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SENSITIVITY  ANALYSIS   0F   GROUND  WATER  MODELS

1.       Introduction.

One  goal  of  this  paper  ls  to  develop  a  better  understanding  of  model
lnsensltlvlty .

Another  goal  1s  to  outline  a  general  sensitlvlty  analysis  formalism.

The  sensltlvlty  analysis  formalism  will  be  illustrated  by
application  to  a  number  of  simple  models.

The  f lnal  goal  1s  to  develop  some  general  guldellnes  for  designing
models  that  have  the  desired  sensltlvlty  to  model  parameters.

2.       General  Deflnltlon  of  Sen81tlvlty  Coefflclents.

2.1    Models  with  constant  paraneters.

2.2    Models  with  spatlally  varying  parameters.

2.3    General  comments  about  sensltlvlty  coefflclents.

3.       Methods  for  Determlnlng  Sensltlvlty  Coefflclents.

3.1    Analytical  expressions  for  the  sensltlvity  coefflclents.

3.2    Flnlte  difference  expression  for  sensltlvlty  coefflclents.

3.3    A  partial  differential  equation  for  sensltlvity  coefflclents.

4.       Examples  of  Sensltlvlty  Coefflclents.

4.1    The  Thels  equation.

4.2    The  Hantugh  radial  leaky  aqulfer.

4.3    One-dlmenslonal  model  with  spatlally  varying  transnlsslvity.

4.4    A  simple  two-dlnenslonal  model  with  spatlally  varying
transmlsslvity.

5.       Ef feet  of  Boundary  Condltlons  on  Sensltlvlty  Coefflclents.

5.1    Flnlte  radial  confined  aqulfer.

5.2    Alternate  boundary  condltlon8  for  the  one-dimensional  aqulfer.

5.3    Alternate  boundary  condltlons   for  the  simple  two-dlmetislonal
model.



6.       The  Role  of  Sensltlvlty  Coefflclents  in  Parameter  Estlmatlon.

6.1    Ordinary  least  squares.

6.2     Other  methods.

7.       Using  Sensltlvlty  Coefflclents  to  Estlnate  Confidence  Reglon8.

7.1    Confidence  intervals  and  regions   for  estimated  parameters.

7.2    Confidence  intervals  for  calculated  head.

8.       Model  Design  for  Maximum  Sensltlvlty.

8.1    Minimize  the  estlnated  errors  or  confidence  intervals.

ConBlder  the  effects  of  measurement  locations  and  times,
paraneter  dependence  and  correlation,  boundary  condltlon8,  and
parameter  zonatlon.

8.2    Examples  of  methods  of  maxlmlzlng  model  sensltlvlty.

8.2.1     The  Thels  aqulfer.

8.2.2    The  leaky  aqulfer.

8.2.3    One-dlmenslonal  steady-state  model  with  spatlally
varying  transmlsslvlty.

8.2.4    One-dlmenslonal  transient  model  with  spatlally
varying  parameters.

8.2.5    Two-dlnenslonal  steady-state  models.

9.       Sumary  and  Conclusions.

The  goal  1s  to  select  a  model  with  maxlmun  sensltlvlty  to  the
aqulfer  parameters  based  on  a  knowledge  of  sensltlvlty  coef f lclents
and  their  properties.
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ABSTRACT

One  of  the  most  dif f lcult  tasks  in  ground-water  modeling  is  the
estlnatlon  of  aqulf er  parameters  f ron  f ield  neasurements  of  hydrau-
lic  head.     This  paper  examines  model  sensitivity  through  the  use  of
sensltlvlty  analysis.     For  each  model  parameter  one  can  define  a
sensitivity  coefflclent.    These  sensitivity  coefficlents  depend  on
the  choice  of  model,   the  spatial  coordinates,   the  time  variable,   the
number  and   type  of  model  parameters,   and   the  boundary  conditions.
For  good  sensitivity  to  the  parameters,   all  sensitivity  coef f icients
should  be  independent  and  as  large  as  possible  at  the  locations  and
times  of  interest.    Methods  for  determining  sensitivity  coefficients
are  discussed  and  some  typical  examples   showing  certain  inportant
characterlstlcs  are  presented.    The  sensltlvlty  coefficients  can  be
used  to  estimate  variances  and  conf ldence  intervals  for  the  aquif er
parameters.     The  model  sensltivlty  can  be  increased  for  parameter
estlnation  by  applying  some  general  principles  from  sensitivity
analysis.     Several  examples  of  improved  sensltlvity  are  presented.

1.       INTRODUCTION

One  of  the  most  dif f lcult  tasks  in  ground-water  modeling  in-
volves  estlnatlon  of  the  aquif er  parameters  to  be  used  ln  a  predlc-
tlve  ground-water  model.  Usually  some  historical  hydraulic  head  data
are  available  along  with  some  f ield  or  laboratory  estimates  of   the
aquifer  parameters.     These  data  are  usually  sparse  and  of  varying
quality.     Estimation  of   the  aqulfer  parameters  from  hydraulic  head
data  is  generally  recognized  to  be  dif f lcult  and  may  be  unstable  or
nonunlque   [Yakowltz   and  Duckstein  (19)I.     One  goal  of   this  paper  is
to  develop  a  better  understanding  of  model  sensitivity  to  the



aqulfer  parameters.

Sensltlvity  analysis  is  the  primary  tool  used  to  investigate
parameter  estlmatlon  ln  this  paper.    A  general  first-order  sensi-
tivity  analysis  formalism  is  presented  to  calculate  the  perturbed
head  caused  by  a  change  in  an  aqulfer  parameter.    A  central  figure
in  the  formalism  ls  the  sensitivity  coefficient.    When  the  sensl-
tivlty  coef f lclents  are  known,   the  parameter  variances  can  be  calcu-
lated.     A  large  parameter  variance  means  the  model  1s  not  very  sen-
sitive  to  that  parameter.     Therefore,   some  time  ls  devoted  to
methods  for  determining  sensitivity  coefficients.     The  sensitivity
coef f lcients  are  af fected  by  the  choice  of  model,   the  number  and
type  of  parameters,   and  the  boundary  conditions.     In  addition,   the
sensitivity  coefficients  are  functions  of  space  and  time.     Several
examples  of  sensltlvity  coef f lclents  for  a  variety  of  models  and
boundary  condltlon8  are  presented.

The  f inal  goal  of  this  paper  ls  to  develop  some  general  princi-
ples  or  guidelines  f or  designing  models  that  have  the  desired  sensi-
tivity  to  model  parameters.    This  ls  done  by  looking  in  detail  at
how  the  sensitivity  coef f lcients  enter  the  least  squares  estimation
procedure  and  how  the  sensltivlty  coef f lclents  are  af f ected  by  the
model  speclf lcation.     The  model  speclf lcatlon  includes  such  things
as   the  model  equations,   the  boundary  conditions,   and  the  number  of
parameters  or  parameter  zones.     In  general,   one  might  suppose  it  ls
desirable  to  make  the  sensitivity  coef f icients  as  large  as  pos-
sible.     Also,   1t  night  be  that  the  chosen  parameters  should  be
independent.     In  section  8  these  questions  are  dealt  with  in  more
detail  and  sore  general  conclusions  are  stated.     Several  examples  of
improved  sensltlvlty,   obtained  by  applying  the  guidelines,   are  also
presented  ln  section  8.

2.      GENERAL   DEFINITION   OF   SENSITIVITY   COEFFICIENTS

When  a  model  1s  used  to  describe  the  hydraulic  head  distri-
bution  (h)   in  a  ground-water  system,   the  head   ls  assumed   to  depend
uniquely  upon  the  physical  parameters   input   to  the  model.

h  =  h[¥,t;T(¥),S(¥)>Q(3i.t)I (2.1)

T,   S,   and  Q  are  respectively  transmisslvlty,   storativity,   and  flux
of  water  ln  or  out  of  the  system.     x  ls  a  vector  containing  the
appropriate  number  of  coordinates  far  the  model  dlmensionallty
(usually  one  or  two).     It  has  been  assumed  that  the  transmlssivlty
and  storatlvlty  do  not  depend  upon  tine   (t).     This  assumption  means
that  unconf ined  aqulf erg  and  delayed  yield  will  not  be  explicitly
considered.     In  this  work  Q(jE,t)  will  be  assumed   to  be  known.   Only
the  varlatlon  of  the  model  response  to  changes  ln  T(i)   and  S(i)  will



be  considered.

In  studying  the  sensltlvlty  of  a  ground-water-f low  system  to
parameter  varlatlons,   a  mathematical  model  must  be  specified:

Fk,t,h;T(¥),S(¥),Q(¥,t)]  =  0. (2.2)

The  model  specification  represented  symbolically  by  F  in  Eq.   (2.2)
includes  such  things  as  inltlal  conditions,   boundary  condltlons,  and
the  appropriate  differential  equations.     Eq.   (2.2)  may  be  solved
analytically  or  numerlcally.

2.1     Models  with  Constant  Parameters

For  models  with  constant  parameters,   the  solution  to   (2.2)   can
be  written  as

h  =  h(¥,t;T,S,Q). (2.3)

Consider  the  variation  of  one  of   the  parameters,   T,   for  example.
Eq.   (2.2)   now  becomes

F(i,t,h*;T+AT,S,Q)   =  0

where  h*  is  the  perturbed  head.     Solution  of   (2.4)   gives

h*  =  h*(i,t;I+AT,S,Q).

The  sensltlvlty  coef f lcient  for  variations  ln  T  is  clef ined  as

UT(¥.t;T>S.Q)  =  # =  ::=o  #.

where  Ah  =  h*-h.

(2.4)

(2.5)

(2.6)

A  slmllar  development  for  the  storage  coef f lclent  allows  the
two  sensltlvlty  coef f lclents  to  be  written  as



uT(X,t)   =

Us(x,t)   =

@h(x,t;T,S,Q)
@T

ah(x,t;T,S,Q)
8S

(2.7)

(2'8)

The   functional  dependence  on  T,   S,   and  Q  has   been  dropped  on   the
left-hand  side  of  Eqs.   (2.7)   and   (2.8)   for  convenience  ln  writing  UT

::: ¥£itL::W::::it:::s ;e:::t::::Za:;e::::::I::s:°a::P::: ::d::1;in: '
model  Equations.

The  solution  of   the   flow  equation  (2.4)   is  assumed   to  depend
analytically  upon  the  parameters  T  and  S,   and  T,   S,   and  Q  are
independent  of  each  other.     Now  consider  a  perturbation  of   the
transmlssivity,   AT  .     Since  lt  has  been  assumed  that  the  solutions
depend  analytically  on  the  paraneters,   the  function    h*(i,t;T+
AT,S,Q)     nay  be  expanded  into  a  Taylor  series.     If   AT  is   small,   the
second-  and  higher-order   terns  may  be  neglected.

h*(¥,t;T+AT,S,Q)   =   h(i,t;T,S,Q)   +  UTAT (2.9)

Thus   the  new  head  produced  by  a  perturbation  ln  transmissivity
(AT)  may  be  calculated  from  (2.9)   1f   the  sensitivity  coefficient  and
the  unperturbed  head  are  known.   Similarly,   if  a  perturbation  ln
storage  coefficient   (AS)  occurs,   the  perturbed  head  is  given  by

h*(x,y,t;T,S+AS,Q)   =   h(x,y,t;T,S,Q)   +  UsAS (2.10)

to  f irst  order  in  AS   .

Eqs.   (2.7)   and   (2.8)   show  that   it  would  be  desirable  to  calcu-
late  UT  and  Us   for  a  given  model,   if  possible.     Then  the  response  of
the  model  to  various  perturbatlons  could  be  calculated  simply  from
(2.7)   or   (2.8)  without  actually  evaluating  the  model  equations
again.     The  work  of  MCElwee  and  Yukler   (11)   indicates   that  Eqs.
(2.9)   and   (2.10)   should  be  valid  for  parameter  variations  of  about
20%   or   less.

2.2     Models   With   S atially  Varyin Parameters

In  the  more  general  case  where  transmisslvity  and  storativity
vary  with  space,   a  slightly  dif ferent  procedure  ls  used  to  clef ine
the  sensltlvlty  coefficients.    h  will  be  the  hydraulic  head  resul-
ting  f ron  a  transmlssivlty  distribution  T(ji)   .    Let  h*  represent  the



hydraulic  head  that  results  when  the  transnissivity  dlstrlbutlon  ls
changed  at   one   point   (jEo)  by  a  small  amount  AT(jEo)   .

Ah(i,t;fro)
AT(fro) [h*tjE,t;Tt¥>+6tjE-fro)ATtfo>,stj£>,Qt¥,t>>

-ht¥,t;Tt¥> ,st¥>,Qt¥,t>j] 7ATtfroj                 t2.ii>

I:i3;::::::;:i::u:::::::;::;::;:;:::::::::::::::;:::::i!:;:i:?1::
transmlsslvity  ls  clef lned  as

uTt¥.t;¥O'   =  ::?fro>+o
Ah(i,t;fro)

AT(fro)

This  sensitlvlty  coef f icient
at  point  x  due  to  a  change  ln

:::::y::(#)o::a::Sumed  to  be

(2.12)

tells  how  much  the  head  will  be  changed

:::::?1:s:I:::-::!#)e::a:::::

h*   =   h  +  uTt¥,t;go>ATtfro>.

X,
E8y  be

(2.13)

If  the  transmisslvlty  ls  changed  at  more  than  one  point,   then  the
change  ln  head  Ah  must  be  found  by  integrating  over   the  area  (or
volume),   A  (or  V),   where  I(x)   1s   changed

h*   -h  =  Aht¥,t>   =  /A  UT(¥,t;zD>ATtfro>dfro.                                  t2.i4>

::::i::e t::a::::::isi:;rig ) :oA:!X8ia::e:e:;. a  ::n:::n:P:::::tease
AT  everywhere,   Eq.   (2.14)   becomes

h*  -h  =  Ah(j:,I)   =  AT   .  UT(¥.t)

UT(¥tt)   =  /A  UT(¥.t;go)dfo   .

where

(2.15)

(2.16)

In  the  preceding  development,  i  and  2Eo  are  assumed   to  be  appropriate
dlmenslonless  varlables.



A  slmllar  development  for  the  sensltivlty  with  respect  to  stor-
atlvlty  (Us)  yields

h*  -h  =  Ah(ji,t)   =  /A  Us(¥.t;:So)AS(3fo)djEo (2.17)

and

h*  -h  =  Ahtxo   =  As  /A  ust¥,t;fro>das  =  As   .  ust¥,t>     t2.i8>

when  AS  ls  constant  over  the  region  of   integration.     As  before,

ust¥.t;fro>   =  :S?fro>+o

where

Ah(i,t;fro)
AS(fro)

Ah(¥,t;:Eo)   =  h*(¥.t;T(¥).S(¥)+6(jE-2Eo)AS(fo).Q(¥.t))   -

(2.19)

h(¥,t;I(¥),S(¥),Q(¥,t)).                (2.20)

The  sensitivity  coef f icients  UT  and  Us  are  seen  to  be  the
quantities  needed  to  calculate  the  response  of  a  model  to
perturbatlons  ln  the  spatial  dlstributlon  of  transnisslvity  and
storage.     Consequently,   a  discussion  of   some  of  the  general
properties  of  sensltivlty  coefficients  ls  in  order.    In  later
sections,   procedures  for  determining  sensltlvity  coefficients  will
be  illustrated.

2.3     General  Comments  About   Sensltlvit Coefflclents

The  sensltlvity  coef f lcients  will  depend  on  the  independent
varlables   (space  and  time),   the  model  parameters   (I,   S,   etc.),   and
the  boundary  condltlons.     Each  of  these  factors  may  have  a  dramatic
ef feet  on  the  model  sensltlvlty  and  thus  on  aay  attempt  to  perform
inverse  calculatlons.    Much  of  this  paper  will  be  concerned  with
studying  these  effects.     The  general  confined  flow  equation  can  be
written  for  some  region  (R,   Figure  I)   as

SmaxT    rs(¥)I   8h       Q'(¥.t)k ,= g] - ,±, [g]-     max   -           max 8tTmax
(2.21)

where  Tmax  and  Smax  are  the  maxinun  values  of   the   transmissivity  and



storatlvity,   respectively.    Q'   is  the  specified  water  flux  per  unit
area  of   the  model   (Q/A)   and  would  be  caused  by  pumpage,   injection,
leakage,   etc.     In  addition  to  the  flow  equation,  we  need  boundary
and  lnitlal  conditions  for  a  complete  solution  to  the  hydraulic  head
and  the  sensitivity  coefficients.    Typical  boundary  conditions  are
head  specif led

h  =  H  on  ri

and  f lux  speclf led

Q..(r2.t)  =  -T[#]r2  °n  r2.

(2 . 22 )

(2.23)

:p::1:I:db:::£a::I(:n=tr|:n:?i :€/:;8::nb:ui:::;r:2: ).Th:"i::t±::
condltlon  can  be  specif led  as

h(i,0)  -  f (¥)  in  R  . (2.24)

Eqs.   (2.21)   through   (2.24)   illustrate  how  the  head  and,   conse-
quently,   the  sensitlvlty  coef f lcients  depend  Lipon  the  transmlssivity
and  storativlty.     The  head  can  be  written  symbolically  as

T                  T(x)h = h[=, ¥ t; I-,=,=]max            max       max       max
(2.25)

provided  Q  and  the  boundary  conditions  do  not  depend  upon  time.     If
Q  and  the  boundary  condltlons  do  depend  upon  time,   then  additional

rr9rl
Fig.   1.     Region  of   solution  and
boundaries  for  a  model.

!ii*:::io;;::::i:i!i:;;i:::::he
and

sivlty  and  storativlty  which  vary
between  the  limits  of  zero  and
one.     They  specify   the   shape  of
the  I  and  S  variation,   but  not
the  absolute  magnitudes.

Next,   a  fen  simple  obser-
vations  are  made  regarding
sensitivity  coefficients.    At
steady   state   (@h/@t  =  0),   h  does



:::1:e::n:n:nn:i::  ;te::;r::::: :  U§n±:h:e::in::e:::::yc:::te  and  ±S
T(X)   =  Tmax  and  S(i)   =  Smax  and  Eq.   (2.25)   reduces   to

h =  h(=,  i t, (2.26)

when  the  specified  fluxes,  Q(i),  are  zero.     If  all  specified  fluxes
are  zero,   only  barrier  or  specified  head  boundaries  are  used.     From
Eqs.   (2.26),   (2.7),   and   (2.8),   the   sensitivity  coefficients  UT  and
Us  can  be   shown  to  be  dependent:

UT  =  -+Us.                                                                                         (2.27)

This  means  that  the  inverse  problem  is  nonunique  since  any  value  of
S  and  T  with  the  correct  ratio  will  give  a  good  solution.

Even  lf  one  allows  spatial  variation  in  T  and  S  in  Eq.   (2.25),

:::i::V:::es:::b:ail:Sw::±L:i::n::i:::a:i;C:o::ys:T3¥i::dp:g?¥ded
there  are  no  speclfled  fluxes  in  the  model.  Theoretically,  a  speci-
f led  T  on  each  streamline  will  uniquely  determine  the  transmissivity
dlstributlon  and,   consequently,   the  storativity  distribution.     Some
inverse  procedures   [Knowles  et  al.   (9)]   solve  for  the  fluxes,   Q,   in
addition  to  the  transmisslvity  and  storativlty.    The  foregoing  dis-
cussion  and  Eq.   (2.25)   show  that,   when  both  Q  and  I  are  adjusted,   an
additional  level  of  nonunlqueness  is  introduced  since  only  the
ratios  of  Q  and  T  need  to  be  held  constant.     In  others  words,   Q  and
T  are  not   independent  parameters.

Some  initial  condition  must  be  speclf led  for  the  hydraulic  head
at  the  beglnnlng  of  a  model  sinulatlon;   consequently,   this  condition
determines  the  lnltlal  condition  on  the  sensitlvlty  coefficients.
The  sensitivity  coefficients  may  or  may  not  start  out  zero.     One
colrmonly  used  inltlal  conditiori  is  a  flat  head  distribution.     In

::::ec::e :e:::  s:::::::i::in::::;1::::t:ni::a:n:o:Sit:::e i:nai:::::;-
state  head  distrlbutlon.     (Additional  fluxes,  Q(¥)   ,   are  imposed  and
future  changes  are  predicted.)    For  a  steady-state  initial  condl-

:::::sU8f ±6TZ::; ' b:u:o::dw:;Ls:::t±:n8::e:::a::o::r:;  b:h:i:::::::
later .

When  the  sensitivity  coefficients  are  zero  or  not  independent,
the  inverse  process  will  not  work.    This  result  ls  inherent  in  the
model  and  does  not  depend  on  the  details  of  the  inverse  process.     In
actual  practice,   the  inverse  process  nay  experience  dif ficulty  when



the  sensltlvlty  coefflclents  are  very  small  but  not  zero.     In  this
case,   the  model  1s  simply  not  very  Sensitive  to  changes  ln  aquifer
parameters.     By  calculating  and  examining  the  sensitivity  coef-
f lclents,   one  may  obtain  an  lndlcatlon  of  the  stability  of  the
inverse  process.    As  a  rule-of-thumb,   the  sensltlvlty  coefficients
should  be  as  large  as  possible  and  be  independent  for  a  stable
inverse  problem.

3.      RETHODS   FOR   DETERMINING   SENSITIVITY   COEFFICIENTS

In  thl8  section  various  methods  for  determining  sen8itivlty
coefficients  are  considered.     Three  methods  will  be  considered:
analytical  expressions,   finite  difference  approxlmatlons,   and
solution  of  a  partial  differential  equation.

3.1     Anal tlcal  Ex resslons  For  The  Sensltlvlt Coefficients

Sometimes  analytical  formulas   for  the  head  or  drawdown  can  be
found  for  simple  models.     In  many  of   these  cases,   flndlng  converlient
analytical  expressions  for  the  sensltlvity  coef f lcient8  is  also
possible.     As  an  example,   consider  the  Thels  equation.     The  Theis
equation   [Thels   (18)]   describes   radial  confined  ground-water  flow  in
a  uniformly  thick,   horizontal,   homogeneous,   1sotroplc  aquifer  of
lnfinlte  areal  extent.

co

/
(r2s,4Tt,

_u=du
u (3.1)

:nL:h:h:b:I:n::I::i::t;  i:2;:;W:°rLjL :ieQt±:e t?: ) :L§C::r::e (::i:ii
slonless  storage  coefflclent,   and  r  is  the  radial  observation  dis-
tance   from  the   pumped  well   (L).

The  sensltlvlty  coefflclents  may  be  obtained  from  Eq.   (3.i)   by
applying  the  definltlons  given  ln  equations   (2.7)   and  (2.8).     After
applying  Lelbnitz's  rule  for  differentiating  an  integral   [H11debrand
(8)]   to  Eq.   (3.1),   one   obtains   [MCElwee   and  Yukler   (11)]

us  = #=  -zfaexpt-::=>                                                      t3.2>

and

UT=#=-i-ius                                                                     (3.3)

These  equations  for  the  gen81tlvity  coef f lcients  may  be  evaluated
quite  easily  lf  one  can  evaluate  the  drawdown  (s).     Notice  that,   if



:::e:::n:?e i:::t(::;; ::d t?:. ;;g::1:fb:q;i::;3::duEn:ns1:it::u:: :e
later  section  of  this  paper.

As  a  further  example,   consider  the  leaky  confined  aqulfer.     The
aquifer  system,   defined  by  Hantush  and  Jacob   (7),   is  composed  of  a
level,   isotropic,   homogeneous,   porous  medium  of  infinite  areal  ex-
tent.     The  lower  aqulfer  boundary  is  assumed  to  be  impervious,  while
the  upper  boundary  is  assumed  to  be  a  leaky  confining  bed.    Water  ls
derived  f ron  the  aqulfer  by  elastic  expansion  of  the  water  and
compression  of  the  aqulfer  matrix  as  pumping  occurs.     Leakage
through  the  semlconf lning  bed  is  assumed  to  be  proportional  to  the
drawdown  ln  the  semiconfined  aqulfer.   It  is  assumed  that  no  water  is
removed  f ron  Storage  in  the  semiconf inlng  unit  and  that  no  drawdown
occurs  in  the  source  bed.  The  analytical  solution  for  the  drawdown
ls

s=#!;exp(-y-#,dy,
cO

u  =   r2S/4Tt,   L2   =  K'/Tm'

(3.4)

where  K'   is  the  permeability  of   the  semlconfining  bed,  m'   is   the
thickness  of  the  8emiconf lnlng  bed,   and  the  other  quantities  are  the
same  as  for  the  Theis  equation.     By  applying  Leibnitz's  rule  for
dlfferentlating  an  integral   [Hildebrand  (8)],   obtaining  the
sensitlvlty  coef f icients
MCElwee,   and   Butt   (2)I:

8sUs  =  5g -  - Qr2

16"T2t

with  respect   to  S  and  T  is  easy   [Cobb,

[: exp(-u -#,I

@sUT  = 5F =  -i -i Us.

(3.5)

(3.6)

As  before,   these  expressions  are  easy  to  evaluate  if   the  drawdown
has  been  calculated  previously.

These  two  examples  of  analytical  expressions  for  the  sensi-
tivity  coefficients  are  typical.    Many  more  examples  could  be  pre-
sented   for   simple  models.

3.2    Finite  Difference  Ex ression  For  Sensitivity  Coef f iciemts

Sometimes  lt  ls  not  convenient  or  possible  to  cone  up  with  an



analytical  formula  to  be  evaluated  for  the  sensitlvlty  coefficients.
In  these  cases,
numerically  by
drawdown  can  be
with  the  leaky
to  evaluate  UL.
differentlatlng

one  can  always  evaluate  the  sensitivity  coef f icients
a  finite  dlf f erence  approximation  lf  the  head  or
calculated.    To  illustrate  this  process,  we  continue

confined  aquifer  of  the  previous  section.     If  we  try
the  sensitivity  with  respect  to  leakage,  by
Eq.   (3.4),   we   obtain   [Cobb,   MCElwee,   and   Butt   (2)]

co

UL  =  /   {-Lr2/2y2}   exp(-y  -L2r2/4y)   dy.                                          (3.7)
u

press¥:t:nt:::hb:t:a:Ee:n:h:I, i:f:::. ti:. :ia:::w£3 ::i  ::nc::p::=d,
no  further  numerical  integration  ls  required.    The  sensltlvity  with
respect   to   leakage,   UL  ln  Eq.   (3.7),   can  be  computed  only  by  addi-
tional  numerical  integration  that  would  involve  the  formulation  of  a
more  complex  subroutine.   Therefore,   the  declslon  might  be  made  to
generate  UL  by  a  flnlte  dif ference  approximation.     The  approximation

UL   =   @S/@L   =   {S(L+AL)   -s(L-AL)}    /2AL                                                       (3.8)

becomes  increasingly  accurate  as  AL  approaches   zero.     Satisfactory
evaluation  of  UL  occurred  for  AL  set  equal   to   .01  L.     Plots  of  UL
will  be  presented  later.  This  or  a  similar  finite  difference  scheme
could  be  used  to  calculate  the  sensitivity  coef f iclents  in  many
situations .

3.3    A  Partial  Differential  Equation  For  Sensitivity  Coefflclents

For  the  general  time-dependent  case  when  transmlsslvity  and
storatlvlty  can  vary  spatially,  no  closed-form  expression  exists  for
the  head  and  the  sensltivlty  coefficients.    The  head  is  given  by  the
solution  of  the  following  partial  dlfferentlal  equation  [or  equiva-
lently  Eq.   (2.21)].

k  [T(¥)  #]  =  S(¥)  #-Q'(ji,t)                                              (3.9)

A  partial  dlf ferentlal  equation  for  the  8ensltlvity  with  respect  to
transmlsslvlty  can  be  developed  by  applying  some  of  the  clef lnltlons
given  earlier.    If  h*  is  the  new  head  that  results  when  the  trans-
mlssivlty  ls   changed  by  AT(3So)  at  j5o   .   then



k  [Tt¥>  ¥]  + k  [6t¥-fro>  ATtfro>  ¥]  =

S(¥)  # -Q'(jE,t).               (3.10)

Applylrlg  the  definition  of  UT(i,t;jEo),     Eq.   (2.12)   results  in  the
following  expression.

k ,T(¥,
auT(¥it;fro)

8x ] + k ,6,=-a #, =

S(x)
OUT(i,t;fro)

8t (3'11)

In  deriving  Eq.   (3.11),   Eq.   (3.9)   has   been  subtracted   from  Eq.
(3.10),   the  result  divided  by  AT(3Eo),   and   the  limit   taken
as  AT(fo)+0   .

Eq.   (3.11)   is  a  partial  differential  equation  for

¥E£:;: ;fez ¥::Cfi:::::n:::Y in;::s::k:h:h:I:::8±T8:¥;i°¥oe:::t:3:ear
in  Eq.   (3.11).     Second,   there  is  an  additional  ten  involving  the
dlfferentlation  of  a  delta  function.

Except   in  very  simple  cases,   numerical  methods  must  be  used   to
solve  Eq.   (3.9).     The  question  arises  as   to  how  equation   (3.11)   may

::v::::ngTL::en:::;::::t::::::So:°t::t:::t:Tf{:::i*n);±L:n:::::_ten
sidered.     The  other  terms  in  Eq.   (3.11)   are  similar  to  terms  in  the
flow  Eq.   (3.9)   and  nay  be  handled  with  standard   techniques.     The
elementary  central  dlf ference  formula  for  the  partial  derlvative  in
the  x  dlrectlon  of  an  arbitrary  function  f (x,y)  evaluated  at  point
(xl,yj)   is

8f(x,y)
@x        Jx-x

fl+1,2,i
Ax (3.12)

y=yj

where  a  unlf ormly  spaced  node  system  ls  assumed  such  that  x±  =  iAx

::db: j a=b::¥;rst a::1:1:;:;t d:::t:h:h:r::1::S ::mTf::  ::::1:3±::  I
3Eo(XkyA)   by  Tk,A.     The  X   Component   of   the   delta   function   term  in
Eq.    (3.11)   1s



g [«X-yk)"y-y£) g]  x=x±= ¥  [6|+1/2,k.
y=yj

(hi+1,j-hi,j)  -6i_1/2,k(hi,j-hi-1,j)I (3.13)

where  61,j  ls  the  Kronecker  delta  with  the  following  properties

6"  =  I  :::  :::                                                                     (3.14,

Notice  that  specifying  the  transmlsslvity  half  way  between  the  nodes
where  h  ls  known  18  convenient.     Eq.   (3.13)   gives  the  finite  differ-
ence  numerical  approxinatlon  of  the  delta  function  term  ln  Eq.
(3.11).     An  alternate  procedure  could  be  performed  for  a  finite
element  approxlmatlon.

Usually  Eq.   (3.11)  would  not  be  Solved   for  point   changes   in  the
transmisslvlty.    Rather,   the  transmlssivlty  ls  usually  assumed  to  be
constant  over  a  zone  which  includes   several  points  or  nodes.
According   to  Eq.   (2.16)  we  must   integrate  Eq.   (3.11)   over   that   zone
to  obtain  the  sensitivity  with  respect  to  transnisslvity  in  that
zone.     This  would  be  equivalent   to   summing  Eq.   (3.13)   over  all  k
and  A  values   ln  that  zone.

z!nek[6(X-fa)6(y-y£)#];=;:th=£ife#.

[6|+1/2,k(hi+1,j-hi,j)   -6i_1/2,k(hi,j-hi_1,i)I   (3.15)

The  partial  dlf ferentlal  equation  for  the  sensitivity  with
respect  to  storatlvlty  is  somewhat  easier  to  obtain.     If  h*  is  the
new  head  that  results  when  the  storatlvlty  ls  changed  by
AS(fro)   at  fro   then

*  [Tt¥>  €E£]   =   [stj5>+6t¥-fro>Astfro>]  €Ei  -Q'(¥,t).          t3.i6>

::£:::C:::8L::it(i;92s{=;+:q;e::i::)ind:X:d::!i:Zi£:(tii;t:::.



k [T(=,
8ust¥.t;froJ

ax ]   =  s(¥)
8ust¥,t;fro>

@t
+  6t¥-fro>  #    t3.i7>

Recall  that  the  deflnltlon  of  Us  is  given  by  Eq.   (2.19).

Once  again,   Eq.   (3.17)   looks  identical  in  fom  to  the  flow
equation  except  there  are  no  fluxes   [Q(x)]   and  the  delta  function
term  has  been  added.   The  finite  difference  numerical  solution  of  Eq.
(3.17)   is  carried  out  ln  a  manner  similar  to  that  used  for  the  flow
equation  except   for  the  delta  function  term.     If  Eq.   (3.17)   1s   to  be
evaluated  at  i =   (X±,yj)   and  jso  =   (XkiyA)   then

[«x-h)"y-y£)#]=±:2=ffi6L,k6„           (3.18)
y=yj

:::s?:,jA:
=  is   the  hydraulic  head  at  node

bef ore,   to  obtain  the  sensi-
where  At  ls  the  time  step
point  (1,j)  after  n  tine  steps.
tivity  to  the  storatlvlty  in  a  zone  containing  several  nodes,  we
must  integrate  Eq.   (3.17)   over  that  zone  or  sun  the  right  side  of
Eq.   (3.18)   over   the  nodes   in  that   zone.

/   ["x-xk)6(y-y&#]:::2dA =   i EL 61,k6„
z3ne                                          y=yj              £±#e         At                               (3.ig)

If  numerical  methods  have  been  used  to  obtain  the  solution  to
Eq.   (3.9),   the   flow  equation,   then  the  h's   appearing  in  Eq.   (3.15)
or   (3.19)   are  known  and  present  no  obstacle  to  a  numerical  solution
of  the  equations  for  the  sensitivity  coefficients.   The  Same  numer-
ical  techniques  used  to  solve  the  f low  equation  nay  be  used  to  solve
the  sensltlvity  equations.     In  fact,   the  Same  computer  code  used  for
the  f low  equation  can  be  used  for  the  sensitivity  equations  by
simply  replacing  the  fluxes   in  Eq.   (3.9)   by  the   terms   ln  Eq.   (3.15)

::  13;:: ). Mo::e d:3::::1::S:fb:h:°::;:1::: i::C:fd:::::::a¥a:::h:£sX€o
the  solution  of  the  sensitivity  equations  ls  given  by  MCElwee
(12).     Ultimately,   a  numerical  solution  for  the  following
sensltlvlty  coefflclents  must  be  obtained.



u:1,i,k,A   -#

u:";k,A  -#

(3.20)

(3.21)

The  superscrlpt  n  ls  used  to  denote  the  nth  time  Step  while  the
subscripts  i,   j,  k,   and  fl  are  the  usual  node  lndlces.     If  zones  are
used,   Eqs.   (3.20)   and   (3.21)   must   be   summed   over   all   k  and   A  in   that
zone  to  obtain  the  total  sensltlvlty  to  the  parameter  ln  that  zone.
Sometimes  lt  ls  convenient  to  use  only  one  subscript  for  the  spatial
varlatlon  and  one  for  the  transmlsslvity  variation.    In  that  case,

::i;:0::dc38::::  forms  for  the  Sensitlvlty  coeff icients  are

Along  with  the  flow  equation  (3.9),   initial  conditions  and
boundary  conditions  must  be  given  for  h.     An  initial  condition  can
be  given  ln  the  form

h(x,y,0)   -  z  =  0 (3 . 22 )

for  a  two-dlmenslonal  model.     If  Z  is  a  constant,  we  have  a  flat
lnltlal  surface.    The  boundary  may  be  a  rather  arbitrary  function
of  x  denoted  by

B(x)   =   0. (3.23)

The  boundary  conditions  must  be  specified  on  this  curve.     A  speci-
f led  head  boundary  ls  given  by

[h(E.t)]B(¥)   =  H(¥).                                                                                     (3.24)

If  a  specified  flow  of  water  is  required  on  the  boundary,   then

[T(¥)
@h(¥,t)

@n ]B(x)   =  ap"(¥.t)                                                               (3.25)

where  8/8n  denotes  the  partial  derivatlve  ln  a  dlrectlon  normal  to
the  boundary.     If  the  constant  ls  zero  in  Eq.   (3.25),   the  result  ls
a  barrier  boundary.     In  general,   the  boundary  could  contain  both



types  of  boundary  condltlons  given  by  Eqs.(3.24)   and   (3.25).

If  the  lnitlal  condition  on  h  is  a  steady-State  solution

¥§!:;::fa: ' z:::. ±n::i:11:°:d±::::a::  ::e (;:Z:i:L¥::yL:i::a:e:::::_t°
tlon  on  the  sensltivlty  with  respect  to  transmlssivlty,

:gi:::;#):
1s  also  zero.    If  the  inltlal  surface  ls  a  steady-state

:::::;:::a::ef:n:t::LE:?n{3:::?:I::':i?ip::o;r::::t:::n::r;h:ondi-
::::::ia::=b::?8£;ya::n€::i:?:  f;:ru:  :::c¥§±::nh::d f::::d:¥yd±f-

[UT(Eit;5o)]B(x)   =  0

[ustEit;fro>]Btx>=   o   .

A  specif led  flow  boundary  condition  results  ln

[T(i)
auT(i.t;fro)

@n

@Us(=,t;fro)

8n              JB(x)

]Btx>=   6tjE-fro>Q"t¥,t>

(3.26)

(3 . 27 )

(3.28)

(3.29)

The  sensltlvlty  equatlon8  for  the  case  of  constant  T  and  S  can
be  obtained  from  Eqs.   (3.11)   and   (3.17)   by  integrating  over  the
whole  model  region.

UT(±.t)  =  ±UT(±it.,X.)  dA

Performing   this   lntegratlon  gives   [MCElwee  and  Yukler   (11)]

auT(¥.t)I    .   a   rah(¥.t)
]  + H=`=,-`]  =  s

+tr

@x

@us(=,t)l        _@us(¥,t)        @h   (¥,t)

8x

( 3 . 30 )

(3.31)

(3 . 32 )

The  boundary  conditions  for  constant  T  and  S  are  obtained  by  inte-
grating  Eqs.   (3.26)   to   (3.29).     For  example,   Eq.   (3.28)   becomes



[¥`xlt)]B(x,=¥X,t) (3'33)

4.      EXAMPLES   0F   SENSITIVITY   COEFFICIENTS

In  the  following  Sections,   several  examples  of  sensitivity
coefflclents  will  be  shown.    All  the  methods  of  determining  sensl-
tlvlty  coef f lclents  discussed  ln  the  previous  sections  will  be
lllus traced .

4.1     The  Thels   E uatlon

The  sensitivity  coef f lclents  for  the  Thels  equation  are  given
by  Eqs.   (3.2)   and   (3.3).     The  sensitivity  coefficient  for  transmis-

::¥;::;  :I:h±:  :::=m±:s::i:;e:f23:28o3f:2;d:yw::: :u:::::g:2 ,0oo
coefficient  of   .00095  at  a  time  of   .017   days.     The  radial  dependence
of  UT  ls   shown  ln  Figure  2.     The  system  is  obviously  most   sensitive
to  changes  ln  the  transmisslvlty  near  the  well  where  drawdown  ls  the
largest.    From  Figure  2  the  sensltivlty  coefflclent  UT  seers  to

:::er:!s
at   the  well.     In  fact,   it  may  be  shown  from  Eq.   (3.3)   that
/4Tt   >>   1,

UT  =  #[1.577216  +  1n(±2g)].                                                           (4.1)

Expression  (4.1)   shows   that  UT  should  diverge  logarlthnically  at  the
changes  sign  ln  the  region  300-well.     The  sensltlvlty  function  UT

Q  =  32, un ft3`day

T  =  320o  ft2/day

S   .  . OcO95

t  =  . 017  days

0             200           4cO            600            800           1000

r  (radial  distance),   in  ft

Fig.   2.     Radial  dependence  of  UT
f or   the  Thels   equation   [MCElwee
and  Yukler   (11)].

io-6       io-4        io-2           1            )02         Lo4          Lo6

t  (time),   in  days

:::. ti: T::::  ::::::::CiM::1:Ee
and  Yukler   (11)I.



320  feet  from  the  well,   as  it  must  in  order  for  the  cones  of  depres-
sion  to  have  the  Same  volume  for  differing  transmisslvitles.     The
magnitude  of  the  sensltlvlty  coef f icient  UT  is  relatively  small  1n
the  region  where  UT  is  negative.

Figure  3   shows  a  portion  of   the   time  dependence  of  UT  for   two
values  of  radius  and  two  perturbed  values  of  transmissivlty.     Notice
that  for  large  values  of  t,   the
weak,   though  UT  ls  not  constant.

de!::d::::e:f 1:Ee::d t±i8% f:1::3w  how

UT  at  a  radius  of  1   foot  changes  when  the  transmlssivlty  ls
perturbed  by  ±20%.     In  this  region  a  larger  transmissivity  results
ln  decreased  sensitlvlty,  and  a  smaller  transnlssivlty  results  in

:::::a:::  :e:S3:;g±::2/d:;es£::V::eL::::::  :f=c:a::::ga:d±: =h:°°°
evaluation  of  UT.     These  two  curves  have  an  ldentlcal  shape  but  are

::::::C::nf::ms:::  ::::h::. a::?§) :heT:ea=::;Lc::er::::ti:nr2;t;h::e

:::era:  :h::o:a::°t±:  ::±6S::;;  :EsW:::  :::ec:::::.asT:::  :::v:u=::
r  =  1000  feet  at   t  =  1  day.

The  sensltlvity  with  respect  to  the  storage  coefficient,  Us,
may  be  evaluated  by  using  Eq.   (3.2).     The  radial  dependence  of  Us  is

::?g?  ::dF±!:::e4;  s:8wd:::tn::ed:::::i  ::p:::e:::Lo:Su:°::  UT.    Eq.

::use:::;LtgsL:0:Sg:::r::a:::s::8no:e:::::i::,1:::;:::1::LS:C::a::e

6cO

400

0              200            400            600            800          1000
r  (radial  distance),   in  feet

Fig.   4.     Radial  dependence  of  Us
f or   the  Theis   equation   [MCElwee
and  Yukler   (11)].
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:::. I::  T::::  ::::::::CiM::l:Se
and  Yukler   (11)].



::::g::  S;p=23;:on;he::ec:::::d±:::::t:nt:::u::e4 s;:::nuEsw:::ss  ±s
sensltlve  for  a  larger  S  and  more  sensitive  for  a  smaller  S.     This
behavior  can  also  be   seen  from  Eq.   (3.2).

::i::;::::;:::::::::;i!i::i;:;::i::;:;i:;;;:c:i::;;;;:::::;:i:::e:
curves  shown  in  Figure  5  are  identical  except  for  displacement  in

:i7:. re::::sE:;n::;i:, i:r=v:d:: a:e:, t::: gsa::su:::a::::. va:::sW:::
i  =o±4d::yp::::t°:nt::ec::¥:ef::rrr==L:8°f::::  1S  identical  to  the  t

4.2    The  Hantush  Radial  Leak ulfer

The  sensitivity  coef f icients  for  the  leaky  aquif er  are  given  by

::Sie::i:i:. (3t:) isa::t£:;:i. byuE :::1:§  :::f::::::t:Sp:3x::::I:::aL
Many  features  of  these  sensitivity  coef f lcients  are  similar  to  those
found  for  the  Theis  equation.    Therefore,   description  will  be  brief

;:;3:i:rf:;::i;:g¥::::::?::::::::o:::08T::±§i?8::i¥:§7d:;:f:1:ients
The  radial  dependence  of  UT  ls  Shown  in  Figure  6.     The  function

::==::e:a:::a::t:::::::y :a::  :::o::::;te:Tt£:a::::  :::: ::e:°¥eLs
changed,   the  cone  of  depression  deepens   ln  some  areas  and  shallows
ln  others.

:;I::I:8;:;::s:;:i::!i;:::::::i;:;::;;:i;:::::i::;i:ii:;::::::;:::o:
radius  of  1,000  feet.    Note  that  all  curves  flatten  after  three  to
four  days.     This  describes  the  steady  condition  caused  by  deriving
the  discharge  Q  totally  from  leakage.     This  ls  a  new  effect  that  was
not  seen  in  the  Theis  case.     In  this  case,  UT  is  constant  after  some
tine,

cientT::e:a:::Ldf:::::e::et:: :8[±:  :::W:o::  =:8:::n::  s::::  C::f ::-
inversely  proportional  to  S.     The  constancy  of  algebraic  sign  indi-
cates  that  as  S  changes,  a  general  ralslng  or  lowering  of  the  cone
of  depression  occurs.



6

r  (radial  distance),   in  ft  x  |o-3

Fig.   6.     Radial  dependence  of  UT  for  the  leaky  aquifer   [Cobb,
MCElwee,   and  Butt   (2)I.
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t  (time),   in  days

Fig.   7.     Time  dependence   of  UT   for   the   leaky   aquifer   [Cobb,   MCElwee,
and  Butt   (2)].



Q=106,un({3`day

T=24,3cOft2/day

L - . ou ft-I

t  =  .  1  day

3

r  (radial  distance),   x  10-3  ft

Fig.   8.     Radial  dependence  of  Us   for  the  leaky  aqulfer   [Cobb,
MCElwee,   and   Butt   (2)].

The  time  dependence  of  Us  is   presented   in  Figure  9.     Radial
variation  ls  lndlcated  by  the  presence  of  three  curves.     Each  curve

::::::Sv:::e=Xi:u:o::1::n::: :gL:: :f t:::e :h::c:n:::::e:p;:::c:::
zero  in  value,   indlcatlng  that  a  steady  state  ls  achieved.    Until
steady  state  is  attained,  a  dual  source  is  supplying  the  pumpage,
namely  water  released  from  storage  and  leakage.     The  curves  roll
over  as  leakage  starts   to  dominate  the  source  mechanism.     Us  ls  zero
outside  the  cone  of  depression  and  at  any  time  af ter  steady  state  is

:::a::e€;  z:::1::tt::Sr::c:e:e: ::::::;t :8L::rf::e[::::St::::i  did
Figure  10  shows   the  radial  dependence  of  UL.     The  sensltlvity

:::::1:::::sutfd::S  :::s:i:::8:1::1::et:e::ea::r:::r:::h::. Zero  for

of  I.Th:i:1::rs::e::::C:1:: ¥±m:Su:t:Pal:t::§;I:t::ef::  :::1::::es
where  leakage  ls  supplying  the  entire  discharge  Q.     At  that  point,
U].  1s  constant   ln  time.



::!4#ftf2t/3d/ad;y
L = . ou ft-I

S  =  . 002

r  =  1cOO  ft

r  =  2000 f t

r  =  30cO ft

•001                           .01                              .I                              I.0                          10.0

I  (time),    in  days

Fig.   9.     Time  dependence  of  Us   for   the   leaky  aqulfer   [Cobb,   MCElwee,
and  Butt   (2)].

In  sumary  of  the  Thels  and  leaky  aqulf er  sensitivity  coef f l-
clents,   a  few  observations  can  be  made.     The  radial  dependence  of

:::a:::t s::::::I:::yc::f::::e::: ;:Ei :Ei  :::tuEies::::1::::t;h:p-
proaches   zero  a8   the  radial  distance  increases.     The  time  dependence
of  all  the  sensitivity  coef f iclent§  shows  that  inltlally  the  sensi-
tivity  grows  with  time.     In  the  leaky  case,  Us  goes  to  zero  as  the
steady  state  ls  approached  while  UT  and  UL  approach  constant
values.     In  the  Thels  case,   Us  approaches  a  constant  value.

12345

r  (radial  distance),   in  ft  x  |o-3

Fig.   10.     Radial  dependence  of  UL  for   the  leaky  aquifer   [Cobb,
MCElwee,   and   Butt   (2)I.
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*':ffi.ife
Fig.   11.     Time  dependence  of  UL  for   the   leaky  aqulfer   [Cobb,
MCElwee,   and  Butt   (2)I.

4.3     One-Dimensional  Model  With   S atlall Transml s s ivi t

Consider  a  steady  state  one-dimensional  model  with  no  lnterlor
fluxes.     Eq.   (3.9)   becomes

±  [T(x,  #]  =  0.

The  first  integration  of  Eq.   (4.2)  gives

T(x)  # I  C  =  constant.

For  boundary  conditions,   assume

h  =  H       at   x  =  R

5¥ = - gfl
ah

I(0)

and

at  x  =  0,

(4.2)

(4.3)

(4.4)

(4.5)

Q/1  is  the  boundary  flux  per  unit  length  of  boundary.     Integration
of  Eq.   (4.3)  yields  the  final  solution  for  the  hydraulic  head



h(-,-- Or#  =,; dx'
I ( Rx ' ) +H. (4.6)

The  normalized  variable  x'   =  x/R  has  been  introduced.     Eq.   (4.6)
allows  for  an  arbitrary  distribution  of  the  transmissivity.

Consider  the  case  of  constant   transmisslvity  in  Eq.   (4.6).     The
solution  is

htx,  = fa  tR-x,  +  H.

Using  the  definition  of  UT  from  the  Eq.   (2.7)  yields

UT(x)  = 2# = # (x-R)  = - I.S

where  s  is   the  drawdown  with  reference  to  the  constant  head
boundary.

s  =  h(x)  -  H  =  #  (R-x)

(4 . 7 )

(4.8)

(4.9)

This  form  [Eq.   (4.8)]   of  the  sensitivity  coefficient  is  rather
common   [see  Eqs.   (3.3)   and   (3.6)I   and  merely  says   that   the  model   is
more  sensitive  to  transnlssivity  in  areas  having  larger  drawdown.
Notice  that,   as  the  constant  head  boundary  is  approached,   the  sensi-
tivity  coefflclent   (UT)  goes  to  zero.     The  sensitivity  with  respect
to  storativlty,  Us,   is  zero  since  only  the  steady  state  ls  being
considered .

The  sensitivity  coef f lcients  for  an  arbitrary  transmissivity
dlstrlbution  can  be  found  by  conslderiqg  the  head  solution,  Eq.
(4.6),  and  the  definition  of  the  sensitivity  coefficient,  Eq.
(2.12).     The  new  head  caused  by  changing  the   transmissivity  at  one
point   (xo)   1S

ti*(-)--ay#x,Ri dx'
T(Rx')   +  6(RX'-Xo)AT(Xo) (4.10)

The  sensltlvlty  coefflclent  developed  from  (2.12)   is  as   follows



UT(X;Xo)   =

A     T2(xo,
if   x  <  x     <  R0

if  xo  <  x

UT(x)   =  ^J-   UT(XSRXL)   dx`o  =  -  #     ,J
A,_

(4.11)

This  sensitivity  coef f lcient  ls  inversely  proportional  to  the  square
of  the  transmlsslvlty.     Thus,   areas  of  low  transmissivity  have  a
larger  effect  on  model  results  than  areas  of  high  transmissivity.

::::;v:::::ep::::, t:: ::a:::1::::::yin::ef°r:::::: ::S:h:h::a:::ation
point.    The  sensitlvlty  coefficient  resulting  from  changing  the
transmlssivlty,   a  constant  amount  AT  over   the  whole  model  area   [Eq.
(2.16)]   1s   obtained  by   lntegratlng  Eq.   (4.11).

1                                                                     1        dx'
(4.12)

o.      vT`--'-`-o'   ---o             A     x/R`      T2(Rx:)

::e t::r::::::€s :::::;a::°:o::::::}eE=; {4:8£? :::o:::n±::::::::e:ith
Eq.   (4.8).

Typically,   numerical  methods  are  used  to  solve  the  model  equa-
tions  when  the  transmisslvity  ls  allowed  to  vary  in  an  arbitrary
manner.     Assume   a  constant  node   spacing   (Ax)   grid   system  has   been
set  up   such   that  NAx  =  R,   where  N+1   1s   the   total  number  of   nodes   (x

=r:mL:q:h:4::;S:yn:a:);oL:::±kea:e;:a:::::t:i  (Xi  =  LAX)  is  obtained

1N
R            I     dx`     +     Ax    I

xl/R                                k=1
(4.13)

Assuming  that  a  constant  transmisslvlty  exists  between  points  k  and
k+1   (Tk+1/2i   Eq.   (4.6)   becomes

hl  =9#k:1  ik+  1/2  +  H.                                                                (4.14)

The  sen81tlvlty  coefflclent  is  obtained  by  dlfferentlatlng  Eq.
(4.14).

uT1;k  =
ahi

@Tk+1/2

_9±
A T2k+1,2

if  k  >  i

0                  otherwise
(4.15)



this   result  could  have  been  obtained  from  Eq.   (4.11)   simply  by  lnte-
gratlng  the  ef feet  of  a  constant  transmlssivity  over  one  node  spac-
ing.    The  sensitivity  coefficient
hydraulic  head  at  node  point  i  due
at  k+  1/2.

uE5;5 represents  the  change  in
change  in  the  transmissivity

3A:::::::5:;:N:=::::::i::;:;:::§k[:1::::o{±#:=e=§::::::;i:::::u::
various  sensltivlty  coefficients.    All  sensitivity  coefficients  are
zero  at  node  10  where  the  head  ls  specified.     Since  the  magnitude  of
the  sensltivlty  coef f lclents  is  inversely  proportional  to  the
transmisslvlty  squared,   the  coefficients  decrease  dramatically  as
the  transmlssivlty  increases  fron  node  0  to  node  9.

4.4     A   Slm 1e  Two-Dimensional  Model  With   S atlall Varyin
Transmisslvlty

For  a  first  look  at  two-dimensional  sensitivity  coef f lcients  we
use  a  simple  two-dimensional  flow  model   shown  in  Figure  14.     This
model  has   two  zones  for  transmissivity  and  recharge.     There  are  25
node  points  with  a  node  spacing  of  500  1n  the  y  dlrectlon  and  1000
1n  the  x  dlrectlon.     Transmisslvities  of  1000  for  zone  one  and  2000
for   zone   two  are  chosen.     The   recharge   is   .00625   and   .003125   for
zones  one  and  two,   respectively.     No  units  have  been  given  since  any
consistent  set  nay  be  used.

The  boundary  condltlons  remain  to  be  specified.    Assure  that
the  f lux  is  speclf led  on  the  x  =  0  boundary  and  that  the  head  is
speclfled  on  the  other  three  boundaries.    Let  the  flux  per  unit

4.0
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aD12.0
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0         1        2         3        4         5         6        7        8        9        10

Node  Number

Fig.   12.     Head  and  transmissivlty  for  a  simple  one-dimensional
model .
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Node  Number  (i)

Fig.   13.     Sensitivity  coefficients  for  a  simple  one-dimensional
model,

length  (Q/A)   of   the  boundary  at  x  =  0  be  -50  units   (out  of   the  model
area).    For  simplicity,   assume  the  flow  is  parallel  to  the  x  axis
and  that  the  head  at  nodes  1  and  21  is  100.     This  allows   the  appro-
priate  head  to  be  specified  for  all  the  other  boundary  nodes.     The
values  are  shown  in  Table  I.
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Fig.   14.     A  simple  two-dimensional  model.



Table  1.     Head  values   for  boundary  nodes.

Head

100
146.9
187.5
205 . 5
221.9

Node   NLimber

The  sensitivity  coef f iclents  for  the  transmissivitles  in  the
two  zones  are  shown  in  Figures  15  and  16.     Notice  that  the  coeffi-
cients  are  zero  on  the  head-specified  boundaries.     Of  course,   this
is  required  by  Eq.   (3.26).     Also  notice  that  the  sensitivity  coeffi-
cients  have  their  largest  magnitudes  either  in  the  nlddle  of  the
flow-specified  boundary  or  in  the  middle  of   the  model.

5.      EFFECT   OF   BOUNDARY   CONDITIONS   0N   SENSITIVITY   COEFFICIENTS

Boundary  conditions  have  an  ef f ect  on  the  shape  and  magnitude
of  the  sensitivity  coefficients.    This  is  shown  explicitly  by  Eqs.
(3.26)  -(3.29).     The  exanples   in  sections  4.3  and  4.4  were  affected
by  the  boundary  conditions  chosen;   however,   in  those  sections,
alternate  boundary  conditions  were  not   shown.     The  purpose  of   this
section  is  to  compare  sensltlvity  coef f lcients  for  various  choices
of  boundary  conditions.     The  examples  chosen  will  be  closely  related
to  the  examples  of  previous  sections.

Fig.   15.     Sensltivlty  coefflclent  for  transmissivity  in  zone  one.



Fig.   16.     Sensltlvlty  coefficient  for  transmissivity  in  zone  two.

5.1     Finite  Radial  Confined  A ulfer

The  values  of  the  paraneters  Q,  T,   and  S  for  the  finite  radial
numerical  model  were  chosen  to  be  the  sane  as  those  used  ln  the
Thels  equation  of   section  4.I.     However,   two  additional  parameters
are  needed:     the  radius  of  the  well  and  the  radius  of  the  outer
boundary.     The  radius  of  the  well  was   taken  as  1   foot;   and  an  outer
boundary  of  10,000  feet  was  used.     The  numerical  results   for  UT,
obtained  by  choosing  a  constant  head  boundary  or  a  barrier  boundary

::el3i:::  :::::1:::  SE::nti:e:i!:::  :Za:i::gu:i:3 !Ey::1::1::::e::om
ence  exists  ln  the  three  curves  f or  r  =  1  f oot  and  f or  r  =  1000
f eec ,

The  constant  head  boundary  at  10,000  feet  produces  a  UT  as
shown  by  the  dot-dash  curves  in  Figure  17.     The  Thels   lnflnlte  model
results  are  shown  as  a  solid  curve.     For  times  greater  than  about  20
days,   the  water  level  1s  static  owing  to  the  constant  head  boundary,
and  UT  obtains  a  constant  value  ln  time.     The  radial  dependence  of

¥Ta::  ::::d¥oS::::  :: :h:t:::::tb::::a:;e:h::eL:h:1:::::o::r::S z:::.
Note  that  UT  at  steady  state  ls  posltlve  for  all  r.    This  ls  to

be  contrasted  with  the  UT  shown  ln  Figure  2   for  the  Theis  equa-
tion.    The  f act  that  UT  ls  positive  ls  a  direct  consequence  of  the
fact  that  all  the  water  being  pumped  ls  supplied  by  the  constant
head  boundary;  no  water  ls  being  supplied  fron  storage.     Increasing



or  decreasing  I  results  ln  a  general  ralslng  or  lowering,   rffip+:C-
tively,  of  the  hydraulic  head  at  steady  state.

at  io:88on::::1::1 s:::ut:;nt::rd:Eh::t:u:v::r=:e;i::::d:;?  C:::::ion
about  10  days,   the  cone  of  depression  has  reached  the  barrier  boun-
dary  and  UT  becomes   constant   ln  time.

dy+-',

dary) I:sF:i:= :3rt::in:a::::1::::::;n::e::e:Tti::r|3 ::;::e:. :,?n:or
:::er s:::a:::tt:EnL:b:::a::36  ::e::me;h±go::c:o t::tc:Et::s:::a# a
::::t:X: :;s:°: :i:£n: t:::r:::db::::::;?. aL:e:::::  ;:in;::e:u::nc:::W
from  storage.     Thus,   for  two  systems  with  differing  I  and  the  8ame
Q,   the  coaes  of  depression  must  contain  the  same  volume  at  any  given
instant.    The  low  T  system  will  have  a  larger  drawdown  near  the  well
and  a  smaller  drawdown  far  from  the  well,   because  the  lower  T*
1mpedgg  the  flow  to   the  well.     This   explains  why  UT  has  both
negative  and  posltlve  areas.    A  change  in  T  will  produce  greater
drawdown  in  one  area  and  less  drawdown  in  another  area.

Curve?1:::: ::  ::::::::e¥Sn:::::::::S  :::mat::n:::::  ::::t:::n£::;Ld

io-6      io-4        io-2         I           io2         io4        io6                                 -15
t  (time),   in  days

0             2000        4OcO         6on         8000        I oooo
r  (radial  distance),   in  ft

Fig.   17.     Effect  of   the  boundary    Fig.   18.     Radial  dependence  of
at  10,000  ft  on  UT   [MCElwee  and       UT  at   large  time  for  a  barrier
Yukler   (11)].                                                   boundary   at   10,000   ft   [MCElwee

and  Yukler   (11)I.



(dot-dash  curve)   or  a  barrier
boundary  (dashed  curve)   at
10,000  feet.     From  the  earlier
dlscusslon,   remember   that  the
water  level  does  not  change  much
af ter  20  days  for  the  constant
head  boundary  condition  (approxi-
mately  steady  state).     Fron  Fig-

:::s::n:eh::: ::::d:§yf:: ::;rox-
imately  zero  af ter  about  loo  days

::::e::h:I:::  :£euso±:t=:nb:tex-
steady  state  ls  independent  of  S
because  no  water  ls   coming  from
storage  then.

F±gur:1:9V:::e;o::t¥3e?i:::i:a::
1ng  that  an  increase  or  decrease
of  S  results  in  a  general  rais-
ing  or  lowering,   respectively,

t  (time),   in  days

Fig.   19.     Effect  of   the  boundary
at  10,000  ft  on  the  time  depen-
dence   of  Us   [MCElwee  and  Yukler
(11 ) I .

::et::r:I::a::::d::;d;on¥it:::
1ncrea8es  dramatically  after  a  few  days  tine,   as  is  shown  in  Figure

:i:::¥:::i:::i:;::i:;:;:::::::::;:j¥i::::;:;:i:u;i:::::;:::;:;:::::
days.     In  short,   the  systen  becomes  increasingly  sensitive  to  S  as
the  barrier  boundary  exerts  a  greater  influence  on  the  drawdown.

To  sumnarlze,   a  number  of  ef fects  have  been  observed  due  to

::::::r:o::n::t ::::. oruEn:::::::  :::::::; ::::rt:::ea:i::e a::f:Sence
of  the  boundary  ls  felt.    A  great  deal  of  slmilarlty  exists  between
the  leaky  aqulfer  case  of  section  4.2  and  the  constant  head  boundary

::::1::a:::Se3:e:h:e::ieruEa:::°:;S i::::::::  :::e:§L§°::t:°tz::°f ::
the  barrier  boundary  at  long  times.    This  points  out  that  each
system  has  a  characteristic  behavior,   and  sensitlvlty  analysis  can
help  understand  that  behavior.

5.2    Alternate  Boundary  Conditions  For  The  One-Dimensional  A ulfer

In  section  4.3,   an  analytical  expression  was  derived  for  the
sen§1tlvlty  with  respect  to  tran§nissivlty  for  a  steady-state  one-
dimenslonal  model  with  spatlally  varying  transmisslvity  and  certain
boundary  condltlons.     Those  sensitivity  coefficients  were  shown  in



Figure  13.     In  this  section,   the  sane  system  will  be  used  except  for
differing   boundary   condltlons.                                                                           *  ` +q`try*^

Consider  a  steady-state  one-dimensional  model  with  the  head
specified  at  both  boundaries.

h  =  Hl   at   X  =  0

h  =  H2   at  x  =  R

.  `(5ed)

(5.2)

Eqs.   (4.2)  and  (4.3)  are  still  valid  for  this  model.     Integrating
Eq.   (4.3)   yields

1
t'(x)  -c        I

x/R

dx'
T(Rx' )

+H2'

C  =  (Hi-H2)/    o/-E#)

If  T  ls  constant,   Eqs.   (5.3)   and   (5.4)  yield

h(x,  =  (#,  x + H1.

(5.3)

where  C  ls  a  constant  to  be  determined  froui  the  boundary  condition
at  x  =  0.     Putting  x  =  0  in  Eq.   (5.3)   results  ln  the  following
expression  for  C.

I-.

(5.4)

(5.5)

Since  Eq.   (5.5)   does  not  depend  on  the  tran8mlssivity,

uT,X,  = ap =  o.
aT (5.6)

When  the  transmissivity  ls  not  constant,   the  serisltlvity
coefficients  can  be  obtained  by  applying  the  deflnltlon,   Eq.   (2.12),

UT(X;Xo)   =   [h(X)-H2  +   (H2-IIL)©(X  -X}]/[T2(xo)o/1

(5.7)



©(Xo-X)   is  the  Heavislde  unit   step  function.

©(xo-x)
llf  x    >  x0

0     if  x    <  x0

=j>  :{±2>±g2:o::::n:T5:{=,>

(5.8)

h(x)   is   given  by  Eqs.   (5.3)   and   (5.4).     Eq.   (5.7)   shows   that
UT(X;xo)   has  both  negative  and  positive  areas.     If  we  assume  that

negative  for  x  >  x  and  positive  for  xo<
is  zero,   as  was°already  known  fron  Eq.

(5.6).     Thus,   the  model  becomes  less  sensitive  to  the  value  of  I  as
a  constant  value  of  T  ls  approached.

The  numerical  solution  for  the  above  model  with  constant  node
spacing  (Ax)  may  be  obtained  as  bef ore  by  replacing  the  lntegrals  in
Eqs.   (5.3)   and   (5.4)  with  the   appropriate   summations.

hl-
(Hi-H2)           N             1

N1

k:o  Tk+1,2

k=|  Tk+1/2
+H2 (5.9)

The  sensitivity  coefficient  UTi;k  can  be  obtained  from  Eq.   (5.9)   by
differentiation.

N
UTi;k  =   [hi-H2+(H2-Hi)©(k-i)]/[Ti+„   &±o Tk+1/2 I                 (5.10)

::::se:::t:::n::  ::ehs::::::: ::::V::e::d:f p::;t (:. Zi:  t:T±; €h::::e-
in  transmisslvlty  at  k+1/2.     Eq.   (5.10)   can  be  written  in  slightly
dif ferent  form.

N
UTi;k  =  1/[Ti+1/2     £Eo

::n:i::;:t5T:::f ::::::::  :::in

(hi-  H2)   if  k  <  i
(h±-  H[)   if  k  >  1

This  f orm  shows  that  the  sensitivity  coef
from  just   two   functions,   T£/2.UTi;o  and  T

(5.11)

icients  can  be  determined
±1/2  UTi.N.     All  other

e   two.     When  kbe  generated  f rbm  the
one  curve  to  the  other.



i;::!!:;:;;:::::i::::;:::;:;i::;i:;::::::;::::I;::;:;:;:;::::::::::
coef f icient8  are  zero  at  both  boundaries  since  head  ls  speclf led

:::::.  A¥ELi8eL:t:::r¥::::1:::;t:::f¥::::n::Li3v:S s:::r#::::v:e:::
some  posltlve  areas.    These  sensltlvlty  coefficients  are  very
different  from  those  shown  ln  Figure  13;   yet  the  oaly  difference  ln
the  models  ls  that  the  head  ls  speclf led  at  the  left  boundary  in
this  case.

5.3    Alternate  Boundary  Condltlon8  For  The  Slm le  Two-Dimensional
Model

For  the  model  defined  in  section  4.4  and  Figure  14,   1t  is
pos§1ble  to  specify  dlf ferent  boundary  condltlons  and  observe  the
effect  on  the  sensltlvlty  coefficients.    First,   let  the  boundaries
at  y  =  0  and  y  =  2000  be  barrier  boundaries   instead  of  head-
speclfled  boundaries.    The  resulting  sensltivlty  coefflclents  are
shown  ln  Figures  21  and  22.     Notice  that   the  sensitivity  coef-
ficients  no  longer  show  a  variation  ln  the  y  dlrectlon.    If ,   in
addltlon  to  the  barrier  boundaries  at  y  =  0  and  y  =  2000,   the  f lolr
speclf led  boundary  at  x  =  0  1s  changed  to  a  head-speclf led  boundary,
the  reBultlng  sensltivlty  coef f lcients  are  shorn  in  Figures  23  and
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Fig.   20.     Sensitivity  coefflclents  for  the  one-dimensional  model
with  head  8peclfled  on  both  ends.



Fig.  21.     Sensltlvlty  coefflclent  for  transmisslvity  in  zone  one,
barrier  boundaries  at  y  =  0  and  y  =  2000.

24.     It  ls  very  clear  from  these  exanples   that  the  boundary  con-
dltlons  exert  a  large  influence  on  the  sensitlvlty  coefflclents.

Fig.   22.     Sensitlvlty  coefflclent  for  transmlssivity  in  zone  two,
barrier  boundaries  at  y  =  0  and  y  =  2000.



Fig.   23.     Sensitivity  coefflclent  for  transnisslvity  in  zone  one  for
barrier  boundaries  at  y  =  0  and  y  =  2000  and  head  specif led  at  x  =  0
and   x  =  4000.

Fig.   24.     Sensltlvity  coefficient  for  transmisslvity  ln  zone  two  for
barrier  boundaries  at  y  =  0  and  y  =  2000  and  head  specif led  at  x  =  0
and  x  =  4000.



6.      THE   ROLE   OF   SENSITIVITY   COEFFICIENTS    IN   PARAMETER   ESTIMATION

The  so-called  ''1ndirect'.   inverse  procedures  attempt  to  calcu-
late  the  "best"   tran8mlssivlty  and  storativity  by  minimizing  some
error  functional   [Cooley   (3),   Cooley   (4),   Neunan  and  Yakowitz   (15),
and  Neuman  (16)].     In  this  case,   the  aqulfer  parameters  which  are
obtained  by  minlmizatlon  do  not  exactly  satisfy  the  direct  equa-
tlon8.    Rather,   the  best  average  solution  is  obtained  over  the  his-

:°:::a:ep:r::: ::dr::::d;I ::P:::eh:::t c:I::i::e:S::::t::ef::d:ia::
node  point  1  and  time  step  n.     If  all  the  aquifer  parameters  are

::::8e£::y±:°::ve=°:;t  (ATk  Or  Ask.  k  is  the  zone  index),   the  new

h:n  -  h:

:T:i:n;:yi:

M1

+I
k

u:i;k  ATk

M2

+I
k

u:i;k  Ask (6.1)

where  Mi   is   the  number  of  T  zones   and  M2  is   the  number   of   S  zones.
UEi.b  represents   the  change  ln  head  at  node  1  for  time  step  n  due  to

the  transmlsslvlty  ln  zone  k.    A  similar  clef inition
applies  f or  U
been  discus

6.1     0rdlnar

These  are  the  sensltlvity  coef f lclents  that  have
length  ln  earlier  sections.

Least   S uares

::;ea;::;ei£::::::u:#;:::::::::e=::::::::;e§:ga::i°£:#:::::::hf:r
functional  chosen  to  be  minimized  is  the  sum  of  the  squared  errors
over  all  node  points  and  tine  steps.

E(ATk,Ask)   =  I   I   [he:  -h:n]2                                                                 (6.2)
nl

This  error  functional  assumes   that  measurement  accuracy  and  any
other  source  of  error  18  the  same  for  all  points  and  times.     (If
this  is  not  true,   a  welghtlng  function  could  be  used.     If  a
welghtlng  function  other  than  one  18  used,  we  have  generalized  least
squares,  which  will  be  discussed  briefly  in  the  next  section.)

:::::i:::::;:;:I:::::::::i::;:i!::::;i::i;!ii:::i;:tie:;!ii;;:i:i;n
locatlon8  of   the  zones  for  T  and  S  will  be  different.



u:;k  =
u:i;k    k  <  MI

Ugi;k     Mi   <  k   }   M2
(6.3)

Eh:E!k|:a:e::¥a:: €0¥:1:::e:  ::u::: :::::::  O:1:::a=;r:=f¥ie  :Ote
parameter  vector,  P.     Note,  +  indicates  the  transpose  of  a  vector  or
matrix.)

i+=   [T|.   T2 ....   TML.   Si.   S2 ,...   SM2]                                             (6.4)

The  ninlmizatlon  condition  can  now  be  written  as   [Beck  and  Arnold
(I)I

(E+H)4±  =  E

41 =  trfu>-I  E

Or

(6.5)

(6.6)

where  AP  is  a  vector  of  parameter  changes  required  to  minimize  the
functla=:al.    One  element  of  the  vector  i  (Rk)   is  given  by

Rk  =  :  :  U:;k  (he:-h:).                                                                       (6.7)

Any  standard  matrix  routine  may  now  be  used   to   solve  Eq.   (6.5)   for
the  parameter  changes  which  will  mlninlze  the  error  functional.
Since  lt  ls  a  nonllnear  problem  (H  depends  on  i),   1teration  until
convergence  occurs   ls  necessary;   1.e.,   until  A± approaches  zero.

In  order  to  perform  a  more  detailed  statistical  analysis  on  the
parameter  reliability,   it  is  necessary  to  find  the  parameter  covar-
1ance  matrix.    For  ordinary  least  squares  and  certain  statistical
assumptions   (additive,   zero  nean,  uncorrelated  and  constant  variance
errors),   the  parameter  covariance  is  given  by   [Beck  and  Arnold   (I)]

£  =  cov   (i)   a   (g+q)-Lo2                                                                            (6.8)

where  o2  is  the  head  error  variance.    The  estlnated  standard  error
of  the  parameters  is  given  by  the  square  root  of  the  diagonal



elements  of   the  matrix  f  in  Eq.   (6.8).

Estlnated  Standard  Error  of  Pk  =  Pkk[/2 (6.9)

If  a?  the  head  error  variance,   1s  unknoun,   it  can  be  approxinated  by

o2=  s2   =  I   I   [he:  -h:n]2/(in-p)                                                         (6.10)
nl

where  in  ls   the   total  number  of  observations   ln  space  and  time  and  p
ls  the  number  of  parameters  to  be  estlnated.

The  approximate  parameter  correlation  matrix,   which  shows  the
degree  of  dependence  among  parameters,   can  be   found   from  Eq.   (6.8).
An  element  of   the  matrix  has   the  form   [Beck  and  Arnold   (1)]

rik  =  Pik  (Pii  pkk)-1/2.                                                                        (6.11)

The  diagonal  elements  are  all  unity.    The  off-diagonal  elements  are
between  -1  and  1.     As   the  magnitude  of  an  off-diagonal  element  ap-
proaches  one,   1t  indicates  a  high  correlation  between  parameters.
When  this  occurs,   the  two  parameters  are  nearly  dependent  and  lt  may
not  be  possible  to  estimate  both.

6.2     Other  Methods

One  might  possibly  want   to  weight   some  nea8urements  more   than
others.     Also  some  prior  lnformatlon  may  exist  on  the  aqulfer
parameters.     In  these  cases,   the  function  to  be  ninlmlzed  would  not
be  given  by  Eq.     (6.2)   but  by  a  more  general  function  such  as   [Beck
and  Arnold   (1)]

E(ATk.  Ask)   =  l±-±*]+H[±-±*]  +   [±-Eo]+Y[E-Eo]                   (6.12)

where

[±e-±*]   =   [(hei-h:) ,...   (he:-h:n)...   ].                         (6.13)

¥r±:rt::t¥::i:: =:r::e f::u:::: ::::=::::::S;nfr ±SL:h:h:e::::h:f
matrix  for  the  prior  estimates.    H  is  a  syrmetrlc  square  matrix
whose  dlmenslons  are  equal  to  the  total  number  of  head  neasurements.
X  ls  a  syrmetrlc  square  matrix  with  dlnensions  equal  to  the  number
of  prior  estimates.     By  the  proper  choice  of  H  and  Y  one  can  perform
weighted   least   squares   (WLS)   estimation,   maximum  likelihood   (ML)



estinatlon,   or  maximum  a  posterlori   (MAP)   estimation.

In  this  more  general  case,   the  extension  of  Eq.   (6.6)   becomes

Ai=  [P+P  g  +¥]-L[g+H(±e  -±*)  +  Yq  -Eo)].                       (6.14)

The  parameter  covariance  matrix  Eq.   (6.8)  must  also  be  extended.

£  =   covti>   =   [rfuH+  y]-1                                                                    t6.L5>

The  work  presented  here  will  deal  only  with  the  ordinary  least
squares  estimation  procedure  because  the  main  purpose  is   to  show  how
sensitivity  coef ficients  can  be  used  to  perform  a  model  sensitivity
analysis.    Fron  this  section  we  can  see  that  sensitivity  coeffi-
cients  clearly  play  a  central  role  in  any  common  estimation  tech-
nique.     Therefore,   the  procedures  discussed  ln  this  work  for  the
least  squares  case  can  be  generalized  for  more  sophisticated  esti-
mation  techniques.

7.      USING   SENSITIVITY   COEFFICIENTS   T0   ESTIRATE   CONFIDENCE   INTERVALS

In  the  following  sections  we  shall  brief ly  indicate  how  conf i-
dence  intervals  can  be  estimated  for  both  the  estimated  parameters
and  the  calculated  heads.

7.1     Confidence  Intervals  And  Re ions  For  Estimated  Parameters

be  §h:=ht:::  :::t:::::::ya:::in:t::?;p±2¥°¥:dd::c:::::O:y6;1 : (:±p;an
distrlbutlon.    Pk  is  the  parameter  value  estimated  by  least  squares,

i::;:r:::p;::::::h#:::::::::::e::u:::::::::#i:::::#::;:e
The  100(1-a)%  confidence  interval  is  approximated  by   [Beck  and
Arnold   (1)]

6Pk=  ±  P±£2   ti_aA   (in-P). (7.1)

When  o2  is  estimated  by  s2,   as   in  Eq.   (6.10),   the  approximate
boundary  of   the  100(1-a.)%  confidence  region  ls  an  hyperellipsoid
given  by   [Beck  and  Arnold   (1)]

(i - p-,+H+gq - p.,  =  r2 (7.2a)



6i+g+g6i  =  pS2FL_a(P.in-P) . (7 . 2b)

:: :a:sa:n:=:::r±:£t±°no2#::(:?e±:W: ::8::::°:B::£e::: :r:::d|:; ,
page  294].

7.2    Confidence  Intervals  for  Calculated  Head

For  the  least  squares  case,  with  the  assumptions  of  section
6.1,   the  covarlance  matrix  for  the  calculated  heads  (i)  is   [Beck
and  Arnold   (1)]

cov(k)  =  g  £  H+                                                                                        (7.3)

where  the  E  are  the  usual  sensltlvity  matrices  and  f  is  the  para-
meter  covarlance  natrlx  from  Eq.   (6.8).     The  diagonal  elements  of
Eq.   (7.3)   give  the  variance  of   the  calculated  head.     The  square
root  of  these  diagonal  elements  gives  the  estimated  standard  error
in  calculated  head.

8.      MODEL   DESIGN   FOR   MAXIM"   SENSITIVITY

In  this  section,  a  few  general  observations  will  be  made
regarding  model  sensitivity.     Some  examples  will  be  given  to  illu-
strate  these  prlnclples.

8.1    Mlnlmlze  The  Estimated  Errors  Or  Confidence  Intervals

If  the  confidence  intervals  or  the  estimated  standard  errors
of  the  parameters  can  be  made  small,   then  the  model  has  good

:::::::¥L:I;me:::mo:q;;+i;:i)a::dcfi::2;11:nL:h::e:e::::.th:here_

::::i±::=LV:::  ::a==::1::e:::t:°::1 (£S;;±E:VL:Xe 1:n:::::a::n:h:0
natrlx  is  given  by  its  adjoint  divided  by  lt8  determinant.

(H+!)-L=  adj(g+g)/ |H+g|                                                                              (8.I)

One  approach  to  achieve  maxinun  sensitivity  is  to  try  to  increase

:::a::t:ail::n:n!¥:¥!e5B:;kaa:€m:::°::a£:i:.ofH£¥;V::ic:h:o::t:::h_
1ng  for  the  accuracy.     So  one  must  be  careful  to  increase   |g+g|   in
such  a  way  that  the  accuracy  actually  increases.



From  Eq.   (8.1),  H+H  clearly  should  not  be  singular
(|g+H|±0).     This  means   that   the  sensitivity  coefficients  and  the
parameters  must  be  independent.     For  example,   consider  the  case  of
two  parameters,  T  and  S.     The  least  squares  matrix  is

(8.2)

i  and  n  denote  spatial  and  temporal  measurement  locations.     If  UT
?n£   ,Us  tlappen   to  be  dependent  as   in  Eq.   (2.27),   showing   thatu+u'-ZJ
coef11:1:n:i =; ::f ::;:::;nt:lea:::+e±?n:r::i!i: =;S:::::t:hen
two  or  more  of  the  sensltlvlty  coefflclents  are  nearly  dependent.
Sometimes   this  condition  can  be  seen  by  plotting  and  comparing
sensltivlty  coefficients.     Another  way  to  examine  dependence  be-
tween  sensitivity  coef f icients  ls  to  calculate  the  sensitivity
correlation  natrlx,   an  element  of  which  has  the  f om

(Sr)ik  =   (9+9)ik/[(P+P)ii(g+P)kk]L"

o¥+g+±S:::n8an;:i:I

(8.3)

If  any  off-diagonal  elements  are  in  the  range  of   .9  or  greater,

:i:::::c:::c:o=;1:::::te::s:ss::::::nv:I::ef::ni!tiTi::dc3::5::ms
ln  flndlng  an  accurate  inverse.

After  an  inverse,   (H+g)-1,   has  been  found,   it  is  possible  to
examine  the  dependence  between  the  aqulf er  parameters  by  looking  at
the  elements  of  the  parameter  correlation  matrix  given  by  Eq.
(6.11).     If  any  of   the  off-diagonal  elements  approach  a  value  of  1,
a  slgnlflcant  correlation  exits  between  those  two  parameters.     This
indicates  that  the  two  parameters  are  nearly  dependent  and  should
not  both  be  estimated.

Another  indicator  of  the  stability  of  the  inverse   [Eq.   (6.5)]
is   the  condition  number  of
indicates  how  errors  in  R

The  condition  number
ampllf led  ln  the  f inal  solu-

tlon  for  AP.     Ideally,   if   the  condition  number  is  one,   no
ampliflca:Iron  occurs.     If  the  condition  number  is  large,   small

::;:8i:::n:a:::;:::::::::::::;l¥!::::::::i::in::::::::::::::::



indicator  of  the  dependence  or  near  dependence  of  sensitivity  coef-
ficients  or  paraneters.     In  the  work  that  follows,   the  reciprocal
condition  number  will  usually  be  examined  rather  than  the  condition
number.     If  the  reciprocal  condition  number  ls  near  one,   the  matrix
is  well  conditioned  and  errors  are  not  ampllfled.     On  the  other

::niiL±:o:::t::::::°C::  :::d::::;r::::e=o::L¥::: :::::;  ::eL#r±X
and  k  approaches  the  number  of  slgnlf icant  digits  used  by  the
computer,   the  matrix  is  said  to  be  nearly  singular  at  that  working
precision   [Dongarra  et  al.   (5)].

In  many  cases  where  the  aquif er  parameters  vary  considerably
in  magnitude  over  the  model,   it  is  helpful  for  accuracy  and  con-

:::g::::t::eu::a::::a::z::es;::::::::: :::;:;:ie:::. `?:?i, a::  ;::7;
can  be  written  for  these  changes  with  minor  modifications.     First,
clef ine  the  normalized  sensitivity  coef f icients  as

u':;k=  pku:;k

and  the  relative  parameter  changes  as

Api  =  Apk/Pk.

££e±:o=:::::d6;:;s:e:q5a¥:;;gq::t:::se:::e=:wo:et::±=::±=sH,

E'+g',4±'   = E'

where  one  element  of  R'   is

=  PkRk.

(8.4)

(8.6)

(8.7)

As  will  be  seen  later,   it  ls  much  easier  visually  to  compare  normal-
ized  sensitivity  coefficients  and  relative  parameter  changes.

Earlier  sections  have  dealt  with  methods  for  determining  sensi-
tlvlty  coefflclents.     Several  examples  of  sensitivity  coefficients
have  been  given  for  various  models.     Clearly  from  that  work,   the
sensltivlty  functions  may  vary  in  magnitude  considerably  over  space
and  time.    Obviously  better  sensitivity  will  result  lf  the  measure-
ment  points  in  space  and  tine,  which  go  into  the  matrix  H,   are



chosen  to  primarily  sample  the  regions  where  the  sensitivity
coefficients  have  their  largest  values.    On  the  other  hand,   1f  the
measurement  points  cannot  be  adjusted,   clearly  the  estimated  para-
meters  will  have  greater  uncertainty  when  using  data  f ron  areas  of
low  §ensltlvlty.    As  a  simple  example  of  this  principle,   consider
the  sensitivity  with  respect  to  storativity  for  the  leaky  aquif er
shown  ln  Figure  9.     If  we  have  a  choice,   larger  sensitivitles
clearly  result  when  the  observation  well  1s  closer  to  the  pumped
well.     For  an  observation  well  at  1000  feet,   head  measurements   taken
before   .01  day  or  after  1.0  day  will  contribute  little  to  defining
the  storatlvlty  parameter.

In  dealing  with  the  ground-water  inverse  problem,  we  work  with
a  set  of  head  measurements.     In  many  cases,   more  than  one  model
specification  ls  consistent  with  this  head  data.    Other  geohydro-
1ogic  information  nay  further  restrict  the  suite  of  possible  models.
However,  usually  considerable  latitude  exists  in  specifying  the
model.     In  this  case  one  should  choose  the  model  that  has   the
greatest  sensitivity  to  the  aquifer  parameters.    In  particular,   con-
sider  the  effect  of  boundary  conditions.    From  earlier  discussion,
Eqs.   (3.26)  and   (3.27),   it  was  concluded  that  the  sensitivity  coef-
f icients  go  to  zero  at  a  specified  head  boundary.     However,   this  ls
not  the  case  for  a  specified  flow  boundary.     As  an  example  of  this,
consider  the  sensltivlty  coefficients  shown  in  Figures  15  and  21.
Exactly  the  same  head  data  is  appropriate  for  both  of  these  cases;
only  the  boundary  condltlons  at  y  =  0  and  y  =  2,000  are  different.
In  Figure  15,   y  =  0  and  y  =  2,000  represent   specified  head  boun-
daries,  while  ln  Figure  21  they  are  barrier  boundaries.     Clearly  the
model  in  Figure  21  has  the  potential  for  greater  sensitivity.     In
general,   specified  head  boundaries,  with  their  resultant  zero-
sensitlvity  coefficients,   result  ln  smaller  model  sensitivity  and
larger  parameter  uncertainty.

There  is,   of  coLirse,   a  llmlt  on  the  number  of  parameters   that
can  be  determined,   which  is   the  number  of  measurements  made.     As
discussed  earlier,   the  uncertainty  of  each  parameter  is  related  to
the  sensltlvity  of  the  model  and  the  measurement  errors.     It  makes
no  sense  to  try  to  determine  a  given  parameter  if  the  model  sensi-
tivity  ls  very  low.     In  practice,  what  is  done  many  times  is  to
assume   that  a  number  of  nodes  have  a  common  parameter  value.     This
collection  of  nodes  ls  called  a  zone.     It  seems  reasonable  that  the
total  sensltlvlty  for  the  zone  would  be  the  sum  of  the  individual
nodal  sensltlvities.    Actually,   the  preceeding  statement  ls  just  the
discrete  analog  of  Eq.   (2.16),  where  the  area  of  integration  is  just
the  zone.     From  this  discussion  it  seems  reasonable  that,   through  a
proper  summation  of  nodes  into  zones,   it  might  be  possible  to  obtain
an  acceptable  level  of  sensitivity  in  each  resulting  zone.

If  surming  into  zones  occurs,   the  least  squares  Eq.   (6.5)  will
be  modified.     To   see  how,   consider   the  case  of   three  zones.     The



least  squares  matrix  ls

(g+H,   =

!U2;I                    iu±;iu±;2        iu±;Lu±*

!Ui;2Ui;1        !Ui;2                    iui;2Ui;3

!U±;3U±*        |Ui;3Ui;2        !U2;3

(8.8)

Suppose  zones  I  and  2  are   to  be  combined   into  a  single  zone.     The

i;:;{ds:::::v:::t:i:,:::s§:::::::c:::er:::::et:e±:L£:i;:n:

(Ui;1+  Ui;2)2

E+g,s-

(Ui;1+  Ui;2)Ui;3

(8.9)

Similarly,   if  all  three  zones  are  to  be  combined  into  a  single
zone,   the  total  sensitivity  for  the  combined  zone  at  node  i  is   (Ui;1

:q?±{8.:)U5i3:;.9;?  ::in::::1:11  the  rows  and  columns  in  either

(E+9)s  =  I   (Ui;1  +  Ui;2  "i;3)2.                                                  (8.10)

From  the  above  dlscusslon,   it  ls  clear  that  the  least  squares
equation  (6.5)  may  be  collapsed   to  any  convenient  number  of   zones
by  summing   the  appropriate   rows   and  columns   of  U+U  and   summing   ther----i
appropriate  elements  of  AP  and  R.     It  seems   that  lt  might  be  pos-
sible  to  collapse  the  nu=:er  of  parameter  zones  and  to  adjust   the
zone  shapes  with  the  above  technique  such  that  a  minimum  parameter
sensltlvity  or  maximum  parameter  error  is  achieved.     Of  course,
this  procedure  would  have  to  be  tempered  by  knowledge  of   the  geohy-
drolo`gy.     The  zone  formation  would  have  to  satisfy  the  joint  goals
of  increasing  parameter  sensitlvlty  and  being  consistent  with  the
known  hydrogeology.

8.2     Exam 1es   Of  Methods   For  Maximizin Model  Sensltlvlt

In  the  following  sections  various  examples  will  be  given  which
illustrate  techniques  for  increasing  model  sensitivity.    The  goal  is



to  increase  model  sensitlvlty  until  an  acceptable  level  of  error  in
the  estimated  parameters  ls  achieved.

8.2.1     The  Theis   aquifer

For  the  Thels  equation,   the  sensltlvlty  coeff lclents  attain
their  maximum  magnitudes  at  lnf inlte  time  and  zero  radius   (Figures  2
and  3).     Therefore,   logically,   observation  wells  should  be  located
very  close  to  the  pumping  well  and  observed  for  very  long  times   [Yeh
and  Sun  (20)].     Practically,   there  are  some  problems  with  this
approach.     The  transmissivlty  value  obtained  f ron  the  pumping  test
ls  an  average  of  the  tran8mlsslvlty  ln  the  region  of  the  cone  of
depression.    Locating  too  close  to  the  pumping  well  restrlct8  the
region  sampled.     Also,   perturbing  influences  may  cause  the  drawdown
near  the  well  to  deviate  from  the  assumed  model   (for  example,
partial  penetration  and  well  construction).    It  ls  not  possible  to
continue  a  pumping  test  indefinitely;   usually  a  maximum  duration  ls
dictated  by  external  influences   (cost,   manpower,   equipment,   etc.).
Therefore,   having  a  way  to  terminate  the  pumping  test  when  the
aqulf er  parameters  had  been  detemined  accurately  enough  would  be
desirable.

As  discussed  ln
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The  95%  confidence  intervals  for  transmisslvity  (6T)  and  stor-
age   (6S),   as  defined  by  Eq.   (7.i),   are  plotted  versus   time  in  Fig-
ure  26.     The  head  data   (he)   has  been  rounded   to   the  nearest   .1  foot
and  Eq.   (6.10)   has  been  used  to  estimate   the  head  variance.     The
accuracy  of  T  continues   to  increase  with  time.     However,   the  curve
for  6S  ls  fairly  flat  after  about  1  day.     (The  confidence  interval
curves  ln  Figure  26  are  not  monotonically  decreasing  because  of
errors   ln  estimating  a,   T,   and  S  from  the  rounded  data).     These  re-
sults  might  have  been  anticipated  from  the  sensitivity  coef f iclents
(Figures  3  and  5).     At   .3  day   the  95%   confidence   interval  expressed
as   a  percent  of   the  parameter   ls  6.5%  for  S  and  21.5%  for  T.     At  2
days   it   is   3.9%   for  S   and  3.7%   for  T.     At  20   days   it   is   3.1%   for   S
and  1.3%  for  T.     From  these  results   the  model  is   seen  to  be  more
sensltlve  to  S  than  to  I  at  early  times.     However,   as  time
increases,   the  model  becomes  more  sensitive  to  T  than  to  S.

These  results  suggest  that  sensitivity  analysis  could  deter-
mine  the  duration  of  a  pumping  test  needed  for  a  given  accuracy  of
the  aqulfer  parameters  (assuming  that  the  Theis  equation  is  a
reasonable  model).     This  could  be  done   two  ways.     In  the  office
before  the  punplng  test,   if  one  can  estimate  the  accuracy  of  the
head  data  (a)  and  a  range  for  T  and  S,   then  sensitivity  analysis
could  predict  the  maximum  duration  needed  for  the  desired  accuracy.
On  the  other  hand,   if  a  microcomputer  can  be  taken  to  the  f leld  to
record  and  analyse  the  data  ln  real  time,   then  sensitivity  analysis
would  allow  the  computer  to   inf orm  the  supervisor  of   the  current
estimation  accuracy  and  to  stop  the  test  when  the  desired  accuracy
had  been  reached.     In  this   case,   a,   T,   and  S  would  be  estimated
from  the  data  as  they  are  collected.

The  results  presented  in  this  section  have  been  for  an  observa-
tion  well  at  1,000  feet   from  the  pumped  well.     However,   the  results

:87:dr::a:::dc:::t::¥. r ¥::u:x::p::Tp:¥ :c:I:3g  :::t:1::e s:::u:::;
of  3.1%  for   S  and  1.3%  for  I   occurs   at   .2  days.

8.2.2     The  leaky  aquifer

The  leaky  sensltlvlty  coef f lcients  are  somewhat  dif ferent  from
the  Thels  case   (Figures  6-11).     However,   they  still  have  their
maximum  value   for   small  r.     The   time  dependence   shows   some  new  fea-
tures.  There  are  three  sensitivity  coeff lcients  with  respect  to  the
three  parameters:     transmlsslvity,   storage,   and  leakage.     Remember

f:::e::::r:og z:::t a:s t::s t:in:a:::=a::::e  :Ees:::e:i::oaT3T t::: UL
fron  Figures  7  and  11)   reach  their  maxlmun  values  and  are  constant
after  some  time.     For  data  of  a  certain  accuracy,   one  might  expect
the  accuraey  of  S   to  be  constant  after  some  time.



The  95%  confidence  intervals  for  the   three  parameters,   as  de-
fined  by  Eq.   (7.1),   are  plotted  versus   time  ln  Figure  27.     However,
instead  of  plotting  6P  as  for  the  Thels  equation,   6P/P  as  a  percent
has  been  plotted;   this  procedure  gives  a  much  better  comparison  of
relative  sensltivitles.    The  head  data  (he)  has  been  rounded  to  the
nearest   .1  foot  and  Eq.   (6.10)   has  been  used  to  estlnate  the  head
variance.    After  about  one  day,   the  95%  confidence  interval  for  S  is
about  5.5%.     The  confidence  intervals  of  T  and  L  continue  to  de-
crease,   but  at
expected  since
and  UL  are  near

u#}r::n:i::e:a:: :::::a::es£:Ziy ::::u:: :: be
y  constant.     At  the  end  of  10  days,   the  confidence

intervals   for   S,   I,   and  L  are  5.5%,   12.5%,   and  16.7%,   respectively.
From  Figure  27  we  can  see  that   the  model   is  most   sensitive   to  S  and
least  sensitive  to  L,  with  the  sensitivity  to  T  falling  between
these  two.

In  the  above  discussion  plotting  6P/P  rather  than  just  6P  was
more  convenient.     In  the  same  way,   1t  is  easier  to  compare  sen-

S::±¥i:: ::e:::C::=::u:fa::Pt::  :::::e:f r::::rv::::sU3i  c:::Cant
values  can  be  determined  from  either.     For  example,   in  Figure  9  the
drawdown  data  for   times   from   .01   to  1.0  days   clearly  is   the  most
critical  for  determining  the  storage  coefficient.    However,   to  see
relative  sensitivity  at  a  glance,   it  ls  much  better  to  look  at  PUp.

Comparing  Figures  7   and  11,   one  might  guess   that  a  high  cor-
relation  exlstg  between  T  and  L  since  the  sensitivity  coef f icients
look  so  similar.     The  correlation  matrix,   calculated  from  Eq.   (6.11)
for  the  data  set  of  this  section,   bears  this  out.    The  correlation

I. 0                          10. 0                         loo.
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.I                             I.0                         10.0
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Fig.   26.     95%  confidence   inter-         Fig.   27.     95%  confidence  inter-
vals  for  the  Thels  equation,               vale  for  the  leaky  aquifer,   data
data  rounded  to  nearest   .1  ft.           rounded  to  nearest   .1  ft.



ends,   the  reciprocal  condltlon  number  is   .320  x  10-8.     This   indi-
cates  that  the  matrix  U+U  is  nearly  singular  in  single  precision

::;:::::::1§:t:::::;;:::::::ixd:i8:;:::;:;!2;:::;a::::::;;;d::n::ow
the  model  is   insensitive   to  T  when  T   ls   constant.     Eq.   (5.10)   and
Figure  20  indicate  that  the  sensitivity  coef f iclents  are  not  zero  if
T  varies  ln  space.     The  values  of  I  vary  by  an  order  of  magnitude
across  this  model;   however,   the  results  indicate  very  low  sensi-
tivity.     This  ls  a  direct  result  of   the  boundary  conditions  chosen.

The  parameter  correlation  matrix  calculated  from  Eq.   (6.11)   for
these  two  models   is  revealing.     When  Q  is  specl£ied,   the  transnis-
sivitles  are  only  related  to  their  nearest  neighbors.    The  parameter
correlation  matrix  has  the  structure

1-.5
-.5     I       -.5                  0

®,

-.5        1     -.707
-.707     1

(8.11)

On  the  other  hand,  when  the  head  is  specified  at  both  ends,   all  the
transmissivltle8  are  highly  correlated.    All  the  entries  in  the
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nine  rows   and   columns  of  U+U  are  used,   the  system  is  much  better
behaved.     In  this  case,   the  estimated  standard  errors  and  the  condi-
tion  number  are  larger,   but  comparable  to  those  found  when  Q  ls

:£:C::i::;1  ::::s=:u:::rmt°t:e::i:::§  ::3±t ,2T::  3:t:::0:e:::::atLn8
should  not  be   too  Surprising   since  a  known  T  value  would  allow  Q  to
be  specified.    However,   the  parameter  correlation  matrix  for  the  9  x
9  case  still  shows  slgnlf leant  correlation  between  several  of  the
T's   (at  the   .8-.91evel).     All  of   this  points  out   the  importance  of
being  able  to  specify  Q  ln  the  model.

As  discussed  ln  section  8.I   resulting  in  Eq.   (8.6),   1t  may  be
helpful  to  use  normalized  sensitlvlty  coef flcients   (PUp)  and  solve
for  relative  changes  in  the  parameters,   AP/P.     For  the  model  with  Q

::::::i:: ::in::: :::r:::dh:::ms?;:if±e:o:I  ::e.::Pe:, #£ :::::;o:;i
using  the  normalized  version  of  the  least  squares  equations.     The
estimated  standard  errors  and  the  parameter  correlation  Inatrix  were
not  slgnlf lcantly  af fected  since  the  input  head  values  were  given
accurately  enough  already.     However,   the  inproved  condition  number
means  that  the  ef feat  of  errors  ln  head  would  not  be  ampllf led  as



matrix  element  for  T  and  L  is  -.995.     This  lmplles  that  lt  will  be
dlf f lcult  to  obtain  good  estimates  for  both  T  and  L  with  poorer

::::::¥r:::;. inF:E:::Sr:d::: ::p::::::::. th::igTs:::e¥Esd:i::rif
more  observation  well  data  at  various  radll  is  available,   the
correlation  between  T  and  L  would  be  reduced  and  better  estimates
could  be  made.     This  has  been  verified  by  numerical  experiment.
Adding  observation  wells  at  100  feet  and  500  feet  reduces   the
correlation  between  T  and  L  to  -.80.     At   the  same   time,   the  95%
confidence   intervals   for   S,   T,   and  L   reduce   to  2.1%,   .7%,   and  2.3%,
respectively,   at   the  end  of  one  day  of  pumping.

As   for  the  Thels  case,   one  could  make  a  decision  before  the
pumping  test  or  in  real  time  as  to  the  duration  needed  for  a  given
parameter  accuracy.     Of  course,   one  must  be  able  to  give  a  range  of
aqulfer  parameters  and  data  accuracy  or  estimate  them  in  real  time
to  perfom  this  kind  of  sensltlvlty  analysis.    This  example  has
pointed  out  that  §ampllng  ln  the  spatial  domain  also  af f ects  the
sensitivity.     Therefore,   one  can  choose  the  configuration  of  obser-
vation  wells  and  duration  of  the  punplng  test  based  on  sensitivity
analysl8  to  give  the  desired  accuracy  of   the  aqulfer  parameters.
All  of  this  assumes  the  leaky  model  is  an  adequate  representation
of  the  real  world  aquifer.     In  many  cases,   this  may  not  be  true.

8.2.3    One-dimensional   stead -state  model  with  s atlall
transnlssivity

In  sections  4.3  and  5.2,   analytical  expressions  for  the  sensi-
tlvlty  coef f lcients  were  derived  for  two  dlf ferent  sets  of  boundary
conditions   for   the  simple  model  described  by  Eq.   (4.2)   and  Figure
12.     The  sensitivity  coefficients,   for  Q  specified  at  one  boundary
and  head  at  the  other,   are  shown  in  Figure  13.     Some  of   the  coeffi-
cients,   for  head  specified  at  both  boundaries,   are  shown  in  Figure
20.    As  remarked  earlier,   they  are  very  different  ln  character.    At
this  point,  we  would  like  to  know  if  one  formulation  of  the  problem
is  better  than  another  for  estlnatlng  the  transmlssivlty  dlstribu-
tlon.

condi::ohm::in:::Sojud#::nt:h:ee:i:a:::k

::::::::: ::::::a::°?3%t:±=6_4Tha:: :h:Se

at  three  things:     the
standard  error,   and  the
specified,   the  reciprocal
stimated  standard  error

1n  tran8missivlty  (see  Figure  29)   increases  smoothly  from  about  35
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a  =  .025,   which  roughly  corresponds   to  the  head  data  being  accurate
to   the  nearest   .1.     As  expected  and  predicted  by  Eq.   (4.15),   the
model  ls  less  sensltlve  ln  areas  having  a  larger  transmisslvlty.
However,   the  estimated  errors  seem  reasonable  and  the  inverse  is
well  defined.     On  the  other  hand,   when  the  head  ls   specified  at  both



much  during  the  inverse  process   to  find  the  AT's.     This   should  be  a
great  advantage  ln  a  real-world  situation.

At  this  point  we  would  like  to  consider  the  structure  of  the
paraneter  variance   for   this  model.     From  Eq.   (4.15)   and  Figure  13,

::v:e:h:h::in:fn:#±:£3  ::g:o:0::t::tF:::r:i:3:' b::e:h:;La::eh:5: ; the
same  anplltude.     This   leads  to  the  following  structure  for  U+U.

(8.12)

To  conserve  space,   the  matrix  is  shown  for  only  five  transnlssiv-
1tles;   the  extension  for  any  number  is  obvious.     The  inverse  of
this  matrix  ls

(g+g,-I  =  ,ti,2. (8.13)
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the  last  transmissivlty  and  lt  simply  has  the  2  replaced  by  1.    This
ls  the  basic  structure  of  the  variance  due  to  the  model.

The  extension  of  Eq.   (8.12)   to  the  case  where  transnissivlty
varies  spatlally  ls

rfu = ,#,2.

T:;2                T:;2  T;;2      T:;2  I;;2

T;;2  T=;2    2T;;2               2T;;2  T;;2

T;;2  T=;2     2T;;2  T;;2     3T;;2

(8.14)

For  simpllclty  a  3  x  3  matrix  has  been  shown;   the  extension  to  any
size  is  apparent.    Likewise,   the  inverse  ls  the  extension  of  Eq.
(8 .13 ) .



p+p,-1  =  ,#]2.

2T:/2                -T:/2T§/2              0

-T§/2T:/2     2T:/2              -T§/2T:/2

0           -I:/2T3/2    T:/2

(8.15)

We  can  see   fron  the  extension  of  Eq.   (8.15)   to  an  N  x  N  matrix  that

E.S.E.   Of   Tk+1/2   =
&T2k+l,2

QAx
(8 .16 )

The  f actor  out  f ront  ls  the  contribution  to  the  standard  error  due
to  the  transmls8ivlty  distrlbutlon;  while  the  remaining  factor  is
due  to  the  model  structure.    This  shows  very  clearly  that  the  error
will  be  greater  ln  areas  of  large  T  since  the  model  1s  less
sensltlve  there.

The  parameter  variance  structure  and  standard  error  estimates
given  ln  the  last  paragraph  are  actually  much  more  important  than
might  be  supposed.    The  sensltlvity  coefficients  along  a  streamline
in  a  two-dimensional  model  are  given  by   [MCElwee   (14)]

Qk+1/2   Axk+1/2

uTi;k

Ak+1/2   T2k+1/2

0

:::r: !k?? ,!*:: ,:::s

k>i

otherwise
(8'17)

f lux  of  water  ln  the  streamtube  between  nodes  k
the  streamline  width  at  that  point,   and

::E::£2u::. th:eh:::  :£::1::1:e::e::g: :n:t:a:g:t:::::r:h:xten8ion  of
Eq.   (4.15).     Therefore,   the  estimated  standard  error  of   transmlssiv-
1ty  determined  along  a  streamline  for  a  two-dimensional  model  is
just   the  extension  of  Eq.   (8.16)  with  the  subscript  k+1/2  attached
to  Q,   Ax,   and   A.

As  an  example  of  how  Eq.   (7.2)   is  used  to  calculate  a  confi-
dence  region,   consider   the  2  x  2  versions  of  Eqs.   (8.12)   and   (8.13)

u+u  =  c2--=J (8.18)



Where  c2   =

(p+p)-1  =  c-2
-1in

(8.19)

(8'20)

The  estimated  standard  error   ls  i/Z  a/C  for  Ti  and  a/C  for  T2.
The  matrix  in  Eq.   (8.18)  may  be  dlagonallzed  by  finding  its  elgen-
values  and  elgenvectors.     The  elgenvectors  can  be  used  to  form  a
transformation  matrix  that  will  dlagonalize  Eq.   (8.18)   and  transform
to  a  new  set  of  transmlsslvlties,  Ti  and  Ti.     The  transformed  least
squares  matrix  ls

(u+u)'   -c2

and  the  new  transnlsslvltles  are

ATi   =   cos©   AT[  +   Sine   AT2

ATi   =   -   sine   ATL  +   COS©   AT2.

®   =   58o30.

(8.21)

(8.22a)

(8.22b)

The  above  equations  are  those  for  a  slnple  axis  rotation  of  angle
©.     The   inverse  of  Eq.   (8.21)   is   easily  found   to  be

(E+g).-1=c-23=±]=C-2.3:202.6:8o].(8.23)

The   estimated   standard  error   is   .6180o/C   for  T'L  and  1.6180o/C
for  T'2.



The  connection  between  the  estimated  standard  errors  in  the
original  and  transformed  systems  is  given  by  Eq.   (7.2)  with
A  =   1.     This   corresponds   to   the  39%   confidence   limit   [Beck  and
Arnold   (1),   page  294].     Eq.   (7.2)   defines  an  ellipse,   the  interior
of  which  is   the  conf ldence  region.     Figure  28  shows   this  conf idence
region  and  its  relationship  to  the  original  and  transf ormed  trans-
missivities.     In  the  figure,   a/C  has  been  set  to  one  for  conven-
ience.     The  equation  of   the  ellipse   (for  a/C  =  1)   is

(6Ti)2    +     (6T£)2

•3820      .    2.6180 (8.24)

As  mentioned  in  section  8.1,   it  is  possible  to  sum  nodes   into
zones  to  achieve  an  improved  or  acceptable  level  of  sensitivity  f or
the  resulting  number  of  parameters.     For  example,   consider   the
4  x  4   version  of  Eq.   (8.12).

Surming  the  third  and  f ourth  rows  and  columns  results  in

C2  is  defined   in  Eq.   (8.19).     The   inverse  of   this  matrix  ls

(g+H,:l=  C-2 I
2-1

-1            9/5
0         -2/5

(8.25)

(8'26)

(8.27)

It  can  be  seen  from  Eq.   (8.27)   that  the  sensitivity  to  the  I  in  the
combined  node   zone  has   increased.     From  Eq.   (8.27)   the   estimatedqis(%;:# :?:  ::::in::ego  be
standard  error  for  the  combined  node  zone
compared  to   the  original  estimated  standard  errors  of  i/Z  a/C  for  T3

:::s:/:w:°: ,:?. th:S:::i:::e:f s::::::i ::::r:ta:: a£::::::1:yt:a:::rs
of   .45  and   .32.     This  assumes  a  does   not   change  much.

As  an  example  of   the  effect  of   summing  nodes   into  zones,   the
simple  model  described  by  Eq.   (4.2)   and  Figure  12  will  be  con-
sidered.     The  estimated  standard  error  for  ten  zones  has  been  dis-
cussed  earlier  and  is  shown  in  Figure  29  by  the  top  curve.     If  pairs
of  nodes  are  summed  into  zones,   the  resultant  estimated  standard
error  for  five  zones  is  shorn  by  the  nlddle  curve  in  Figure  29.     In



Fig.   28.     39%  confidence   region
for  the  two-parameter  model.
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Fig.   29.     Estlnated  Standard
error  in  transmissivlty  for
various  numbers  of   zones.

the  extreme  that   five  adjacent  nodes  are  surmed  giving  two  zones,
the  lower  curve  in  Figure  29  indicates  the  estimated  Standard
error.     Summing  also  improves   the  reciprocal  condltlon  number  of   the
resulting  least  squares  matrix  which  is  solved  for  the  parameter
changes.     In  the  ten-zone  case  the  reciprocal  condition  number  is
•0016,   while   it   ls   .0054  for  five  zones  and   .12  for   two   zones.
Clearly,   summing  nodes  into  larger  zones  can  be  benef lcial
mathematically;   however,   this  reduces  the  resolution  of  the  trans-
nisslvity  dlstrlbutlon.     The  maximum  acceptable  size  of   the  zones
would  have   to  be  determined  from  geohydrology  considerations.

It  should  be  noted  that  neither  summing  nor  using  the  normal-
ized  least  squares  Eq.   (8.6)  can  slgnlflcantly  alter  an  earlier
conclusion:     specifying  the  head  as  a  boundary  condition  at  both
ends  of  the  model  leads  to  severe  instability  in  the  inverse
process.     Being  able  to  specify  Q  or  alternately  one  transmissivlty
value  along  the  model  has  a  tremendous   stabilizing  imf luence  on  the
inverse  process.



8.2.4    One-dimensional  transient  model  with  spatlally  var
parameters

Figure  30  shows  an  idealized  one-dimensional  transient  model
chosen  to  illustrate  the  use  of  sensitivity  analysis.    The  model  has
a  constant  head  boundary  on  the  right   (at  node  11)   and  a  barrier
boundary  on  the   left   (between  nodes  0  and  1).     The  model  has  a  node
spacing  of  1,000  feet.     Therefore,   it  is  10,500  feet  between  boun-
daries.     There  are  10  equations   (nodes   1  to  10)   to  be   solved  for  the
10  unknown  head  values  as  a  function  of   time.     The  transmissivity  is

:::::f:::e¥:W::db2;?e=±::d:t::::::i:;°:sex:i:ie:3 i?  :£:u::d:e-
polnts.     Therefore,   10  values  of   transmlssivlty  and  10  values  of

52 , 000
by   2'000

:;;::;2:i:;7!::i::;;:i::tli:::i:::!:;:!!::::::s:::::::::;:in:::s,
increases  by  one.     Thus,   Sio  ls   .0095.

The  lnltial  head  distribution  ls  assumed  to  be  flat.    The

:::7::LY::¥5£r;tz;::;;  ::dd:::r:::n::::s=:::;. in:3!as::

::!;::;)1:e:e:::tpumped  at  a  rate  Q  equal   to  1,500  gal/day   (200
transverse  length.     The  pumping  represents  a

line  sink  located  at  node  7,   4,000  feet  away  from  the  constant  head
boundary.     The  model  has  a  steady-state  solution  where  all  water
being  pumped  cones   f ron  the  constant  head  boundary,   and   the  head
dlstrlbutlon  to  the  lef t  of  the  well  1s  flat  and  somewhat  lower  than
the  orlglnal  level.

The  correct  values  for  the  transmissivity  at  the  10  inter-
mediate  node  points  and  f or  the  storativlty  at  the  10  node  points
are  shown  in  the  second  column  of  Table  2.     These  values,   along
with  the  other  model  parameters  discussed  previously,   were  used  to
generate  hypothetical  I.f ield"  data  for  the  hydraulic  head  as  a
function  of  time.    These  values  of  hydraulic  head  (accurate  to  five
decimal  places)  were  then  used  in  an  ordinary  least  squares  inverse
lnitlal  estimate  for  transmlsslvlty  was  61,000  gpd/ft   (8,155
ft2/day)   and  for  storativity  was
•00725.

The  transmlssivlty  and  stora-
tivity  values  calculated  f or  early
time  by  the  inverse  procedure  are
shown  ln  the   third  column  of  Table
2.    The  early  time  calculations
were  made  using  hydraulic  heads
for  10  time  Steps  with  the  total
time  slightly  less   than  2  days.
For  these  early  times  the  draw-
down  is  less   than  19  feet  at   the

i.                  10,5co  ft                   +
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Fig.   30.     A  simple  one-dimen-
sional  transient  model   [MCElwee
(13)I .



line  sink  and  ls  less  than  one  foot  farther  than  3  node  points  away
from  it.    The  values  of  calculated  transmissivity  and  storativity
are  within  20%  of  the  actual  values,   but  there  is  no  clear  evidence
that  the  inverse  procedure  has  been  successful  1n  f lnding  the
spatial  trend  of  increasing  T  and  S.    At  early  time  periods  the
drawdown  is  small  and  the  model  1s  fairly  insensitive  to  the
transmisslvlty  and  §torativity.    This  insensitivity  can  be  seen  very
easily  by  examlnlng  the  sensitlvlty  coef f iclent8  or  by  calculating
the  estimated  standard  error.    Without  a  sensitlvlty  analysis  one
might  have  expected  better  answers,   since  the  head  ls  given  so
accurately .

At  middle  tines   (column  4  of  Table  2),   when  the  drawdown  is
substantial  and  hydraulic  heads  are  changing  fairly  rapidly  with
time,   the  greatest  sensitivity  and  best  inverse  solution  results.
The  middle  tine  inverse  calculatlons  were  made  using  hydraulic  heads
for  10  time   steps   between  2   days   and  112  days.     The   system  rapidly
approaches   steady-state  for  times  greater  than  112  days.     The  larg-
est  error  ln  transmlsslvity  ls  less  than  7%  and  most  values  are  very
close  to  the  correct  values.    The  storatlvity  calculatlons  have  less
than  10%  error  and  most  are  very  close  to  the  correct  values.     The
largest  errors  occur  near  node  1.    The  reason  for  this  will  be  dis-
cussed  later.    These  results  were  obtained  using  head  data  accu-
rate  to  5  decimal  places  and  a  Gauss-Seidel  lterative   (GSI)   solution
to  Eq.   (6.5).     Using  this  solution  routine,   it  was  not  possible  to
lower  the  error  ln  aquifer  parameters  below  7-10%  near  node  I.
However,   additional  work  using  a  high-efficiency  matrix  package
(HEMP)   direct  solution  technique  showed  that  the  error  in  T  and  S
could  be  made  very  small  by  using  head  data  accurate  to  5  decimal
places.     However,   the  largest  of  the  snail  errors   (.001%)   still
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much  smaller  than  one  would  like  and  indicates  that  doing  the  matrix
lnverslon  ln  single  preclslon  arlthmetlc  may  lead  to  problems  if  not
done  efficiently.     Apparently  this   is  why  the  HEMP  solution  could
achieve  better  accuracy.    A  plot  of  the  estimated  standard
error  (6P/P)  calculated  by  a  sensitivity  analysis  is  shown  ln  Figure
31.     Notice  that  the  lmMP  solution  near  node  1  is  consistent  with
Figure  31.     However,   the  middle   time  errors   ln  Table  2  near  node  1
are  much  bigger   than  predicted  by  Figure  31,   presumably  caused  by
the  inef f lciency  of  the  GSI  solution.

The  last  column  ln  Table  2  shows  the  transmisslvlty  calcula-
tlons  as  the  model  approaches  steady-state.     The  storatlvity
calculations  have  become  unstable  and  cannot  be  made  because  of  low
sensitlvlty.    The  late  time  inverse  calculations  have  been  made
using  hydraulic  heads   from  5  time  steps  between  112  days   add  850
days.    The  transmlssivlty  calculatlonB  for  the  last  4  node  points
are  very  good.    However,   the  calculated  transmlsslvitles  for  the
first  6  node  points  are  fairly  bad.     This  can  be  explained  by  look-



1ng  at  the  sensitlvlty  coef f icients  of  the  estimated  standard
errors.     The  sensitivity  at  the  last  4  nodes  ls  about  3  or  4  orders
of  magnitude  greater  than  for  the  first  6  nodes.     This  lack  of
sensltlvlty  ls  because  @h/@x  ls  practically  zero  for  the  first  6
node  points   for  times  greater  than  112  days.

Table  2.     Inverse  Calculations  Over  Various  Time  Periods
(Head  Data  Accurate   to  5  Decimal  Places)    [MCElwee   (13)]

Grid             Correct           Early
Number               Value               T lme

Middle
Time            Late  Time

TRANSMISSIVITY   (gpd/ft)
52,000           59,575
54,000           62,107
56,000           64,365
58,000           66,684
60,000           69,070
62,000           71,283
64,000           55,152
66,000           56,931
68,000           58,603
70,000           60'330

STORATIVITY
.0050              .0057
.0055              .0063
.0060              .0069
.0065              .0075
.0070              .0081
.0075              .0086
.0080              .0080
.0085              .0073
.0090              .0078
.0095              .0080

48,415
55 , 064
55'980
57 , 955
60,000
62 ' 002
64'001
66 ' 000
68'000
70'000

.004656

.006037

.005801

.006491

.007015

.007501

.007998

.008501

.009000

.009500

72'213
69,827
71'049
70,520
71'130

243,374
64'006
65,998
67,998
69'998

Unstable
Unstable
Unstable
Unstable
Unstable
Unstable
Unstable
Unstable
Unstable
Unstable

Notice  that   for  the  middle  time  calculations   shown  in  Table  2,
the  largest  error  in  transmlsslvlty  occurs  at  node  1  and  decreases
considerably  at  higher  numbered  nodes.     This  should  mean  that   the
model  1s  least  sensitivity  to  T  at  node  1.    A  look  at  the  sensitiv-
ity  coefflclents  or  the  estimated  standard  should  verify  this.     The
solid  curves  in  Figure  31  represent  the  estimated  standard  errors

{§:/:) 1::5  :::1:::n:::S::X::yo::din:;°::t±:::¥n::e:a:;  :::e  for  a =
appropriate  factor).     The  largest  errors  in  both  T  and  S  occur  at
the  lower  numbered  nodes.     This  is  a  little  surprising  because  the
sensltivlty  coef f iclents  for  S  do  not  have  their  lowest  value  at



node  1   but   at   node  10   [MCElwee   (13)]   near   the   constant   head
boundary.     Also,   notice  that  both  solid  curves  ln  Figure  31  have
practically  the   same  6P/P  for  node  1.     One  might   suspect   that  Ti  and

!± :::  :::a::::I 1::::::::::np:::::=e{:. i:) t:::I::S::a±ngTh:o e±:n:::
Si  ls   .9917,  which  verifies  the  susplclon.     Thus,   the  larger  error
in  S  at   the  lower  node  numbers   ls  due  to  a  dependence  between  T  and
S  and  not  specifically  due  to  low  sensitivity  values  there.

the in:::ifa::::t::::e: 6 :: ):±g:::s 3:e:::u::a:h:: i:1 a::u:::P£::jr::d
:::;: :;ra:i;stN::1::d::a:f t::g:::::::edT£:a:::::t:::0:u::e:Lof  the
least  squares  matrix  ls  also  inproved  by  a  factor  of  about  6

::;:eA:lei:og::PZ:do::;ns::::::::a::°:ie  :::152;:7 }[;:::ests  that

:gg:7g2:::u:S. 854:36;:84:3. fr::u::b:eb:;1:en:::n:::e::::  exists  near
node  1.     The  sensltlvity  to  transmlsslvity  ls  low  near  node  1,  which
causes  substantial  error  ln  the  calculation  of  Ti.     Since  Si  ls

:::e:::::t::::yT!;e:::::e::s a::: I::t::: :::°:a::i::1:::; :::nn:::ugh
node   1.

8.2.5    Two-dlmenslonal   steady-state  models

The  slnple  two-dimensional  model  of   section  4.4  is  considered
here  with  various  boundary  condltlons.    There  are  three  different
cases.     Case  1  is  defined  in  section  4.4  and  the  sensitivity  coeffi-
cients   are   shown  ln  Figures  15  and  16.     The  head   is   speclfled  on
three  sides  and  the  sensitivity  coef f iclents  go  to  zero  on  these
boundaries.     The  flux  ls   specified  at  x  =  0.     Cases  2  and  3  are
defined  ln  section  5.3.

Case  2  changes   the  boundary  condition  at  y  =  0  and  y  =  2,000  to
a  barrier  boundary.     These  sensitivity  coefficlent8  are  shown  ln
Figures  21  and  22.     Notice  that   the  coefficients  do  not  go  to  zero
at  y  =  0  and  y  =  2,000.     Since  they  are  nonzero  over  a  larger  area
than  case  1,   one  night  expect  the  estimated  standard  error  to  be
smaller  for  case  2  than  case  1.     It  cannot  be  seen  from  Figures  15,
16,   21,   and  22  because   the  plotting   routine  normalizes   the  maximum
values;   however,   the  sensitivity  coef ficients  for  case  2  are  3  to  4
times  larger  than  those  for  case  1.     This  is  another  reason  to
expect  the  estimated  standard  error  for  case  2  to  be  lower.

Case  3   is  clef lned  with  the  same  boundary  conditions  as   case  2
except  the  head  ls  speclf led  at  x  =  0  instead  of   the  f lux.    These
sensltlvlty  coefficients  are  shown  ln  Figures  23  and  24.     They  have
about   the   same  maximum  value  as  case  1.     The  sensitivity  for  zone  1
1s  negative,  while  the  sensitivity  for  zone  2  is  positive.     However,
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Fig.   31.     Estimated  standard
error  f or  one-dimensional  tran-
sient  model.

Fig.   32.     Estimated  standard
error  f or  the  simple  two-
dimensional  case.

except  for  the  sign,   these  two  sensltivlty  coef f lcients  look  very
much  alike.    This  is  born  out  by  the  parameter  correlation  matrix

:::S:2°:::d::8£:;1 c:::::::e::  ;::7;e :::::f::;:c:h:oP::::e::::b::
estlmatlng  both  simultaneously.

Figure  32  shows  the  estimated  standard  error  for  the  transmls-
slvlty  ln  the  two  zones  for  a  =  .00025   (about   three  decimal  place
accuracy)   for  all  three  cases  discussed  above.     As  we  expected,   case
2  has  the  lowest  error  and  case  3  has   the  highest.     Case  3  has   lower
values  of  the  sensitivity  coefflclents  than  case  2,   and  they  appear
to  be  nearly  dependent.     Therefore,   logically  case  3  should  have  the
largest  estimated  standard  error.     Case  1  is  somewhat  intermediate,
the  sen81tivity  coefflclents  are  considerably  lower  than  case  2,   but
the  parameters  have  a  low  correlation.    with  only  two  large  zones,
the  zero  values  of  the  sensitlvlty  coef f lclents  on  three  boundaries
for  case  1  do  not  play  a  large  role.     However,   1f  ve  had  several
more  zones,   clearly  any  small  zone  near  one  of  the  head  speclfled
boundaries  would  have  a  f alrly  large  estimated  standard  error  due  to
the  low  sensltivlty  induced  by  the  boundary  condition.



The  above  examples  illustrate  several  important  points,   but
they  are  not  very  reallstlc;   therefore,  we  looked  at  the  data  and
model  presented  by  Yakowitz  and  Duckstein  (19)   for  a  part   of   the
Tucson  basin.     The  head  and  transmissivity  maps  are   shown  in  Figures
33  and  34.     The  model  area  is   shown  by  the   smaller  square  in  each
figure.     Yakowltz  and  Duckstein  have  concluded  that  the  model  1s  not
very  sensitive  to  the  transmlsslvlty  and  that  the  error  for  least
squares  estimation  of  parameters  should  be  quite  high,   even  I or  only
nine  zones.     They  do  not  give  a  detailed  discussion  of  the  boundary
conditions  used  in  their  model.     However,   it  seems  clear  from  one
sentence  in  their  paper  and  the  above  results  that  they  were  using  a
head-specified  boundary  condition  all  the  way  around  the  nodal.
From  the  earlier  examples  in  this  section  and  previous  discussion  in
this  paper,   we  would  expect  this  to  be  the  most  unstable  case.

We  have  performed  a  sensitivity  analysis   for  the  data  and  model
presented  by  Yakowltz  and  Duckstein  f or  various  boundary  conditions
and  number  of   zones.     For  a  large  number  of   zones   (81),   we  also   find
the  estimated  standard  error  to  be  quite  large  f or  most  boundary
conditions.     However,   noticable   improvement  occurs  when  some
boundary  fluxes  are  specified.    When  the  head  is  specified  as  a
boundary  condition  all  the  way  around  the  model,   the  estimated
standard  error  is  so  large  that  no  meanlngf ul  estimate  can  be  made
at  all.     If  the  model  is  zoned  into  nine  zones  and  some  fluxes
specified  on  the  boundaries,  ve  find  the  estimated  standard  error
for   the   zones   ranges   from  9.3%  to  100%.     Once  again,   if  head   is
specified  on  all  boundarle§,   no  meaningful  estimate  can  be  made  and
high  correlation  is  observed  between  paraneters.     If  4  transmis-

Transmissivity contours  ft2/day  x io4

Water  level  contours,  {eet above  sea  level

Fig.   33.     Head  map   for   the
Yakowltz   and  Ducksteln   (19)
model.

Fig.   34.     Transmis§ivity  nap  for
the  Yakowitz  and  Duckstein   (19)
model.



slvity  zones  are  used  and  some  boundary  fluxes  are  given,  we  find
the  estimated   standard  error  ranges   from  4.3%  to  16.9%.     As  before,
1f  the  head  ls  specified  all  the  way  around,   the  estimated  error  ls
too  large  to  make  any  meaningful  estimate  and  the  parameters  show  a
high  correlation.    In  all  this  work,   the  value  of  a  was  estlnated
from  the  data  and  was  in  the  range  of   .8  to   .9  feet.

This  example  from  a  real-world  situation  shows  clearly  the
advantages  of  using  some  of  the  techniques  discussed  in  this  paper
to  make  the  parameter-estlmatlon  procedure  better  conditioned.     In
paricular,   boundary  conditions  are  very  important.    The  sensitivity
should  be  made  a8  large  as  possible  over  a  large  extent  of  the
model.    One  must  insure  that  the  sensitivity  coefficients  and  the
parameters  are  not  dependent.     Zonatlon  by  summing  nodes   can  be  used
to  increase  sensltlvlty.

9.       SUMMARY   AND   CONCLUSIONS

This  paper  has  given  the  clef lnltion  of  a  sensitivity  coef f i-
cient  and  shown  how  they  may  be  used  to  perf orm  a  sensitivity  analy-
sis.    A  first-order  sensitivity  formalism  has  been  presented  to
calculate  the  perturbed  head  due  to  a  change  ln  an  aqulf er  para-
meter.    We  have  discussed  various  methods  of  determining  sensitivity
coefficients  and  examined  the  effect  of  boundary  condltlons.
Several  examples  of  sensitivity  coef f lclent§  have  been  given  ln  some
detail  for  a  variety  of  models  and  boundary  condltlon8.    We  have
shown  how  the  sensltlvlty  coef f lclents  enter  the  least  squares  para-
meter-estimation  formalism  and  how  conf ldence  intervals  and  esti-
mated  standard  errors  can  be  found.    We  have  seen  that  sensitivity
coef f lclents  are  an  essential  part  of  parameter-estimation  and  that
an  lntelllgent  sensltlvlty  analysis  can  lead  to  a  more  stable  and
better  conditioned  inverse  process.

Some  general  guidelines  can  be  given  for  increasing  the  model
sen81tlvlty,   leading  to  more  accurate  parameter  estimation.    For
naxlmum  sensitlvlty,   the  measurements  of  head  should  occur  at  loca-
tions  and  times  where  the  sensltlvlty  coef f lclents  are  near  their
naxlmum  values.     Sen81tlvlty  coefflclents  are  greatly  influenced  by
boundary  conditions;   therefore,   the  boundary  conditions  glvlng  the
largest  sensltlvlty,   consistent  with  the  data  and  known  hydro-
geology,   should  be  chosen.     We  have   seen  the  importance  of  being
able  to   specify  some  fluxe8   for   the  model.     Emsellem  and  de  Marslly
(6)   have  commented  on  the  importance  of  knowing  some  f luxes   or
transmissivitles  ln  the  groundwater  inverse  problem.    This  requires
fairly  accurate  knowledge  of  the  slope  of  the  hydraulic  head  and  the
transnlsslvlty  at  some  locatlon8.    Judging  from  the  improved  sta-
blllty  and  accuracy  that  can  be  obtained,   our  f leld  methods  Should
be  geared  toward  this  goal.    The  sensitivity  coefficients  and  the
parameters   should  be  independent.     This  can  be  examined  by  looking
at  plots  of  the  sensltlvlty  coef f iclents  and  by  calculating  the



sensitlvlty  and  parameter  correlation  matrices.     Zoning  by  surming
nodal  sensitlvltles  can  lead  to  improved  model  sensltivlty;   however,
that  must  be  balanced  with  a  loss  of  transmlssivity  resolution.
Using  these  guidelines,   the  goal  1s  to  select  a  model  with  maximum
(or  at  least  a  certain  minimum)   sensitivity  to  the  aqulfer  para-
meters,   based  on  a  knowledge  of  sensitlvlty  coefficients  and  their
properties .
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11.      LIST   0F   SYMBOLS

Area  of  integration
Model  boundary
Constant
Squared  error  function
Arbitrary  function  or  statistical  F  distribution
Speclf led  hydraulic  head
Permeability  of   semlconf ining  bed
Leakage  factor  for  leaky  aquif er
Total  number  of  grid  spaces   I or  1-D  model
Parameter  vector
Parameter  covarlance  matrix
Water  flux  for  a  model
Water  f lux  per  unit  model  area
Water  flux  per  unit  length  of  boundary
Maximum  x  value  for  1-D  model,   region  of  interest  for  a

model,   or  right  hand  side  of  the  least  squares  equation
Storage  coef f lcient
Transmlssivity
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Sensitivity  coef f iclent  for  transmlssivity
Sensitivity  coef f iclent  for  storage  coef f icient
Sensltlvlty  matrix
Normalized  sensitivity  matrix
Weight  matrix  for  prior  estlmate8  of  parameters
Weight  matrix  for  head  observations
Arbitrary  function
Hydraulic  head
Perturbed  hydraulic  head
Experimentally  measured  head
Perpendicular  direction  in  cross-sectional  models
Stati§tlcal  1  distribution
Thlckne§s  of   semiconf ining  bed
Number   of   parameters
Radial  distance  from  pumped  well,   or  an  F  distribution  in

Eq.   (7.2a).
Parameter  correlation  matrix
Drawdorm
Time
Statistical  t  distribution
Dummy  variables  of   lntegratlon
Cartesian  coordinate  value  or  vector
Related  to  conf idence  interval  of  statistical

distributions
Model  boundary
Change   ln
Change   ln
Change  ln
Vector  of
Change  in
Change   in

some  quantity
head
leakage  factor
parameter  changes
Storage  coef f iclent
transmlssivlty

Grid   spacing
Kronecker  delta
Conf idence  interval  for  parameter  Pk
Delta  function
Heaviside  function
Correct  value  of  Pk  or  parameter  vector
Variance  of  error  ln  head
Normal  derlvative

1,j,k,A     Node   lndlces,   used  as   subscripts
Zone  index,   used  as  a  subscript
Time   index,   used  as  a  superscrlpt
Used  to  denote  normalized  or  transf ormed  quantities
Underline  lndlcates  a  vector  quantity
Underline  indicates  a  matrix
Super§cript  lndicatlng  transpose  of  a  vector  or  matrix
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