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ABSTRACT

One of the most difficult tasks in ground-water modeling is the
estimation of aquifer parameters from field measurements of hydrau-
lic head. This paper examines model sensitivity through the use of
sensitivity analysis. For each model parameter one can define a
sensitivity coefficient. These sensitivity coefficients depend on
the choice of model, the spatial coordinates, the time variable, the
number and type of model parameters, and the boundary conditions.
For good sensitivity to the parameters, all sensitivity coefficients
should be independent and as large as possible at the locations and
times of interest. Methods for determining sensitivity coefficients
are discussed and some typical examples showing certain important
characteristics are presented. The sensitivity coefficients can be
used to estimate variances and confidence intervals for the aquifer
parameters. The model sensitivity can be increased for parameter
estimation by applying some general principles from sensitivity
analysis. Several examples of improved sensitivity are presented.

1. INTRODUCTION

One of the most difficult tasks in ground-water modeling in-
volves estimation of the aquifer parameters to be used in a predic-
tive ground-water model. Usually some historical hydraulic head data
are available along with some field or laboratory estimates of the
aquifer parameters. These data are usually sparse and of varying
quality. Estimation of the aquifer parameters from hydraulic head
data is generally recognized to be difficult and may be unstable or
nonunique [Yakowitz and Duckstein (19)]. One goal of this paper is
to develop a better understanding of model sensitivity to the



aquifer parameters.

Sensitivity analysis is the primary tool used to investigate
parameter estimation in this paper. A general first-order sensi-
tivity analysis formalism is presented to calculate the perturbed
head caused by a change in an aquifer parameter. A central figure
in the formalism is the sensitivity coefficient. When the sensi-
tivity coefficients are known, the parameter variances can be calcu-
lated. A large parameter variance means the model is not very sen-—
sitive to that parameter. Therefore, some time is devoted to
methods for determining sensitivity coefficients. The sensitivity
coefficients are affected by the choice of model, the number and
type of parameters, and the boundary conditions. In addition, the
sensitivity coefficients are functions of space and time. Several
examples of sensitivity coefficients for a variety of models and
boundary conditions are presented.

The final goal of this paper is to develop some general princi-
ples or guidelines for designing models that have the desired sensi-
tivity to model parameters. This is done by looking in detail at
how the sensitivity coefficients enter the least squares estimation
procedure and how the sensitivity coefficients are affected by the
model specification. The model specification includes such things
as the model equations, the boundary conditions, and the number of
parameters or parameter zones. In general, one might suppose it is
desirable to make the sensitivity coefficients as large as pos—
sible. Also, it might be that the chosen parameters should be
independent. In section 8 these questions are dealt with in more
detail and some general conclusions are stated. Several examples of
improved sensitivity, obtained by applying the guidelines, are also
presented in section 8.

2. GENERAL DEFINITION OF SENSITIVITY COEFFICIENTS

When a model is used to describe the hydraulic head distri-
bution (h) in a ground-water system, the head is assumed to depend
uniquely upon the physical parameters input to the model.

h = hx,t;T(x),5(x),Q(x,t)] (2.1)

T, S, and Q are respectively transmissivity, storativity, and flux
of water in or out of the system. x is a vector containing the
appropriate number of coordinates for the model dimensionality
(usually one or two). It has been assumed that the transmissivity
and storativity do not depend upon time (t). This assumption means
that unconfined aquifers and delayed yield will not be explicitly
considered. In this work Q(x,t) will be assumed to be known. Only
the variation of the model response to changes in T(x) and S(x) will



be considered.

In studying the sensitivity of a ground-water-flow system to
parameter variations, a mathematical model must be specified:

F[x,t,h;T(x),8(x),Q(x,t)] = 0. (2.2)

The model specification represented symbolically by F in Eq. (2.2)
includes such things as initial conditions, boundary conditions, and
the appropriate differential equations. Eq. (2.2) may be solved
analytically or numerically.

2.1 Models with Constant Parameters

For models with constant parameters, the solution to (2.2) can
be written as

h = h(x,t;T,S,Q). (2.3)

Consider the variation of one of the parameters, T, for example.
Eq. (2.2) now becomes

F(x,t,h*; T+AT,5,Q) = 0 (2.4)
where h* is the perturbed head. Solution of (2.4) gives
h* = h*(x,t;T+AT,S,Q). (2.5)

The sensitivity coefficient for variations in T is defined as

_ _ dh _ lim Ah
UT(E)t’T’S’Q) = -aT = AT+0 KT, (2‘6)

where Ah = h*-h.

A similar development for the storage coefficient allows the
two sensitivity coefficients to be written as



dh(x,t;T,S,Q)

U (x,t) = & (2.7)
Ug(x,t) = ah(x’géT’s’Q) . (2.8)

The functional dependence on T, S, and Q has been dropped on the
left-hand side of Eqs. (2.7) and (2.8) for convenience in writing Up
and Ug. However, the sensitivity coefficients do depend on T, S, Q,
the initial conditions, the boundary conditions, and the underlying
model Equations.

The solution of the flow equation (2.4) is assumed to depend
analytically upon the parameters T and S, and T, S, and Q are
independent of each other. Now consider a perturbation of the
transmissivity, AT . Since it has been assumed that the solutions
depend analytically on the parameters, the function h*(x,t;T+
AT,S,Q) may be expanded into a Taylor series. If AT is_émall, the
second- and higher-order terms may be neglected.

h*(x, t;T+AT,$,Q) = h(x,t;T,,Q) + UglT (2.9)

Thus the new head produced by a perturbation in transmissivity

(AT) may be calculated from (2.9) 1f the sensitivity coefficient and
the unperturbed head are known. Similarly, if a perturbation in
storage coefficient (AS) occurs, the perturbed head is given by

h*(x,y,t;T,S+AS,Q) = h(x,y,t;T,S,Q) + USAS (2.10)

to first order in AS .

Egs. (2.7) and (2.8) show that it would be desirable to calcu-
late Uy and Ug for a given model, if possible. Then the response of
the model to various perturbations could be calculated simply from
(2.7) or (2.8) without actually evaluating the model equations
again. The work of McElwee and Yukler (11) indicates that Egs.
(2.9) and (2.10) should be valid for parameter variations of about
20% or less.

2.2 Models With Spatially Varying Parameters

In the more general case where transmissivity and storativity
vary with space, a slightly different procedure is used to define
the sensitivity coefficients. h will be the hydraulic head resul-
ting from a transmissivity distribution T(x) . Let h* represent the



hydraulic head that results when the transmissivity distribution is
changed at one point (50) by a small amount AT(EO) .

Ah(x,t;x )
_AE(EOT = [h*(x, t3T(X)+8(x-x )AT(X ),5(x),Q(%,t))
~h(x,t;T(x),5(x),Q(x,t))]/8T(x ) (2.11)

The symbol §(x-x ) represents the Dirac delta function [Lighthill
(10)]. x is assumed to be a unitless variable so that 6(§f§o) is
also unitless. The sensitivity with respect to variations in
transmissivity is defined as

Ah(x,t;x )
_ 1lim =0
Up(t5Xg) = ar(x yr0 "B (2-12)
—0 -0

This sensitivity coefficient tells how much the head will be changed
at point x due to a change in transmissivity AT(zo) at point X,
Since AT(EO) is assumed to be small, a first—-order expansion may be
employed to obtain

h* = h + U (x,t3% )AT(x ). (2.13)

If the transmissivity is changed at more than one point, then the
change in head Ah must be found by integrating over the area (or
volume), A (or V), where T(x) is changed

h* - h = Ah(x,t) = [ Up (X, t5% )AT(x )dx . (2.14)
A

Outside the region A (or V), AT(xo) is zero. 1In the special case
when the transmissivity is to be changed by a constant amount
AT everywhere, Eq. (2.14) becomes

h* - h = Ah(x,t) = AT ° UT(E)t) (2.15)

where

Up(x,t) = IA Up(x,t5x )dx . (2.16)

In the preceding development, x and x are assumed to be appropriate
— —0
dimensionless variables.



A similar development for the sensitivity with respect to stor-
ativity (US) yields

h* = h

Ah(x,t) = [, U (x,t;x )AS(x )dx (2.17)

and

h* - h = Ah(x,t) = AS | Ug(x,t;x )dx = A5 * U (x,t) (2.18)

A

when AS is constant over the region of integration. As before,

Ah(x,t;x )
. _ lim ="
Ug(x,t5x ) = 8S(x,)*0 T BS(x) (2.19)
where
Ah(x,t3x ) = h*(X,t5T(x),S(x)+8(x-x )AS(x ),Q(x,t)) -
h(x,t;T(x),5(x),Q(x,t)). (2.20)

The sensitivity coefficients Up and Ug are seen to be the
quantities needed to calculate the response of a model to
perturbations in the spatial distribution of transmissivity and
storage. Consequently, a discussion of some of the general
properties of sensitivity coefficients is in order. 1In later
sections, procedures for determining sensitivity coefficients will
be illustrated.

2.3 General Comments About Sensitivity Coefficients

The sensitivity coefficients will depend on the independent
variables (space and time), the model parameters (T, S, etc.), and
the boundary conditions. Each of these factors may have a dramatic
effect on the model sensitivity and thus on any attempt to perform
inverse calculations. Much of this paper will be concerned with
studying these effects. The general confined flow equation can be
written for some region (R, Figure 1) as

1 ]
5 (T(X) 5p ) [Smax] [S(z)] o _ 9 (x,t) (2.21)
9% 'T ox T S ot T :
-— max -— max max max

where Tma and Sma are the maximum values of the transmissivity and

X X



storativity, respectively. Q' is the specified water flux per unit
area of the model (Q/A) and would be caused by pumpage, injection,
leakage, etc. In addition to the flow equation, we need boundary
and initial conditions for a complete solution to the hydraulic head
and the sensitivity coefficients. Typical boundary conditions are
head specified

h =H on Fl (2.22)

and flux specified

” ah
Q"(Ty,t) = - T[-BH] on T,. (2.23)
r
2
I' is the boundary (I' = I''+ I',) of region R (Figure 1). Q" is the
specified flux per unit 1eng h (Q/%) of boundary P2. The initial
condition can be specified as

h(x,0) = £(x) in R . (2.24)

Eqs. (2.21) through (2.24) illustrate how the head and, conse-
quently, the sensitivity coefficients depend upon the transmissivity
and storativity. The head can be written symbolically as

. T ax . T(x) S(x) Q(x)
o9 S 3 T ? S ’ T
max max max max

h = hf (2.25)

provided Q and the boundary conditions do not depend upon time. If
Q and the boundary conditions do depend upon time, then additional
time dependence besides [(T .,
/Smax)t] may be introduced in the
head solution. T(x)/T and
—/" "max
r S(x)/S represent normalized
distriba¥ions for the transmis-
sivity and storativity which vary
between the limits of zero and
Ty one. They specify the shape of
the T and S variation, but not
the absolute magnitudes.

Next, a few simple obser—
vations are made regarding
Fig. 1. Region of solution and sensitivity coefficients. At
boundaries for a model. steady state (3h/dt = 0), h does



not depend on S(x) . Therefore, Ug is zero at steady state and is
small as one nears steady state. 1In the homogeneous case

T(x) =T and S(x) = S and Eq. (2.25) reduces to

max max

h = h(x, %t) (2.26)

when the specified fluxes, Q(x), are zero. If all specified fluxes
are zero, only barrier or specified head boundaries are used. From
Eqs. (2.26), (2.7), and (2.8), the sensitivity coefficients Up and

Ug can be shown to be dependent:

=-S5
Up == —1U

T . (2.27)

S

This means that the inverse problem is nonunique since any value of
S and T with the correct ratio will give a good solution.

Even 1if one allows spatial variation in T and S in Eq. (2.25),
the inverse problem is still nonunique since any S .. and T
having the same ratio will give an equally good solution provided
there are no specified fluxes in the model. Theoretically, a speci-
fied T on each streamline will uniquely determine the transmissivity
distribution and, consequently, the storativity distribution. Some
inverse procedures [Knowles et al. (9)] solve for the fluxes, Q, in
addition to the transmissivity and storativity. The foregoing dis-—
cussion and Eq. (2.25) show that, when both Q and T are adjusted, an
additional level of nonuniqueness is introduced since only the
ratios of Q and T need to be held constant. 1In others words, Q and
T are not independent parameters.

Some initial condition must be specified for the hydraulic head
at the beginning of a model simulation; consequently, this condition
determines the initial condition on the sensitivity coefficients.
The sensitivity coefficients may or may not start out zero. One
commonly used initial condition is a flat head distribution. In
this case, the sensitivity coefficients (UT and US) have an initial
value of zero. Another commonly used initial condition is a steady-
state head distribution. (Additional fluxes, Q(x) , are imposed and
future changes are predicted.) For a steady-state initial condi-
tion, US is zero, but U, will not in general be zero. The initial
values of Up may be found by solution of equations to be discussed
later.

When the sensitivity coefficients are zero or not independent,
the inverse process will not work. This result is inherent in the
model and does not depend on the details of the inverse process. In
actual practice, the inverse process may experience difficulty when



the sensitivity coefficients are very small but not zero. In this
case, the model is simply not very sensitive to changes in aquifer
parameters. By calculating and examining the sensitivity coef-
ficients, one may obtain an indication of the stability of the
inverse process. As a rule-of-thumb, the sensitivity coefficients
should be as large as possible and be independent for a stable
inverse problem.

3. METHODS FOR DETERMINING SENSITIVITY COEFFICIENTS

In this section various methods for determining sensitivity
coefficients are considered. Three methods will be considered:
analytical expressions, finite difference approximations, and
solution of a partial differential equation.

3.1 Analytical Expressions For The Sensitivity Coefficients

Sometimes analytical formulas for the head or drawdown can be
found for simple models. In many of these cases, finding convenient
analytical expressions for the sensitivity coefficients is also
possible. As an example, consider the Theils equation. The Theis
equation [Theis (18)] describes radial confined ground-water flow in
a uniformly thick, horizontal, homogeneous, isotropic aquifer of
infinite areal extent.

Q Tt
s =m f — du (3'1)

u
(r2s/4Tt)

In the above equation s is,drawdown (L), Q is the discharge (L3/T),
T is the transmissivity (L°/T) , t is the time (T), S is the dimen-
sionless storage coefficient, and r is the radial observation dis-

tance from the pumped well (L).

The sensitivity coefficients may be obtained from Eq. (3.1) by
applying the definitions given in equations (2.7) and (2.8). After
applying Leibnitz's rule for differentiating an integral [Hildebrand
(8)] to Eq. (3.1), one obtains [McElwee and Yukler (11)]

o8 rZS
Us = 35 * ~ Zmts o*P(- 35¢ (3-2)
and
v, =8--8_5y (3.3)
T 3T T T s

These equations for the sensitivity coefficients may be evaluated
quite easily if one can evaluate the drawdown (s). Notice that, if



not for the first term on the right of Eq. (3.3), U; and Ug would be
dependent. Egqs. (3.2) and (3.3) will be discussed and plotted in a
later section of this paper.

As a further example, consider the leaky confined aquifer. The
aquifer system, defined by Hantush and Jacob (7), is composed of a
level, isotropic, homogeneous, porous medium of infinite areal ex-
tent. The lower aquifer boundary is assumed to be impervious, while
the upper boundary is assumed to be a leaky confining bed. Water is
derived from the aquifer by elastic expansion of the water and
compression of the aquifer matrix as pumping occurs. Leakage
through the semiconfining bed is assumed to be proportional to the
drawdown in the semiconfined aquifer. It is assumed that no water is
removed from storage in the semiconfining unit and that no drawdown
occurs in the source bed. The analytical solution for the drawdown
is

© 2.2
-2 71 —y- LT

s = a7 £ > exp(-y- =) d, (3.4)
u = rZS/4Tt, L2 = K'/Tm'

where K' is the permeability of the semiconfining bed, m' is the
thickness of the semiconfining bed, and the other quantities are the
same as for the Theis equation. By applying Leibnitz's rule for
differentiating an integral [Hildebrand (8)], obtaining the
sensitivity coefficients with respect to S and T is easy [Cobb,
McElwee, and Butt (2)]:

2 2 2
9s Qr 1 Lr
U, = 70 = - ——— [= exp(-u - )] (3.5)
S S 161TT2t u 4u
_9s _ _ s _ S
Ur=3r "7 71Y%:" (3-6)

As before, these expressions are easy to evaluate if the drawdown
has been calculated previously.

These two examples of analytical expressions for the sensi-
tivity coefficients are typical. Many more examples could be pre~-
sented for simple models.

3.2 Finite Difference Expression For Sensitivity Coefficients

Sometimes it is not convenient or possible to come up with an



analytical formula to be evaluated for the sensitivity coefficients.
In these cases, one can always evaluate the sensitivity coefficients
numerically by a finite difference approximation if the head or
drawdown can be calculated. To illustrate this process, we continue
with the leaky confined aquifer of the previous section. If we try
to evaluate U;, the sensitivity with respect to leakage, by
differentiating Eq. (3.4), we obtain [Cobb, McElwee, and Butt (2)]

U {-1e2/25%} exp(-y - 12x%/4y) dy. (3.7)

L

il
e -8

Note that both Ug and Up in Egs. (3.5) and (3.6) can be ex-
pressed in such a manner that, after the drawdown (s) is computed,
no further numerical integration is required. The sensitivity with
respect to leakage, Uy, in Eq. (3.7), can be computed only by addi-
tional numerical integration that would involve the formulation of a
more complex subroutine. Therefore, the decision might be made to
generate Uy by a finite difference approximation. The approximation

U, = 3s/3L = {s(L+0L) - s(L-AL)} /2AL (3.8)

becomes increasingly accurate as AL approaches zero. Satisfactory
evaluation of U; occurred for AL set equal to .0l L. Plots of Up
will be presented later. This or a similar finite difference scheme
could be used to calculate the sensitivity coefficients in many
situations.

3.3 A Partial Differential Equation For Sensitivity Coefficients

For the general time~dependent case when transmissivity and
storativity can vary spatially, no closed-form expression exists for
the head and the sensitivity coefficients. The head is given by the
solution of the following partial differential equation [or equiva-
lently Eq. (2.21)].

9

X

[T(x) %:1;] = 5(x) 2—2 - Q'(x,t) (3.9)

A partial differential equation for the sensitivity with respect to
transmissivity can be developed by applying some of the definitions
given earlier. If h* is the new head that results when the trans-

missivity is changed by AT(EO) at X, then



55 [T 5] + 53 [6Gex) ar(x,) 527] =

5(x) o= - Q' (x,t)- (3.10)

Applying the definition of U_(x,t;x ), Eq. (2.12) results in the
T N -0
following expression.

9

X

W (x,t5x )

3 3
m ) tag 0GR,) =] -

[T(x)

U (x,t;x )
S(x) — g (3.11)

In deriving Eq. (3.11), Eq. (3.9) has been subtracted from Eq.
(3.10), the result divided by AT(x ), and the limit taken

=)
as AT(§0)+0 .

Eq. (3.11) is a partial differential equation for
UT(§,t;x ) which looks very much like the original flow equation
except for two differences. First, the fluxes [Q(x)] do not appear
in Eq. (3.11). Second, there is an additional term involving the
differentiation of a delta function.

Except in very simple cases, numerical methods must be used to
solve Eq. (3.9). The question arises as to how equation (3.11) may
be used with numerical methods to obtain Up (x,t3x_ ). Only the term
involving the differentiation of the delta function will be con-
sidered. The other terms in Eq. (3.11) are similar to terms in the
flow Eq. (3.9) and may be handled with standard techniques. The
elementary central difference formula for the partial derivative in
the x direction of an arbitrary function f(x,y) evaluated at point
(xi:Yj) is

£ .
(2£Cy)] _ Fiv12,9 - Fim1/2,
ox X=X Ax

y—Yj

(3.12)

where a uniformly spaced node system is assumed such that Xy = idx
and y, = jAy. At this point let the grid system for specifying T
to beJarbitrary and simply denote the value of T at some point
Eo(xkyz) by Tk,l' The x component of the delta function term in

Eq. (3011) is



d - - dh o J,Rv - .
% [8(x ¥ )8(y-y,) -g] X=X _sz [61+1/2,k
Y=Yj
(Rypr, 5™ e, 30 = Si-1/2,6M, 5 hi_l’j)J (3.13)
where 51 j is the Kronecker delta with the following properties
]
= 1 if i=j
si,j =1 0 if i#j (3.14)

Notice that specifying the transmissivity half way between the nodes
where h is known is convenient. Eq. (3.13) gives the finite differ-
ence numerical approximation of the delta function term in Eq.
(3.11). An alternate procedure could be performed for a finite
element approximation.

Usually Eq. (3.11) would not be solved for point changes in the
transmissivity. Rather, the transmissivity is usually assumed to be
constant over a zone which includes several points or nodes.
According to Eq. (2.16) we must integrate Eq. (3.1l) over that zone
to obtain the sensitivity with respect to transmissivity in that
zone. This would be equivalent to summing Eq. (3.13) over all k
and £ values in that zone.

X=X

y=Y 3

[6Gex)8(y-y,) o] _ aa= | -
o

9
f 9x
zone
m

The partial differential equation for the sensitivity with
respect to storativity is somewhat easier to obtain. If h* is the
new head that results when the storativity is changed by
AS(§O) at x then

9

X

[1(x) 3] = [s(o+s(xx )88(x )] $2= - Q'(x,t).  (3.16)

Subtracting Eq. (3.9) from Eq. (3.16), dividing by AS(x ), and
taking the limit as AS(50)+0 results in the following equatiom.



Sh

aU_ (x,t;x ) U (x,t;go)
+ 6(5750) It (3.17)

S'— "'~o ] - St—
= ot

Recall that the definition of Ug is given by Eq. (2.19).

Once again, Eq. (3.17) looks identical in form to the flow
equation except there are no fluxes [Q(x)] and the delta function
term has been added. The finite difference numerical solution of Eq.
(3.17) is carried out in a manner similar to that used for the flow
equation except for the delta function term. If Eq. (3.17) 1is to be
evaluated at x = (xi,yj) and X, = (xk,yz) then

(hn+¥_ hn )
[G(X-xk)é(y-yz)g{l—]Ml/z" .

X=X, At 6i,ksj,l (3-18)

y Yj
where At is the time step and h? . is the hydraulic head at node
point (i,j) after n time steps. »Jas before, to obtain the sensi-
tivity to the storativity in a zone containing several nodes, we
must integrate Eq. (3.17) over that zone or sum the right side of
Eq. (3.18) over the nodes in that zone.

n+l n
h; .= h, .)
_ _ Shint+l/2 Ry ( i,j 1,]
[ 18Gex )8y hgplimy "08 = ) Bt %5,k%,2
D bk
Y=Yy 2 (3.19)

If numerical methods have been used to obtain the solution to
Eq. (3.9), the flow equation, then the h's appearing in Eq. (3.15)
or (3.19) are known and present no obstacle to a numerical solution
of the equations for the sensitivity coefficients. The same numer-
ical techniques used to solve the flow equation may be used to solve
the sensitivity equations. In fact, the same computer code used for
the flow equation can be used for the sensitivity equations by
simply replacing the fluxes in Eq. (3.9) by the terms in Eq. (3.15)
or (3.19). The system must be solved for each discrete value of x
or zone. More discussion of the application of numerical methods to
the solution of the sensitivity equations 1s given by McElwee
(12). Ultimately, a numerical solution for the following
sensitivity coefficients must be obtained.



o2 ST | (3.20)

=]
(et
(A

U

si,j;k,% 95 (3.21)

F
*

The superscript n is used to denote the nth time step while the
subscripts i, j, k, and £ are the usual node indices. If zones are
used, Eqs. (3.20) and (3.21) must be summed over all k and £ in that
zone to obtain the total sensitivity to the parameter in that zone.
Sometimes it is convenient to use only one subscript for the spatial
variation and one for the transmissivity variation. 1In that case,
thg more compact forms for the sensitivity coefficients are

Urg;e @0d Ugyope

Along with the flow equation (3.9), initial conditions and
boundary conditions must be given for h. An initial condition can
be given in the form

h(x,y,0) -2 =0 (3.22)

for a two-dimensional model. If Z is a constant, we have a flat
initial surface. The boundary may be a rather arbitrary function
of x denoted by

B(x) = 0. (3.23)

The boundary conditions must be specified on this curve. A speci-
fied head boundary is given by

[hex,t) 5y = HCD)- (3.24)

If a specified flow of water is required on the boundary, then

oh(x,t)
[T —5—lp(xy = Q&0 (3.25)

where 3/3n denotes the partial derivative in a direction normal to
the boundary. If the constant is zero in Eq. (3.25), the result is
a barrier boundary. In general, the boundary could contain both



types of boundary conditions given by Eqs.(3.24) and (3.25).

If the initial condition on h is a steady-state solution
U.(x,0;x ), the initial condition on the sensitivity with respect to
8 d;égé_gs zero. If z is a constant in (3.22), the initial condi-
tion on the sensitivity with respect to transmissivity,

U (590;50)’ is also zero. If the initial surface is a steady-state
solution, the initial condition U_(x,0;x ) is a solution to the
steady~state form of Eq. (3.11) w{fﬁ tHanppropriate boundary condi-
tions. The boundary conditions for Up and Ug can be found by dif-
ferentiating (3.24) and (3.25). For a speci%ied head boundary

[UT(z,t;zso)]B(i) =0 (3.26)

(g tsx ) g(gy= O - (3.27)

A specified flow boundary condition results in

9 Up(x,t5% )

TR — () S0 (3.28)
AU (x,t;x )

§$*="7—0
____33_____.B(§)= 0. (3.29)

The sensitivity equations for the case of constant T and S can
be obtained from Eqs. (3.11) and (3.17) by integrating over the
whole model region.

Up(x,t) = I{ Up(x,t5x ) dA (3.30)

Performing this integration gives [McElwee and Yukler (11)]

ou_(x,t) dh(x,t) U (x,t)
2 [T 8 1 __ - T~ (3.31)
90X 90X 9x'9x ot
o AU (xt) A (x,t) I (x,t)
Tg; 5% =S 3T + T . (3.32)

The boundary conditions for constant T and S are obtained by inte-
grating Eqs. (3.26) to (3.29). For example, Eq. (3.28) becomes



3, (x,t) Q" (x,t)
S : (3.33)

9n Tz

B(x) T
4. EXAMPLES OF SENSITIVITY COEFFICIENTS
In the following sections, several examples of sensitivity
coefficients will be shown. All the methods of determining sensi-
tivity coefficients discussed in the previous sections will be

illustrated.

4.1 The Theis Equation

The sensitivity coefficients for the Theis equation are given
by Egs. (3 2) and (3.3). The sensitivity coefficient for transmis-
gity, , is shown in Figures 2 and 3 fgr a well pumping 32,000

/day with a transmissivity of 3,200 ft“/day and a storage
coefficient of .00095 at a time of .0l17 days. The radial dependence
of Up is shown in Figure 2. The system is obviously most sensitive
to changes in the transmissivity near the well where drawdown is the
largest. From Figure 2 the sensitivity coefficient U, seems to
divergg at the well. In fact, it may be shown from Eq. (3.3) that
for S/4Tt > 1,

rZS
U = —2-[1.577216 + 1n(=>)]. (4.1)
T lanz 4Tt

Expression (4.1) shows that UT should diverge logarithmically at the
well. The sensitivity function Uy changes sign in the region 300-
2 R
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F r=1ﬁ////,///’
120 3 3 - > /
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2 gl T iday s
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= i S = 00095
—
=0 0t
-15 L 1 | L | 1 1 | ) I
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r (radial distancel, in ft t (time), in days

Fig. 2. Radial dependence of Up Fig. 3. Time dependence of Up
for the Theis equation [McElwee for the Theis equation [McElwee

and Yukler (11)]. and Yukler (11)].



320 feet from the well, as it must in order for the cones of depres—
sion to have the same volume for differing transmissivities. The
magnitude of the sensitivity coefficient Up is relatively small in
the region where Uy is negative.

Figure 3 shows a portion of the time dependence of Up for two
values of radius and two perturbed values of transmissivity. Notice
that for large values of t, the dependence of U, on t is fairly
weak, though U, is not constant. The curves labeled +£20% T show how
Up at a radius of 1 foot changes when the transmissivity is
perturbed by +20%. 1In this region a larger transmissivity results
in decreased sensitivity, and a smaller transmissivity results in
increased sensitivity. The curves labeled r = 1 foot and r = 1000
feet, for T = 3200 ft2/day show the effect of changing r in the
evaluation of Up. These two curves have an identical shape but are
displaced from one another along the t axis. The relation of these
curves can be seen from Eq. (3.3). The critical ratio is r2/t; as
long as this ratio is the same, Up will not change. Thus the curve
for r = 1 foot at t = 107° days has the same value as the curve for
r = 1000 feet at t = 1 day.

The sensitivity with respect to the storage coefficient, Ug»
may be evaluated by using Eq. (3.2). The radial dependence of Ug is
shown in Figure 4. Ug does not diverge at the well as does Up. Eq.
(3.2) and Figure 4 show that the radial dependence of Ug is
Gaussian. U, does not change sign because an increase or decrease
in S results in a general raising or lowering, respectively, of the

1200
Q = 32,000 /day
N T = 3200 ftiday
- ~
N S =.00095
. N t=.017 days 1000 1
= N _reltt
- = 800p
2 <
= = 3
= = 600 Q = 32,000 ft°/day
c = 2
g Z T = 3200 ft2/day
5" 2 qw) S = 00095
vm
> 20 -
= 10ft [—r = 1000 ft
0 1 1 1 1 J
0% 10? w2 1 1@ W 1f

0 200 400 600 800 1000

r (radial distance), in feet titime), in days

Fig. 4. Radlal dependence of Ug Fig. 5. Time dependence of Ug
for the Theis equation [McElwee for the Theis equation [McElwee
and Yukler (11)]. and Yukler (11)].



cone of depression. The dashed lines in Figure 4 show Ug when S is
changed by +20%. These curves indicate that the system is less
sensitive for a larger S and more sensitive for a smaller S. This
behavior can also be seen from Eq. (3.2).

The time dependence of Uy is 1illustrated in Figure 5 for three
different r values. As time increases, Ug approaches a constant
value. Even for r = 1000 feet, Uy is nearly constant after about 1
day. US is practically zero when the drawdown is very small and
nearly constant after the drawdown attains 1-2 feet. The three
curves shown in Figure 5 are identical except for displacement in
time. From Eq. (3.2) it may be seen that Uy has the same value when
rz/t remains constant, provided Q, T, and S are unchanged. Thus the
t = 1 day point on the curve for r = 1000 feet is identical to the t
= 107" day point on the curve for r = 10 feet.

4.2 The Hantush Radial Leaky Aquifer

The sensitivity coefficients for the leaky aquifer are given by
Egs. (3.5), (3.6), and (3.8). Uq and Ug are evaluated by analytical
expressions. Uj is obtained by a finite difference approximation.
Many features of these sensitivity coefficients are similar to those
found for the Thels equation. Therefore, description will be brief
and new features will be pointed out. The sensitivigy coefficients
are shown_in Figures 6 through 11 for Q = 1%6,000 ft’/day, T =
24,300 ft%/day, S = .002, and L = .0004 ft~l.

The radial dependence of U, is shown in Figure 6. The function
diverges logarithmically near the well. Ug changes sign at some
finite value of radius. This demonstrates the fact that when T is
changed, the cone of depression deepens in some areas and shallows
in others.

Figure 7 depicts a portion of the time dependence of Up for
variations in r and T. Note that Uy is inversely propgrtional to
T. The curves represent a transmissivity of 24,300 ft /daz and +20%
of that value at a radius of 100 feet and a T of 24,300 ft“/day at a
radius of 1,000 feet. Note that all curves flatten after three to
four days. This describes the steady condition caused by deriving
the discharge Q totally from leakage. This 1s a new effect that was
not seen in the Theis case. 1In this case, Up is constant after some
time.

The radial dependence of Ug is shown in Figure 8. This coeffi-
cient does not diverge at the well, nor does it change sign. It is
inversely proportional to S. The constancy of algebraic sign indi-
cates that as S changes, a general raising or lowering of the cone
of depression occurs.
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The time dependence of Ug is presented in Figure 9. Radial
variation is indicated by the presence of three curves. Each curve
reaches its maximum value for Uy at a time that increases with its
radial value. At some finite value of time, each curve approaches
zero in value, indicating that a steady state is achieved. Until
steady state is attained, a dual source is supplying the pumpage,
namely water released from storage and leakage. The curves roll
over as leakage starts to dominate the source mechanism. Ug is zero
outside the cone of depression and at any time after steady state is
attained. Again, this is a new effect. Ug for the Theis model did
not go to zero but approached a constant value for large times.

Figure 10 shows the radial dependence of U;. The sensitivity
coefficient U; does not diverge at the well and approaches zero for
large values of r. These are similar to the curves for Ug.

The time dependence of U; is shown in Figure 11 for two values
of r. All curves grow with time until a steady state 1s achieved

where leakage is supplying the entire discharge Q. At that point,
U, is constant in time.
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Fig. 9. Time dependence of Ug for the leaky aquifer [Cobb, McElwee,
and Butt (2)].

In summary of the Theis and leaky aquifer sensitivity coeffi-
cients, a few observations can be made. The radial dependence of
all the sensitivity coefficients (UT, Ug, and UL) shows that the
greatest sensitivity is near the well and that the sensitivity ap-
proaches zero as the radial distance increases. The time dependence
of all the sensitivity coefficients shows that initially the sensi-
tivity grows with time. In the leaky case, Ug goes to zero as the
steady state 1s approached while U and Uy, approach constant
values. In the Theis case, Ug approaches a constant value.

700 t = 0.1 day

S =.002
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Fig. 10. Radial dependence of Uy for the leaky aquifer [Cobb,
McElwee, and Butt (2)].
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4.3 One-Dimensional Model With Spatially Varying Transmissivity

Consider a steady state one—-dimensional model with no interior
fluxes. Eq. (3.9) becomes

& [0 8 = 0. (4.2)

The first integrafion of Eq. (4.2) gives

T(x) %§-= C = constant. (4.3)
For boundary conditions, assume ¥
h=H at x = R (4.4)

and

(4.5)

Q/% is the boundary flux per unit length of boundary. Integration
of Eq. (4.3) yields the final solution for the hydraulic head



1

QR dx'
h(x) = =— [ m=rm—+ H. (4.6)
L %/R T(Rx'")

The normalized variable x' = x/R has been introduced. Eq. (4.6)
allows for an arbitrary distribution of the transmissivity.

Consider the case of constant transmissivity in Eq. (4.6). The
solution is

h(x) = %T-(R-x) + H. (4.7)

Using the definition of Up from the Eq. (2.7) yields

- 9h(x) _ Q R) = —
UT(x) =7 = ;;7 (x-R) =

. (4.8)

Hlo

where s is the drawdown with reference to the constant head
boundary.

s = h(x) -~ H = %T-(R—x) (4.9)

This form [Eq. (4.8)] of the sensitivity coefficient is rather
common [see Egqs. (3.3) and (3.6)] and merely says that the model is
more sensitive to transmissivity in areas having larger drawdown.
Notice that, as the constant head boundary is approached, the sensi-
tivity coefficient (UT) goes to zero. The sensitivity with respect
to storativity, Ug, is zero since only the steady state is being
considered.

The sensitivity coefficients for an arbitrary transmissivity
distribution can be found by considering the head solution, Eq.
(4.6), and the definition of the sensitivity coefficient, Eq.
(2.12). The new head caused by changing the transmissivity at one
point (xo) is

1
h(x) = 2% f
x/R

dx'
T(Rx') + G(Rx'—xo)AT(xo)°

(4.10)

The sensitivity coefficient developed from (2.12) is as follows



S® L yfx<x <R
A 2 (o}
T (xo)
UT(x;xo) = . (4.11)
0 if X, <x

This sensitivity coefficient is inversely proportional to the square
of the transmissivity. Thus, areas of low transmissivity have a
larger effect on model results than areas of high transmissivity.
Also, notice that the transmissivity of x_ values less than the
observation point, x, do not affect model results at the observation
point. The sensitivity coefficient resulting from changing the
transmissivity, a constant amount AT over the whole model area [Eq.
(2.16)] is obtained by integrating Eq. (4.11).

1 QR 1 dx'o
Up(x) = of Up(x3Rx!) dx! = - = JE— (4.12)

x/R TZ(Rxé)

The normalized integration variable xé = x /R has been introduced.
If the transmissivity is constant, Eq. (4.?2) becomes identical with
Eq- (4-8).

Typically, numerical methods are used to solve the model equa-
tions when the transmissivity is allowed to vary in an arbitrary
manner. Assume a constant node spacing (Ax) grid system has been
set up such that NAx = R, where N+1 is the total number of nodes (x
= 0 is the first node). The head at point x, (x, = iAx) is obtained

from Eq. (4.6) by the following replacement. i
1 N
R [ dx' + ax I (4.13)
Xi/R k=1

Assuming that a constant transmissivity exists between points k and
k+1 (Tk+1ﬁ2’ Eq. (4.6) becomes

N
r L

nh = 8z
L T
k=1 "k+ 1/2

. + H. (4.14)

The sensitivity coefficient is obtained by differentiating Eq.
(4.14).

-Q—ﬁi—z—l—-— 1f k> 1

3h T
U R T ket /2 (4.15)

Tisk aTk+1/2 0 otherwise



this result could have been obtained from Eq. (4.11) simply by inte-
grating the effect of a constant transmissivity over one node spac-—
ing. The sensitivity coefficient UTi;k represents the change in
hydraulic head at node point i due to a change in the transmissivity
at k+ 1/2.

Consiger a specific example of Eqs. (4.14) and_(4.15). Assume
QAx/% = 107, N =9, H =1, and Ty 1/2 = (k+1) x 10°. Figure 12 is
a plot of the head and Figure 13 is a plot of the absolute value of
various sensitivity coefficients. All sensitivity coefficients are
zero at node 10 where the head is specified. Since the magnitude of
the sensitivity coefficients is inversely proportional to the
transmissivity squared, the coefficients decrease dramatically as
the transmissivity increases from node 0 to node 9.

4.4 A Simple Two-Dimensional Model With Spatially Varying
Transmissivity

For a first look at two—~dimensional sensitivity coefficients we
use a simple two—~dimensional flow model shown in Figure l4. This
model has two zones for transmissivity and recharge. There are 25
node points with a node spacing of 500 in the y direction and 1000
in the x direction. Transmissivities of 1000 for zone one and 2000
for zone two are chosen. The recharge is .00625 and .003125 for
zones one and two, respectively. No units have been given since any
consistent set may be used.

The boundary conditions remain to be specified. Assume that
the flux is specified on the x = 0 boundary and that the head is
specified on the other three boundaries. Let the flux per unit

Head (h)—

Node Number

Fig. 12. Head and transmissivity for a simple one-dimensional
model.
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Fig. 13. Sensitivity coefficients for a simple one-~dimensional
model.

length (Q/%2) of the boundary at x = 0 be =50 units (out of the model
area). For simplicity, assume the flow is parallel to the x axis
and that the head at nodes 1 and 21 is 100. This allows the appro—-
priate head to be specified for all the other boundary nodes. The
values are shown in Table 1.
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§ iy 12 v 13 14 15
A x =1000
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o - 21 22 23 |24 e
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b,

X Zone forTl, Ry Zone for Ty, R,

Fig. 14. A simple two—dimensional model.



Table 1. Head values for boundary nodes.

Head Node Number
100 1, 21

146.9 2, 22

187.5 3, 23

205.5 4, 24

221.9 5, 10, 15, 20, 15

The sensitivity coefficients for the transmissivities in the
two zones are shown in Figures 15 and 16. Notice that the coeffi-
cients are zero on the head-specified boundaries. Of course, this
is required by Eq. (3.26). Also notice that the sensitivity coeffi-
cients have their largest magnitudes either in the middle of the
flow-specified boundary or in the middle of the model.

5. EFFECT OF BOUNDARY CONDITIONS ON SENSITIVITY COEFFICIENTS

Boundary conditions have an effect on the shape and magnitude
of the sensitivity coefficients. This is shown explicitly by Eqs.
(3.26) - (3.29). The examples in sections 4.3 and 4.4 were affected
by the boundary conditions chosen; however, in those sections,
alternate boundary conditions were not shown. The purpose of this
section is to compare sensitivity coefficients for various choices
of boundary conditions. The examples chosen will be closely related
to the examples of previous sections.
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Fig. 15. Sensitivity coefficient for transmissivity in zone ome.




Fig. 16. Sensitivity coefficient for transmissivity in zone two.

5.1 Finite Radial Confined Aquifer

The values of the parameters Q, T, and S for the finite radial
numerical model were chosen to be the same as those used in the
Theis equation of section 4.1. However, two additional parameters
are needed: the radius of the well and the radius of the outer
boundary. The radius of the well was taken as 1 foot; and an outer
boundary of 10,000 feet was used. The numerical results for Ur,
obtained by choosing a constant head boundary or a barrier boundary
at 10,000 feet, are shown in Figure 17 along with U; calculated from
the Thels equation. For times less than about 10 days, no differ-
ence exists in the three curves for r = 1 foot and for r = 1000
feet.

The constant head boundary at 10,000 feet produces a Up as
shown by the dot—-dash curves in Figure 17. The Theis infinite model
results are shown as a solid curve. For times greater than about 20
days, the water level is static owing to the constant head boundary,
and Ur obtains a constant value in time. The radial dependence of
Up at steady state is a straight line when it is plotted versus log
r and goes to zero at the outer boundary where the drawdown is zero.

Note that Up at steady state is positive for all r. This is to
be contrasted with the Uy shown in Figure 2 for the Theils equa-
tion. The fact that Up is positive is a direct consequence of the
fact that all the water being pumped is supplied by the constant
head boundary; no water is being supplied from storage. Increasing



or decreasing T results in a general raising or lowering, respec-
tively, of the hydraulic head at steady state. S

The numerical solution for Uy with a barrier boundary condition
at 10,000 feet is shown by the dashed curves in Figure 17. After
about 10 days, the cone of depression has reached the barrier boun-
dary and Up becomes constant in time. .

I#" Pigure 18 the radial dependence of Up (for a barrier boun-
dary) is shown for time considerably greater than 10 days, i.e., for
time such that Up 1s constant in time. Notice that Up 1is negative
for r greater than about 5500 feet. This is to be contrasted-with a
positive Uy for a constant head boundary. Because no water can flow
into the system with a barrier boundary, all water pumped must come
from storage. Thus, for two systems with differing T and the same
Q, the cones of depression must contain the same volume at any given
instant. The low T system will have a larger drawdown near the well
and a smaller drawdown far from the well, because the lower %
impedés the flow to the well. This explains why Up has both
negative and positive areas. A change in T will produce greater
drawdown in one area and less drawdown in another area.

Figure 19 compares Us calculated from the Theis equation (solid
curve) with Ug calculated numerically for a constant head boundary
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Fig. 17. Effect of the boundary Fig. 18. Radial dependence of
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All values of Ug plotted in
Figure 19 are positive, indicat-— Fig. 19. Effect of the boundary
ing that an increase or decrease at 10,000 ft on the time depen-
of S results in a general rais- dence of Ug [McElwee and Yukler
ing or lowering, respectively, (11)].
of the hydraulic head. Ug for
the barrier boundary condition
increases dramatically after a few days time, as is shown in Figure
19. Ug increases linearly with time after about 10 days. Numerical
results indicate that Ug is the same for all values of r after about
10 days. The linear increase of Ug with time is due to the fact
that the hydraulic head decreases uniformly with time after about 10
days. 1In short, the system becomes increasingly sensitive to S as
the barrier boundary exerts a greater influence on the drawdown.

To summarize, a number of effects have been observed due to
boundary conditions. Up becomes constant after some time and U
either goes to zero or increases linearly with time as the influence
of the boundary is felt. A great deal of similarity exists between
the leaky aquifer case of section 4.2 and the constant head boundary
results presented here. Uy becomes constant and Ug goes to zero in
both cases. On the other hand, Ug increases linearly with time for
the barrier boundary at long times. This points out that each
system has a characteristic behavior, and sensitivity analysis can
help understand that behavior.

5.2 Alternate Boundary Conditions For The One-~Dimensional Aquifer

In section 4.3, an analytical expression was derived for the
sensitivity with respect to transmissivity for a steady-state one-
dimensional model with spatially varying transmissivity and certain
boundary conditions. Those sensitivity coefficients were shown in



Figure 13. 1In this section, the same system will be used except for
differing boundary conditiomns. BT,

Consider a steady-state one~dimensional model with the head
specified at both boundaries.
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= H) at x ~(Sek)

=3
L[]
I

=

Hz at X = ,,‘(’.»,?;ng',‘ (5-2)

Eqs. (4.2) and (4.3) are still valid for this model. Integrating
Eq. (4.3) yields

1 -

[ +H,, (5.3)

h(x) = ¢ TRE"Y

x/R

where C 1s a constant to be determined from the boundary condition
at x = 0. Putting x = 0 in Eq. (5.3) results in the following
expression for C.

1

- (n - _dx'
C= (H-H,)/ of T(R") (3-4)

If T is constant, Eqs. (5.3) and (5.4) yield

H,-H

h(x) = (e

) x + H . (5.5)

Since Eq. (5.5) does not depend on the transmissivity,
- oh(x) _
UT(x) = 37 0. (5.6)

When the transmissivity is not constant, the sensitivity
coefficients can be obtained by applying the definition, Eq. (2.12),

L g
UpCixg) = [nGxy + (et /1) [ gy -

(5.7)



G(xo—x) is the Heaviside unit step function.

1 if xo ? X
O(x -x) = (5.8)
° 0 1f x < x

h(x) is given by Eqs. (5.3) and (5.4). Eq. (5.7) shows that
UT(x;xo) has both negative and positive areas. If we assume that
Hy?> h(x)> Hy, then UT(x;x ) negative for xo> x and positive for xo<
x. If T is constant UT(xg is zero, as was already known from Eq.
(5.6). Thus, the model becomes less sensitive to the value of T as
a constant value of T is approached.

The numerical solution for the above model with constant node
spacing (Ax) may be obtained as before by replacing the integrals in
Eqs. (5.3) and (5.4) with the appropriate summations.

(H, - H) N
hi=—-ﬁl—-—i— L T—1+H2 (5.9)
;T k=i ktl/2
oo kHL/2

The sensitivity coefficient Upjy.) can be obtained from Eq. (5.9) by
differentiation. ?

2 N 1 ]

U ——a
K1/2 020 Teri2

h —H2+(H2—H1)@(k-i)]/[T (5.10)

Tiz;k [ i

This equation is the discrete equivalent of Eq. (5.7). UTi;k repre-
sents the change in hydraulic head at node point i due to a change
in transmissivity at k+l/2. Eq. (5.10) can be writtem in slightly
different form.

N (hi— HZ) if k< 1

_ 2 1
v = /] ) ] (h,- H)) if k > &

] T (5.11)
Tizk k1/2 L T

This form shows that the sensitivity coefficients can be determined
from just two functions, T1/2 UTi;O and TN+1/2 UTi;N’ All other
sensitivity coefficients can be generated from these two. When k =
i, Tk+1/2 Upi.x switches from one curve to the other.

b4



As an example of Eq. (5.11), consider the3simple model of sec~
tion 4.3, i.e., N = 9, and Ty,,/9 = (ktl) x 10°. This time the head
will be specified at both ends. From Figure 12 _we can see that H; =
3593 and Hy = 1.0. Figure 20 shows a plot of T1/2 Upq.o and

2 2
T Uni.q; in addition, T Uns., 18 shown to illustrate the
9+1/2 “Ti;9 4+1/2 “Ti;4
crossover between the two curves. Notice that the sensitivity
coefficients are zero at both boundaries since head is specified
there. Uqi.q is everywhere positive while Uri.9 1is everywhere nega-
tive. All the other sensitivity coefficients have some negative and
some positive areas. These sensitivity coefficients are very
different from those shown in Figure 13; yet the only difference in
the models is that the head is specified at the left boundary in
this case.

5.3 Alternate Boundary Conditions For The Simple Two-Dimensional
Model

For the model defined in section 4.4 and Figure 14, it is
possible to specify different boundary conditions and observe the
effect on the sensitivity coefficients. First, let the boundaries
at y = 0 and y = 2000 be barrier boundaries instead of head-
specified boundaries. The resulting sensitivity coefficients are
shown in Figures 21 and 22. Notice that the sensitivity coef-
ficients no longer show a variation in the y direction. If, in
addition to the barrier boundaries at y = 0 and y = 2000, the flow-
specified boundary at x = 0 is changed to a head-specified boundary,
the resulting sensitivity coefficients are shown in Figures 23 and

800
600 -

1 1 L 1 1 L 1 1 1 J
0 1 2 3 4 5 6 7 8 9 10
Node Number (i)

Fig. 20. Sensitivity coefficients for the one-dimensional model
with head specified on both ends.
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Fig. 21. Sensitivity coefficient for transmissivity in zone one,
barrier boundaries at y = 0 and y = 2000.

24, It is very clear from these examples that the boundary con-
ditions exert a large influence on the sensitivity coefficients.
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Fig. 22. Sensgitivity coefficient for transmissivity in zone two,
barrier boundaries at y = 0 and y = 2000.



Sensitivity coefficient for transmissivity in zone one for
barrier boundaries at y = 0 and y = 2000 and head specified at x = 0

and x = 4000.

Fig. 23.

Sensitivity coefficient for transmissivity in zone two for

barrier boundaries at y = 0 and y = 2000 and head specified at x = 0

and x = 4000.

Fig. 24.



6. THE ROLE OF SENSITIVITY COEFFICIENTS IN PARAMETER ESTIMATION

The so-called "indirect” inverse procedures attempt to calcu-
late the "best” transmissivity and storativity by minimizing some
error functional [Cooley (3), Cooley (4), Neuman and Yakowitz (15),
and Neuman (16)]. 1In this case, the aquifer parameters which are
obtained by minimization do not exactly satisfy the direct equa-
tions. Rather, the best average solution is obtained over the his-
torical period of record. Suppose that initial estimates for T and
S can be made, and that h? is the head calculated from the model at
node point i and time step n. If all the aquifer parameters are
changed by some amount (ATk or ASk, k is the zone index), the new

*n
head hi is given by

M M
oD zl Ut AT, + zz Ut . as (6.1)
1 170 Tmisk Tk T Usizk Tk .

where M; is the number of T zones and M, is the number of § zones.
U%i'k represents the change in head at node i for time step n due to
a cﬁange in the transmissivity in zone k. A similar definition
applies for Ul .x*+ These are the sensitivity coefficients that have
been discussed at length in earlier sections.

6.1 Ordinary Least Squares

If he? is the experimentally measured head at node point i for
time step n, it would be desirable to choose ATk and AS; in such a
way as to minimize the difference between h* and he. The error
functional chosen to be minimized is the sum of the squared errors
over all node points and time steps.

E(AT,,AS,) = y g [heg - h:“]2 (6.2)
n

This error functional assumes that measurement accuracy and any
other source of error is the same for all points and times. (If
this is not true, a weighting function could be used. 1If a
weighting function other than one is used, we have generalized least
squares, which will be discussed briefly in the next section.)

A necessary condition for minimization of E(ATk, ASk) is that
the partial derivatives with respect to AT, or ASk be zero. We can
drop the subscript T and S on U%i,k and Ugi'k without ambiguity by
letting k go from one to M; + M, = p. 1In géneral, the number and
locations of the zones for T and S will be different.



n
U k €M
Un - Ti;k 1 (6.3)

ik n
Ugise Mp <k2> M

Ug, can now be considered as one element of the matrix U. Note
that, in general, U is not a square matrix. Similarly define a
parameter vector, P. Note, + indicates the transpose of a vector or
matrix.)

+
-P_ = [Tl’ Tz’ ose TMl’ Sl’ Sz’ eoe SMZ]

(6.4)

The minimization condition can now be written as [Beck and Arnold

(D]

W'mae = R (6.5)
or

AP = (UU) TR (6.6)

where AP is a vector of parameter changes required to minimize the
functional. One element of the vector R (R ) is given by

n

R =11 u‘i‘;k (he‘i‘- hy)- (6.7)

n i

Any standard matrix routine may now be used to solve Eq. (6.5) for
the parameter changes which will minimize the error functional.
Since it is a nonlinear problem (U depends on P), iteration until
convergence occurs 1s necessary; 1i.e., until AP approaches zero.

In order to perform a more detailed statistical analysis on the
parameter reliability, it is necessary to find the parameter covar-
iance matrix. For ordinary least squares and certain statistical
assumptions (additive, zero mean, uncorrelated and constant variance
errors), the parameter covariance is given by [Beck and Arnold (1)]

P = cov (&) » (L) Lo? (6.8)

where 02 is the head error variance. The estimated standard error
of the parameters is given by the square root of the diagonal



elements of the matrix P in Eq. (6.8).

Estimated Standard Error of P = Pkkllz (6.9)

1f o% the head error variance, is unknown, it can be approximated by
2, 2 *nq2
o“= §° =] ] [he] - b;"]%/(mp) (6.10)
ni

where m is the total number of observations 1in space and time and p
is the number of parameters to be estimated.

The approximate parameter correlation matrix, which shows the
degree of dependence among parameters, can be found from Eq. (6.8).
An element of the matrix has the form [Beck and Arnold (1)]

-1/2

Tike = Pk (Pyg Pr?

(6.11)

The diagonal elements are all unity. The off-diagonal elements are
between -1 and 1. As the magnitude of an off-diagonal element ap-
proaches one, it indicates a high correlation between parameters.
When this occurs, the two parameters are nearly dependent and it may
not be possible to estimate both.

6.2 Other Methods

One might possibly want to weight some measurements more than
others. Also some prior information may exist on the aquifer
parameters. In these cases, the function to be minimized would not
be given by Eq. (6.2) but by a more general function such as [Beck
and Arnold (1)]

E(AT,, 85,) = [he-h"]*W[he-n*] + [e-p_]*u[p-2_] (6.12)
where
[he- n*] = [(hej~ hl), =+e (nel- n}™) «oo ]. (6-13)

W is the weight matrix for head measurements, P_ is the vector of
prior estimates for the aquifer parameters, and V is the weight
matrix for the prior estimates. W is a symmetric square matrix
whose dimensions are equal to the total number of head measurements.
V is a symmetric square matrix with dimensions equal to the number
of prior estimates. By the proper choice of W and V one can perform
weighted least squares (WLS) estimation, maximum likelihood (ML)



estimation, or maximum a posteriori (MAP) estimation.

In this more general case, the extension of Eq. (6.6) becomes

a2 = [ g + v] 7 [g"uche - 1) + Y@ - B )] (6.14)

~

t{=]

2
2
I
I
érv

The parameter covariance matrix Eq. (6.8) must also be extended.

P = cov(p) = [Ufwy+y]™? (6.15)

~ ~ A~

The work presented here will deal only with the ordinary least
squares estimation procedure because the main purpose is to show how
sensitivity coefficients can be used to perform a model sensitivity
analysis. From this section we can see that sensitivity coeffi-
cients clearly play a central role in any common estimation tech-
nique. Therefore, the procedures discussed in this work for the
least squares case can be generalized for more sophisticated esti-
mation techniques.

7. USING SENSITIVITY COEFFICIENTS TO ESTIMATE CONFIDENCE INTERVALS
In the following sections we shall briefly indicate how confi-
dence intervals can be estimated for both the estimated parameters

and the calculated heads.

7.1 Confidence Intervals And Regions For Estimated Parameters

With the statistical assumptions %7xoked in section 6.1, it can
be shown that the quantity (P, - pk)/Pkk is described by a t(m—p)
distribution. P, 1s the parameter value estimated by least squares,
P 1s the correct value, Prk (the square of the estimated standard
error of P, ) is the diagonal element from Eq. (6.8%, and m—p is the
number of gegrees of freedom used in calculating s“ in Eq. (6.10).
The 100(1-a)% confidence interval is approximated by [Beck and
Arnold (1)]

8P, = + P]'/2

K kk tl-a/2 (®7P)- (7.1)

When o2 is estimated by sz, as in Eq. (6.10), the approximate
boundary of the 100(l-a)% confidence region is an hyperellipsoid
given by [Beck and Arnold (1)]

@ - o' vue -0 = (7.2a)



s2'y'yep = pSZFl_a(p,m-p)- (7.2b)

r2 has an F—distribgtion %th the two degrees of freedom p and mp,
if o is unknown. 1 _a(p) if o is known [Beck and Arnold (1),
page 294}.

7.2 Confidence Intervals for Calculated Head

For the least squares case, with the assumptions of section
6.1, the covariance matrix for the calculated heads (h ) is [Beck
and Arnold (1)]

cov(gc) =UPU (7.3)

~ A

where the U are the usual sensitivity matrices and P is the para-
meter covariance matrix from Eq. (6.8). The diagonal elements of
Eq. (7.3) give the variance of the calculated head. The square
root of these diagonal elements gives the estimated standard error
in calculated head.

8. MODEL DESIGN FOR MAXIMUM SENSITIVITY
In this section, a few general observations will be made
regarding model sensitivity. Some examples will be given to illu-

strate these principles.

8.1 Minimize The Estimated Errors Or Confidence Intervals

If the confidence intervals or the estimated standard errors
of the parameters can be made small, then the model has good
sensitivity. From Eqs. (6 ?) and (6.9), it is seen that the
diagonal elements of (U U) are critical in this regard. There-
fore, striving to maximize the model sensitivity is equivalent to
minimizing the diagonal elements of (U U) . The inverse of the
matrix is given by its adjoint divided by its determinant.

w'm = aa3w/|y'y| (8.1)

~

One approach to achieve maximum sensitivity is to try to increase
the determinant |U+U| [Beck and Arnold (1)]. However, the deter-
minant can be increased by a simple scaling of U+U which does noth-
ing for the accuracy. So one must be careful to Tncrease |U UI in
such a way that the accuracy actually increases.



From Eq. (8.1), U U clearly should not be singular
(lU U‘#O) This means that the sensitivity coefficients and the
parameters must be independent. For example, consider the case of
two parameters, T and S. The least squares matrix is

N 2 (UTi) 2 UTi st
W' = o, (8.2)
Z UTi at izn Ugs) |

i and n denote spatial and temporal measurement locations. If Up
and US happen to be dependent as in Eq. (2.27), showing that

|U UL 0 is not difficult. Clearly, none of the sensitivity
coefficients may be dependent. However, problems may arise when
two or more of the sensitivity coefficients are nearly dependent.
Sometimes this condition can be seen by plotting and comparing
sensitivity coefficients. Another way to examine dependence be-
tween sensitivity coefficients is to calculate the sensitivity
correlation matrix, an element of which has the form

sy, = @O /e, o' ) (8.3)

If any off-diagonal elements are in the range of .9 or greater,
significant correlation exists between those sensitivity coeffi-
clents, which may result in a smaller value for Igfg‘ and problems
in finding an accurate inverse.

After an inverse, (Q+H)_1, has been found, it is possible to
examine the dependence between the aquifer parameters by looking at
the elements of the parameter correlation matrix given by Eq.
(6.11). If any of the off-diagonal elements approach a value of 1,
a significant correlation exits between those two parameters. This
indicates that the two parameters are nearly dependent and should
not both be estimated.

Another indicator of the stability of the inverse [Eq. (6.5)]
is the condition number of U+U [Strang (17)]. The condition number
indicates how errors in R or U U are amplified in the final solu-
tion for AP. Ideally, if the condition number is one, no
amplification occurs. If the condition number is large, small
changes in R or U U might produce large changes in the solution
AP. One might suspect that as |U'U| approaches zero, the condi-
‘tion number would grow. Thus, the condition number should be an



indicator of the dependence or near dependence of sensitivity coef-
ficients or parameters. In the work that follows, the reciprocal
condition number will usually be examined rather than the condition
number. If the reciprocal condition number is near one, the matrix
is well conditioned and errors are not amplified. On the other
hand, if the reciprocal condition number is very small, the matrix
is ill-conditioned. If the reciprocal condition number is 10~

and k approaches the number of significant digits used by the
computer, the matrix is said to be nearly singular at that working
precision [Dongarra et al. (5)].

In many cases where the aquifer parameters vary considerably
in magnitude over the model, it is helpful for accuracy and con-
vergence to use normalized sensitivity coefficients (PUP) and solve
for relative changes in the parameters (AP/P). Egs. (6.3) to (6.7)
can be written for these changes with minor modifications. First,
define the normalized sensitivity coefficients as

o n
U Bk (8.4)

and the relative parameter changes as

' o=
APk APk/Pk. (8.5)

As in section 6.1, let % U'n. be one element of the matrix {'.
The normalized least squareS’equations can now be written as

(u'tyr)ae! = R (8.6)

~ ~

where one element of Bf is

RL = PkRk° (8.7)

As will be seen later, it is much easier visually to compare normal-
ized sensitivity coefficients and relative parameter changes.

Earlier sections have dealt with methods for determining sensi-
tivity coefficients. Several examples of sensitivity coefficients
have been given for various models. Clearly from that work, the
sensitivity functions may vary in magnitude considerably over space
and time. Obviously better sensitivity will result if the measure-
ment points in space and time, which go into the matrix U, are



chosen to primarily sample the regions where the sensitivity
coefficients have their largest values. On the other hand, if the
measurement points cannot be adjusted, clearly the estimated para-
meters will have greater uncertainty when using data from areas of
low sensitivity. As a simple example of this principle, consider
the sensitivity with respect to storativity for the leaky aquifer
shown in Figure 9. If we have a choice, larger sensitivities
clearly result when the observation well is closer to the pumped
well. For an observation well at 1000 feet, head measurements taken
before .0l day or after 1.0 day will contribute little to defining
the storativity parameter.

In dealing with the ground-water inverse problem, we work with
a set of head measurements. In many cases, more than one model
specification 1s consistent with this head data. Other geohydro-
logic information may further restrict the suite of possible models.
However, usually considerable latitude exists in specifying the
model. In this case one should choose the model that has the
greatest sensitivity to the aquifer parameters. In particular, con—
sider the effect of boundary conditions. From earlier discussion,
Eqs. (3.26) and (3.27), it was concluded that the sensitivity coef-
ficients go to zero at a specified head boundary. However, this is
not the case for a specified flow boundary. As an example of this,
consider the sensitivity coefficients shown in Figures 15 and 21.
Exactly the same head data is appropriate for both of these cases;
only the boundary conditions at y = 0 and y = 2,000 are different.
In Figure 15, y = 0 and y = 2,000 represent specified head boun-
daries, while in Figure 21 they are barrier boundaries. Clearly the
model in Figure 21 has the potential for greater semnsitivity. In
general, specified head boundaries, with their resultant zero-
sensitivity coefficients, result in smaller model sensitivity and
larger parameter uncertainty.

There is, of course, a limit on the number of parameters that
can be determined, which is the number of measurements made. As
discussed earlier, the uncertainty of each parameter is related to
the sensitivity of the model and the measurement errors. It makes
no sense to try to determine a given parameter if the model sensi-
tivity is very low. In practice, what is done many times is to
assume that a number of nodes have a common parameter value. This
collection of nodes is called a zone. It seems reasonable that the
total sensitivity for the zone would be the sum of the individual
nodal sensitivities. Actually, the preceeding statement is just the
discrete analog of Eq. (2.16), where the area of integration is just
the zone. From this discussion it seems reasonable that, through a
proper summation of nodes into zones, it might be possible to obtain
an acceptable level of sensitivity in each resulting zone.

If summing into zones occurs, the least squares Eq. (6.5) will
be modified. To see how, consider the case of three zones. The



least squares matrix is

[, , ..
U U,., U U, , U
% i;l % i;1 "i;2 % i;l "1;3
+ . 2 -
@y = § Ui;2 Uit g Uis2 L Vs5p Vg3 (8.8)
YU, . U LU, . U ) u? .
i i;3 "i;1 i i;3 "1i;2 i i;3

Suppose zones 1 and 2 are to be combined into a single zone. The
total sensitivity for the combined zone at node i is (Uj.

Ui;z)' If we sum tke first and second row and the first’and
second column in (U'U) we obtain

2 -
% (Ui;1+ Ui;Z) % (Ui;1+ Ui;Z)Ui;3
+
U g)s= (8.9)
_—
g Uy0* U4,200555 % Uiss y

Similarly, if all three zones are to be combined into a single
zone, the total sensitivity for the combined zone at node i is (U i1
+ Uy, % + Uy 3) By summing all the rows and columns in either

{

Eq. 8) or (8.9), we obtain
+ _ 2
Uy, = ) (Ui;1 Ut U1;3> . (8.10)

From the above discussion, it is clear that the least squares
equation (6.5) may be collapsed to any convenient number of zones
by summing the appropriate rows and columns of Q+Q and summing the
appropriate elements of AP and R. It seems that it might be pos-
sible to collapse the number of parameter zones and to adjust the
zone shapes with the above technique such that a minimum parameter
sensitivity or maximum parameter error is achieved. O0f course,
this procedure would have to be tempered by knowledge of the geohy-
drology. The zone formation would have to satisfy the joint goals
of increasing parameter sensitivity and being consistent with the
known hydrogeology.

8.2 Examples Of Methods For Maximizing Model Sensitivity

In the following sections various examples will be given which
illustrate techniques for increasing model sensitivity. The goal is



to increase model sensitivity until an acceptable level of error im
the estimated parameters is achieved.

8.2.1 The Theis aquifer

For the Theis equation, the sensitivity coefficients attain
their maximum magnitudes at infinite time and zero radius (Figures 2
and 3). Therefore, logically, observation wells should be located
very close to the pumping well and observed for very long times [Yeh
and Sun (20)]. Practically, there are some problems with this
approach. The transmissivity value obtained from the pumping test
is an average of the transmissivity in the region of the cone of
depression. Locating too close to the pumping well restricts the
region sampled. Also, perturbing influences may cause the drawdown
near the well to deviate from the assumed model (for example,
partial penetration and well construction). It is not possible to
continue a pumping test indefinitely; usually a maximum duration is
dictated by external influences (cost, manpower, equipment, etc.).
Therefore, having a way to terminate the pumping test when the
aquifer parameters had been determined accurately enough would be
desirable.

As discussed in the pre-
vious section, maximizing |U+U| L0
is one way to try and minimize
parameter uncertainty. Figure
25 is a plot of |U+U versus /
time for the Theils equation with
the same parameters as used ear- /
lier to generate Figures 2-5. /
The observation well distance /
(r) is 1,000 feet. Notice that, -2 /
as expected, U+U| continues to
increase with time. This was ex-
pected since U, continues to in-
crease with time (Figure 3) even
though Ug is approximately con- 10 ° |-
stant after about one day
(Figure 5). The non-smooth char-
acter of U+Ul at log cycle boun-
daries in Figure 25 is due to a 1074k Q - 32,000 /day
different time sample rate in T=3ﬂmf@m@
each log cycle of time (10 sam— S = . 00095
ples per log cycle). The dotted r = 1000 ft
line extension at 1 day is the 107 1 |
curve that would result if the .01 Lo 10.0 1000
same time sample interval (.l Time (days)
day) had been used on two suc-
cessive log cycles from .1 day Fig. 25. |U+U| versus time for
to 10 days. the Theis equation.
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The 95% confidence intervals for transmissivity (6T) and stor-
age (65), as defined by Eq. (7.1), are plotted versus time in Fig-
ure 26. The head data (he) has been rounded to the nearest .1 foot
and Eq. (6.10) has been used to estimate the head variance. The
accuracy of T continues to increase with time. However, the curve
for 88 is fairly flat after about 1 day. (The confidence interval
curves in Figure 26 are not monotonically decreasing because of
errors In estimating o, T, and S from the rounded data). These re-
sults might have been anticipated from the sensitivity coefficients
(Figures 3 and 5). At .3 day the 95% confidence interval expressed
as a percent of the parameter is 6.5% for 8§ and 21.5% for T. At 2
days it 1s 3.97Z for S and 3.7% for T. At 20 days it is 3.1%Z for §
and 1.3% for T. From these results the model is seen to be more
sensitive to S than to T at early times. However, as time
increases, the model becomes more sensitive to T than to S.

These results suggest that sensitivity analysis could deter-
mine the duration of a pumping test needed for a given accuracy of
the aquifer parameters (assuming that the Theis equation is a
reasonable model). This could be done two ways. In the office
before the pumping test, if one can estimate the accuracy of the
head data (o) and a range for T and S, then sensitivity analysis
could predict the maximum duration needed for the desired accuracy.
On the other hand, if a microcomputer can be taken to the field to
record and analyse the data in real time, then sensitivity analysis
would allow the computer to inform the supervisor of the current
estimation accuracy and to stop the test when the desired accuracy
had been reached. 1In this case, o, T, and S would be estimated
from the data as they are collected.

The results presented in this section have been for an observa-
tion well at 1,000 feet from the pumped well. However, the results
cQuld be used for any r value by simply scaling the time such that
r“/t remains constant. For example, at r = 100 feet, the accuracy
of 3.1%Z for S and 1.3% for T occurs at .2 days.

8.2.2 The leaky aquifer

The leaky sensitivity coefficients are somewhat different from
the Theis case (Figures 6-11). However, they still have their
maximum value for small r. The time dependence shows some new fea-
tures. There are three sensitivity coefficients with respect to the
three parameters: transmissivity, storage, and leakage. Remember
from Figure 9 that Ug has a maximum value at some time and then
decreases to zero as the time increases. The other two (UT and UL
from Figures 7 and 11) reach their maximum values and are constant
after some time. For data of a certain accuracy, one might expect
the accuracy of S to be constant after some time.



The 95% confidence intervals for the three parameters, as de-
fined by Eq. (7.1), are plotted versus time in Figure 27. However,
instead of plotting &P as for the Theis equation, 6P/P as a percent
has been plotted; this procedure gives a much better comparison of
relative sensitivities. The head data (he) has been rounded to the
nearest .1 foot and Eq. (6.10) has been used to estimate the head
variance. After about one day, the 95% confidence interval for S is
about 5.5%. The confidence intervals of T and L continue to de-
crease, but at a fairly slow rate after one day. This is to be
expected since |U+U| continues to increase slowly because U
and U; are nearly constant. At the end of 10 days, the confidence
intervals for S, T, and L are 5.5%, 12.5%, and 16.7%, respectively.
From Figure 27 we can see that the model is most sensitive to S and
least sensitive to L, with the sensitivity to T falling between
these two.

In the above discussion plotting SP/P rather than just 6P was
more convenlent. In the same way, it is easier to compare sen-—
sitivity coefficients if PUp is plotted rather than Up. The
position of the maximum and the areas of zero values or constant
values can be determined from either. For example, in Figure 9 the
drawdown data for times from .0l to 1.0 days clearly is the most
critical for determining the storage coefficient. However, to see
relative sensitivity at a glance, it is much better to look at PUp.

Comparing Figures 7 and 11, one might guess that a high cor-
relation exists between T and L since the sensitivity coefficients
look so similar. The correlation matrix, calculated from Eq. (6.l1l1)
for the data set of this section, bears this out. The correlation

105 _ - £1d
Q - 32,000 f/day 1000 L Q ;%;832: i %y
T = 3200 f*/day T-2a 001 fday
S - 00095 L =.0004 ft
104 r = 1000 ft S =002
100 r = 1000 ft
5S x 108 8
S
103 ol
102 1 1 1 | . -
.1 10 10.0 100, L g 10 10.0
Time (days) ' Time (days)
Fig. 26. 95% confidence inter- Fig. 27. 95%Z confidence inter-
vals for the Theis equation, vals for the leaky aquifer, data

data rounded to nearest .1 ft. rounded to nearest .1 ft.



ends, the reciprocal condition number is .320 x 1078, This indi-
cates that the matrix U'U 1s nearly singular in single precision
arithmetic on most computers. The estimated standard errors range
from .2 x 10° for T to .2 x 107 for Tg, . In other words, no
meaningful estimates can be made. From Eqs. (5.5) and 5.6), we know
the model is insensitive to T when T is constant. Eq. (5.10) and
Figure 20 indicate that the sensitivity coefficients are not zero if
T varies in space. The values of T vary by an order of magnitude
across this model; however, the results indicate very low sensi-
tivity. This is a direct result of the boundary conditions chosen.

The parameter correlation matrix calculated from Eq. (6.11) for
these two models is revealing. When Q is specified, the transmis-
sivities are only related to their nearest neighbors. The parameter
correlation matrix has the structure

1 _o5
-.5 1 -.5 0
P = .. . (8.11)
0 -.5 1 -.707
L --707 1 .

On the other hand, when the head is specified at both ends, all the
transmissivities are highly correlated. All the entries in the
parameter correlation matrix are nearly one (for example .9999). If
instead of solving the 10 x 10 matrix of U U for all AT's, the first
nine rows and columns of UTU are used, the system is much better
behaved. 1In this case, the estimated standard errors and the condi-
tion number are larger, but comparable to those found when Q is
specified. This amounts to requiring AT9+1/2 to be zero, indicating
the initial guess is known to be very good. The better results
should not be too surprising since a known T value would allow Q to
be specified. However, the parameter correlation matrix for the 9 x
9 case still shows significant correlation between several of the
T's (at the .8-.9 level). All of this points out the importance of
being able to specify Q in the model.

As discussed in section 8.1 resulting in Eq. (8.6), it may be
helpful to use normalized sensitivity coefficients (PUp) and solve
for relative changes in the parameters, AP/P. For the model with Q
specified at one end and head specified az the other, % reciprocal
condition number improved from .362 x 10 © to .161 x 10 © simply by
using the normalized version of the least squares equations. The
estimated standard errors and the parameter correlation matrix were
not significantly affected since the input head values were given
accurately enough already. However, the improved condition number
means that the effect of errors in head would not be amplified as



matrix element for T and L is -.995. This implies that it will be
difficult to obtain good estimates for both T and L with poorer
quality data. Figures 6 and 10 indicate that Up and Uy, differ
considerably in their radial dependences. This suggests that if
more observation well data at various radii is available, the
correlation between T and L would be reduced and better estimates
could be made. This has been verified by numerical experiment.
Adding observation wells at 100 feet and 500 feet reduces the
correlation between T and L to -.80. At the same time, the 95%
confidence intervals for S, T, and L reduce to 2.1%, .7%, and 2.3%,
respectively, at the end of one day of pumping.

As for the Theis case, one could make a decision before the
pumping test or in real time as to the duration needed for a given
parameter accuracy. Of course, one must be able to give a range of
aquifer parameters and data accuracy or estimate them in real time
to perform this kind of sensitivity analysis. This example has
pointed out that sampling in the spatial domain also affects the
sensitivity. Therefore, one can choose the configuration of obser-
vation wells and duration of the pumping test based on sensitivity
analysis to give the desired accuracy of the aquifer parameters.
All of this assumes the leaky model is an adequate representation
of the real world aquifer. In many cases, this may not be true.

8.2.3 One-dimensional steady-state model with spatially varying
transmissivity

In sections 4.3 and 5.2, analytical expressions for the sensi-
tivity coefficients were derived for two different sets of boundary
conditions for the simple model described by Eq. (4.2) and Figure
12. The sensitivity coefficients, for Q specified at one boundary
and head at the other, are shown in Figure 13. Some of the coeffi-
cients, for head specified at both boundaries, are shown in Figure
20. As remarked earlier, they are very different in character. At
this point, we would like to know if one formulation of the problem
is better than another for estimating the transmissivity distribu-
tion.

To make this judgement, we will look at three things: the
condition number of U+U, the estimated standard error, and the
parameter correlation matrix. When Q is specified, the reciprocal
condition number is .362 x 107" and the estimated standard error
in transmissivity (see Figure 29) increases smoothly from about 35
for Ty /9 to 2,500 for T9+1/2 (about 3.5% to 25%). The results
for the standard error were obtained from Eq. (6.9), assuming
o = .025, which roughly corresponds to the head data being accurate
to the nearest .l. As expected and predicted by Eq. (4.15), the
model is less sensitive in areas having a larger transmissivity.
However, the estimated errors seem reasonable and the inverse is
well defined. On the other hand, when the head is specified at both



much during the inverse process to find the AT's. This should be a
great advantage in a real-world situation.

At this point we would like to consider the structure of the
parameter variance for this model. From Eq. (4.15) and Figure 13,
we see that if Tk+1/2 is a constant for all k, then all the U
have the same nonzero region as in Figure 13, but they all have the
same amplitude. This leads to the following structure for vtu.

2
vy = (3]
LT

(8.12)
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To conserve space, the matrix is shown for only five transmissiv-
ities; the extension for any number is obvious. The inverse of
this matrix is

0 0 -1 2 -
6 0 0 -1

, |21 0 0 o0
2 1 2 -1 0 0

wry™ = [éix] {0 -1 2 -1 o (8.13)
1
1

Again, the extension to larger matrices is obvigus. We see that

the estimated standard error (E.S.E.) is /2 okTZ/QAx for all except
the last transmissivity and it simply has the 2 replaced by 1. This
is the basic structure of the variance due to the model.

The extension of Eq. (8.12) to the case where transmissivity
varies spatially is

- ;2 g2 g2 o2 ]
Ty /2 T2 T372 T1y2 Ts/2
2
+ _ skt | -2 -2 -4 2 -2
vy = 5 T32 Trj2 2372 2T/, Ts/o (8.14)
2 -2 2 -2 -4
| Ts/2 T1/2 2T5/9 T370 3Ts)y .

For simplicity a 3 x 3 matrix has been shown; the extension to any

size is apparent. Likewise, the inverse 1s the extension of Eq.
(8.13).
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We can see from the extension of Eq. (8.15) to an N x N matrix that

(8.16)

<
EoS-Eo Of Tk+1/2 = QAX 1 k =

.

2
AT /2 {/? 0<k <N
9 N

The factor out front is the contribution to the standard error due
to the transmissivity distribution; while the remaining factor is
due to the model structure. This shows very clearly that the error
will be greater in areas of large T since the model is less
sensitive there.

The parameter variance structure and standard error estimates
glven in the last paragraph are actually much more important than
might be supposed. The sensitivity coefficients along a streamline
in a two-dimensional model are given by [McElwee (14)]

_ Yy M2

L 2
k+1/2 T
U - k+l1/2 (8.17)

Tisk 0 otherwise

k»1i

where Qk+1/2 is the flux of water in the streamtube between nodes k
and k + 1, £k+1/2 is the streamline width at that point, and

Axy4q/9 is the node spacing between k and k + 1 along the
streamtube. We see that this 1is just a straightforward extension of
Eq. (4.15). Therefore, the estimated standard error of transmissiv-
ity determined along a streamline for a two-dimensional model is
just the extension of Eq. (8.16) with the subscript k+1/2 attached
to Q, Ax, and 1%.

As an example of how Eq. (7.2) is used to calculate a confi-
dence region, consider the 2 x 2 versions of Eqs. (8.12) and (8.13)

1 1
'y = c? } (8.18)
1 2



where ¢? =[] (8.19)
2T
2 -1
wpy™ =c? (8.20)
11

The estimated standard error is v2 o/C for T, and o/C for T,.
The matrix in Eq. (8.18) may be diagonalized by finding its eigen-
values and eigenvectors. The eigenvectors can be used to form a
transformation matrix that will diagonalize Eq. (8.18) and transform

to a new set of transmissivities, Ti and Té. The transformed least
squares matrix is

0

3-/5 (8.21)
=z

345
wtyy' =2 | 2
0

and the new transmissivities are

ATi = cos® AT1 + s5in® AT2 (8.22a)
ATi = - gin® AT1 + cos® ATZ’ (8.22b)
o = 58.30.

The above equations are those for a simple axis rotation of angle
©. The inverse of Eq. (8.21) is easily found to be

2
= 0 .3820 0
wtyyrt - 2 345 , |-c 2 (8.23)
0 - 0 2.6180{ .
3-Y5

The estimated standard error is .61800/C for T'1 and 1.61800/C
for T',.
2



The connection between the estimated standard errors in the
original and transformed systems is given by Eq. (7.2) with
£ = 1. This corresponds to the 39% confidence limit [Beck and
Arnold (1), page 294}. Eq. (7.2) defines an ellipse, the interior
of which is the confidence region. Figure 28 shows this confidence
region and its relationship to the original and transformed trans-—
missivities. In the figure, o/C has been set to one for conven-
ience. The equation of the ellipse (for ¢/C = 1) is

12 12
o))" (o1))

3820 T 36180 ! ° (8.24)

As mentioned in section 8.1, it is possible to sum nodes into
zones to achieve an improved or acceptable level of sensitivity for
the resulting number of parameters. For example, consider the
4 x 4 version of Eq. (8.12).

, |1 111
gy = [2x)°. (12 2 2 (8.25)
~RT L2 1 2 3 3
1 2 3 &4
Summing the third and fourth rows and columns results in
1 1 2
oo, =1 2 4 (8.26)
2 4 13| .
c2 is defined in Eq. (8.19). The inverse of this matrix is
2 -1 0
wot=c? |1 s 2y (8.27)
0o -2/5 1/5 | .

It can be seen from Eq. (8.27) that the sensitivity to the T in the
combined node zone has increased. From Eq. (8.2}1 the estimated
standard error for the combined node zone is o/(¥53 C); this is to be
compared to the original estimated standard errors of Y2 o/C for Ty
and ¢/C for T,- Assuming, of course, that it is acceptable to sum
these two T's, the estimated standard errors are improved by factors
of .45 and .32. This assumes 0 does not change much.

As an example of the effect of summing nodes into zones, the
simple model described by Eq. (4.2) and Figure 12 will be con-
sidered. The estimated standard error for ten zones has been dis-
cussed earlier and is shown in Figure 29 by the top curve. If pairs
of nodes are summed into zones, the resultant estimated standard
error for five zones is shown by the middle curve in Figure 29. 1In
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the extreme that five adjacent nodes are summed giving two zones,
the lower curve in Figure 29 indicates the estimated standard

error. Summing also improves the reciprocal condition number of the
resulting least squares matrix which is solved for the parameter
changes. 1In the ten-zone case the reciprocal condition number is
.0016, while it is .0054 for five zones and .12 for two zones.
Clearly, summing nodes into larger zones can be beneficial
mathematically; however, this reduces the resolution of the trans-
missivity distribution. The maximum acceptable size of the zones
would have to be determined from geohydrology considerations.

It should be noted that neither summing nor using the normal-
ized least squares Eq. (8.6) can significantly alter an earlier
conclusion: specifying the head as a boundary condition at both
ends of the model leads to severe instability in the inverse
process. Being able to specify Q or alternately one transmissivity
value along the model has a tremendous stabilizing influence on the

inverse process.



8.2.4 One-dimensional transient model with spatially varying
parameters

Figure 30 shows an idealized one-dimensional transient model
chosen to illustrate the use of sensitivity analysis. The model has
a constant head boundary on the right (at node 11) and a barrier
boundary on the left (between nodes O and 1). The model has a node
spacing of 1,000 feet. Therefore, it is 10,500 feet between boun—
daries. There are 10 equations (nodes 1 to 10) to be solved for the
10 unknown head values as a function of time. The transmissivity is
specified midway between node points (for example, T4/ occurs be-
tween nodes 1 and 2), while storativity is specified at the node
points. Therefore, 10 values of transmissivity and 10 values of
storativity are Eeeded to describe this model. Ty/o 18 52,000
gpd/ft (6,952 ft“/day) and the transmissivity increases by 2,000
gpd/ft (267 ft“/day) as the node number increases by one. Thus,
T10+1{2 is 70,000 gpd/ft (9,358 ftz/day). The storativity at
node (81) 1is .0050 and increases by .0005 as the node number
increases by ome. Thus, 8, 1is .0095.

The initial head distribution is assumed to be flat. The
aquifer is being pumped at a rate Q equal to 1,500 gal/day (200
ft°/day) per unit transverse length. The pumping represents a
line sink located at node 7, 4,000 feet away from the constant head
boundary. The model has a steady-state solution where all water
being pumped comes from the constant head boundary, and the head
distribution to the left of the well is flat and somewhat lower than
the original level.

The correct values for the transmissivity at the 10 inter-
mediate node points and for the storativity at the 10 node points
are shown in the second column of Table 2. These values, along
with the other model parameters discussed previously, were used to
generate hypothetical "field"” data for the hydraulic head as a
function of time. These values of hydraulic head (accurate to five
decimal places) were then used in an ordinary least squares inverse
initial estimate for transmissivity was 61,000 gpd/ft (8,155
ft2/day) and for storativity was
.00725.

Q- zoo1 £ lday

The transmissivity and stora-
tivity values calculated for early S
time by the inverse procedure are ' b
shown in the third column of Table
2. The early time calculations 0123456789101
were made using hydraulic heads Node Number (i)
for 10 time steps with the total
time slightly less than 2 days. Fig. 30. A simple one-dimen-
For these early times the draw- sional transient model [McElwee
down is less than 19 feet at the (13)].




line sink and is less than one foot farther than 3 node points away
from it. The values of calculated transmissivity and storativity
are within 20% of the actual values, but there is no clear evidence
that the inverse procedure has been successful in finding the
spatial trend of increasing T and S. At early time periods the
drawdown is small and the model is fairly insensitive to the
transmissivity and storativity. This insensitivity can be seen very
easily by examining the sensitivity coefficients or by calculating
the estimated standard error. Without a sensitivity analysis one
might have expected better answers, since the head is given so
accurately.

At middle times (column 4 of Table 2), when the drawdown is
substantial and hydraulic heads are changing fairly rapidly with
time, the greatest sensitivity and best inverse solution results.
The middle time inverse calculations were made using hydraulic heads
for 10 time steps between 2 days and 112 days. The system rapidly
approaches steady-state for times greater than 112 days. The larg-
est error in transmissivity is less than 7% and most values are very
close to the correct values. The storativity calculations have less
than 10% error and most are very close to the correct values. The
largest errors occur near node 1. The reason for this will be dis-
cussed later. These results were obtained using head data accu-
rate to 5 decimal places and a Gauss-Seidel Iterative (GSI) solution
to Eq. (6.5). Using this solution routine, it was not possible to
lower the error in aquifer parameters below 7—-10% near node 1.
However, additional work using a high—efficiency matrix package
(HEMP) direct solution technique showed that the error in T and S
could be made very small by using head data accurate to 5 decimal
places. However, the largest of the small errors (.001%) still
occurred near node 1. The reciprocal condition numbeg of the least
squares matrix for this middle time data is .33 x 107 °. This is
much smaller than one would like and indicates that doing the matrix
inversion in single precision arithmetic may lead to problems if not
done efficiently. Apparently this is why the HEMP solution could
achieve better accuracy. A plot of the estimated standard
error (SP/P) calculated by a sensitivity analysis is shown in Figure
31. Notice that the HEMP solution near node 1 is consistent with
Figure 31. However, the middle time errors in Table 2 near node 1
are much bigger than predicted by Figure 31, presumably caused by
the inefficiency of the GSI solution. ’

The last column in Table 2 shows the transmissivity calcula-
tions as the model approaches steady-state. The storativity
calculations have become unstable and cannot be made because of low
sensitivity. The late time inverse calculations have been made
using hydraulic heads from 5 time steps between 112 days and 850
days. The transmissivity calculations for the last 4 node points
are very good. However, the calculated transmissivities for the
first 6 node points are fairly bad. This can be explained by look-



ing at the sensitivity coefficients of the estimated standard
errors. The sensitivity at the last 4 nodes is about 3 or 4 orders
of magnitude greater than for the first 6 nodes. This lack of
sensitivity is because 3h/9x 1s practically zero for the first 6
node points for times greater than 112 days.

Table 2. Inverse Calculations Over Various Time Periods
(Head Data Accurate to 5 Decimal Places) [McElwee (13)]

Grid Correct Early Middle
Number Value Time Time Late Time

TRANSMISSIVITY (gpd/ft)

1+ 1/2 52,000 59,575 48,415 72,213
2 + 1/2 54,000 62,107 55,064 69,827
3+ 1/2 56,000 64,365 55,980 71,049
4+ 1/2 58,000 66,684 57,955 70,520
5+ 1/2 60,000 69,070 60,000 71,130
6 + 1/2 62,000 71,283 62,002 243,374
7 + 1/2 64,000 55,152 64,001 64,006
8 + 1/2 66,000 56,931 66,000 65,998
9 + 1/2 68,000 58,603 68,000 67,998
10 + 1/2 70,000 60,330 70,000 69,998
STORATIVITY
1 .0050 .0057 .004656 Unstable
2 .0055 .0063 .006037 Unstable
3 .0060 .0069 .005801 Unstable
4 .0065 .0075 .006491 Unstable
5 .0070 .0081 .007015 Unstable
6 .0075 .0086 .007501 Unstable
7 .0080 .0080 .007998 Unstable
8 .0085 .0073 .008501 Unstable
9 .0090 .0078 .009000 Unstable
10 .0095 .0080  .009500 Unstable

Notice that for the middle time calculations shown in Table 2,
the largest error in transmissivity occurs at node 1 and decreases
considerably at higher numbered nodes. This should mean that the
model is least sensitivity to T at node 1. A look at the sensitiv-
ity coefficients or the estimated standard should verify this. The
solid curves in Figure 31 represent the estimated standard errors
(6P/P) for the transmissivity and storativity at each node for o =
.25 x 1072 (values for other o's may be determined by the
appropriate factor). The largest errors in both T and S occur at
the lower numbered nodes. This is a little surprising because the
sensitivity coefficients for S do not have their lowest value at



node 1 but at node 10 [McElwee (13)] near the constant head
boundary. Also, notice that both solid curves in Figure 31 have
practically the same SP/P for node l. One might suspect that T, and
S, are not both independent parameters in this model. The element
in the parameter correlation matrix (6.11) corresponding to T; and
8; is .9917, which verifies the suspicion. Thus, the larger error
in § at the lower node numbers is due to a dependence between T and
S and not specifically due to low sensitivity values there.

The dashed curves in Figure 31 result when AT. is dropped from
the matrix equations (6.5). This means that T; is assumed known and
solve for 5;. Notice that the estimated standard error in S,
drops by almost an order of magnitude. The condition number of the
least squares matrix is also improved by a factor of about 6
when AT, is dropped from consideration. Eq. (2.27) suggests that
maybe tﬁe model is only sensitive to the ratio of Sl/Tl'

Taking values of T, and S,y from Table 2, we can see that

.005/52000 = .004656/48415. Thus, a basic nonuniqueness exists near
node 1. The sensitivity to transmissivity is low near node 1, which
causes substantial error in the calculation of T;. Since S; is
dependent upon Ty, there is substantial error in Sy also even though
the sensitivity coefficients for S, are not particularly low near
node 1.

8.2.5 Two-dimensional steady-state models

The simple two-dimensional model of section 4.4 is considered
here with various boundary conditions. There are three different
cases. Case 1 is defined in section 4.4 and the sensitivity coeffi-
cients are shown in Figures 15 and 16. The head is specified on
three sides and the sensitivity coefficients go to zero on these
boundaries. The flux is specified at x = 0. Cases 2 and 3 are
defined in section 5.3.

Case 2 changes the boundary condition at y = 0 and y = 2,000 to
a barrier boundary. These sensitivity coefficients are shown in
Figures 21 and 22. Notice that the coefficients do not go to zero
at y = 0 and y = 2,000. Since they are nonzero over a larger area
than case 1, one might expect the estimated standard error to be
smaller for case 2 than case 1. It cannot be seen from Figures 15,
16, 21, and 22 because the plotting routine normalizes the maximum
values; however, the sensitivity coefficients for case 2 are 3 to 4
times larger than those for case 1. This is another reason to
expect the estimated standard error for case 2 to be lower.

Case 3 1s defined with the same boundary conditions as case 2
except the head is specified at x = 0 instead of the flux. These
sensitivity coefficients are shown in Figures 23 and 24. They have
about the same maximum value as case 1. The sensitivity for zomne 1
is negative, while the sensitivity for zone 2 is positive. However,
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except for the sign, these two sensitivity coefficilents look very
much alike. This is born out by the parameter correlation matrix
whose off-diagonal element is .997. Therefore, the parameters T,
and T, are highly correlated, and we would expect to have trouble
estimating both simultaneously.

Figure 32 shows the estimated standard error for the transmis-
sivity in the two zones for o = .00025 (about three decimal place
accuracy) for all three cases discussed above. As we expected, case
2 has the lowest error and case 3 has the highest. Case 3 has lower
values of the sensitivity coefficients than case 2, and they appear
to be nearly dependent. Therefore, logically case 3 should have the
largest estimated standard error. Case 1 is somewhat intermediate,
the sensitivity coefficients are considerably lower than case 2, but
the parameters have a low correlation. With only two large zones,
the zero values of the sensitivity coefficients on three boundaries
for case 1 do not play a large role. However, if we had several
more zones, clearly any small zone near one of the head specified
boundaries would have a fairly large estimated standard error due to
the low sensitivity induced by the boundary conditionm.



The above examples illustrate several important points, but
they are not very realistic; therefore, we looked at the data and
model presented by Yakowitz and Duckstein (19) for a part of the
Tucson basin. The head and transmissivity maps are shown in Figures
33 and 34. The model area is shown by the smaller square in each
figure. Yakowitz and Duckstein have concluded that the model is not
very sensitive to the transmissivity and that the error for least
squares estimation of parameters should be quite high, even for only
nine zones. They do not give a detailed discussion of the boundary
conditions used in their model. However, it seems clear from one
sentence in their paper and the above results that they were using a
head-specified boundary condition all the way around the modeél.

From the earlier examples in this section and previous discussion in
this paper, we would expect this to be the most unstable case.

We have performed a sensitivity analysis for the data and model
presented by Yakowitz and Duckstein for various boundary conditions
and number of zones. For a large number of zones (8l1), we also find
the estimated standard error to be quite large for most boundary
conditions. However, noticable improvement occurs when some
boundary fluxes are specified. When the head is specified as a
boundary condition all the way around the model, the estimated
standard error is so large that no meaningful estimate can be made
at all. If the model is zoned into nine zones and some fluxes
specified on the boundaries, we find the estimated standard error
for the zones ranges from 9.3% to 100%. Once again, if head is
specified on all boundaries, no meaningful estimate can be made and
high correlation is observed between parameters. If 4 transmis-

Transmissivity contours ftzlday X 104

Water level contours, feet above sea level

Region for
case study II

Fig. 34. Transmissivity map for
the Yakowitz and Duckstein (19)

model.

Fig. 33. Head map for the
Yakowitz and Duckstein (19)

model.



sivity zones are used and some boundary fluxes are given, we find
the estimated standard error ranges from 4.3%Z to 16.9%. As before,
if the head is specified all the way around, the estimated error is
too large to make any meaningful estimate and the parameters show a
high correlation. In all this work, the value of o was estimated
from the data and was in the range of .8 to .9 feet.

This example from a real-world situation shows clearly the
advantages of using some of the techniques discussed in this paper
to make the parameter—estimation procedure better conditioned. 1In
paricular, boundary conditions are very important. The sensitivity
should be made as large as possible over a large extent of the
model. One must insure that the sensitivity coefficients and the
parameters are not dependent. Zonation by summing nodes can be used
to increase sensitivity.

9. SUMMARY AND CONCLUSIONS

This paper has given the definition of a sensitivity coeffi-
cient and shown how they may be used to perform a sensitivity analy-
sis. A first-order sensitivity formalism has been presented to
calculate the perturbed head due to a change in an aquifer para-
meter. We have discussed various methods of determining sensitivity
coefficients and examined the effect of boundary conditions.

Several examples of sensitivity coefficients have been given in some
detail for a variety of models and boundary conditions. We have
shown how the sensitivity coefficients enter the least squares para-
meter—estimation formalism and how confidence intervals and esti-
mated standard errors can be found. We have seen that sensitivity
coefficlents are an essential part of parameter—-estimation and that
an intelligent sensitivity analysis can lead to a more stable and
better conditioned inverse process.

Some general guidelines can be given for increasing the model
sensitivity, leading to more accurate parameter estimation. For
maximum sensitivity, the measurements of head should occur at loca-
tions and times where the sensitivity coefficients are near their
maximum values. Sensitivity coefficients are greatly influenced by
boundary conditions; therefore, the boundary conditions giving the
largest sensitivity, consistent with the data and known hydro-
geology, should be chosen. We have seen the importance of being
able to specify some fluxes for the model. Emsellem and de Marsily
(6) have commented on the importance of knowing some fluxes or
transmissivities in the groundwater inverse problem. This requires
fairly accurate knowledge of the slope of the hydraulic head and the
transmissivity at some locations. Judging from the improved sta-
bility and accuracy that can be obtained, our field methods should
be geared toward this goal. The sensitivity coefficients and the
parameters should be independent. This can be examined by looking
at plots of the sensitivity coefficients and by calculating the



sensitivity and parameter correlation matrices. Zoning by summing
nodal sensitivities can lead to improved model sensitivity; however,
that must be balanced with a loss of transmissivity resolution.
Using these guidelines, the goal 1s to select a model with maximum
(or at least a certain minimum) sensitivity to the aquifer para-
meters, based on a knowledge of sensitivity coefficients and their

properties.
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LIST OF SYMBOLS

Area of integration

Model boundary

Constant

Squared error function

Arbitrary function or statistical F distribution

Specified hydraulic head

Permeability of semiconfining bed

Leakage factor for leaky aquifer

Total number of grid spaces for 1-D model

Parameter vector

Parameter covariance matrix

Water flux for a model

Water flux per unit model area

Water flux per unit length of boundary

Maximum x value for 1-D model, region of interest for a
model, or right hand side of the least squares equation

Storage coefficient

Transmissivity



Sensitivity coefficient for transmissivity

U

Ug Sensitivity coefficient for storage coefficient

U Sensitivity matrix

g Normalized sensitivity matrix

v Weight matrix for prior estimates of parameters

W Weight matrix for head observations

£ Arbitrary function

h Hydraulic head

h* Perturbed hydraulic head

hy Experimentally measured head

22 Perpendicular direction in cross-sectional models

L 1-a Statistical & distribution

m' Thickness of semiconfining bed

P Number of parameters

r Radial distance from pumped well, or an F distribution in
Eq. (7.2a).

r Parameter correlation matrix

s Drawdown

t Time

tl-a/Z Statistical t distributiom

u,y Dummy variables of integration

Xy X Cartesian coordinate value or vector

] Related to confidence interval of statistical
distributions

T Model boundary

A Change in some quantity

Ah Change in head

AL Change in leakage factor

AP Vector of parameter changes

AS Change in storage coefficient

AT Change in transmissivity

Ax Grid spacing

aij Kronecker delta

GPk Confidence interval for parameter P,

6(x—xo) Delta function
e(x-xo) Heaviside function

Py 5P Correct value of P, or parameter vector
kL

o Variance of error in head

%H Normal derivative

i,j,k,&4 Node indices, used as subscripts

m Zone index, used as a subscript

n Time index, used as a superscript
! Used to denote normalized or transformed quantities
- Underline indicates a vector quantity
~ Underline indicates a matrix
Superscript indicating transpose of a vector or matrix
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