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Abstract

A  non-stochastic  approach  of  modelling  and  estimating  linear  functlonals

of  nonstationary  spatial  functions  is  presented.     The  concept  is  applicable  to

multidimensional  phenomena  characterized  by  the  hypothesis  of  inherentity:   the

originally  nonstationary  function  has  spatially  stationary  increments  of  some

order.     Working  within  a  purely  non-stochastic  framework,   an  attempt  is  made

to  surmount  theoretical  and  practical  restrictions  of  the  standard  stochastlc

treatment  of  multimensional  data,   leading  to  several  interesting

mathematics.     The  model  is  conceptually  completely  different  from  the

clas§1cal  stochastic  methodology.     It  ls  interesting  however,   that  certain  of

the  results  obtained  are  formally  ldentlcal  with  these  of  the  latter.

Key  words:     Non-stochastlc  optlmlzatlon,   spatial  functions.
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1.     Introduction

This  work  deals  with  the  following  problem:     If   the  values   of  a  spatial

function  are  known  at  a  number  of  points,   we  seek  the  optimal  estlmatlon  of

the  value  of  the  function,   or  ln  general  of  any  linear  functional  of  the

function,   at  any  point  ln  space.     Problems  of   this   type  occur  f requently  in

physical  and  social  sciences.     Examples   include  contour  and  grid  mapping  of

seismic  parameters,   the  varlatlon  of   the  specific  gravity  of  shale  oil  ln  a

deposit,   or  the  employment  levels   of  a  country  at  census  points.

Such  Situations  may  be  lnvestlgated  by  means  of   the   theory  of   random

fields   or   functions   (Wiener   [1]   Yaglom   [2],   Matheron   [3]  ,   Schagen   [4]),   but

there  are  conceptual  difficulties  inherent  ln  the  stochastic  approach  and,

also,   practical  difficulties  due  to  the  possible  nonstationarity  of  the  real

data.     The  conceptual  dif ficulties  stem  from  the  fact   that  we  usually  have

only  one  data  record  which,   in  the  stochastic  way  of   thinking,   is   one  sample

from  the  collection  of  all  possible  records.     The  practical  difficulties  are

related  to  the  evaluation  of  the  stochastic  correlation  structure  of  the

random  field  when  the  observed  phenomenon  exhibits  a  certain  statistical

irregularity.

On  the  other  hand,   traditional  detemlnistlc  methods   like  least  squares,

polynomial   lnterpolatlon  or  weighted  coefficients   (Rice   [5] ,   Melnardus   [6] ,

Davls   [7])   have  several  disadvantages  when  used  to  solve   the  above

optlmlzatlon  problem.     For  example,   they  do  not  provide  an  assessment  of   the

accuracy  of  the  functional  estlmatlon  and  they  may  lead  to  unrealistlc

estimates  when  the  spatial  variability  of  the  function  i§  not  suf f lclently

regular.
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This  presentation  is  an  attempt  to  avoid  the  purely  stochastic  approaches

without  losing  their  important  features  such  as  inf omation  on  the  functional

estlnator's  accuracy.     Moreover,  we  will  study  the  possible  irregularities  of

the  real  data  by  introducing  the  non-stochastic  notion  of  inherent  spatial

functions.     The  latter  is  an  interesting  class  of  spatial  functions  which  are,

1n  general,   nonstationary  but   they  have  stationary  increments  of  some  order.

Then,   the  object  under  study  is  no  longer  the  nonstationary  function  but

rather  our  attention  is   focused  on  these  increments  which  have  computable

correlation  structure.     In  particular,   section  2  provides  a  rigorous  statement

of  the  optimization  problem  assuming  linear  functlonals  and  functional

estimators.     In  sections  3  and  4  we  specify  the  class  of  inherent  spatial

functions  for  which  the  optimization  is  carried  out.     Intuitively,   1nherentlty

may  be  viewed  as  an  extension  to  multidimensional  spaces  and  arbitrary  data

patterns  of   the  Box-Jenkins  approach  (which  eliminates   the  polynomial

components   of  nonstationary  time-series,   Box  and  Jenkins   [8]).     However,   the

dif f iculties  that  arise  in  the  multidimenslonal  setting  are  qualitatively

different  to  those  handled  by  the  one  dimensional  theory.     Furthemore,   from  a

strictly  mathematical  standpoint,   both  the  inherent  function  and  its

increments  are  introduced  in  a  well  established  deterministic  sense  with  no

resort  to  stochastic  concepts.     In  section  5,  we  look  at  the  solution  of  the

optimization  problem  based  on  the  assumptions  and  the  theoretical  results  of

the  preceding  sections.     This   leads   to  an  optimal  estimator  with  several

interesting  properties,   for  example,1t  glve§   the  measured  values   at  the  data

points  and  is,   therefore  a  perfect  lnterpolator.     Finally,  a  computational

procedure  is  established  in  section  6,  where  we  also  discuss  a  numerical

application.
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2.     Formulation  of   the  problem

In  this  study.   we  consider  a  class  of  optimization  problems  which  are  of

the  following  general   type   (Problem  P).

Problem  P: Let  xi,1  =   1,2 ...., N,   be  N  dlstlnct  points   in  Rn,   where

measurements  of  an  unknown  spatial,   1n  general  nonstatlonary,   function  f (x)

are  available.     We  seek  the  optimal  estimation  of  the  linear  functional

Y[f]    = f(x)  Y(dx) (I)

defined  on  some   support  F  over  which  the  measure  Y(dx)   is   nonnegative.

Here  we  should  point  out   that  the  noristationarlty  of   the  spatial  function

f(x),   as  it  is  considered  throughout  the  paper,   implies  by  definition  that  the

limit

<f(x),   f(x+h)>  =   1im
v+Rn        V

f (x)   f (x+h)   dx (2)

may  not  exist  for  some  h€V.     As   a  consequence   the  correlation  structure  of

f(x)   cannot  be  expressed  via  the  convolution  (2),   as   in  the  case  of

stationarity  when  the  limit   (2)   does   exist.     We  are  primarily  concerned  with

functionals  for  which  the  linear  relationship  is  true,   i.e.

Y[Z.     u±  fL   I   =   i   ui    Y[fiJ
1

where  u±€  Rn   .     Typical  examples  are,   the  point-functional

Y[f]   =   f(x)
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and  the  volume-functional

y,f] -/ f (x)   dx (3b)

The   corresponding  measures  Y(dx)  will  be,   respectively,

Y(dx)=dx  6(x-x'),       where  61s   the  dirac-measure,   and

vy (ck)--ck  ±f  x ev ,  --  0  ±£  x fv .

Other  interesting  functionals  include  differentiation  and  convolution.

Of   course,   in  its   present   form  Problem  P  is  not  a  completely  defined

problem.     It  will  be  now  restated  as  a  constrained  optimization  problem;   more

specif ically ,

Problem  P :     Solve  Problem  P  so  that  the  optimal  estimator

S[f]   of   the  functional  Y[f]   satisfies   the   conditions   below:

Cl)     It  is  linear-form,   i.e.

?[f]   =  I  Ei  f(xi,

where  €±€R  and  x€S,   where   S  ls   a  subset   of   the  data  points.

C2)     It   ls   location-invariant,   1.e.

S[f(x+x')I   =     I   €±   f(x±+  x')

for  all  xl€Rn   .

C3)     It  minimizes   the  mean  square  estimation  error,   i.e.

(4a)

(4b)



^
<(y[f]    -y[f])2> =|1m

v+Rn
=   minimum

subject  to  the  constraint

S[fJ  -y,f,,   -i;:Rn     ;    /

=0

«[fJ   -y[f]>     =  lim

{S[f(x+x')I   -y[f(x+x')]}2dx.

(4c)

{S[f(xtr')I   -y[f(xtr')|}   dx'          (4d)

where   the  functionals  may   take  one  of   the  forms   discussed  above   (equ(3a),

(3b),   etc).

Still,   Problerm  Po  seems   to  be  not  completely  defined,   since  the  function

f   ls  unknown.     However   there   can  be  introduced  certain  asumptions   regarding

the  structure  of  function  f  which  will  make  it  a  well-posed  problem.     But  we

postpone  discussion  of   these  until  a  detailed  account  of   the  spatial  model  has

been  given.     Nevertheless,   it  is  clear  that  one  should  work  with  functions  for

which  finite  values  are  computed  for  the  above  quantities.     Due  to  the

possible  nonexistence  of  the  limit   (2),   instead  of  focusing  attention  on  the

noristatlonary  function  f(x),   one  may  instead  concentrate  on  an  incremental

function  resulting  from  f(x)  with  the  aid  of   some  well  defined  operations.

The  solution  of   the  Problem  Po  is   then  reduced  to  the  deternlnation  of   the

coefficients  €±  of  equ   (4a)   so  that   conditions   (4c)   and   (4d)   are  satisfied.

From  equ  (4b)  we  see  that  these  coef f lclents  are  lnvariant   to  any  translation

where  the  vector  distances  between  the  data  points  and   the  support  F,   and  also

between  the  data  points   themselves,   do  not   change.     However,   in  order  to

include  possible  anisotropies,   such  an  invariance  is  not  assumed  to  be  valid

for  rotations.
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3.     Incremental  functions  and  related  topics.

A§sociated  with  the  optimization  theory  developed  in  this  presentation,   1s

the  important  concept  of   incremental  functions   together  with  various

fundamental  properties   resulting  from  the  basic  definitions.     Before  we

proceed,   it  ls  necessary  to  introduce  the  notion  of   the  polynomial  of  degree  s

over   the   space  Rn.

Definition  3.1: A  polynomial  of   degreee  s,   is   a  function  of   the  form

B(s)

ps(x,   =2=       a|yi(X,
1=1

Where,   X=(X],X2 ,..., xn)€Rn,   a±  are   coefficients,   a(s)=(n:S),

and
PIP2           Pn

yi(X)    =  Xi   X2    ...Xn

where    p±  are  non-negative  integers  such  that     i       p±  <   s.
1=1

F¥£_mj2_1e___3_i_I__:       In   R2,    for   s   =   2,    equ(5)   gives

P2(X)=P2(Xiix2)   =      ±±]   ai   X:1   X2P2i   With  Pi+  P2<2.    Or   P2(X],X2)

=ai+a2X 1+a3X2+a4X ix2+a5X+a6Xi   .

Definition  3.2:

(5)

(6)

The  quantity  dy(f)  will  be  called  an  incremental  function  of

order  s,   if  it  results  from  a  spatial  function  f(x)   by  a  linear  operation  of

the   f orm



¢[f(z)I    = f (x+z)   Q(dx) (7)

where  the  measure  Q(dx)   vanishes   outside  a  bounded  support   and  is   such  that

for  every  polynomial  ps(x)   of   degree  s

Q[f(X)dos(x)I   =   Q[f(x)I

or,   due  to  the  llnearity  of  Q,

Q[ps(x)I    =   0

In  the  following,   instead  of  ¢[f(z)I   we  will  simply  write  a(f)

(note   that    ®(f)   is   an  incremental  function  when  z=0,   as  well).

(8a)

(8b)

The  Q(dx)   of   equ(7)  will  be  called  a  measure  of  order  s,   belonging  to  the

vector  space  =   of  real  measures  ln  Rn  with  f inite  supports  and  satisfying

equ( 8b) .

Furthermore,   if  equ(5)   is   inserted  into  equ(8b),   we  get

|g:)a±Q[y±(x)I   =O           foralla±

Q[yl(X)I    =   0

Or

1=1,2 ,..., 8(§)
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which  is  equivalent   to  equ(8b)   above.     In  other  words,   the  measure  Q  filters

out   the  polynomlals  up   Co  degree  s   inherent   in  the  nonstationary  function

f(x),   and  leads   to  a  new  function  ¢(f)   .     In  this  sense,   the  relation  between

f   and  dy   is  similar  to  that  between  a  function  and  its  derlvative  of  some

order,   and  so.   studying  a  nonstatlonary  phenomenon  using  the  corresponding

incremental  function  ls  like  studying  a  surface  from  its  derivatives   (of

course,   such  a  correspondence  may  introduce  indeterminacy  analogous   to  the  one

caused  by  the  constant  of  the  integration  operation;   this  will  be  considered

again  later).

Example  3.2:     Let  f(x)   be  a  differentiable  function  and  assume  that  all  its

partial  derivatives  of  order  a+I   filter  out  polynomials  up  to  degree  §.     Then,

if  we  define  Q  in  equ(8b)   as  the  operation  of  differentiation,   the

corresponding  ¢(f)  will  be  an  incremental  function  of   order  s   (note  that  the

order  of  dif f erentiation  is  one  higher  than  that  of  the  incremental  function

and   this   is   due   to  the  Def .3.2  where  s   corresponds   to   the  degree  of   the

polyomlal  ps(x)   filtered).

The  discrete  versions  of   the  measure  Q  and  the  incremental  function  a   ,

which  are  useful  for  the  practical  applications,   may  be  defined  as  follows,

respectively

QD  =  E  qi  "xl,

¢(x,  =E  qi  f(xtri,

and

10
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where  q±€R,   6(x±)   1s   the  dirac  measure  at   point  x±eRn  and,   of   course,   QD

satisfies  equ(8b).     The  latter  is  also  valid  for  any  element  of  the  vector

space  ED,   the  discrete  version  of   the  space  E   of  Def .   3.2.     This   suggests   that

the  integral  of  equ(7)   is  a  finite  linear  expression  of  the  discrete  form

(12).     Under  these  circumstances,   there  is  no  difficulty  to  prove  the

following  corollary.

Corollary  3.1:     For  the  discrete  case  defined  above  equs   (11),   (12),   condition

(8b)   may  be  written  ag

i    ql  Ps(X1,  =  o
1

for  any  polynomial  Ps(Xi).

(13)

Example  3.3:     Consider  again  the  Ex.   3.I  and  take  the  incremental  function

(12)   With  i<5,   q±<4=l   and  q5=-4   on  a  square   grid,1.e.

¢(X)   =  ¢(Xiix2)   =   f(Xi+  Axix2)   +  f(Xi.X2+AX)   +  f(Xi-Axix2)

+   f(Xi.X2-AX)   -4f(Xi)X2)

Then  ¢(X[,x2)   1s  an  incremental  function  of   order  one,   as   lt  is  easily  shown

using  equs(12)   and   (13).

ositlon  3.I: The  discrete  measure  QD  is   closed  under  addition,   Scalar

multlpllcatlon  and  tran81atlon.

Proof :     The  first  two  properties  are  trivial  consequences  of  equ(ll).     The
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closedness  under  translation  is  a  direct  result  of  the  f act  that  the

polynomials   are  themselves   closed  under  translation.

Proposition  3.2:   If  i(x)   =

function  f (x)   such  that

S

<f(x,>  =E    af   p£(x,
A=o

^
<f (x)   -  f (x)>  =  0

€±  f (x±)  is  the  linear  estimator  of  the  spatial

( 14a)

( 14b)

^
then  the  difference  f(x)-f (x)   is  an  incremental  function  of  order  s.

Proof:   Using   equ§(14a),    (14b)   we   find

I
1

€i<f(x±)>-<f(x)>   =   0  or

aAPA (Xi aA   P4(X)   =      0   or

Ej   PA(Xj)   =0,     where  xj=  {x±,x}   and  A=l,2 ,..., s.        Hence,   the  i(x)-f(x)   is

incremental  of   order  s.

Remark   3.1: The  polynonials   defined  by  equ(5)   are  useful   for  determining

incremental  functions,   because   they  satisfy  important  geometrical  lnvariance

requirements.     However,   the  same   role  may  be  played  by  wider  classes   of

functions,   like

g(x)   =  p(x)   exp   I     b±  x±
1
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where  p(x)   is  a  polynomial  ln  x  and  b±  are  coefficients   (real  or  complex).

4.     Inherent  functions  of  order  s

The  concept  of  inherent  functions  of   order  s  is  a  natural  consequence  of

that  of  incremental  functions  of   the  sane  order,   and  leads  to  the  determlnaton

of  a  class  of  spatial  functions  with  considerable  interest  regarding

functional  optimlzatlon  of  nonstationary  functions.

Definition  4. I : A  spatial  function  f (x)  will  be  called  an  inherent  spatial

function  of  order  s,   if  the  corresponding  incremental  function  a(f)   is  such

that

(i)   its  mean  value  ls

<¢(f )>   =   0

(ii)there  exists  a  continuous  and  symmetric  function

a(h=x-x'),   x,x',h€Rn,   such  that

<f a(i)2>  --   / a

where   Q€=.

(x-x')   Q(dx)   Q(dx')

(16)

(17)

The  quantity  a(h)  will  be  called  the  inherent  covariance  of  order  s,

associated  to  the  inherent  function  f(x)   of   the  same  order.     Then,

f(x)   [o(h)I   will  be  said  to  belong  to   the   class  II[resp.B]   of  all   inherent

functions   [resp.   inherent   covarlancesJ   of   order  s.

When  inherentity  holds  true  for  a  spatial  function,   the  corresponding

incremental  function  is  by  deflnltlon  stationary  and,   therefore,   if  substitute

f  by  dy,   the  limit  of  equ(2)   exists  and  is  finite.     Mathematically,   the  study

of  the  f  is  now  undertaken  via  the  measure  Q  associated  to  ¢,   where  the  latter
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function  has   a  correlation  structure  represented  via  the  norms   (16)   and  (17)

above.     Alternatively,   the  inherent  function  may  be  viewed  as  a  generalized

function  (as  defined  by  Gelfand  and  Vllenkin   [10]).     This  is  an  interesting

view  which  allows  some  important   results  of   the  latter  to  be  used  when

identiflying  the  correlation  structure  of  the  former,   (eg,   see  latter,

Proposition  4.2).     Moreover,   the  Def.   4.I  has   its   dual  meaning  within  the

context  of  random  f lelds  with  stationary  increments  ln  the  Sense  of  Yaglom

[11],   or   that   of   intrinsic   random  functions   (Matheron   [12]).

Remark   4.1 :

the  function

By  definition,   if  fi(x)   as  an  inherent  function  of  order  s,

f2(X)   =  f I(X)   +  L±o    a±  X[ (18)

where  a±€  R,   is  also  inherent  of   the  same  order.     Therefore,   on  the  ba81s   of

equ(18)   the  two  inherent  functions  f](x)   and  f2(x)   are  undistingulshable.     In

fact,   all  the  problems   that  may  arise  using  incremental  functions  are  due  to

the  nonexistence  of  a  one   to  one   correspondence  between  f  and  a   .     If  we  write

equ(18)   in  terms  of   the   corresponding  incremental  functions  we  find

¢2`X)    =  ¢l(X) (19)

i.e.   any  ¢2  derived  from  f2  using  a  measure  Q  such  as   in  Def.   4.I,   equals   the

incremental  function  ®]   derived  from  fi  using  the  same  Q   (of   course,   the

converse  ls  not  valid).     Fortunately,   for  the  optimization  methodology

presented  in  this  paper,   the  representation  (18)   does   not  cause  any  problem  of

indeterminacy.
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The  following  proposition  establishes  an  interesting  link  between  the

correlation  structure  of  the  lnltial,   inherent  function  and  that  of  the

corresponding  incremental  function.

osltlon  4.1     If  f(x)   is  an  inherent  function  of   order  s,   then

<£(x),   f(x')>   =  a(h=x-x')   +  P(x,x') (20)

where  P(x,x')   is  a  polynomial  in  x.x'   representing  the  nonstationary  features

of   the  nom  <f(x),f(x')>.

Proof :   According  to  Prop.   3.2,   the  functlon

¢(x)  =  f(x)  -    i   b±  x±  is  incremental  of  order  s  for  proper  coefficients
i=o

b±.     Then,   taking  the  norms  of  the  last  equation  assuming  that

Q(x,   =  6(x,   -I  qi  xl.     we  derive  equ(2o,.

It  ls  noteworthy  that,  while  equ(20)   is  theoretically  remarkable,   it  ls

usually  not  applicable  in  practice  since  the  nonstationary  part  P(x,x')  may  be

in  general  not   computable   from  the  data  avaLilable.     Fortunately,   as  we  will

see  in  the  next  section,   within  the  context  of  functional  optimization  lt  is

only  the  stationary  part  a(h)   that  interests  us.
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Example  4.1:     Let   f(x)   =  ps(x)   +  w(x),   where  w(x)   is   a  zero  mean  stationary

function  with  an  ordinary  covariance  c(h).     Then,   the  f(x)   1s  an  inherent

function  of   order  s  with  a(h)   =  c(h)   .

Remark  4.2:     The  class  11   of  all  inherent  functions  of  order  s  is  larger  than

that  of  all  functions  resulting  f ron  the  superpositlon  of  a  polynomial  of

degree  a  on  a  zero  mean  stationary  function.     This  ls  intuitively  clear,   since

the  only  link  between  the  inherent  model  and  the  reality  ls  through  the

incremental  functions.     Obviously,   the  sane  is  valid  for  the  corresponding

covarlances   (eg,   in  R]   and  s=O,   the  function  a(h)   =  -h  can  be  used  as  an

inherent  but  not  as  an  ordinary  covariance).

Clearly,   not  every  function  can  play  the  role  of  an  inherent

covariance  a(h)   ,   as   specified  by  Def .4.I.     It  has   to  be   such  that   the  norm

(17)   is  non-negative.     Relevant   to  this  requirement  is   the  following

definition.

Definition  4.2: A  continuous  and  syrmetric  function  a(h),   h€Rn,   is  said  to  be

conditionally  po§1tive  definite  of  order  s  and  thus  a  valid  inherent

covariance  model  of   the  same  order,   if  and  only  if

•f i(i,2, --  ia(h=x-x')   Q(dx)   Q(dx')   >   0 (21)

for  all  measures   Q€a   of   order  s.     The  discrete  version  of  equ(2l),   useful  for

practical  applications,   has  as  follows

<®(f)2>  =     ±=     q±   qj   a(h=x-x')  >   0
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for  all  q±tqj€ ED   .

The  converse  is  also  true,   i.e.,   to  any  valid  a(h)   of  order  s  corresponds  an

inherent  furiction  f (x)   of   the  same  order.

Example   4.2:      In  R]   and   s=0,   equ(22)   gives   <¢(f)2>  =  -2o(x-x')   >0.

The  proposltlon  below  of fers  a  representation  of   the  inherent

covariance  a(h),1n  the  frequency  domain.

osltion  4.2: A  continuous  and  syrmetrlc  function  h€Rn,   is  an  inherent

covariance  of  order  s,   1f  and  only  if  it  can  be  represented  as

a(h)   = [cos   (wh)   -Ts(wh)I
A ( dw)

lwl2s+2

+  p(h)

Where,   W  =   (uL,   u2 ,..., Un) €   Rn  are   frequency   coordinates,

(23)

Ts(wh)   =    i   (-1)P(wh)2P/2p!,   P(h)   is  a  polynomial  of  degree  not  greater
P=0

than  2s,   and    A(dw)   is   a  positive  symmetric  measure  lncludlng  no  dirac-

functlons  6(w)   and  such  that

A(dw)   /    (1   +  w2)S+[<co (24)

Proof :     Since  we  may  define  the  inherent   function  as  a  generalized  one  of

order  s,   see  discussion  following  Def.4.1,   the  proof  is  a  straightforward
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application  of   the  theory  of  generalized  functions   (Celfand  and  Vilenkin   [10] ,

Chapter   11).

Corollar 4.I.:     In  the  isotropic  case,   where

c,(h,    =  g(r=lhl)

the  expression  (23)   may  be  rewritten  in  terms   of  polar   coordinates  as

7(r)   = [t-)n(''Ur)    -Ts(Wr)I    dF(uJ)   +   P(r)

(25)

(26)

where,      iJ=|w|.   `9n(wr)=  G(¥)   I+](n-?)/2   Jn_2   (tJr),   G  is   the  garma  function,

2

Jm  is   the  Bessel  function  of   first  kind  and  order  in  (Gradshteyn  and  Ryzhik

[11])   and  F(w)   is   a  non-decreasing   functlo.n  on  R+,   derived  from  the

measure  A(dw)   of   equ(23)   when  we   go   over   polar   coordinates.

Another  useful  result  concerning  the  characterization  of  the  inherent

covariance   ln  the  lsotropic  case,   is   given  below  (Christakos   [9],[12J).

Corollary  4.2:     A  continuous  and  symmetric  function    a(r),   is   an  isotropic

inherent  covariance  of  order  s,   if  and  only  lf

(i)  it  is  valid

1in a(r)
2s+2r

=   0            when   r`+co
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(ii)   its  spectral  function  (Hankel  transform)   Sn(w),   exists  in  the  sense  of

generalized  functions,   does   not  contain  any  dirac-functions  6(tu),     and  ls  such

that

ou2S+2Sn(w)>O (28)

Remark  4.I:     Within  the  franework  of  space  transformations  as  reported  in

[13],   the  spectral  functions   Sn(w)   of  an  inherent   covarlance  a(r)   on  spaces   of

various  dimensionalltles,   belong  to  the  family  of  functions  for  which  the

relatlon6hips  below  are  valid

sn+1(u,  --+

sn+2(u,  =  -   i
2noJ

dsn(v)

dv

dsn(0)

du

(v2 "2-) -I 1 2   drv (29)

(30)

The  inverse  and  other  relevant  expressions  may  be  found  in  the  same  reference.

Corollary  4.2,   together  with  equs   (29),   (30),   may   serve  as   an

analytically  and  conputationally  tractable  criterion  to  test  whether  a

particular  function  omay  be  used  a§  an  inherent   covariance.     For  example,   1f

employ  covariances  of   the  polynomlal  f orm

a(r)  =   i    (-1)"]cf  r2"1+  a  6(r)
£=0

(31)

the  Corollary  4.21eads   to  the  following  constraints   regarding  equ(3l)

m=S'

SI
£=0

a>0

(2£   +   1)!

T'CA

and

G(A+ ¥,  uS-A=o

19
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Exanple  4.3:     If   s  =  2,   equ(32)   gives   in  Rn,

a.CoC2>0           andc]>-2 5 # co c2

5.     The  solution  of   the  Problem  Po

(33)

As  was  mentioned  in  section  2,   the  solution  of   the  problem  Po  coincides

with  the  determination  of  the  values  of  the  coefficients  €±  that  satisfy

assertions   (4c)   and   (4d).     The  idea  is   to  obtain  the  €±  by  means   of

incremental  functions,   since  according  to  the  foregoing  theory  the  latter  are

the  ones   to  have   computable  norms   and,   thus,   make  Problem  Po  well   defined.

Doing  so,   the  following  lemma  is   the  link  between  the  theory  of  inherent

functions   and  the  Problem  Po.

Lemma   5.i: For  the  case  of  inherent  spatial  functions  f(x)   of  order  s,   the

equations   (4c),   (4d)   may  be  written  as

<{S[f}   -y[fn2>  =  a  €±  gj  otx±-x  >  -2  z€±  /Otx-x±>

Y(dx)   +

=  mlnimun

Ei   yA(Xi)       =Y[yA(X)I

and

a(x-x')   y(dx)   Y(dx')

(34)

(35)

where  x±,xj€  S   (S   ls   a  subset   of   data  points).     A   =   I,2 ,...,   a(s)   and   the

measure  Y(dx)   is   defined  as   above   (see  discussion  following  equ(3b)).

Proof :     From  the  theory  developed  in  the  preceding  sections  lt  ls  obvious   that
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equ(4d)   holds   for  an  inherent  function  f(x)   of  order  s,   if   the  difference

S[f]   -Y[f]   is   an  incremental  function  also  of   order  s,   i.e.

a    [y£,    =  y[y£, (36)

&=l,2 ,..., a(s),   and   then  equ(35)   follows  without   any   difficulty.     Lastly,

using  dqu(17)   for   the  above  incremental  function  together  with  the  equ(4c),

the  latter  leads  after  some  algebraic  manipulations   to  equ(34).

It  is  intere8tlng  to  point  out  that  while  we  estimate  the  nonstationary

function  f(x),   we  only  need  the  stationary  part  a(h)   of  its  correlation

structure,   see  equ(20)   above.

Now  we  are  ready   to  finally  give  Problem  Po  the  well-defined  form,   below.

Problem  PF:     Find   the  optimal  estimator  S[f]   of   the  linear  functional  Y[f]     of

equ(1),     so   that   the   conditions   (4a),   (4b),   (34)   and   (35),   are   satisfied,

where  f  is  an  inherent  function  of  order  s  and  a(.)   i§   the  corresponding

inherent  covariance.

The  solution  of  Problem  Po  is  introduced  by  the  following  proposition

osltion   5.1: The  Problem  PF  is  perfectly  solved  if  we  determine   the

coefficients  €±  that  satisfy  the  set  of  equations

=   Ei  a(Xi-Xj)  +  a VA  yA   (Xj)   =  /a(x  -xj)  Y(dx)

£±E± yk  (Xi)  --|yk(X)  Y(dx)
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where  x±,   xj€S,  vf   are  Lagrange  multipliers   and    1=1,2 ,..., B(s)

Proof:     Starting  from  equs(34),   (35),   and  after  introducing   the  Lagrange

multlpliers  VA   ,  we  seek  the  minimization  of   the  quantity

<{S[f]  -y[fn2>  +  E   v£ 1E €i  y£  (Xi'  -"y„ (39)

with  respect  to  g±  and  v£.       Taking  derivatives  of  equ(39)  with  respect  to

€±,  VA,   and  setting  then  equal  to  zero,  we  obtain  after  some  algebraic

manipulations   the  equs(37),   (38).

The  solution  of   the  Problem  PF  ls   completed  as  soon  as  we  substitute  the

values  of   the   coefflclents  E±  into  equs   (4a)   and  (34)   to  obtain  the  functional

estimator  and  its  accuracy  (or  estimation  error),   respectively.     Alternative

expresslon8   for   the  accuracy   (34)   may  be   found   in   [9].

Here  we  should  point  out  slmllarities  of  the  solution  obtained  above  with

that  derived  ln  terms  of  the  classical  stochastic  theory   (tine  series,  Wiener

[1];   intrlnslc  kriging,  Matheron   [3]).    Apparently,   despite  the  fact   that   the

non-stocha§tlc  and  the  stochastlc  models  are  conceptually  completely

different,   they  may  lead  to  several  slnllar  results.     However  one  cannot

always  derive  conclusions  regarding  non-stochastlc  spatial  data  from  results

on  stocha§tic  functions.     For  example,   no  prediction  theory  for  general

lndlvldual  time  series  can  be  deduced  directly  f ron  the  prediction  theory  of

random  processes   (Masani,    [14])

Remark   5. I : The  systen  of  equs(37),   (38)  will  have  a  unique  solution  lf  and

only  if   the  basic  functions  yA(x±)  are  independent  of   the  data  points.

Consequently,   1f  two  of   the  measurement8  are  made  at  the  sane  point,   the
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system  will  have  not  a  solution,   because  two  rows  of  the  covarlance  matrix

will  be  identical.     It  can  also  be  shorn  that   the  set  of  equs(37),   (38)   is

lnvariant  to  the  system  of  coordinates  used,   [9].

Remark   5.2: From  equ(34)  we  see  that  the  accuracy  of   the  functional  estimator

1s  independent  of  the  data  values  f(xi).     It  ls  instead  affected  by  the

relative  geometrles  of   the  data  points  and  the  functional  support  F   (equ(I)),

and  also  the  spatial  Structure  of  the  function  f (x)  as  it  1§  expressed  through

the  inherent  covariance  model  a(h).       Therefore,   once  these  features  are

known,   the  corresponding  accuracy  can  be  calculated  before  any  measurements

are  made.

Remark   5.3: In  the  case  of  point  functional,   see  equ(3a),  we  substitute  the

right  parts   of   equs(37),   (38)  with  a(x-xj)   and  yA(x)   ,   regpectlvely.     Theo,   if

x  coincides  with  a  data  point  x±,   the  solution  of  the  above  equations

give  €±=1   and  €j=0,   i±j.     This   lnmediately  implies

I                                 L'                                                                                                              Er

Y[f]   =   f(x±)   =   f(x±)      and     <{y[f]   -y   [f]}2>   =

^
<{f(x£)   -f(x±)}2>   =   o   ,

i.e.   the  estimation  methodology  proposed  ls  a  perfect  lnterpolator   (when  there

1g  not  measurement  error  lt  restores   the  measured  values  at  the  data

points).     Such  estimators  are,   certainly,  very  desirable.     Lastly,   note  that

the   system  of   equ8(37),   (38)   may  be  adapted   to   the   case   of  mea8urements

lncludlng  errors  by  adding  to  the  covarlance  terms  the  proper  norms  of

measurement  errors.
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6.     Procedure  and  application

The  foregoing  theoretical  results  may  lead  to  general  computational

procedures   regarding  solution  of   the  Problem  PF  on  a  computer.     Apparently,

the  practical  problems  encountered  are  mainly  related  to  the  determination  of

the  order  s  and  the  covariance  a(r)   .     One,   possible,   computatlonal  procedure

is  outlined  below,   and  is  based  on  an  approximate  but  simple  parameter

estimation  approach   (of  which  a  detailed  de8crlptlon  may  be  found  in   [9]).

Step  I:     Identify  the  order  s  of  lnherentity  based  on  the  available  data

values.     One  way  to  do  this  ln  practice  ls   to  estimate  some  known

points  from  neighboring  data  values,   assuming  a  covarlance  a(r)   and

setting  in  turn  s=0,l,2.     The  s  value  that  gives   the  smallest,   on

average,   estimation  error  will  be  chosen  as   the  order  of  inherentity

ln  the  spatial  variation.

Step  2:     Assume  that  the  inherent  covariance  a(h)   is  of   the  polynomial  type,

see  equ(3l),   and  determine  the  coefficients  a,   cA,     for  all

covariances   that  are  appropriate  for  the  above  order  s   (1.e.

polynomials  of  degree  <2s+l)     and  also  satisfy  the  constraints  of

equ(32).     Usually,   some  incremental  functions   of   order  s  are

generated  from  the   data  assuming  a   comblnatlon  {s,a(r)}    ,   and   then  we

require  the  mlnimlzatlon  of   the  sum  of   the  squared  dlf ferences

between  them  and  the  theoretical  incremental  functlon8  expressed  in

terms  of   the  coefflclents     a,   c&.

Step  3:     Select  among  all  the  covarlances  defined  ln  Step  2,   the  one  that  best
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describes  the  spatial  variation.     This  is  done  by  estimating  a  number

of   data  points  for  each  one  of   the  conblnations  {§,a(r)}   defined

above,   and  evaluating  the  average  estimation  error.     The  best

inherent  covarlance  ls   the  one  that  gives  the  lowest  on  average

error.

Steps   I,   2,   and  3  constitute  the  structure  ldentlficatlon  part  of  the

procedure,   regarding  the  spatial  varlatlon  of  the  studied  function.

Step  4:     Solve   the  system  of  equa(37),   (38)   with  respect   to  the

coefficients  E±  and  VA   .     At   thl8  point,   the  syrmetry  of   the  data

conf lgurations  may  be  very  helpful  in  reducing  the  computational

effort,

Step  5:     Substitute   the  above   coefficients   into  equs(4a)   and   (34)   to  obtain

the  functional  estimator  and  its  accuracy  (or  estimation  error)

respectively.

Remark   6.1 : It  1§  noteworthy  that  the  above  procedure  leads   to  a  solution  of

the  optlmlzation  problem  which  relies  on  the  statlonarity  of  the  incremental

functions  of  order  s.     The  trend  ls  automatically  cancelled  by  taking

increments   of   order  a   and,   therefore,   1t  does  not  need   to  be  estimated  and

subtracted   from  the  data   (as   ln  other  popular  methods,   see  eg,   [15]).

Instead,   1t  ls  identified  solely  on  the  basis  of  the  order  s  of  lnherentlty

(which  corresponds   to  the  degree  of  the  polynonlal  filtered).

An  application  ls  discussed  almlng  at  the  lllustratlon  at  the  above

procedure:     The  spatial  function  Selected  ls  the  water  table  elevation  (1n
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feet)   in  an  area  that  lnclude§  most  of   the  Equus  Beds,   a  major  aquifer  in

Kansas.     The  Equus  Beds   produce  groundwater   through  more   then  2,000

industrial,  "nlcipal  and  irrigation  wells  in  several  counties  in  the  south-

central  part  of   the  State  of  Kansas.     Data  used  in  this   study  were  the  January

1981  ones,   which  are  available  at  the  points  depicted  in  Fig.   1.     Starting

with  the  structure  ldentlf icatlon  of  the  data  pattern,   the  procedure  will

f irst  detemlne  the  order  s  of  inherentity  using  nelghborhoods  of  about

sixteen  data  points.     We  find  that   the  order  s=1  gives   the  smallest  on  average

error  (step  I)   and,   therefore,   the  spatial  variability  may  be  characterized  by

the  existence  of  a  linear  trend.     The  latter,  however,   ls  not  estimated  but

only  identlfled  by  its  degree  s=l.     For  this  degree,   three  polynomial

covariance  models   of   the   type   (31)  may  be  fitted:

a(r)=28.75,   a(r)=  -24.22r   and  a(r)=2.33  r3.        These  three  models   are

appropriate  for  s=l   and  satisfy  constraints   (32),   see  step  2.     Among  them,   the

second  one  best  describes   the  spatial  variability  since  it  gives  the  lowest  on

average  error,1n  estimating  the  data  points   (step  3).     Next,  we  seek  the

optimal  estimation  of   the  point  functional  Y[f]   =  f(x)   ,   see  equ(3a)   and  Rein.

5.3.     Using  the  information  found  above  at  the  structure  identification  part

of   the  procedure,  we  proceed  to  the  second  part  which  solves   the  corresponding

system  of  equations   (steps  4  and  5)   to  obtain  values  for  the  water  table

elevation  and  their  accuracte§,   at  numerous  points  on  a  properly  specl£ied

grid.     These  values  are  then  used  as   input  to  a  plotting  program  to  produce

the  contour  maps  of   the  estimated  water  table  elevation  (in  feet,   Fig.   I)   and

the  associated  estlmatlon  errors   (1n  feet2,   Fig.   2).     The  corresponding  block

diagrans  which  of f er  another  view    of   the  morphology  of   the  estimation  and

error  variance  surfaces  are  shown  ln  Figs.   3  and  4  respectively.     Due  to  the

relative  small  number  of  data  at  sore  parts  of  the  pattern,   one  should  expect
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rather  large  errors  there.     Certainly,   1f  the  number  of  data  points  increase

the  accuracy  will  be  improved.     Indeed,   if   one   takes   advantage  of   the

aforementloned  property  of   the  estimation  procedure   (i.e. ,   the  estimation

error  does  not  depend  on  the  data  values  but  only  on  the  spatial  varlatlon  and

the  locations   of   the  data  points,   see  Rein.   5.2),   and  compute   the  estlmatlon

errors  for,   say,   five  more  data  points  at  the  NE  part  of   the  pattern,   the

accuracy  will  be  improved  ln  this  area  by  about  seven  per  cent.
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Figure  Legends

Figure   1:

Figure  2:

Figure  3:

Figure  4:

Contour  map  of  estimated  water  table  elevation  in  the  Equus
Beds.     Locations  of  observation  wells  are  also  shown.

Contour  map  of   the  error  variance  associated  to  map  of  Fig.I.
Locations   of  observation  wells  are  also  shown.

Block  diagram  of   the  estimated  surface.

Block  diagran  of  the  error  variance  surface.
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