Marian Kemblowakl

This report presents a finite element solutxon and the cor‘aspondinq

i computer model ‘that simulates two-dimensional transient 9olute;traosport in.
flowing groundwater. The model is both general and flexlbla and can. be
aéélied oo a?ﬁidé*range of problem types. It computes changes in
concentration over timeooaused by the processes of convective ttahséoif,fh;f

'hydrodynamic dispersion and mixing (or dilution) ﬁtom fluld sourcas. -fhéiﬁ'
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model includes adsorption and radioactive decay phenomena. It is assumad that

S

gradients of fluid density, temperature,'and viscosity do not a!tect’the ,
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groundwater velocity distribution. This'assumptioﬁ?allowsnusféo'solﬁa%
separately groundwater £low and mass transport problems.

Finite #lement formulation of the mass transport equatimn ;éﬁdsito'afﬁet; y I

et b by e e e = 10

of intégral equations. This set of equations is solved aqsuﬁinq'thitdéofdet

s
i

: apptoximation of the dependent variable, concentratxon, over the elemcnts.~ g
‘The validity of the*computer model is established by comparing it; S R

numeucal results with existmg analytlcal solutions. The analysis of the

1n£luence of tlme step, Qgggritai Peclet number, and time 1nteqration

weighting factor upon the accuracy of numerical calculatlona is pmesentedw

“Ag a hypothetxcal exqule, we will present an analysis of;qroundwatar
contamlnation caused by leakage from a waste disposal SLt. situatcd above ‘a
 £xesh water aquifer.‘h’ | |
The report includes: a 1isting of the computet program, which is written

in FORTRAN 1V, and the users ‘manual,
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a This report describes and documedté a fxnite element solutlon ana |
cmmwrmalmruwuuMgummwtﬁmwshummﬂudm&fQmmiy!
flowing gtoundwater. The computer progtam solves the partlal dxffereukial
equation of mass transport. The purpose of thls simulatlon model 1s to'f
compute the concentration of a dissolvad chemical gpecies in’an aqgifer at;any :
specified piace,and time, Chanqes‘in‘chgmical concentféiion occut~§i£hin a
dynaﬁic grohndwater systém'primarily due to four prbcesses (Bear,u1972,f’
Konikov and,Bredehoeft, 1;38): 1) con&ecti#e tranépcrt; in which’diséblﬁed
chémiéals are'moving witﬁjghe fiowing groundwater; 2) hydrodynamic dispersion,
in which small-scale variations in tﬁe groundwater vélocity and-diffusiohx

cause the paths of dissolvad spec1es to spread from the average dtrection of

groundwater flow; 3) fluid sources and sinks, where water of one concentratxon.»

‘is 1ntroduced into water of different concentratlon, or is withdrawn; and 4)

chemical reactions, in which some amount of a dissolved chemical species may

N
/

be \édded to or removed from the ground;:ater due té“bhémic‘al and physical
reaétibns in the water or betwéen the water and the sdlid aquifer $ateri§is.
The possible reactions‘ggsuhed'ih this model are equilibrium adsorption,
first-order irreversible kinetic adsorption and radidactivé decay. The model
also’includes the présence'of a Sink4§ouréé term.

It is assumed that changeé in cohcgntrationJaq'not affect fiuid density'
and,viséosigy. This»aééumption allows us to solve segaratél; theyg?oundw;ter
flow and p;s; transport equatioﬁs. |

The modei may be apélied'tb a Qide variety of practical problems.“Tﬁa

computer program is offered asva basic working tool that may have*to be

modified by the user for efficient application to specific field problems.




The program is written ih:FORTRAN v and ié:c§mpatib1e with ﬁbét;hiqﬁe

speed computers. Thexdata requirements, input format specificatiodsf1program;1”w

‘options and output formats are all structuted in a general manner that should 

be readxly adaptable to many field problens,
This report 1ncludes a detalled description of the fimite element
solution of‘the mass transport equation, ~The reng: is assumed tO'have

moderate.familiarity with groundwater pollution and ﬁinité;elementymethod.

HATHEHAIICAL MODEL FOR DISPBRSION IN GROUNDWATER

In this study ‘the movément of a solute through saturated porous media is

considered, This soluteiwill be referred to as "tracer." The symbol c will

‘be used to denote the concentration of the tracer

. mass of solute o -3
= Volume of solution (ML 7] (1)

BASIC ASSUMPTIONS
rFickian LaQ:

It is assumed that;;acroscopic dispersion is a Fickién ptocgsé;ftﬁét is,
theré‘is a linear rglatienship between maéroscqpicldispersiée fiug~anq thg
product of the mean concentration gradienf‘and mean velocity of ;ﬁe fluid
(Fried, 1975). Tﬁe dispersive flux is defined to be the total mass
flux (E:Z) less the mean convective Fflux (E;E) . In termg of expecﬁéﬁions

(indieatad”by overbar),

qic' =qc 'E'E ' i1 =1,2,3 f" (2) 

where q; is the specific discharge and c is concentration, Uﬂédtna 49 ;)
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magnitude of the specific discharge vector. The dispersion coefficient. tensor

is related to %, by D, = |“|\aij' where |u| = |a|/n, |u] is the magnitude of

the pore water velocity and n is the effective porosity. 1In the diraction of

groundwater flow the longi;udinal (D, ) and transverse ?DT) dispétsion

coefficients are given by (Bear, 1972; Prigd, 1975):

DL = GLIuI ‘ {4a)

D, = “T'ul ’ , "(4b);

where “L and “T = longitudinal and transverse dispersivity, respectively.

In global coordinates sy the components of the dispersion coetficient
v ¢ ; 7 B .

tensor may be written as:

o 2 : o ) | ’ |
De = S/ lul + 2/l | A . (sa)
= 2 2 ‘, ’

= & a

Dyy Luy/lu] + Tux/lul | ‘ ’v (5»)
ny = Dyx = (% - ) uqu/lu' v ‘ v , (Sc)

where “x’”“y are the components of the pore water velocity vector..

3 is the effective or macroscopic dispersivity tensor, and |q| is the .
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Separation of Groundwattt Flow and Mass Ttansport Equatlons°*"). JN

)

1 Sy

It is assumed that variatlon of concentration dces not %ffect the

viscosity and density of a fluid. This assumption allows the separatlon of

the groundwater flow and mass transport equations.r

Presence qtrhdso:ption:
There are two models of adsorption used in thiélstudyw A common

equilibrium model is given by (Cameron and Klute, 1977)

S = kc o {6)

31.

where k is an empirical equilibrium constant [M~ L 8. is the adsorbed phase

concentration in units of méss of adsorbed chemical‘pgt mass of goli& média
1. | |
If the local equilibrium assumption is noﬁ considered valid, a kinétic
mode of the reaction is required.- In general, the k;netic relationship may be
of any ordet, reversible or irreversible of sxnglﬁ or multiple reaction, wIn
this study the first—order irreversible kinetic model has been used. This{'

[2 %]
model may be wrlttenA5Camercn and Klute, 1977)

3 ake o o

‘where K, is the adsorption rate constant (M~L3r™)




_ Presence ot Radioactive Decax:

If a tracer undergacs radloactive decay, the retultxng change in tracer
: Ay _
concentrat;on may be expressed by (Ven Genuchten, 1981)- EE ?cf:‘ %" g; <fi:*
! - v it e S P N (8)
where A is the decay constant [T™'].
This equation may be integrated with the limits chosen as the time

necessary for the initial concentration to decrease by_oheéhalf.

C /2 t
o 1/2 : :
[ Sy [ at ' B )
. C

whcte Co = initial’concéntration [ML‘3]
t1/2 = half life of species [T]

The equation is integrated and solved for ) to oﬁtain..

B L g3 52 o

e 1/2

. 8Sinks and Sources:

In the mass transport equatlon, there‘are a variehy of sink and source
terms that may be considered. ‘The most coamon ones are inputs and outputs in
the system caused by wells or leakage through the aquiter.7 Concentration
changes caused by the convective flow. of solute in or out of an aquifer can
occur through wells or areas normal to the flow. field. The term representing

the effect of :acharge isJKGrove, 1977{%&»1‘4%
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where: c¢' = concentration of the fluid recharging’ the system IML }

z
U

recharge rate, the volume flux per unit area,[LT 11
b = saturated thickness of the aquifer (L]

effective porosity [Lol

od {» B
The term representing pumping wells is given by (Btedehoeft and Pxndet,

1972) *

m . : .
o] ) . Ko - .
z‘fkc = -;‘-5 1#1 Qi(xi,yi) &x - yi) ﬁ(y | yi) ' “ (12’) A

; where,Qi = pﬂmplng rate (L T 1]

o
]

dirac delta functlon, which assures values for the term only
at‘nodalipoints where wells are p:esent

‘number of wells : DEAE

3
1]

B
#

discharge const;nt, defined by eq.zlzdtT'1]
Lgur M(\L)J«Jat L (W) 7

THE GOVERNING MASS TRANSPORT ,EQUATio&

i-_The ad§ect1ve-disperéiqn may be pbtéined by combining the conaetv@t;on of
mass equéﬁibn\for ; tracer‘gpd Fickian lqﬁ, The partial diffeténtial Qqh#;ioa
describing twa‘dimgnsional;trﬁnsient massfgtans§6rt is given‘by {Van

i ‘ éenuchten, 1981)

-§x— (nD ac‘ qic) - -5- (nc+ﬂS) = mc + - BOS-Yn + nﬁbc (13)'”
3 . MQQ ﬁ/ //2#/ .
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Qhe:e ¢ = tracer cohcentrétion'tup;;]i

S = adsorbed cOncentfation 4%

n = effective poroéity (L9
Di§*= diapefsion coefficient‘tensor [LzT'1]
q; = specific dischargéivectot‘[LT'1]

p = porous medium bulk densxty tML” -3

£
™
1

liquid and soil, respectively [T~ 1l

Y = zeto~9rder liquid-phase source,term‘[ML’BT"],Aia&

 ?7;; ()

amir——r

=.first order rate constants for decay, assoc1ated wlth"A

Substitution of the equilibrium adsorption model (eq. 6) ihfo;eq. 13

gives:

2 b, X e 2ze)
- Dy s - WS e
i i .

e - Y + Zz:f

"~ where the retardation facﬁor R is defined by:

R= 1+ pk/n [-}

g
.

and where thé generalfdecay constant'u is given by:

U= af#.Bpk/n . Lo ST (e

o peB

(14)

?

(15)

{16)

Substitution of the first-order irreversible kinematic model of

adgorption {eq. 7) into eq. 13, without presence of radioactive decay, gives

m?
: ' ot o
) ac 3¢ &)
LEAEt I o R DA M

i 3 (;=1

(17)
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In the global system of coordlnates »y ‘the mass transport equation(oay he

where: M

; r , v ‘
j written as: = ‘ ' ' | : J:"J' V ; a :,"fi *
{ 8 3¢ ~8c 9 3 +D 2 . -
% Pxxax T Pxy oy T % oy Pyy oyt Pux ax;,i‘iuy&) )
3(Re) ‘ “ g ' :
—— = - . 18

Coeides

Assuming that the veloc1ty vectot ts—ee&ne&dont w1th the x-axis, the
/' .
qlmplifled form of tﬁé/eq. 18 may be written:

S

3_ (o

L] 3
X L

- 3(Re)
vl c) + = (DT

) .-suc-y+znc_ j (19) v

3y ay ot

Initial and Boundary Conditions:

In order to solve eq. 18 initial ahd boundary cohdition5<HSVQ‘tofbev
specified for the domain of the pfoblem. Theyinit{ol conSitioos.aoe‘to be
glven by the dxstribution of the tracer concentration co(x,y) for initial time
tye There are two types~of boundary conditions used in thxs study~ 1) y*
constant concentratxon, when the concentration on ‘the: boundary xs given; and

2) no~-flow boundary, when no tracer flows through the boundagy.ZEQ(,
j‘(,i;w) F s {’ /g*t///\'*f{’["" (,(4‘\ éq ‘4 ‘C’CI‘(C E T -/'_ /LL" AR

TZ&:wl /././“'plw'.‘:—;‘ D/")

" DEVELOPMENT OF FINITE ELEMENT SOLUTION

In thls development the Galerkin procedure and isoparametric elements
45have been used to formulate the finite element solutxon of the mass transport
“equation. The Galerkin method is an old numerical technique; classically uSod
to solve differential equations not amenable to anaiyticél teooniqaesé Recent

advances in coméuting'techniques have popularized this'method,by coupling it

e e s ot o e o

b




i
i

with the finite element technlque.. The principle oE the Einite elenent method o

o

is to approximate the unknown function by a set of functions discretized in
space but continuous in time. This set of approximatinq functions is given by
time dependent coefficiente and basis functions that are only space o
dependent. The basis functions are to be continuous and pieceuise :
continuously differentiable Ln the domain of the region. Thus the
approximation of the unknown function is given by (Zienkiewic:Zp 1971)

2 U V}SLW‘(MA‘ llOJ{/)/\/{ﬁM[t/v Cx Q_ 7
FHeyxry) = 1 I ocle) Ni(x,y) . | - (20)

1#.1 ,
whare: ¢;(t) = values of'enproximating function at nedal points

’eNi(x,Y) =‘the’basis functions of nodal points
mia number of noéal points
The‘ﬂifferentiai equation.of the dependent.yarigble c(x,y;t)‘may be

: | L)
represented by cggfdifferential opetatorf such that

Lic(x,y,t)) = 0 v 4 " Ce o (21)

‘,heeeaL-is‘ﬂrff 'ential;opgeator “
The Galerkin method uses the concept of a residual, Res,  in ltsv,
development (Zienkiewicz, 1971). This residual is formed by substituting into

the differential operatot the previously described approximation for the

dependent variable. Thus

. * m ’ .
Lic(x,y,t)] = Lfs(x,y,tll Ll I c (t) N (x,y)] = Res’ ©(22)
. ) i=1 .

10
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The residﬁalivanishes'in;théxéﬁtire.dbﬁaid‘;E inté;ési‘ot is ié;;tiéaili equalﬁnh
to zero for a true solution to the equation.' in general, the ttue solution

will not result and4£éhldual will not be equal to ze:o. . The Galerkln method'
approach is to make the resxdual orthogonal to each of m weighting functians §

i
fusﬁdA=af%&mmﬂ]mdA=o"ﬁ“ S (23)
A A F : ST

for i = 1,2, vaeym

. Galetkln chose these wexghting functxans identlcal to the basis functions uqed

~in the orxginal approxlmatxon and - set this weighted average equal to 7ero.

The wezghted average of the residuals can be defined and set equal to. zero as

follows {Grove, 1977).

f Res Ni aa

A = 0 H ) i= 1,2' ;ou,', m (24)
[naa | | ' :
or
[LExy, N N (x,y) @A =0  ,  i=12 ..,m (25

A

Thus, we have m unknown valuesSst coefficientaci)quu&ha system of m

equations. By solving this system of equations,'oﬁe'één calculate the va;ues

of. the coefficients cy

GALERKIN-FINITE ELEMENT ‘SOLUTION OF MASS TRANSPORT EQUATION

The differential opetator{foépg;ss ttéhsport ééh&fion is given by (eq.

18):



e bR § TR P ey 7 = S

" of the eq. 28 gives

| 3 - 23 R TR %
L{etx,y t)] = 33 (D, '5%"' xy T’ e c) tay P 73' yx Tx 7 %) :

3(Re)
-2

2nc+Y=o | 0&(26)

lléﬁfL C A4311LL CL»O. ,a4V.Az,€ ' & | -
[4 we _alyd] %’ ZC Ny Om o a//aM’fe.n’

Substltu ing thlS equation to eq. 25 we obtain
2 e B Dol e g L de, B B
I{f N5 o, 7D + 75 @, Y:‘?;)] dxdy + I{I N[5 (0, 32 * 35 ,(py.& 3-;)] dxdy

3 o 3 | - o !
- {f N1L3¥ (uxC) +'5; (uyc)‘+ T (Rc) +_2nic + Ho = Y]»dxdy = 0 (27)

for i = 1,2..; 0

‘This integral equation contains second order derivatives, and requires

" continuity of the first differentials at all interface regions (boundaries of

the elementsj to avoid infinities in the second différentials. If we want to

avoid this restriction, Green's theorem. may ‘be ‘used. :It is giVén‘byfgf o :
)’i"m/{/l//l‘ﬂ... Prs. } , -, R IM-Q»Q
< 3y NN & T =
(o W 3 | |
I 73‘;“"52’ axay = - I (13« o 5 anay
an /

+ é (001, + Q01,) as ‘ (28)

in which 1*} 1y ara the direction cosipes of the outward normal to the

boundary S and the x or y direqtion,,respectively.- Ihtegral S is taken over

the whole boundary of the region.

yy i

, . . e dc o 9 v
Substituting ¢ = pxx“i' =D N,, ? ax?,Q 3y into the fitst_i@teqral

.

4//61/\/) 41‘(///‘*13-":(/-»7 N &‘L@/ﬂ D i M'/(/e %V;ZCMVL‘)
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e  : _‘_\ t,\:ﬂ:
D Yo
H"ivx-a-,zw,,,—,z S i a1

au . N

' . i , 3¢ |
- if_(u ~§;—-§—-+ Dyy ay ay) dxdy + [ Nl(Dxx 3x 1 +D oy ay ly) dq
| o (29)
: . , ) e o
Substituling ¢ =0 =D_N, (D =D - see eq. 5), Z>;5 ant Aéﬁ?wyitz:z‘ :
, xy i xy  yx ST |

Yy = 22- Q = E—-into eq. 28 glves

: v 9D
e 3¢ Xy i ac gz dc
ff Ni( Xy 9xdy ny Bxa; ax ay ~—J dxdy =

ide R 1 ' dc | ‘351“
- ff [D‘ ff—'—— +D "”‘"‘J‘dxdy + I‘Ni (ny 5; lx f DXY 5;';y) as

(30)

The left sides of eqs. 29 and 30 are equxvalent to the first two inteqrals in

; - l’(f/ )é.;?
eq. 27/ 80 we can substitute the riqht hand sides of. eqs. 29 and 30 for theqe

two integrals. ‘Notice that the right hand sides of eqs. 29 and 30 do not have

the second dxfferentials. |
It is of interest to remark that the sum of the boundary integrals of

equations 29 and 30 has a certain physical meaning. 1t represants in Eact a

wexghted boundary 1ntegra1 of the dispersive flux. The boundary conditions'

3somet1mes specify this rather than the actual dlstributxon oE concentratlonr

I In the latter case the boundary integration is mot performed, since the

concentration on the boundary is given, andfthe;valué of each of the N, basis
functiqns of the interior nodes is equal to zero on the boundary. ;n.}he
former case the values of the boundary integrals are p&escribed by the‘given

dispersive flux and included in the system of equéiioﬁs.as A'known'Valueg
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For convanience in

: : Substituting,r/: dependent' varia,ble c(x,y,t) o i.ts o1

where:




- S

e e AR ety N, P

aN, N, aN, -aN aN, 3N, N, ON
h,®=f/[p. —+=L+pD e e +b_ J 1
ij A XX 3x 9x yy 9y 3y Xy ‘9x 9y 9y &
. , ,
N N, du_  du_ a
+ N (0 5+ U 5y ) + 1Nj(3;- + 5y ),f uﬂigj] axdy (33e)
X o
hy, = z{f N ny dxdy = Q/nb R A
e lv . ) r"‘ : N
mij = {f R NiNj dxdy R (33q)
. ,
e ‘ ' '
b~ = ;{[ Y N, dxdy s - {33n)
. ;

in which the summation Ze is performed over all the elements, and the -

- ‘integrals are calculated for each element. In'theseSEQuations it has bheen

assumed that R, § and Yy do not vary over an element. In the numerical,

- calculations it has,begn;also assumed that the pore water velocity'combdnents

are represented in the same manner as the function c . . ot

L ='k§i u . N (xy) L . Ea ; (34a)
uy = k§1 qu Nk(x,y) | | : (34b)

Thus, the components of the dispersion coefficient are given at any point by:

15



D, = °£7a:/|u| + ﬂg'u;/luli |

b= ullul + o ol/fu|
ﬂ,w

"',’Dw ﬂ/y (322//“7/

ny"’»:Dyx = (&, -9 u u/ful W’laof,?»' & :
A e - Bl
where: lul = (u + 2 S N
Pl x "_ - e ., t-dy
. a} . ‘ ‘

used. - |
Ma—e. ¢ M&Fﬁ%’\
(36a)
. A T
I L P LT ) L TR ) L  (36p)

B § N”‘—\/ . '
. , A : ‘ ‘
in which {c}t+ t is the vector”Sf/Ehe values of concentration at the nodes at

the time t+8¢, and ¥/ is the weighting coefficient, which is equal to 1 0 for
strictly 1mplicit scheme and to 0.0 for explicit scheme. Zﬁbua Chzka‘* L(“‘24*“/
The fxnal set of equations which includes Dirichlet type boundary

conditxans is given by

[H*) ‘{cun}t"'At = {Bt} : . {(37)

16
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where: “{cu“}?*A‘ = concentration at the active nudes (whete the valne of |

cqncehtration is unknown) at gpé/z;me t+it; thﬁ subscript un refers to unknown

values.

ifH;j % L Hij + Mij/Atr‘ for Qgtivé,"°§§8 i'j.; ' g (38a)

¥

Bi. i Bi + Bi v (38b)

B, = I [(y~-1 .ct (38
B > (-1 Byt Mij/at] J | . 3( )

for acti#é'nodés‘i,jfl

i 1 B t+At t ] /I ./ {\ A= .
B =2 i‘Hik("k + o) [ ” / (384)
s (r;, .

~ for active node i and passive (knowq

. value of c) node k -

BRI ) . - R

Eq. 37 forns a system of 1ineaf equations whose solution is the vector of the

values of concentration at the actlve nodes at time t+At._ This solution»is ‘

the initial condxtion;for the ‘next time step.
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Figure 1. Cubic element in local system of coordinates.
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Figure 2. Cubic element in global of cobrdinites.
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NUMERICAL RESULYTS FOR SIMULATION OF MASS TRA&SPORT‘
In this section the results of numerical s'in'\ulat'i,on of some diépe_,irs'i.on
problems are presented and compared with analytical solutioné. The effects

upon accuracy of the weighting factor ¥, time step At and numerical Peclet [, M%@

number P, are discussed. ‘ ' o o W
ese: ~ T Pedlrands?

LONGITUDINAL TRANSIENT DISPERSON WITH THE STEP-INPUT FUNCTION o =
In homogeneous and isotropic porous media £ ) one~dimensional ;dyispersion‘

without adsorption, radioactive "decay or source is described by t_hé equahion

) dc de¢  de : R
 PL ) " YA T e | R (49)

For initial and boundary conditions given by

clo,t) =Cy3 ~ t>0 L (41a)
c(x,0) = 0; x>0 (41b)

e '
cl@,t) =0;  t>0 | ‘ (ate)

Equatiéus 40 and 41 describe hydroaynamic dispetsion in a semi-infinite

" column (x > 0) with a source of tracer with concentration Co, maintained at x

= i ' ‘ walla . o L
0 at time t > 0. The flow of a solutant is maintained at a constant velocity

,d, and initially (t = 0) the concentration: in the column is equal to zero.

The analytical solution of this problem is given by (Fried, 1975)

22
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Figure 3. Finite element network for one-dimensional mass transport.
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P % ¥ ..
DLf;;;H- Ll el Raz= e - Y

and initialyand_b§unda;yxcopdlt%§;s
;)c(xééifs c
’ c('o't)f]" C t>0
—gi-r(,e-‘:,";) =0

The analytical solution for this case is as follows:

‘c(x,t) = (¢, - v/u) Hix,t) + M(x,t)

where w#
Hix, £) 'i?l exp[("zSﬁ':"x] "“[“B":?'f‘/'é
L ~2(DLRt)
Mix,t) = (- c;) exp(- %) {%érfc[ﬁ;ﬁf—ﬁ]
+ 5 exp (3“1‘;) erfc [—2-‘(‘-3;:;—;)—“,‘375— }+ L

Sy exo(o MEy
+ (Ci u)'exp( R )

22
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(48a)

(48b)

(480

(49)

(50)
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where erfc(z) is a complementary error function,'erfc(z) =1 - erf(z).‘ The

second term in eq. 41 may be neglected in most cases. e W 42

The numerical sxmulatxon of this problem has been done in order to

. \
investlgate the accuracy of the numer1ca1 solution dependlng on some numerical
parameters. These paramsters are:, 1) Peclet number Pe' 2) Lourant number C
3) w%ighting factor ¥, ‘The numerical Peclet*numbe:ais qxven by

P (43)

e

ﬂ;;, )

Y\V@* NCW;,) : - L .
i where Ax is the q&;tance between nodes. This number déséribes the proportion
. st T e

between advective and dlsperslve terms in numerical simuiation (i.e., the
‘larger P e’ the larger the influence of the advectlve term).

The Coutant number is given by

o
had

The value of" €ourant number is equal to the part of the dlstance Ax which is

covered by a solutant in one time step At.
The weightlng ﬁactor L ] 1s descrlbed in an earlxet sectxon. For a’certain

tlme t o+, Ot it represents the proportion between the concentratlons at the

: txme tand t +;At, whose welghted'average is assumed'to be representa:ive for’

the time between t and t + 8t. This weighted ayet&ge ié given by 9

23
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\‘;and long computer time, which 15 at some point neither possxble nor

’{G}t't+At = w{C}t+At + (1-y¢) {c}tjf - (45)

The finite element grid for numerxcal 31mu1ation is shown in Figure 3. The

W&(ﬂ MM
distance between nodee,Ax;}s 1. 0, and the pore water VBlOCltY isA} 0.- The

‘values of numerical parameters which have;been‘used are: P : 10; 100; w C,

e
06255 0e57 1.0; 2.0; ¢ = 0.,25; 0.5; 0.75; 140, Thebreeults of numeticel simu~
~1ation are shown in Figures 4-12,

Analysis of the result shows that the best accuracy is obtained when Ty

0.5 andew = 0,5, As it has been expected, the better accuracy is obta1ned for -

m%wq

leower Peclet numbers, wh1ch simply implles that che finer grxd gives ~the

‘hxgher eccuracy. However, it is wore important for pcactxcalvapplicatxons to

have satisfactory accuracy for large numeriEnl Peclet numbers, since in order
to lessen the Peclet number one has to decrease the qrid size Ax, which
results in a 1arge number of,nodes. This requires a 1arge computer storage
economich the results of numerical simulation for. P, = 100 and P - » are

shown in F1gures 10 and 12. The finite element methoﬁ for this value qives

satisfactory agreement with the analyt1ca1 solution. -

\ ’ \""’ i M-WAL % 3440“{4//} A—,}w\uo{ %chﬂﬁ[ﬁ«f@k‘thﬂ we

;,";—';,C,ec / - L@A //5’7_ oxn,«f(’q = X)) Mmoa.q W’zf{-? AS we Lyon 3«0""6 A "Z“‘fe’
| " e o
,; .'r‘r\/_ f,)/r:_.} -*lzf«OU%(L,ZSQ rv.e'éaci //dw W\/

> Cae (e g = i&ia /00 - ™. H-
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Figure 4.

Longitudinal diépersion ip'uniform dhe-dimensional"fiow,

Fe

= 10.0, Cu = 0,25,
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Figure 5., Lo’ngi‘tud,d.nal dispersion in uniform one-dimensional €low,

P, = 10.0, Cu = 0.5,
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. Figure 6. . Longitudinal dispersion in unifi)rm Bhei-dimehsidhal flow,

r, = 10.0, Cu = 1.0,
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Fiéure 7 Longituainal dispersion in

Pe = 1009, Lua = 2.0,

uniform one~-dimensional flow,
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Figure 8. Longitudinal dispersion in uniform one-dimensional flow,.

pe = 100.0,"Cu = 0,25,
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Figure 10, ‘Longitu’dinal dispersion in uniform one-dimensional tloﬁ,
P, = 100,0, Cu = 1,0,
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Figure 12. Léhqitudinal disperéion in uniform one~dimensional flow,

Pe = ®, Cu = 0,25 and 0.5
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LONGITUDINAL TRANSIENT DISPERSION WLTH THE PRESENCE OF ADSORPTION, RADIOACTLVE

- DECAY AND SOURCE
The eguation of mass transport in semi-infiniteicolumn (x > 0), with a

maintained at x = 0 for time t > 0, the flow of solutant

concentration Cq
maintained at a constant velbéity u, and with preseﬁée of adSOtption,?

radioactive decay, and source, is given by’

: 32c ac 3¢
D, —= = = R = uc - y (47)
; L axz ax ~ at
t /LL g\ﬂ/ ¥ 0w o (o9 Q"\"fa"\r/ Lo 7 3
~ and initial and boundary conditions
c(x,O) =C; ' | N (48a) -
B : V .
clo,t) = ¢ t>0 : - ~ (48p)
-g—% {2, t) = O (48c)
"

"&h&aanalyticgl solution for-this case is as follows (Van Genuchten, 1981):
2 {49)

Slx,t) = (eg = T/u) Hlx,t) + Mlx,t)

" 34
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where

Hx,t) = 1‘G§P[(u2; V)Eq erfc[—gi_:_XQ-—]

2 2(0,rt) /2
L
1 (u + vJ%7 _ r RX + vt
+ 2 exp[’ 2D ] erfc[ 1/2] -~

. L 2(D Rt)

M(x, t) = (““ c,) exp(-~ ——J {-erf [-—-:~3£;—J “ G,
: i 20 re) /% =

H) + %-exp (—~J erfc[ Rx * u1/2]} +

L, 2(D Rt)
5 *'(C‘ - 14 exp(—-££)3 ' __— | ’ : - (50)
R S TR R : ; o ’
and where » ‘
v =aull+ AHDL/u2)1/2 o , © (51)

The finite element grid is shown in Figﬁre 3. The numerxcal results for the

qg}é/élmensionsless data* Ax = 1,0, R= 10, 0, p=1,v = 0.12, u =1 °’,D£ =

0:1, t = 100.0 are shown in Figure 13, The,rgsults show very good agreement

‘thh the analytlcal solution. /Gé;“*ﬁgw"ﬁAL‘ﬁ-;:F-“““9V5h4£ol*w~b§4¢:£L>¢'

> _ AX E
e b |- %‘ aé 0. A AX = o= wltns | 2 eiﬁ:g
PR / (2K Y . / 1
art / O T N )

THO—DIMENSIONAL MASS TRA&SPORT

For.a solutant which flows with constant pore waté? vélocityfu”in semiQ
1nf1n1te column (x 0, 0¢< y < 2b) of homoqeneeus porous media, the |
dispers;on equatxon for the steady-state case is glven by:

, . | R
ni—+na°~-u‘"’-°—=om | (52)

Pad  Tag %
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Boundary conditions are given by (Fig. 14).

. C(OIY)":‘“ cquk ’ 0 < b4 <#f'. ‘ i
. 0
- e(0,y) =0 Ca Cy <2
-'5; (x,0) = 0 x*0 ‘ v (53)
2. ‘
E—_(x,Zb) =0 x>0
c(®,y) = bounded 0<y< 2b

For‘:"thef &ésuniption D; = 0, the approximate analytical ‘gsolution is given by:

ﬁ{ DL,”-O yy\,c,.zg., »(SZ) o 12 & T& “"%Ctﬂp"f ‘bZr—D

%—é%erfc Y-k 7 B . (54)
o ©2(px/u) | |

o

oy

The finite element grid used for thié problenm is shown in Figure 15. fl‘lxe

cémphrisdn of the numricéal and analytical results for u = 0.1 and Dy, =“0'.001.
is presented in Figure )8./ The numerical results show satisfactory agreement

" with the approximate analytical solution, thus proving .the capabili_tj"of the

presenteé numerical method to simulate two‘,—dimen’a'iona»],' problens.
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Figure 133: Ldngitudinal dispersion with the presencejof adsgorption, source

and decay.
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Figure 14. Boundary conditions for two;éimepaional mass trapséiirtﬁ“'
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RADIAL DISPERSION FROM AN INJECTION WELL
In this problem we consider an injection well, which is pumping water -
into an aquifer. After reaching the steady state condition of groundw§terf"
- flow the solutant with the concentration c, is injected from theytimé;to on.
Assuming injection rate Q.+ the pore water velocity‘méyvbe compu ted aé‘ 7
 £611ows:
: ppute ondih? ey
() A ; . A EPvs 4,_‘;‘- . : Lk
. - e AT : :
Ut ombr T x A‘ S : SSS)
| The data used for this example are: Q = 1,256 x 10° m>/day, b = 10 m; n =
2; GL,r 50 m; and Gf~¢ 0. The partial differential equition of radiaibmass
transport may be written in cylindrical coordinates as f°11°w3(
o a éi%?ii .Eiﬁc 8¢ . ﬁTsﬁ 'y
LT % ¥ % % - o (s6)
_ The analytical solution of this problem is given by (Gelhar and Coliiﬁd,
1971):
e ) : T
\ 2,2 R . |
o ) =g ertel I ] SR (57)
; o _ (16“ w)‘ o - SR
; | ,. L5

in Whichktw is the injection well radius and r* is calculated according to the
equation | : = o SRR ii

vt T | ; 3 , (58)
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’"The‘tesults‘froﬁ thq'ndMérical simulation and analytidéi solution a::g:;so

~‘days of tracer injection are shown inyPigure 17.

HYPOTHETICAL EXI&MPLE OF WASTE BISPOSAL

In this section the simulation of qroundwater ccntamination as a rosult

;
'
f
!
i

of leakage from hypothetical waste disposal is pretented (F;g. 18). The waste
by '
\dlsposal's size is 50 X 50 m and it zs 1eaking at the rate w = 1.8 % 10 -8

N ),Q
m/sec. The concentration of’f;;;;} in the leaking solutant is’ assumed either

200@0 mg/l»or 40000'mg/1. The‘;;ste disposal is underlazd by a homogeneéuel
and i;otropic,ggesh water aqulfer, which has the uniform;poreuwater velocxty
%inrx directiohlux = 19'4 m/Sec {or 8.64 m/dqg), Saturatedithickn;ss b =_16 ™,
‘ efféctive'poroéﬁty n = 0.2, longitudinal dispersivity &h = 100 m, and
'traﬁsvgfse-dispérsivity dT,= 50 m. Itris agsumedvthégzggaundwater flow
‘pagtern is no; affected by leakage from the disposal site.

The maséntfanSport equation for this case is given by

3¢ 32 : 32 9 s v .
& ‘ T-au—-——-tau—-—--—u-ﬁ--’{ ) (59)
L | Logg2 T a2 .

b ' v
L where Y = ES— ’ ) .
nb . : ,

[J7

e e g A
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Figure 17, Radial dispersion from an injection'»w:ell. v v
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Figure 18, Hydrologic conditions of gtoundw&tet contamination caused

by leakage from the waste disposal site.
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Figure 19. Finite element network for simulation of aquifer contamination.
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Flgure 20. Chloride concentration’af the aquifer at the time t = 578.7 °

days; brine COncentration c,.=

5= 20000 mg/l.
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e B~ COXPUTZD CHLORIDE

CONCESTRATION 1000 mg/1

Figqure 20 .
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Figure 21, Chloride concentration at the aquifer ai‘the,§§me,t = 1157.4

days; brine concentration g;# 20000 mg/l.
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Figure 22. Chloride concentration #f the aquifer at the time t = 578.7

days; brine concentration co‘é 40000 mg/le
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" Figure 23. Chloride concentration ,14 the aquifer at the time t = 1157.4

' .flhys; brine concentration c = *0000 mg/L.
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-The flnite element grid is deplcted in F1gure 19. The results of numééical

- calculations are shown in Figures 20—23.% Flgures 20 ang 21 show the concen-

hor

' tratxon d;stribution for assumed leachate concentration c' = 20900 mg/l at the
times t; = 5/\10" sec (578.7 day) and ty = 102 ‘sec (1157.40 day), respec-

:tively. The tesults shown in Fxgures 22 and 23 were obtaqud for doublﬂd
, 5x/o .
ileachate concentratlon c' = 40000 mg/l and tlmes ty = GE}O gec and t2 108

‘ sec, respectlvely.

Fe aé,{’ f;é/c{we Jz,c,h,/xq, O_,ZJZL XCP(J 0'7/ &/l%a,,_,/mjwo“l’ M :
(M.c -/1234\.(

cmtzwsmus

{
:
i
i
R

i g The model bresénted in‘this’report cau‘gimulaté the £w6-diﬁ§nsiona1 mass

1{ v tEanSéort of reactive solu£; in flowing groundwatet.v The program is general
and flexible 1n that it can be directly- applied to a wide range of types of
proble@s, as defined by aquifer properties, chemical and pyysical reactxons,

;gbohnééry condi tions and stresses. ‘HoweQer; some program modifiéhtions‘hay be

% " , ;;¢&uir§d for aﬁglicatiQn to specific Eield problems and conditions.

| | The accuracy of the numerical results can be evaluated by coﬁparison with

analytical solutions only for relatively sxmple problems, in these cases there

is good agreement between the numerical and analytical results. The accuracy

of the numerical simulatien is dependent on the numerical Peclet number,
f;  Courant number and time integration weighting factor. The analysis of their
influence fswbreaented in an earlier section. These,parameters'shquld‘bé

ca;etdiiy,examined when soiving field problems.
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