the  optimal  estimates  xt/t  and  xt/t_1  are  conditional

expectations  of  xt  with  respect  to  Yt   (the  a  -field  of  sample

Path  {ys.   0<S<t})   and  Yt_1   ({ys,   O<s<t-1})   respectively.      (Equations   of

this  form  are  exact  for  multi-Gaussian  processes.)    No  approximation  is

assumed   regarding  eqs.(10)   and(11).     Instead,   some  workers   in  the  area

(see,   e.g.,   Sorenson  and  Stubberud,1968;   Willnan,1981)   suppose  that

perturbations  of   the  systen  (10),   (11)  can  be  approximated  by  the  first
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and  second  order  .term.s  of  the  Taylor  series.     This  leads  to  a

signlf icantly  more  restricted  space  of  possible  nonlinear  estimators

than  those  suggested  by   (19),   (20)   above.     Moreover,   the  equations

expressing  the  moments  of  the  probability  densities  are  very

complicated,  while  questions  arise  regarding  the  validity  of  the

approximations .

We  will  assume  that   the  functions  f(.),   h(.),   ¢(.),   and  dy(.)   are

square  lntegrable  vlth  respect  to  the  density  functions  of  the  state  and

its  estimate  and,   therefore,   they  may  be  expanded  ln  terms  of  orthogonal

po|ynomials.     Thus,

CO

Xt  =  k:o  fk,t-|  Pk(Xt_1)tot_I

hk't  pk`xt'  +  vt

rJ

xt/t=
^

¢k,t  pk(xt/t-1'  +  Ptyt

Xt/t-1=    k:o  dyk,t-1  Pk  (Xt-1/t-1)

Coefflcient8  ¢k,t  and  dyk,t,   and  accordingly  the  functions

(21)

(22)

(23)

(24)
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a(.)   and  dy(.),   will  be  determined  from  the  minimization  of   the  mean

square  errors

a:/t  =  E[xt/t-xt]2
^

and

2`°t/t_1  =  E[Xt/t_1-xt]2

(25)

(26)

respectively.     The  choice  of  ¢(.)   and  dy(.)   is  the  main  problem  in

optinizatlon.     Conventional  statistical  llnearlzatlon  keeps  only  the

first  few  terns  in  the  corresponding  polynonial  expansions  and,   thus,   it

leads  to  questionable  approximations.     As  we  saw  above,   approximations

are  introduced  in  the  proposed  estimator  only  via  the  f lltering  and

prediction  models   (19)   and   (20).     We  will  show  below  that  due  to  the

factorability  properties  the  functions  ¢(.)  and  dy(.)  can  be  expressed

exactly  via  the  functions  f(.)  and  h(.),   and  there  is,   finally,   no  need

for  approximation  by  orthogonal  expansions.

The  estimation  algorithm  is  derived  for  scalar  processes.     First  we

consider  factorable  random  processes  and  then  the  results  obtained  are

extended  to  nonfactorable  ones.
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A.   Factorable  random  processes

We  will  attempt  to  determine  the  equations  of  evolution  of

LI

Xttr/t  and  a:tr/t  directly  fron  the  NSNOS  defined  above.     Of  course

these  two  parameters  do  not  determine  the  probability  function  of  the

State  XtTh   ,   Since  xtit  is  not.   in  general,   Gaussian.     However,   they  may

of f er  valuable  imf ormation  about  the  mean  path  of  the  structural  model

(10)  and  the  dispersion  about  the  path.

PROPOSITION   3:   The   recur§1ve estimation  equations   for  the  NSNOS

formulated  above,   assuming  factorable  randou  processes,   are  as  follows:

Filtered  state:

-1
xt/t=  xt/t-1+  Pt  et

where  we  introduce  the  nonlinear  lnnovatlon  process

^
et=  yt-h(xt/t-I,t)

Filtered  error  variance:

(27)

(28)
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a:/t  =  (I-hL,t  Bt)2  a:/t+  +  P:  Etv:   I

where

pt  =  hl,t  a:/t-1,  rt

is  the  gain,   h[,t  is  an  expansion  coefficient  of  degree  one,   see

eq.(22),   and

rt=  h:,to:/t_1  +  Etv:   I

is  the  innovation  variance.

Predicted  state:-I
Xt/t_i=  f(Xt_I/t_1.t-1)

Predicted  error  variance:

a:/t_1   =  f:,t_1   a:_1/t_1+  E   [W:_i]

(29)

(30)

(31)

(32)

(33)

where  fi,t_1  is  an  expansion  coefficient  of  degree  one,   see  eq.(21).
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Proof:   Substituting  eq.(23)   into  (25)  and  differentiating  with  respect

to  ¢k,t  and  Bt  we  obtain,   respectivelyr---1
E   [   Xt/t-Xt]   Pk  (Xt/t_I)   =  E[   E,¢k-,t  Pk~(Xt/t_1)  +  Btyt-Xt]   Pk(Xt/t-1)

=0 f or  all  k--I
E[   Xt/t-Xt]   yt   =  E[     :,¢k~,t   Pk~(Xt/t_1)  +  Ptyt  -Xt]   yt   =  °

(34)

(35)

which  are  the  orthogonality  equations  of  the  filtered  state.     Similarly,

f or  the  predicted  state  it  holds

I-llllllllllllllllllllllE-
E[  Xt/t_1-Xt]   Pk  (Xt_I/t_1)   =    E[     Z,¢k',t-1  Pk'(Xt-1/t-I)-Xt]

^

pk(xt-1/t-I)   =  0 f or  all  k (36)

Clearly  the  measures  with  respect  to  which  orthogonallty  ls  considered

are  assumed  to  satisfy  the  factorability  property  (Definition  1).

Before  we  continue  with  the  proof  of  Proposition  3,  we  will  prove  the

Lerma  1,   below.
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Lemma   1: If  the  state  xt  is  jointly  factorable  with  ther-1
estimates  xt/t  and  xt/t_1  of   the  NSNOS  defined  above,   then-I
¢k,t  E[Pk(Xt/t_I)   -Pk(Xt)]   Pk(Xt/t_1)   =  °

and '-I
dyk,t_iE[Pk(Xt_1/t_I)   -Pk(Xt-1)]   Pk(Xt-I/t-1)   =  0

(37)

(38)

for  all  k   (®k,t  and  dyk,t_1  are  the  polynomial  expansion  coefficients,

see   eqs.(23)   and   (24)).

Proof :     From  eqs.(24)   and   (36),   we   find

HLI

E[Xt/t_I   -Xt]   Xt_1/t_1   =0         OrI-llllllllllllllllI-
E[Xt/t_I  -Xt][  Xt/I_I  -k=L  dyk,t-1Pk(Xt-1/t-I)I  i=,t=  0

Due  to  the  factorability  property,   the  terms  with  k±1  vanish,   thus

r:-i
E[Xt/t_1  -Xt]  Xt/t_I     "               (dyi,t±°)

Similarly,   the  last  equation  together  with  eq.(23)  yield

(39)
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E[Xt/t_Lxt][Xt/t    I:1  ¢k,t  Pk(Xt/t-I)  -Ptyt]  +t=  0
I-II|-

or  (factorability,  again)'.-i
E[xt/t_1   -Xt][Xt/t   -Ptyt]   =  0            (¢L,t±O)

Eqs.(7),   (12),   and   (39)   give:-1
E[Pk(Xt/t_I)   -Pk(Xt)]   Xt/t_L=  0

f or  all  k.    The  last  equation  ln  turn  yields

******

^

p^(xt,t-I,, iI,t=  0

(40)

(41)

where  eq.(23)  has  been  used.     Finally  from  this,   eq.(40),   and  the

factorabllity  properties,   (®L,t±O),   we  find  eq.(37).     From  eqs.(23)   and

(35)
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-.-,
E[xt/t  -xt][xt/t  -E  ¢k,tpk(Xt/t-1)I  +t  =  0

or  due  to  eq.(34)

.-.+
E[xt/t-xt]xt/t=0,         or

E[Xt_1/t_I   -Xt_i]   Xt_I/t_i=  0

After  some  manipulations,   eq.(24)   becomes

`1`
Xt-I/t-|  =¢=:=L   [Xt/t-1  -k:1  dyk,t-1  Pk(Xt-1/t-I)I

which  together  with  eq.(42)   give.-I
E(Xt_1/t_I   -Xt_i]   Xt/t_I  =  0

(factorabllity  has  canceled  the  terms  with  k±1).     Clearly,:-1
E[Pk(Xt_1/t_1)   -Pk(Xt_I)I   Xt/t_1   =  0              Or--
E{[Pk(Xt_1/t_1)   -Pk(Xt_1)I   :  dy^,t_ip^(Xt_1/t.1)}   =  °

Hrr

dyk,t_I   E[Pk(Xt_I/t_1)   -Pk(Xt_I)]   Pk(Xt_1/t_1)   =  °

Or

(42)

(43)
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for  all  k;   this  completes   the  proof  of  Lemma  1.

Proof   of   e •(27):   Eq.(34),   after  some  manipulations  involving   (22),

writes

¢k,tE[P2(±t/t_I)]   =  E[Xtpk(Xt/t_1)I   -PtE[Z,hk~,tpk~(Xt)Pk(Xt/t-1)]
^^

Or            ¢k,t  E[   P2   (;t/t_1)I   =6ikE[  Xtxt/t_i]   -Pt  hk,t  E[Pk(Xt)
^

^

pk  (xt/t-I)I f or  all  k (44)

^
Since    vt,   pk(xt/t_1)  are  uncorrelated.     Taking  into  account  eq.(37),

eq.(44)   gives

¢k,t  =  6|k  -Pthk,t               for  all  k

Applying  this   result   into  eq.(23),   we  ilnmediately  derive   (27).

To  proceed,   we  need  the  Lemma  that   follows.

(45)

Lema  2:  The  nonlinear  innovation  process  defined  by  eq.(28)   satisfies

E[et]=   0 (46)
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E[€:I   =  h:,t   a:/t_1+  E[V:   I

^
E[Xt-Xt/t_i]   €t=  hi,t  a:/t_I

Proof :   The  filtering  condition  of  unbla8edness

^
E[xt,t]   =  E[xt]

combined  with  eqs.(22)   and   (23),   gives

^

E  ¢k,tE[Pk(Xt/t-I)]   +  Pt  :  hk,t  E[pk(xt)]   =  E[xt]

(47)

(48)

(49)

Using  eq.(45)   together  with  the  prediction  condition  of  unbiasedness

^
E[xt/t-1]   =  E[xt]

we  obtain

E[Xt/t_i]   -Pt   Z  hk,I   E[Pk(Xt/t_I   )I   +  Bt   f  hk,tE(Pk(Xt)]=E[Xt]   or

rr

E  hk,t{E[Pk(Xt/t_I)I   -E[pk(xt)]}=  o

(Bt±  0).     Then   from  eq.(28)

(50)

(51)
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L=

E[et]   =  E[yt  -h(xt/t-l,t)]

^
=  E[h(xt,t)  -h(Xt/t_itt)]

=  :  hk,t{E[Pk(Xt)   -Pk(±t/t-1)]}   =  0

due  to  eq.(51).     The  innovation  variance  ls

E[e:   I   =  E[h(xt,t)  +  vt   -h(xt/t_1,   t)]2
^

^
=  E[v:I  +  E[h(xt,t)  -h(xt/t_1,tH2

=  Etv:]  + :  h2,tE[pk(xt)  -pk(xt/t_1)]2
rr

rr

since  vt,   xt/t_1-xt  are  uncorrelated.     Now,   using  eq.(37)

(assuring  ®k,t±  0   ).

E[e:I   =  Etv:I   +  Z  h2,t  E[Pk(Xt)   -Pk(Xt/t_I)]Pk(Xt)
rr

(52)

=  Etv:]  +  E  hk,tE[Pk(Xt)  -Pk(Xt/t_1)I   [yt-Vt-A:kh„  P^(Xt)]
^
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=  Etv:I   +  hL,t  E[Xt-Xt/t_i]   yt
rr

due  to  the  factorability  property.     Next  by  inserting  eq.(22)  and

deleting  the  terms  with  k±1,   the  last  equation  becomes

E[€:   I   =  Etv:   I   +  h:,t   E[Xt-Xt/t_L]Xt
^

=  Etv:I   +  h:,tE[xt-xt/t_L]2
L=

=  Etv:   ]  +  h:,to:/t-1

where  eq.(39)   hag   been  used.     Furthermore,

E[xt   -xt/t_]]   et   =  E[xt/t_1-xt][h(Xt.t)   -h(Xt/t_i>t)Ir-I
=  E  hk,tE[Xt/t_1-Xt] [Pk(Xt)   -Pk(Xt/t_1)I

^
=  hi,t  E[Xt/t_1-xt]2

(53)

(54)

(the  terms  for  k  ±  1  vanish  due  to  the  factorabllity  property),  which  ls

eq . (48) .

Proof  of  e a.(29),   (30),   and   (31):   If  we  substitute  eq.(27)   into   (25)  we
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we  I ind

a:/t   =  E[xt/t_I-xt]2  +  P:  E[e:]   +  2Pt  E[   xt/t_1-Xt]et
^^

and  by  inserting  eqs.(47)   and   (48),   we  obtain  eq.(29).

Eq.(31)   is,   by  definition,   idential  to  eq.(47).

Eqs.(11)   and   (35)   give,

^
E[xt/t-xt][h(xt,t)  -vt]   =  0                   or'.-1
hL,tE[Xt/t-xt]Xt  =  -E[xt/t-xt]vt

By  clef initlon,

ot/t  =  E[xt/t-xt]2  = +,tE[xt/t-xt]  vt2``

where  both  eqs.(42)   and   (56)  have  been  used.

Clearly,

^
a:/t=+,tE[xt/tvt],  since  the  x„  vt  are  uncorrelated.    Thus

^
a:,t  =+t  E[  :  ¢krfktxt,t_L>  + ptyt]vt

(55)

(56)
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= i E[ytvt]hl't

rr

Since  vt,xt/t_1  are  uncorrelated.     Finally,

a:/t=±  {hL,tE[xtvt]  + Etv:  ]}  =±   E[v:] (57)

Combining  eqs.(29)   and   (57)   one  may  solve   for  Pt   to  find  equ(30).

Proof   of   e s.(32)   and   (33):   To

as  f ollows

proceed  with  the  proof  we  write  eq.(36)

dyk,t_iE[Pi(±t_1/t_I)]   =  E[Xtpk(Xt_I/t_1)]                    or
LI

dyk,t-1  E[P£   (;t-I/t_1)]=  fk,t_iE[   Pk(Xt_1)   Pk(Xt_1/t_I)]                 (58)
^

^
Since  wt_I,   pk(xt_1/t_I)   are  uncorrelated.     From  eqs.(38)   and   (58)

dyk,t-1  =  fk,t-1 f or  all  k (59)

which  immediately  yields  eq.(32).     Finally,   to  obtain  eq.(33),   one  may

substitute  eq.(32)   into   (26)
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a:/t+  =  Elf(Xt_I,   t-I)  -f(Xt_I/t_I,I-1)]2  +  E[W:_L]
LJ

L=

noting  that  wt_1,   f (xt_1,   t-1)  -f(xt_I/t_1,t-1)  are  uncorrelated.

The  last  equation  becomes

2^°t/t+   =  E  f2,t_iE[Pk(Xt_1)   -Pk(Xt_I/t_1)]2+  E[w:_L]

where  the  terns  with  k'±k  have  disappeared  due  to  f actorabillty

properties;   then

a:/t+     =  :  f2,t_iE[Pk(Xt_1)-Pk(±t_1/t_I)]   Pk(Xt_I)  +  E[W:_i]

i-1
the  terms  E[Pk(Xt_1)   -Pk(Xt_1/t-1)]Pk(Xt-1/t-I)

being  all  zero   (see  eq.(38)).     Clearly

a:/t_1     =  fi,t_iE[Xt_1-±t_I/t_i][Xt  -Vt_L]   +  E[W:_L]

where  eq.(2l)  and  the  factorabllity  properties  have  been  used.     But

LI

Xt_1-Xt_1/t_ii  Wt_1   are  uacorrelated  and  xt  nay  be  expressed  by  eq.(21)

again,  so  that

a:/t_1     =  f:,t_1  E[Xt_1-;t_1/t_i]   Xt_1  +  E[W:_i]

This  equation  combined  with  eq.(42)  yields  eq.(33).
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REMARK   6; Eqs.(27)   and   (29)  nay  be  rephrased  ln  terms  of  the  previous

estimated  state  to  give

H                                                      LI                                                                                                                                                                                      LJ

Xt/t   =  f(Xt_1/t_i>t-1)  +  Pt   {   yt-h[f(Xt_1/t_1.t-1)]} (60)

a:/t   =  (1-hL,t   pt)2   {   f:,t_1     a:_lit_1+E[w:]}   +P:  Etv:]            (61)

If   in  eqs.(29)   and   (61),   we     substitute  E[v:]   from  eqs.(30)   and   (31),   we

f lnd  the  simpler  expressions

a:/t  =  (1-hl'tpt,  a:/t-1

a:/t  =  (1-hi,tot)  {   I:,t+  a:_1/t_1  +  E[W:   I   }

(62)

(63)

respectively.     The  recursive  formulation  of  the  approach  propagates  a

^
Prlori  lnf ormation  Xo/o   ,  a:/o  through  the  system  to  give  the

L=

estimate  xt/I  and  the  associated  accuracy  a:/t  at  each  point  t.

It   is   remarkable  that   the  nonlinear  functions  a(.)  and  dy(.)  of

eqs.(19),and   (20)   are  determined  exactly  from  the  known  functions  f(.),

h(.),   and  are  not  approximated  by  the  expansions   (21)-(24).     Therefore,

no  approximation  is  introduced  at  this  stage  of  estinatlon.    Also,   for

the  gain  and  the  error  variances  we  only  need  to  calculate  the  expansion
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coef f icients  which  correspond  to  k=l   (the  other  terms  vanish  due  to

factorablllty  properties).     These  coefflclents  can  be  obtained  by  means

of  the  statistics  of  the  estimated  States,   i.e.

r-.I
hL,t   =  E[  h(Xt/t_1.t)  Xt/t-i]

^^
fL,t_L=  E[f (Xt_I/t_1.t-1   )  Xt_1/t_i]

(64)

(65)

and  inserted  into  the  estimation  algorithm  (see  eq.(3),   also  following

sections ) .

Under  the  hypothesis  of  factorabillty,   the  estimations  obtained  are

optimal  for  the  nonllnear  approximation  (19),   (20)   (we  will  see  below

that  the  same  holds  true  for  certain  nonfactorable  processes  as  well).

Surely,   they  are  not  the  best  of  all  possible  estlmator§,   which  is  the

case  of  conditional  expectation,  but  the  prerequisites  are  less  and  the

theory  simpler.     An  assumption  ls  required  for  the  density  function  of

the  state  xt;  however,   such  an  assumption  ls  already  inherent  in  the

hypothesis  of  f actorabllity.

We  saw  that  the  innovation  process     et     ls  a  zero  mean  white  noise,

and  lt  is,   by  definition,   orthogonal  to    yo,yi ,..., yt_I   .     In  fact,   this

ls  a  quite  general  result  of  the  stochastlc  estimation  theory  (Kailath,

1971;   A111nger  and  Mitter,   1981).      (Moreover,   under  certain
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circun6tances  the    et  ls  not  only  white,   but  also  Gaussian.)

In  conaluslon,   another  appealing  property  of  the  proposed  estimator

is  that  ln  the  case  of  linear  state-linear  observation  systems,   like

xt   =  a  Xt_1  +  Wt-1

yt  =  b  xt  +  vt

(66)

(67)

it  is  equivalent  to  the  Kalman  filter  (Nahi,1969).     Indeed,   if  in  eqs.'.-1
(27)-(33),   we  replace  fL,t_1,   h[,t,   f (xt_1/t_1.t-1)   and  h(Xt/t_1.t)  by:-I
ai   b.   a  Xt_1/t_1  and  b  xt/t_1  respectively,   these  equations  become

identical  to  the  standard  Kalman  ones.

8.     Nonfactorable  random rocesses

The  presented  method  may  be  extended  to  random  processes  which  do

not  satisfy  the  assumptions  of  factorability.     The  key  point  1§  to

establish  a  suitable  transf ormatlon  of  the  given  nonfactorable  to  a

factorable  process.    If  such  a  transfomatlon  exists,   then  estimation

may  be  made  ln  an  analogous  way.     The  relevant   results  are  summarized

below:

PROPOSITION   4:   Let zt  be  a  nonf actorable  random  process  generated  by  a

NSNOS  as  above,   for  which  we  assume  that   lt  can  be  established  a
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transformation    y(.)  such  as

zt  =  y(xt)

and

xt  =  y-I(zt,

(68)

(69)

where  the  process  xt  is  factorable.     Then,   the  recur81ve  estimation

equations  for  the  process  zt  are  ag  follows:

Filtered  state:

:-1
zt/t=  zt/t-1+  ©t  €t

where

^
£t  =  yt  -h(zt/t-1,t)

is  the  lnnovatlon  process.

Filtered  error  variance:

a:/t  =  (1-hL,tot)2  a:/t    +  0:  E   [v:   ]

where

2©t  =  hl,t  Ot/t-l  `rt

hl,t 1s  the  expansion  coef f lcient  as  bef ore

(70)

(71)

(72)

(73)
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and

rt   =  h:,t  a:/t_1  +  E   [V:   I

Predicted  State:

.-1
Zt/t_1  =  f(Zt-1/t-i't-I)

Predicted  error  variance:

a:/t_I  =  f:,t+  a:_lit_1  +  E[W:_i]

(74)

(75)

(76)

where  fi,t_1  is  the  expansion  coefficient  of  degree  one  for  the  function

f(.).

Proof : The  proof  can  be  mde  f ollowlng  an  analogous  procedure  with  that

of  proposlton  3;   therefore,  we  will  restrict  ourselves  to  a  briefr--I
description  of  its  main  points.    Let  ztit/t=  ^(xttr/t),  T>0.     Since

eqs.(68)   and   (69)   are  valid,   the  orthogonality  equation-,
E[  Ztti/t-ztti]  pk(xtti/t)  =  0,    immediately  gives

^k,t  =  Yk,t.   where  ^k,t  and  Tk,t  are  the  expansion  coefficients  of  the

measurable  functions  ^(.)  and  T(.)  respectively.     Thus,

^^
ztti/t  = y(xttr/t) (77)
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This  ls  an  lnterestlng  result:   if  a  random  process  zt  can  be  expressed

as  a  function  of  a  factorable  process  xt.   see  eq.(68),   then  its

estimator  is  expressed  by  the  same  function,   see  eq.(77).

Let  the  f iltered  state  ber--1.
zt/t   =  n(Xt/t_I)  +  Otyt=       E  T`k,t  Pk(Xt/t_1)  +  etyt (78)

^
where  xt/t_1  is  the  factorable  estimator  (eq.(77)).     The  corresponding

orthogonality  equation':-I
E[     zt/t-zt]   pk(Xt/t_1)   =  0.   leads  to       Tlk,t=  Yk,t-©tuk,t.

where  uk,t  are  the  expansion  coefficients  of  the  observation  ten

u(Xt)   =  h[  T(xt)]   =  h(zt).     Substituting  T`k,t   into  eq.(78)   and  after

taking  into  account   eq.(77)  we  find  eq.(70).     If  we  insert   (70)   into  the

LI

error  variance  a:/t=  E[zt/t-zt]2     ,  we  derive  eq.(72).     Then  eq.(73)  is

obtained  if  we  combine  eq.(72)   and  a:/t=  OtE[v:I/hL,t,   and  solve

for  ot.

Next,   let  the  predicted  state  be':-
Zt/t_1   =  u(Xt_1/t_1)   =      £  Uk,t-|   Pk(Xt-1/t-I) (79)

Using  the  orthogonality  equation

^^
E[   Zt/t_1-Zt]   Pk(Xt_1/t_1)  =  0,   and  following  slmllar  lines  to  that  of
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the  proof  of  Proposition  3,   we  yield  eqs.(75)   and   (76).

At  this  point  a  fact  to  be  stressed  is  that  the

transfomatlon  T(.)   1n  eqs.(68)   and  (69)   is  not  involved  in  the

estimation  algorithm.     Though  lt  is  used  throughout  the  proof  to  show

that'  if
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the  proof  of  Proposition  3,   we  yield  eqs.(75)   and   (76).

At  this  point  a  f act  to  be  stressed  is  that  the

transformation  T(.)   in  eqs.(68)  and  (69)   is  not  involved  in  the

estiination  algorithm.     Though  it  is  used  throughout  the  proof  to  show

that,   if  such  a  transformation  can  be  established  between  a  factorable

process  xt  and  a  nonfactorable  one  zt,   the  latter  can  be  estimated  by

the  algorithm  discussed  above.     However,   we  need  a  priori  values  for  the

rr

initial  Statistics  xo/o   ,  o3/o  and  the  error  variances

E[vt2],     E[vt2]. These  are  model  parameters  and  may  be  selected  through

analysis  of  the  empirical  data  or  computer  simulations   (see  following

section  for  some  detail).

REMARK  7:   Particularly interesting  may  be  these

transformations  y(.),  which  lead  to  two-dimensional  Gaussian  processes

xt.     In  fact,   1t  is  possible  to  construct  a  transformation  such  as  ln

eq.(68)  and   (69)  where  xt  will  be  a  randon  process  with  Gaussian  one-

dimensional  distribution   (see  e.g.   Cramer  and  Leadbetter   (1967)).

Furthermore,   f or  many  practical  applications  it  is  reasonable  to  assume

that  the  two-dimensional  distribution  of  xt  ls  Gaussian  too.     By  way  of

example,   consider  the  lognormal  model  commonly  used  in  geostatlstlcal

appllcatlons:   1f  zt  is  a  lognormal  process,   the  transformation

T(.)  which  maps  a  Gaussian  process  xt   into  zt   ls
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zt   =  T(xt)   =  exp(a+cxt) (80)

where  a  and  c  are  the  expectation  and  the  variance  of  the  Gausslan

process   log(zt).    Many  nonfactorable  distributions  which  cannot  be

evaluated  irL  closed  form  can  be  represented  by  approximations  based  on

the  Gausslan  law  (the  best  are  those  which  are  asymptotlc,   converging  in

some  sense  to  normality;   see,   e.g.,   Patel  and  Read,1982).     Using  the

above  approach  consequently,   the  estimation  problem  is  seen  to  become  a

problem  of  testing  lf  a  transformation  can  be  established  between  the

given  process  zt  and  a  factorable  process  xt.
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SOME   PRACTICAL   ASPECTS   OF   THE   NSNOS   ESTIRATION   ALGORITHM

We  distinguish  two  groups  of  parameters  available  in  the  proposed

estimator:     (1)   those  which  control  its  operation  and  must  be  specified

by  the  scientist  in  proper  time,   and  (2)  those  which  reflect  the  quality

of  the  algorithm  performance  and,   therefore,  may  be  used  to  check  if  it

ls  properly  functioning.    The  group  of  control-paraneters  includes  the

variances  E[w:   I,   E[vt2],   the  coefficients  fi,t_i,   hi,t  and
L=

the  initial  condltlons  xo/o,  a:/o  .    To  the  group  of  test-parameters

belong  the  gain  Bt    and  the  innovation  process  et   .

The  parameters  E[w:I,   E[v:],   ±o/o  and  a:/o  have  to  be  determined  a

priori.     Their  influence  on  the  estlmatlon  accuracy  has  as  follows:

The  accuracy  of   the  estimator  improves  as    E[w:]   and/or  E[v:]   decrease.

The  initial  estimation  variance  a:/o  af f ects  the  initial  state

estimates.     However,   1t  decreases  drastically  as  more  observations

become  available,  meaning  that  errors  in `choosing  a  a:/o    value  as  well

as  errors  ln  calculating  further  a:/t  values  vanish  asymptotically.

As  follows  f ron  the  algorithm,   the  gain  Pt  is  directly  related  to

variations  in  E[w:   ],   E[v:  ]   as  well  as  in  xt/t,   a:/t   .    More
L=

speci£1cally,   if  E[w:]   1s  large  (or  E[v:   I   is  snail),   the  Bt  is  large

and  thus  the  estimator  ls  governed  by  the  observation  model,   the

structural  model  being  inadequate  (1n  this  case  the  estimates  obtained

are  rather  scaled  observations.)    If ,   instead  the

E[w:]   is  small   (or  E[v:I   is  large),   the  8t  will  be  small  too  and  then

the  algorithm  followss  naturally  the  structural  model.    Innovation  et  is

more  sensitive  to  changes  ln  E[v:]     than  ln  E[w:I   and  this  follows
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easily  fron  eq.(31).

The  structure  of  the  algorithm  requires  the  expansion  coef f lcients

fi,t_I  and  hi,t  to  be  calculated  on-line  ln  terns  of  the  statistics  of

the  estimates;   this  can  be  done  using  eqs.(64),   (65).     However,   the  form

of  these  equations  must  be  determined  a  prlori.     For  instance,   eq.(64)

writes :---1
hi,t=R/  h(Xt/t_1.t)  Xt/I_i8(Xt/t_I)  dxt/I+                                                   (81)

If  the  g(.)  is  known  or  ls  assured,   this  iDtegral  may  be  calculated

analytically  (e.g,   if  g(.)  is  Gaussian  and  the  h(.)  is  a  polynomlal,   the

form  of  the  equation  expressing  hL,t  is  easily  detemlned  ln  terms  of
^

the  moments  of  xt/t_i;   see  example  below).     In  more  complex  situations,

one  nay  apply  numerical  integration  methods.     We  will  briefly  describe

such  a  situation  here:   assume  that  for  the  given  observation  process  yt,

there  exists  a  transformation  y(.)  such  as    yt=  y(ut),  where  ut  is  a

standard  Gaussian  process.     Numerical  values  T(ut,i)  of  this

transformation  nay  be  determined  graphically  by  studying  the  standard

cumulative  dlstrlbution  curve  of  ut  and  the  experimental  cumulative

distribution  curve  of  yt.     Using  these  values  together  with  Hernlte

polynomials,   the  T(.)  may  be  completely  defined  by

K
yt   =  Y(ut)   =  k:o  Yk  Pk  (ut)

f or  proper  K.     The  coef f icients  Tk  are  calculated  by  the  Hermlte

integration  f ornula

|M2
Yk  =  ET7Z=  i:o  Wi  Y(ut,1)  Pk(ut,i)  exp[  -¥]

(82)

Chrlstakos  -  41



(83)

where  the  abscissas  ut,i  and  the  weight  factors  wi  are  given  (see,   e.g.,

Abranowitz  and  Stegun,   1965).     Next,   since  T(.)   is  detemined,   the

probability  density  of  yt  may  be  defined  fron  eq.(82)   1n  terms  of  the

Gaussian  density  of  ut.     Furthemore,   u81ng  eq.(11)   one  nay  calculate
^

the  density  of  xt.  Supposing  that  xt  and  xt/t_I  have  the  sane  density

the  coefficient  h[,t  can  be  readily  calculated  from  eqs.(64).     (Similar

comments  hold  for  the  computation  of  the  coefficient  fi,t_1.)

We  will  now  discuss  some  statistical  tests  f or  the  evaluation  of

the  algorithm,   from  simulation  results.     If  the  true  process  xt  is

knorm,   one  may  test  statistically  the  reasonableness  of  the  obtained

error  variances  by  plotting  a  confidence  interval,   say  ±2  /a:/t,  around

the  estimation  error  xt/I  =  xt-  xt/t   .    The  a:/t  will  be  considered
^'--i

rlJreasonable  lf  about  95%  of  the  xt/t  values  lie  within  these  11mlt§.

Since  et  is  a  zero  mean  vhlte  noise,   one  may  check  the  values  provided

by  the  algorithm;   1f  the  plot  of  €t  vs  t  does  not  oscillate  around  zero,

the  initial  conditions  may  need  to  be  changed.    More  speclflcally,   a

number  of  statistical  hypothesis  tests  about  the  postulated  zero  mean

white  noise  €t  may  conplcte  the  evaluation  of  the  algorithm.     For

example,   at  a  5%  significance  level  the  sample  mean  p€  of  a

Gaussian  et  should  be  less  than  1.96  /a:/n  (n  ls  the  number  of  data

and  a:  is   the  sample  variance),   and  95%  of  the  sample  correlation

coefficient  pe(s)  obtained  at  several  intervals  s  =  tj  -ti  should  lie

within  ±  I.96/  /n   ,n>30.     Furthermore,   proper  functloning  of  the

algorithm  implies  that  the  interval  ±2  /rt,  where  rt  is  the  innovation

variance  provided  by  the  algorithm,   should  include  about   95%  of   the

sampled  et.(See  also  the  example  that  follows.)
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AN   ILLuSTRATlvE   EXArmLE

In  order  to  give  sore  insight  into  the  theoretical  results  of  the

preceding  sections  and  to  compare  the  proposed  algorithm  (abr.   PA)   and

the  well  established  extended  Kalman  algorithm  (abr.  ERA,   see  Jazwinski,

1970;   Candy,   1986),   a  simple   example  has   been   simulated.     The  NSNOS   ls

given  by

xt   =  99.95  x   10-2  xc_I  +  4  x   1o-4x:_1   +  wt_1

and

yt=  x:  +  x:  +  vt

(84)

(85)

Where  the  initial  state  xo  is  Gaussian  with  mean  2  and  variance  10-2,

and  wt_1,   vt  are  zero  mean  Gaussian  white  noises  with  variances

5  x   |o-Sand  9  x   10-2   ,   respectively.     The  simulated  measurements  are

sho`m  in  Figure  1.     On  the  basis  of  eqs.(84)   and   (85)   and  the  Gaussian

a8sumptlon,   the  PA  coef f iclents  are  f ound  to  be

fi,t_1  =   99.95X10-2  E[±:_i/t_L],   hL,t=  3  E[±:/t_L]2;

the  ERA  jacobians  will  be

aL,t=  99.95  x   10-2+  8  X   10-4  ;t/t_1,   bL,t  =  2  Xt/t_1+  3  £t;t_1.
^

For  both  the  PA  and  EKA  we  assume  the  initial
^^

conditions,   xo/o=  2  and  a:/o  =  10-2   .     The  PA  estimated  State  xt/t  is

shorn  in  Figure  2.     Since  we  know  the  true  state  xt,   we  can  plot  the
LJ

estimation  error  xt/t=  xt  -    xt/t  and  use  ±  2  /a:/t  as  conf idemce
r.-i

r_-i
intervals,   see  Figure  3.     The  error  xt/t  is  very  small  (its  mean

is  ~  2.4   10-4)   and  only  about  0.7%  lies  outside  the  bounds.     The  last  PA
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variance  available  is  close  to  the  sanple  variance

(o.25   10-4  ~  0.20     10-4)   .     |n  Figure  4  we  show  the  nonlinear  innovation

process  €t  together  with  the  confidence  interval  ±  2  /rt  provided  by  the

PA.     Here  none  of   the  et  values  exceeds   the  bounds,   while  the  mean  ls

very  close  to  zero   (~  3.4  x   10-3   <  1.96  /   a:/n  =  5.84  x   10-2)   .     Figure

5   shows   that   only  2.67%  of   the  p€   lies   outside  the  bounds   1.96/  /  n    =

0.16.     Therefore,   the  et  i§  a  zero  mean  white  noise,   fact  that   implies

proper  functlonlng  of  the  PA.     In  Figure  6  we  compare  the  estimation

error  xt/t(PA)   provided  by  the  PA  and  that  provided  by  the  EKA,

±t/t   (EKA):   the  plot   of  Axt/t  =|±t/I(PA)I-I;t/t   (EKA)I   establishes   the

8uperlorlty  of  the  PA  (note  that  negative  Ax  values  lndlcate  more

accurate  PA,   while  positive  Ax  values  indicate  more  accurate  ERA).

To  obtain  the  sensitivity  of  the  two  algorithms  to  variations  in

the  statlstlcs  of  the  state  noise  wt,  we  again  consider  the  NSNOS  of

eqs.(84)   and   (85)  where  now  the  variance  E[w:   ]   takes   the  values   10-5,   5

10-5,   and  9   10-5.     The  plots  in  Figure  7   show  the  PA  estimation  variance

a:/t.    Note  the  rapid  reduction  of  the  a:/t  with  the  number  of

observations  processed  leading  to  increasingly  accurate  estimates.    This

reduction  seems  to  tend  to  continue  and  after  the  last  observation

available.     The  same  for  the  ERA  are  shown  in  Figure  8.     As  the  last  two

f lgures  verify,   the  PA  gives  better  results  ln  this  regard  also  (smaller

a:/t  values  and  less  sensitive  to  changes  in  E[w:I).
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SUMMARY   -   CONCLUSIONS

In  this  paper,   we  presented  on-line  recursive  estimation  algorithms

for  nonllnear  state-nonllnear  observation  physical  systems  generating

factorable  random  processes,   or  processes  which,   while  are  not

factorable  themselves,   can  be  transformed  to  such  processes.     Such

situations  may  arise  in  dlf fusion  models  of  transport  phenomena,   real-

time  estimation  of  physical  paraneters,   1dentlficatlon  of  environmental

models,   nine  planning,   etc.     The  proposed  method  combines  these

processes  with  orthogonal  expansions  of  the  nonlinearitles  in  the  state

and  observation  models  leading  to  ef f icient  and  mathematically

meaningful  estimates.

In  summary,   some  notable  features  of  the  method  proposed  are:     It

takes  advantage  of  exact  nonllnear  dynamic  structural  and  neasurenent

models  to  adequately  describe  spatial  variations  and  measurement  errors

in  the  underlying  processes.    Approximations  are  introduced  only  via  the

nonllnear  filtering  and  prediction  models.    Estimation  is  carried  out

using  sequential  algorithms  that  enable  the  available  lnf ormation  to  be

analyzed  and  weighted  with  less  computatlonal  cost  than  other  methods.

If  proce§slng  a  priori  imf omation,   new  data  can  be  handled  lrmediately

and  new  estimates  made.     The  present  algorithm  ls  suboptlmal  but  very

comprehensive,   so  lt  may  serve  as  a  simple  substitute  to  substantially

more  complicated  approaches,   like  martingale  theory,  Lie  algebraic  and

differential  geometric  methods,   etc.    As  the  example  illustrates,   the

method  compares  favorably  ln  practice  with  the  well  established  extended

Kalman  algorithm.
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S  U  P  P  L  E  M  E  N  T:   The   factorable  random  processes

oN  TIIE  poLENomAI  ExpAIsloN  oF  BIVABIATE  propABILIT¥  DENSITIEs

Let  xt,   t€T  (T  is  a  reference  set)  be  a  random  function  and  let  g(x±,xj)

be  the  bivariate  probability  density  of  the  random  varlables  x±  and  xj  at  t=

t±  and  t=  tj  respectively.     Furthermore,   assure  that  Pk(x±)  and

q^(xj),   k,^  =  0,1 ,...,   are  two  complete  sets  of   orthonormal  polynomials  having

weighting  functions  the  unlvariate  densities  gi(x±)  and  gj(xj)  respectively,

i.e. ,

/   Pk(Xi)   Pk+(Xi)   gi(Xi)   dxi   =  6kk+.             and

/  q^(Xj)   q^.(Xj)   gj(Xj)   dxj   =  6M~

(1)

(2)

where  6k^  (=1  if  k=^,   =0  otherwise)   is  the  Kronecker-delta.     Accordingly,   one

nay  define  the  correlation  coeff icients  uk^  as

uk^  =  //Pk(Xi)   q^(Xj)   g(Xi.Xj)   dxi  dxj

and  the  coef f iclent  r  by

I   =  /   /  K2(x±,xj)   g±(x±)   gj(Xj)   dxi  dxj

where  K(x±,xj)   is  such  that

-1-

(3)

(4)



K,xi,xj, -¥8#*

If  r  is  finite,  the  bilinear  form

U(Pk'q^)   =     I     I  uk^  Pk(Xi)   q^(Xj)>                      or

u(pk,q^,   =  pTu  Q

where ,

and     U   = is  the  matrix  of  the

(5)

(6)

(7)

form,   offers  the  best  approximation  of  the  quantity  K(x±,xj)  of  Eq.   (5)  in  the

mean  square   sense.     Indeed,   since  pk(x±)   and  q^(xj),   k,^  =  0,I ,...,   are  two

complete  sets  of  orthonormal  polynomials,   the  functions  pk(x±)  q^(xj)   also

form  a  complete  orthonormal  set  of  polynomials   (Courant   and  Hilbert,   1953).

The  K(x±,xj)   is  square  integrable  by  Eq.   (4)   and  the  hypothesis  that  r  ls

finite  and,   thus,   the  minimization  of

/   /   [K(X±,Xj)   -U*(Pk,q^)]2   8£(X±)   gj(Xj)   dxf   dxj

where

*
u   (pk'q^,   =  pTu*Q   ,

too   ...   TIN
*.,
U=..

tkl   ...  tk^

and

-2-



with  respect  to  the  coefficients  Tk^,  k,^=0,1 ,...,   implies

u=u*

When  k,^+  co,   the  approximation   (6)   becomes   equal  to  K(x±,xj),   i.e.

K(xi,xj'   =  U(pk,q^)

Moreover  it  is  valid

2uk^=  r

which  is  the  completeness  relation  of  the  linear  algebra  theory  (Gel'fand,

1961).     For  instance,   if  the  density    g(x±,xj)  is  bivarlate  Gaussian,

r  =  1/(1-p2),   |p|<1;   p   is   the  correlation  coefficient.

(8)

(9)

(10)

The  polynomials  pk(x±)   and  q^(xj)   depend,   in  general,   on  the  parameters

ti  and  tj,   and  so  do  the  correlation  coefficients  uk^  and  the  unlvariate  and

the  bivariate  densities.    Taking  into  account  that  the

8±(X±),   8j(Xj)   and  g(X±,xj)   are  probability  densities,   one  finds

po(xl)   =  qo(Xj'   =   1

Pi(Xi)   =   {X±  -E[x±]}    /   {var[x±]}L/2

q|(Xj)   =   {Xj   -E[xj]}   /   {var[xj]}L/2

(11)

These  results  demonstrate  that  the  mean  and  variance  of  the  two  variables  nay

be  derived  from  the  orthogonal  polynomials  and  vice  ver§a.
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The   lm ortance  of  the  Correlation  Coef f icients uk^

The  above  procedure  shows  that  the  bivarlate  probability  density  may  be

clef ined  in  terms  of  the  two  univariate  densities  and  the  coeff icients  uk^  .

This  f act  depicts  that  it  may  be  useful  that  the  latter  be  studied  in  more

depth.    A  straight-forward  application  of  the  Schwartz's  inequality  yields

luk^l       =      |E[Pk(X±)   q^(xj)]|       <      {E[pLk(x±)]}L/2{E[qL^(xj)]}L/2

or,   due  to  Eqs.   (1)   and   (2),

luk^l       <      1

for  all  k,^.     Furthermore,   since  gj(xj)  is  given  by

gj(xj,     =    /  g(xi,xj,   dxi

one  may  use  Eqs.   (I)   through   (4)   to   find

cO

|=Z

j=0

uoi  qj`xj'

or,   due  to  eq.   (11),

uoo=1.                  and

-4-
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uo^  =   0

for  ^  >  0.     Similarly  one  may  prove  that

uko  =  0

for  k  >  0.     Finally  an  important  property  of  the  coefficients

uk^    can  be  established  as  follows:     by  defining  the  covariance  function

Cx(ti.tj)     =     E   {X±   -E[x±]}    {xj   -E[xj]}

=     //    {X±   -E[X±]}    {Xj   -E[Xj]}   g(X±ixj)   dx±   dxji

and  by  using  eqs.   (I),   (2),   (3)   and   (9),   one  finds

Cx(tiitj)   =  uii   {Var   [x±]}L/2    {var   [xj]}L/2

(14)

(15)

(16)

(i.e.,  uii  is  the  correlation  coefficient  of  the  variables  xi  and  xj).

Note  that  ln  this  section  no  restriction  regarding  the  statistical  regularity

(such  as  stationarity)  of  the  function  xt  is  being  imposed.     So,   the

covariance  cx(ti,   tj)  is  in  general  a  function  of  ti  and  tj.

Since  eq.   (6)   is  a  bilinear  fom  in  the  polynomials

Pk(Xi)   and  q^(Xj)   and  uk^     is  the  mean  value  of  the  product

Pk(X±)  q^(Xj),     one  is  able  to  go  from  the  bilinear  form  (6)   to  its  matrix

representation  (7)   and  vice  versa  by  inspection.
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Example  I:     Assume  that  the  univariate  density  is  uniform  over  the  range   [0,

1].     The  associated  orthonornal  polynomials  are  Legendre  and  the  bllinear  form

is

U(Pk,q^)   =  1  +  /O.75X10-1(2x±-I)(2xj-1)  +  3/5xl0-2[3(2x±-I)2-|][3(2xj-1)2-|]   +

2.5W   x   10-2[5(2xL-1)3-3(2x±-1)I    [5(2xj-1)3-3(2xj-I)I

Writing  the  last  equation  according  to  the  teminology  of  eq.   (6)  one  finds

U(Pk.Pk)   =  uoo  Po(Xi)   Po(Xj)   +  uii   Pi(Xi)   Pi(Xj)   +  u22  P2(Xi)   P2(Xj)

+  u33  P3(Xi)   P3(Xj).

Where,   Po(X)=   1,   PL(x)=  /12x+3,   p2(x)=   6/5   [3(2x-1)2-1]   and

P3(X)   =#   [5(2x-I)3-3(2x-1)I.

Therefore,   the  matrix  U  in  eq.   (7)   is  found,   by  inspection,   to  be

Nonlinear  Transformations  of  Random  Functions

In  many  applications  one  may  clef ine  an  output  function  zt  which  is  the

nonlinear,   in  general,   transformation  of  the  input  function  xt,   i.e.

zt=  f(xt,   t)

-6-
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Such  transformations  are  very  common  in  geotechnical  engineering:   for  example,

numerical  models   (finite  elements,   etc)  or  elastoplastic  methods.     In

geostatistics  nonlinear  transformations  arise  when  data  must  be  transformed  to

normality  so  that  nonlinear  kriging  estimators  apply.    The  correlation

structure  of  the  output  function  will  be  clef ined  by  the  covariance  below

Cz(tiitj)   =  E{Zi  -E[Z±]}    {zj  -E[zj]}

=   E{f(X±,t±)   -E[f(XL,tL)]}    {f(Xj,tj)   -Elf(Xj,tj)]}

=  //   {f (XL.tL)   -ELf(X±,t±)]}    {f(xj,tj)   -ELf (xj,tj)]}

8(Xi.Xj)   dxi  dxj

It  is  easy  to  see  that

//  E[f(x±,t±)]   {f(xj,tj)   -E[f(Xj.tj)]}   g(Xi>Xj)   dxi  dxj

=  E[f(XL,t±)]   {E[f(xj,tj)]   -E[f(xj,tj)]}   =  0

and  thus

Cz(t±itj)   =  E{f(Xj,tj)   -E[£(xj,tj)]}   f(x±,t±),   and

Cz(t±,tj)   a  E{f (X±,t±)   -E[f (x£,t±)]}   f (xjotj)

To  proceed  one  nay  assume

cO

f(Xi>ti)  =k:o  fk,i   Pk(Xi)

and

-7-
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co

f(xj,tj'  =^:o  f^,j  q^(xj'

where

fk,i  =  E[f (Xiiti)   Pk(Xi)]

and

f^,j  =  E[f (Xj,tj)   qh(Xj)]

(22)

(23)

(24)

respectively.     (Here  it  is  assumed  that  the  functions  used  are  such  that  the

expansions  exist.)     Then  eq.   (18)  writes

coco

Cz(ti'tj)   =  //k:1  fk,i  Pk(Xi)A:I  f^,j  q^(Xj)

HFI

I:I
LJ=O   v=O

uuv   Pu(Xi)   qv(Xj)   8(Xi)   g(Xj)   dx±   dxj

where  eq.   (9)  has  been  inserted.     Taking  advantage  of  the  orthonormality

relationships   (1),   (2)   one  finds

cOco

Cz(ti'tj)    =    k:I    A:1      uk^fk,if^,j

(Eqs.   (16)   and  (25)   stress  the  importance  of  the  coefficients  uk^  in  the

determination  of  the  correlation  structure  of  a  random  function.)

(25)

Example  2:  Let  x±,   xj  be  two  jointly  Gaussian  random  variables  with  bivariate

density

-8-



22

g(x£,xj)  =  [2tto2  a:  /1-p2,j]-1  exp{-I+Ez  + ¥r
OiOi

-  2piif ±   X+  I  „  -p2j  ]  -I,

where,   o±=  {Var[x±]}L/2   and  oj=  {var[xjn[/2   .

in  a  bilinear  f orm,  where

(26)

This  density  may  be  expressed

g±(x±)   =   (2no2)-1/2exp[-x:/2oi],     gj(xj)   =   (2tta:)-1/2exp[-x:/2oj2]     and

Pk(X±)   =   (2kk!)-1"  Hk(X£//20±),       qh(Xj)   =   (2^^!)-lit  H^(xj//2oj)     and

uk^=
uk=  p:j  ,   if  k=^

0   ,                otherwise.

Now,   let  zt=  f(xt,t)=  x:.     The  cz(t±,tj)  will  be  of  the  form  (25)  which,

taking  into  account  the  above  results,   reduces  to

a,

Cz(ti.tj)   =  I    uk  fk,i  fk,j
k=1

where,   in  this  case

fk,i=  fk,j=  0     for  k±2,   and    f2,±=  /2  oZ   ,   f2,j=  /2  a:   .     Thus,

cztt±,tjJ  =  2  o2  a:  p2j

(27)

(28)

(Note  that  if  xi  and  xj  are  uncorrelated,   then  so  are  f(x±,ti)  and  f(xj,tj)).

Example  3:     An  interesting  special  case  of  Eq.   (25)   is  to  choose  uk^  such  as

uk^=  bkc^uii

-9-
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where  k,^>l;   bk,   c^  are  real  coefficients  and  bi=  ci=  1.     (This  choice  is  not

without  a  good  reason,   for  eq.   (29)  is  a  linear  relation  of  the  correlation

structure  of   the  random  variables  pk(x±),   q^(xj)  and  that  of  x±,  xj.)    Eq.

(25)   simplif ies  to

coo

Cz(ti.tj)=uii    I         I    bkc^fk,if^,j
k=1     ^=1

which  using  Eq.   (16)  writes

Cz(ti)tj)   =  a!f  Cx(tiitj)

where  the  coefficient  c[f  depends  on  the  functions     f(x±,t±)  and

f (Xj,tj)   and  is   such  as

®Cb

ZZ
k  =   I     A  -1

bk    C^    fk,i  f^,j

(In  effect,   it  is  not  difficult  Co  show  that  Eq.   (29)   is  a  necessary  and

sufficient  condition  for  the  validity  of  Eq.   (31).)

(30)

(31)

(32)

A  Method  f or  I)eriving  Orthogonal  Polynorials

The  choice  of  the  polynomials  which  are  orthogonal  with  respect  to  the

unlvarlate  density  ls  of  primary  importance  ln  the  establishment  of  polynomlal

expansions  for  the  bivariate  density.     Here  we  will  discuss  a  powerful  and

comprehensive  approach  of  constructing  set  of  polynomials  which  are  orthogonal

with  respect  to  a  given  probability  density.     The  approach  ls  based  on  some

-10-



results  by  Lavrenter  and  Schabat   (1967)   and  has  as  follows:

Let  g(x)  be  a  density  function  and  let  xL  and  x2  be  the  limits  of  the

range  of  interest  of  x.     If  g(x)  is  such  as

#--:#
where                W(X)   =  Wix   +  Wo

v (]`)  --  v 2M2.2  +  V LX + V o

and

8(Xi)   V(Xi)   ±   8(X2)   V(X2)   =   °1

then  the  set  of  orthogonal  polynomials  corresponding  to  g(x)   is  given  by

pkt„=ife=#[vkt„gtx>]

(33)

(34)

(35)

(36)

For  several  types  of  important  orthogonal  polynomials  which  include  the

Hermite,   Chebyshev,   Laguerre,   Legendre  and  Gegenbauer  polynomials,   eq.   (36)   is

ln  agreement  with  the  Rodrigues'   formula.

Example 4:     Let

g;(x) -- (i- y2. )tr "

where  a!>o  and  -l<x<1.     Following  the  procedure  above  one  finds

=IE

(37)



#= ( 1 -2a: )

1-x2
JL   ;     thus,   v(x)   =  -x2  +  1.     Then,   g(x[=  -1)   V(XL=  -1)

=  8(X2=   1)   V(X2=   1)   =   0,   so   that

1dkPk("  = #2 Tk  [(1-x2)kid-I/2]= const.  c(%)(„

where     C(%)(.)       are  Gegenbauer  polynomials.

FACTORABLE   RAND0tl   FUNCTIONS

Definitions

(38)

In  the  previous  section  some  quite  general  results  have  been  presented

about  random  functions.     In  this  section  the  attention  will  be  restricted  to

more  specific  classes  of  random  function.     It  is  computationally  convenient  to

require  that  the  coefficients  in  Eq.   (7)  are  such  as

uk^  =  E[Pk(Xi)   q^(Xj)]   =  6k^  uk

f or  all  k±^   .    Essentially  one  needs  to  choose  the  associated  orthogonal

polynomials  so  that  eq.   (39)   is  valid,  where

uk  =  E[Pk(Xi)   qk(Xj)]

(39)

(40)

corresponds   to  the  maximum  correlation  between  members  of  the  complete  sets

Pk(Xi)   and  q^(Xj),   k,^=  0,1 ,...     Then,   by  a  straightforward  application  of   the

theory  of  diagonallzation  of  bilinear  forms   (Gel'fand,1961),   the  blvariate

density  can  be  expressed  as

-12-



8(Xi.Xj)   =  gi(Xi)   8j(Xj)

®

I
k=0

uk  Pk(Xi)   qk(Xj)

The  corresponding  random  function  will  be  called  a  f actorable  random

function.    In  this  case  it  is  easily  seen  that

uo  =1,                    and

ui   =  Cx(ti)   tj)   /   {Var[xL]}L/2    {var[xj]}L/2

(see   also,   eqs.   (13)   and   (16)).

(41)

(42)

(43)

In  engineering  applications  it  is  many  times  convenient  to  work  in  the

frequency  domain.     The  characteristic  function,   that  forms  a  Fourier  transform

pair  with  the  bivariate  density  of  eq.   (41),  will  then  take  the  form

cok

¢(w±.wj)   =     I     uk[   I

k=0        A,v=0

in::¢lfd+:;±]
i"iv        dw:

for  suitable  coefficients  c^,v   .     (The  proof  is  given  in  the  Appendix  A.)

Some  Criteria  of  Factorabllit

(44)

Let  us  now  discuss  some  criteria  of  factorability.     It  can  be  proven

(Appendix  8)  that  a  necessary  and  suf f icient  condition  for  a  random  function

xt,   to  be  factorable  in  the  sense  defined  above  is  that

-13-



E[x:/Xj]   =  Win(Xj)

E[x¥/X±]   =  Vm(Xi)

(45)

(46)

where  win(.)     is  a  polynomial  of  degree  in.   It   is  important  to  note  that  this

condition  does  not  require  the  knowledge  of  the  associated  orthogonal

polynorials.

Example  5:     Consider  the  bivariate  density

8(xi'xj)  = =)iaTH[(1-p2)  -(x:  + x:  )  + 2px±xj]Or-1a!
(47)

where  o!>o   and   |p|<1,   defined   in  the   region       x2  +  x:  -2px±xj   <1   -p2.

We  want  to  test  if   equ.   (47)   is  of  the  factorable  form.     First,   by  integration

one  f inds

gtx'=7irG-+-+5tL_x2,a-MI'(c'+1)                                        ,        a>o,   -1<   x<l

Then  one  needs   to  check  if  Eqs.   (45)   and  (46)   are  valid.     Indeed

(48)

E[X:/Xj]=s{x£)X:#dx|

where       S(x±)   =   [px±7(1-p2)   (1-xj2),   px±+  /(1-p2)   (1-x:   )],

is  obviously  a  polynomial  of  degree  in  in  xj.       Similarly,   the  E[xT  /x±]   is  a

polynomial  of  degree  in  in  x±    and,   thus,   the  criterion  of  factorability  is

satisf led.     One  may  now  proceed  to  the  derivation  of  the  polynomial  expansion

-14-



of  eq.   (47).     For  the  univariate  density  (48)   one  uses  the  result  of  eq.   (38).

The  coefficient  uk  are  determined  from  eq.   (40),   i.e.

uk =  [#z#]  c{er}p) (49)

where,  k=  0,I,2 ,...,   and  p  is  the  correlation  coefficient  between

x±  and  xj.   (When  k=   1,   uL=  p.)   Consequently  the  factorable  expansion  of  Eq.

(47)   has   as   follows   (a>o)

8(Xi'Xj)  = :i:#2#  H-x±)(1-xj)]Or  -1/2

(a!)            (a')               (a)
Ck   (P)   Ck   (Xi)   Ck   (Xj).

kialrfu[frrf
o![r(2ct  +  k)]

(50)

Another  criterion  of  factorability  may  be  established  in  the  f requency

domain:     A  necessary  and  suf f icient  condition  f or  a  random  function  xt  to  be

f actorable  ls  that

=¢J=iiE
@i

np^=Z--
wi=o         ^=o     i^

oho(wi,o,

ow:

(51)

(52)

for  all  in;  a^,   8^  are  suitable  polynomial  coefficients.     (The  proof  is  given

in  the  Appendix  C.)
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Further  manipulations   on  eq,   (82)   and   (83)   of  Appendix  8  lead     to  the

f ollowing  useful  expressions

®

E[Pk(Xi)/Xj]   =   /   Pk(Xi)     I     u^   P^(Xi)   q^(Xj)   8(Xi)   dx;

^=0
=  uk  qk`xj'

and,   similarly,

E[q^(xj)/Xi]   =  u^Ph(Xi).

Nonlinear  Transf ormations

For  the  random  function  zt  defined  by  eq.   (17)   above,   if  f(.,.)   is  a

strictly  monotonic  function  and  xt  is  a  f actorable  random  function,   zt  is

factorable  too;   this  is  easily  seen  since  in  this  case  it  holds

co

8(Ei'€j)   =   8(Ei)   g(Ej)   k:o   uk  Pk(f-1(E±))    qk(f-1(Ej))

(assuming  that  the  denominator  is  non-zero).     The  formula  relating  the

corresponding  covariances  will  be  as   follows   (see,   also,   qu.(25)

cz`Tlj=  ti-ti)   =

E¥a.in.phi:

-16-
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zt=  f (xt)   =  sgn[xt]   =
1     1f     xt>0

-1    if    xt<0
(57)

where  xt  is  a  factorable  (Gausslan)   function  with  unit  variance.     According  to

the  results  above  one  f inds

®

f(Xi)   =     I   f2k+1,i  H2k+I(Xi)

k=O

since  the  even  terms  vanish;

f2k+I,i = ,£  H+-dkfr

and  H2k+1(.)  are  the  Hermite  polynonials.     In  this  case,  uk=  pk(p  is  the

correlation  coef flcient)  and

CO

cz,e=ti-ti,  -:   I
k=O

(2k! )

FTkT;
(58)

Using  Gradstheyn  and  Ryzhik  (1965),   one  finds  that  the  right-hand  side  of  the

last  equation  is  equal  to i  sin-Lp,  and  thus,
J,

Cz(D  = £  sin-Lcx(" (59)

Expressions  like  the  eq.   (58)   are  very  tractable.     For  instance,   by  taking  the

Fourler  transfom  of  eq.   (58)  one  easily  finds  that

cO

(2k! )czt"=£k:0.2TapkTrT=+i;[c:tw>]2k+1

where,  Cz(w),   Cx(w)  are  the  spectral  functions  of  the  covariances

-17-
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Cz(„   and  cx(„  respectively;   the   [C:(w)]2k+1  means  the  (2k+1)th  se|f-

convolution  of   Cx(W).

THE   SYMMETRIC   MODEL

This  section  examines  that  subclass  of  factorable  processes  f or  which  the

bivariate  density  is  symmetric  in  the  variables  x±  and  xj,  i.e.

8(xi,xj'  =  8(xj,xi'

Then  Eq.   (41)   becomes

CO

8(Xi.Xj)   =  g(Xi)   g(Xj)     I     uk  Pk(Xi)   Pk(Xj)
k=0

where

uk=  E[Pk(Xi)   Pk(Xj)]

(61)

(62)

(63)

The  hypothesis  of  stationarity  implies  that  the  univariate  densities  and  the

polynomials  in  eq.   (62)  are  independent  of  ti,   tj.    Also,   the  coefflclents  uk

depend  only  on  the  difference  T±j=  t±-tj.       In  this  case,   eq.   (62)   is

identical  with  the  well  known  lsofactorlal  model  of  Geostatlstics   (Matheron,

1976;  Armstrong  and  Matheron,1986).     Clearly,   a  necessary  and  sufficient

condition  f or  a  stationary  function  to  have  a  bivariate  density  of  the

lsof actorial  form  (62)  is  that  its  characteristic  function  has  a  slmllar

f actorable  f orm.
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Below,   some  interesting  properties  of  the  model   (62)  will  be  discussed:

An  Integral  Re resentatlon  of  the  lsofactorial  Model

The  theory  of  integral  equations  enables  one  to  consider  a  variety  of

different  problems  from  a  unified  point  of  view  (Courant  and  Hilbert,1953).

In  effect,   Eq.   (62)  may  be  written  as

co

/g(Xi.Xj)   Pk(Xj)   dxj  =  g(Xi)   kEo  uk  Pk(Xi)   /Pk(Xj)   g(Xj)   dxj

=  uk  g(xi'  pk(xi'

Or  by  Setting

F(Xiixj)   =   g(X±,Xj)    [g(X±)   g(xj)]-1/2

©k(Xi)   =   g(X±)1/2pk(x±)

°k(Xj)   =  8(Xj)I/2Pk(Xj)

and

Yk  =  uk

one  obtains  the  well  known  linear  homogeneous  integral  equation

/F(X±9Xj)   Ok(Xj)   dxj=  Yk   °k(Xi)

(64)

(65)

(66)

(67)

(68)

(69)

Here,   F(x±,xj)  is  the  kernel  of  the  integral  equation,   the

eigenfunctions  Ok(.)   are  orthogonal  and  normal,   and  Tk  are  the  corresponding
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eigenvalues.     Clearly,   the  problem  of  deriving  a  symmetric,   factorable

bivarlate  density  expansion  is  now  a  problem  of  the  eigenvalue  theory,

where  F(x±,xj)   is  given  by

F(xl,Xj,   =  ©:  I  ©i

where

©i=

(70)

Eq.   (70),   combined  with  eq.   (65),   yields  the  bilinear  form  of  the  bivariate

density.     However,   expansion  (70)  holds  under  certain  conditions  only:   the

eigenfunctions  Ok(.)  must  form  a  complete  set  and  they  should  not  depend

on  T±j=  t±-tj.   Furthermore,   by  comparing  Eqs.   (4),   (5)   and   (65)   one  finds

I  =  /   /  F2(x±,   Xj)   dxi  dxj

-  k!1  Y:

which  must  be  finite.

(71)

Exanple  7:     Let    g(x)  =  xC  exp[i]   if  x>0,   =  0  otherwise.

For  c=  n  -1/2 ,   n=0,1,2 ,...,   this  is  the  density  of  the  chi-square

distribution.     The  corresponding  polynomials  which  are  orthogonal  and  normal

for  the   interval   (O,co)   are   (see,   eg,   Watson,   1933)

/k!
pktxJ  = 7FrEFas    Lfc>tx>

-20-
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where

L(£)(" =#x|  d+ {xcexp[-xn1

are  the  generalized  Laguerre  polynomials,   and

k
Yk=P

(73)

are  the  eigenvalues  (p   ls  the  correlation  coefficient).     Eqs.   (66)   and   (67)

Write

°k(Xi)  =  {#:±i}L/2 L£C)(xL)

©k(xj)  =  {::£:E}L/2  Lfc)(xj),

and   (70)   one  f inds

and

respectively.     By  making  use  of  eqs.   (65)

co

g(x±,xj)=(x±xj)Cexp[-(x±+  xj)I   I   pk F{gteT;II}    L£C)(x±)  L£C)(xj)
k!

k=0

(74)

which,   for  c=  n-I/2 ,  n=0,1,2 ,...,   is  the  factorable  form  of  the  bivariate  chi-

square  density.

On-Line  Stationary  Markov  Functions

Let  xt  be  an  on-line  stationary  Markov  function;   then  (Melsa  and  Sage,

1972)
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gtx±, xn, xj> = ifarffr±xl

Since  xt  is  a  factorable  function  one  may  apply  eq.   (39)   in  the  right-hand

side  of  the  above  equation  to  f ind

COco

g(Xi.   Xm.Xj)   =  8i(Xi)   gj(Xj)   8in(Xm)     I        I   u^  uk  q^(Xi)

^=0   k=O

q^(Xm)   Pk(Xm)   Pk(Xj)

where  u^=  u^(Tul=  tin-t±)   and  uk=  uk(Tjm=  tj-tin)   due  to  Statlonarity.

Furthermore,   by  integrating  the  above  equation  with  respect  to  xm  one  f inds

CO

g(Xiixj)   =  8i(Xi)   gi(Xj)     I     uk(Tjm)   uk(Tni)   qk(X|)   Pk(Xj)
k=O

Comparing  the  last   equation  with  Eq.   (39)  where  uk=  uk(Tj±=  tj-t±)     One

obtains  the  equation

uk(Cji)   =  uk(Cjm)   uk(Cmi)

The  solution  of  this  equation  is

uk(i)   =  exp[-0!kc] (75)

where     O<erL<or2< ....     Therefore,   an  on-line  stationary  Markov  function  with  an

isof actorial  bivariate  density  has  exponential  correlation  functions  of  the

fo-(75).
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Furthermore,   the  Markov  property  implies

E[xt/Xt_L]   =  E[Xt/Xt_i] (76)

Where  Xt_I   =  {xs:0<s<t-1}.     A  straightforward  application  of  eq.   (39)   yields

E[Xt/xt_1   ]   =  bxt.i,or  due  to  Eq.   (76),

E[xt/Xt_i]   =  bxt_1 (77)

where  b=  u[(t,   t-1)   is  a  numerical  coefficient.     Eq.   (77)  demonstrates  that

the  function  xt  is  a  martingale-type  function.     Properties   (75)  and  (77)  are

of  signif icant  importance  in  nonlinear  estimation.

uency Domain

The  expression  (44)   for  the  characteristic  function  holds  for  the  symmetric

model,   but   the     ®±(.)   and  ®j(.)  have  the  same  functional  fom    ¢(.)   1n  this

case.     Moreover,   Armstrong  and  Matheron   (1986)   have   shown  that   for  a

stationary  random  function  one  f inds

n@k
¢(wL)1-P%[¢(Wi)]P=k!oAn,kF"W±)

for  suitable  correlation  factor  and  coefficients  An,k.
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APPENDIX   A

The  characteristic  function  of  the  bivariate  density  g(x±,  xj)  is

a(w±,   wj)   =  /   /   g(x±,   xj)   exp   [i(w±  x±  +  Wj   Xj)]   dx±  dxj

or,   by  inserting  eq.   (+I),

¢(Wi.Wj)   =  kioukE[Pk(x±)   e±W}X±]E[qk(xj)   e±Wjxj]

k
Let       Pk(Xi)   =  ^Eo¢^X±   '

k
qk(Xj)   =   vEOBvX:

(A1)

(A2)

(A3)

(A4)

for  proper  coefficients  a^,a^.       Taking  into  account   the  Eqs.   (A3)   and   (A4),

Eq.   (A2)   writes

cokk

¢(w|lwj)     =  ._E^uk  /   `E^  a!^   x±  8i(x|)   exp[£W|Xi]   dxi   /     E^   pv
k=0   --       ^=0

X:   gj(Xj)   exp[iwjxj]   dxj

The  below  Fourier  transf arm  pairs  hold

•^.     ,        `d'`¢. (w. )i`_1((ixi,^gi,xl,,

{tixj>vg±txj,,Hw±
dw:

=   i^  E[x±   eLVIxi]},   and

-iv  E[x: eiwjxj])

v=0

which,   combined  with  Eq.   (A5),   yield  Eq.   (44),   where     C^,v=  a^Pv.
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APPENDIX   a

First,   by  assuming  that  xt  is  factorable  one  finds  that

E[X:/Xj] = /X:#  dx±

cO

=    k:o    uk  Pk(Xj)   /X:  qk(Xi)  8i(Xi)   dx± (81)

and  since,   due  to  orthonormality  properties  the  term  with  k  I  in  vanish,   the

right-hand  side  of  the  above  equation  is  a  polynomial  of  degree  in.     Similarly,

the  conditional  movement  E[x:/x±]   is  a  polynomial  of  degree  in.     Thus,   Eq.   (45)

results;   Eq.   (46)   i§  obtained  in  exactly  the  sane  way.

Conversely,   assume  that   eqs.   (45)   and   (46)   are  valid.     They  imply

respectively,

E[Pk(Xi)/Xj]  =  /Pk(Xi)  %#  dxi  =  Wk(Xj)

E[q^(xj)/x±Hqh(xj) ¥±# dxj  = v^(x±)

where  wk(.)   and  v^(.)   are  polynomials  of  degree  k  and  ^  respectively.     The

coefficients  uk^  of  the  general  expansion  (6)   become

uk^  =  //Pk(Xi)   q^(Xj)   g(Xi.Xj)   dxi  dxj

=   /q^(Xj)[/Pk(Xi)   8(Xi.Xj)   dx±]   dxj

Now,   by  using  eq.   (82)   one  finds

-25-
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uk^     =  /q^(Xj)   Wk(Xj)   gj(Xj)   dxj

=0

for  all  ^  >  k   ,   since  the  orthogonal  polynomial  q^(.)  is  orthogonal  to  any

polynomlal  wk(.)  of  degree  k  <  ^   .     Similarly,   using  eq.   (83)   one  gets

uk^       =     /Pk(Xi)   V^(Xi)   8i(Xi)   dxi

=0

for  all  k  >  ^   .    Therefore,   since  uk^=  0  for  all  k  i  ^    by  the  definition  (39)

the  bivarlate  density  will  have  the  factorable  fom  of  Eq.   (41).     Concluding,

eqs.   (45)  and  (46)  constitute  a  necessary  and  sufficient  condition  for  a

random  function  xt  to  be  factorable.     (Ariother  proof  for  the  special  case  of

isofactorial  bivariate  densities  is  given  in  Armstrong  and  Matheron,1986.)

APPENDIX   C

It  will  be  proven  that  Eqs.   (51)  and  (52)  are  necessary  and  sufficient

conditions  for  the  validity  of  Eq.   (45)  and   (46)   respectively  (and,

consequently,   they  constitute  themselves  a  necessary  and  sufficient  criterion

of   factorabillty).     To  prove  the  necessity  of  Eq.   (51),   assume  that  Eq.   (45)

holds,   multiply  both  sides  of  Eq.   (45)   by  exp[iwjxj]   and  take  the  mean  value,

i,e,

E{e±Wjxj     E[x:/xj]}   =E[e±Wjxj   win(xj)],             or

E[e±Wjxj  x:]   =  ^Eo  or^E[eLwjxj  x:]
in

-26-
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E[eivjxj  x:I   =  ^±o  a^E[eLwjxj  x:I
in

where  c[^  are  the  coefficients  of  the  polynomial  win(xj).   But  it  holds

1w.x.                          __   8m¢(w
E[e    J  J  x:  ,  =  im -

E[e  iwjxj x:]  = i-A @ki±,
@w.^

J

(C1)

(C2)

(C3)

and  Eq.   (51)   follows.     To  prove  the  sufficiency  of  the  conditon,   assume  that

Eq.   (51)   is   true  for  all  in,   fact   that   implies   (Eqs.   (C2),   (C3))

E{e£Wjxj   [x:  _  h±oa^x:   n   =  0   I   Or
in

E{e±Wjxj  E[x¥  _  ^Eo     a:A  x:,xj]>   =   o.
in

But  Eq.   (C4)   is   true  only  if

in
E[X:  -^±o  tt^X:/Xj]   =  0

Then,   Eq.   (C5)   yields

in
E[X:/Xj]   =     I   ol^   X:   =  Win(xj)    .1.e.   Eq.    (45).

^=0

In  exactly  the  same  way  one  may  prove  that  Eq.   (52)   is  a  necessary  and

sufficient  condition  for  the  validity  of  Eq.   (46)  and  this  completes  the

proof .
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APPENDIX  D   :   Some  more  examples  of   factorable  processes

`E¥.app_1£:     The  bivariate  density

8(xi,  xj'  =  8(xi'  8(xj'
exp[-p2(xi+  x:)/2(1-p2H

/I-p2
cosh¥      (D1)

where  g(x±)=7±;    exp[-Xi/2].   g(Xj)   = 7'z;;  exph:/2].-®<Xi»   Xj<®.I

and  p  is  the  correlation  coefficient,   |p|<l,  may  be  used  as  a  symmetric

(isofactorial)  model,   for  Eq(D1)  writes

co

g(X±,   Xj)   =   8(X±)   8(Xj)      I   P2k  H2k(Xi)   H2k(Xj)

k=0
(D2)

where  H2k(.)   are  Hermite  polynomials  of  even  order.

By  comparing  the  model   (D2)  with  the  well  known  bivariate  Gaussian

model  of  nonlinear  geostatistics

CO

8(X±.   Xj)   =   8(X±)   8(Xj)      I      Pk  Hk(Xi)   Hk(Xj)

k=0

one  f inds  that

Eq.    (D1) [Eq.   (D3)  with  correlation  coefficient  p]   +

[Eq.   (D3)  with  correlation  coefficient   -p].

_ix_app_1+i:     Consider  the  bivarlate  density

8(xl,   Xj'   =
exp[-(xl+  Xi)'(

h2
1-u2,]--- Io(2 ¥ ,

where  0  <x±,   xj   <  co   .     Eq.   (D4)   may  be   expanded   as   follows   (see
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Gradshteyn  and  Ryzhik,   1965)

co

g(Xi.   Xj)   =  8(Xi)   8(Xj)      I      u2kLk(X±)   Lk(Xj)

k=0
(D5)

where,   g(-X±)   =  exp[-x±],   g(xj)   =  exp[-xj]   and  Lk(.)   are  the  Laguerre

polynomials  which  are  orthonornal  with  respect   to  g(.).       The
correlation  coefficient   is,   p  =  u2<1.
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