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This  report  presents  a  finite  element  Solution  and  the  car

computer  model  that  simulates  two-dimensional  transient  solute tfanB

f lowing  iroundwater.     The  model  is  both  tpeneral  and  fiaxibrfe`  and •can , be

applied  to  a  vide-`range  of  problen  types.     It  computeB  chang€B  ±h

concentration  over  time  caused  by  the  processes  of  contrective  tratE®po

hydrodynamic  dispersion  and  mixing  tor  dilution)  ££ca  flu,id  SoLrie6`s. e

model  incLUEe8  ad8orptlon  and   radioactive  decay  phenomena.     It  i®' a3Som®d   ifeat  '^`   L'`y+` g

gradients  of  fluid  density,  temperature,  and  viscosity  do  not  a[£e'ct  the

groonchrater  velocity  dig€ribution.     This  a3sumptiqri 'allov3 ^u

Separately  gr®undwater  flovJ  and  mass  transport  problems.

Fi.nice -in®ment  formulation  of  the  mass  transport  equati`oh  lcad8  to  a  8et

of  integral  equations.    Th`igJ  Bet  of  equations  is  solifed  as8urilng  t^hirdapfder

approximation  Of  the  dependent  variable,  concentration,  over` ttt`e  elements.`

"e  valldicy  of  the-computer  model  i§  established  by  conpaz'±ng  ±t3'  ` ' '

numerical  r\®eults .with  exLgting  analytical  8dlution8.    'rhe {anal`y8is  qf  the
Ei

inflinnce  of  time  step,   q!±g=mggivd  Peclet  number,  and  time  inteqrat`ion

veightlng  factor  upon  the  accuracy  bf  numerical  caleulation8  i9

Ae  a  hyjpthetical  elfapple,  ve  will  present  an  analysLe `o

gentedFr-.a

®und"atQr

contamination  caused  by  leakage  from  a  ve8te  dL8pceaL  8itgL--sitroated  above ¥a
i(

£7resh  ira€er  aquifer.

The  report  includes  a  l±9ting  of  the  computer  program,~ which  iB  Written

in  roRTRAN  IV,   and   the  u8er3  manual.



-Ion
This  report  deBcribe8  and  documef}ts  a  findte  ®leLef)t  Vsolution  arnd

)

computer  model  for  calculating  transient  changes `in  ¢q,ncentretido  of  eolute  in

flowing  groundwater.    The  computer  program  solves  the-partial  differential

equation  of  nags  transport.    ire  purpose  of  this  simulation  model  ,is  to

compute  the  concentration  Of  a  di8solired  chemical  Species  in  an  aquifer  dt, any

specific.a  place  and  tine.    Changes  in  chsmical  concentration  occur  vithin  a

dynamic  groundwater  8yst®n  primarily  due  to  four  processes   (Bear, ` 1`972.
`,,I,

Konikov  and  Bredehoeft,19?18):     1 )   convective  tran8£xprt,   in  which  di§§olved

chemicals  are  moving  witri  the  flowing  gr~oundrater;   2}  hydrodynamic  di3pergiort,

in  which  snail-Scale  varlation3  1n  the  groundwater  velocity  and  diEfugion

cause  the  paths  of  di8solrfed`  8pecie8  to  Spread  frou  the  average  dLrectior`  of

groundwater  flovj   3)  fluid  sources  and  sinks,  where  Water  of  one  concentration

is  introduced  i`nto  water  of  different  concentration,  or  £3  withdrawnf I and  4)

chemical  reactions,   in  which  8oine  amount  of  a-dissolved  chemical  species  may

be  added  to  or  renoved  fron  the  groundwater  due  to  chdmi.col  and  physical

reactions  in  the  water  or  betveen  the  water  and  the  Solid  aqui€er  mdterials.
+,

"e  possible  reactions  2§sumed  iri  this  model  are  equilibrium  adsorptiorL,

first-order  irreversible  kinetic  adgorptLon  and  radioactitre  decay.    The  model

also  includes  the  presence  ®f  a  sink-£ource  term.

It  i8  a88uned  that  changes  in  concentration 'do  not  af feet  f luid  density

and  vis€oeity.    This  a88unption  allows  ug  to  Solve  Separately  the  qroundwater
`

flotir  and  pa83  transport  equatlon8.

The  rodel  nay  be  applied  to  a  wide  variety  of  practical  Problems.    The

computer  program  i8  o££ered  a8  a  basic  `rorking  tool  that  mar  have  to  be

modified  by  the  user  for\ efficient  application  to  specific  £Leld  pr6blem8.
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"a  program  is  written  in  roRtryAN  IV  and  is -c"pa\tible  wi^th  ro8t \high-
(

speed  computers.    "e  data  requirements,   input  fornat  gpecification8,  I,program

optiong  and  output  formats  are  all  structured  in  a  general  nannef  that  attould

be  readily  a`daptable  to  many  field  problems.

This  report  includes  a  detailed  description  of  the  finite  element

solution  Of  the  na$8  transport  equation.    the  reader  _i3  agBumed  to  have

moderate. familiarity  with ygroundwater  polluti®n'  and  finite ` element  method.

mmmmricAL  roDEL  rm  Dasp=Rslon  IN caounm
\

In  this  study  the  movement  of  a  solute  througiv  gatLirated  porous  media  is

considered.    "is  solute` llrill  be'  referred  to  a9  "tracer."    The  Symbol  c  wi.ll

bo  used  to  denote  the  concentrationT of  the  tracer

mass  of  Solute
C=

BASIC  ASSUMPTIONS

Pickian  Law:

volume  of  riolution mL-3]        ,,,

.<,

It  i8  assumed  thatinacrogcopic  dispersion  is  a  Fickian  proce3apj  that  is,

there  i8  a  linear  re`latiQnahip  betveen  macroscqpfc  JdLgpergive  €iuEH:-and  the

product  of  the  mean  concentration  gradient  and  mean  velocity  of  the  fltlid

(Fried,   1975).    The  di8per8ive  flux  i8  defined  to  be  the  total  naeB

flux  (q±c)   less  the  mean  convective  flux  (q±c)   .     In  terms  of  expectations

( indicated' ` ky  overbar ) ,

qic'  = qic -qic i   =    1,2,3      -`     `    (2)

where  qi  is  the  specific  discharge  and  c  is  concentration.      ur{d*;  i      ?

?T' ha  ?
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If  this  dispersion  flinx  ig  Fi,dkian  in  nature.  ve  nay

3€
F = -  lql  Oi3 ¥]

where  ¢±j   i8  the  effective  or    macroscopic  di8persiviey  ter}sor,  and   |q|   i3  the   tL

magnitude  of  the  specific  discharge  vector.    The  dispersion  coefficient, Censor

is  r`elat.ed  to  a„  by  DLj   =   |u|  `a±j,  where   |u|   =   |q|/n,   |u|   is  tT`e  magnitude  of

the  pore  Water  velocity  and  A  i§  the  ef fective  porceity.    In  the  direction  of

9roundwater  flow  the  longitudinal   (DL)  and  transverse  lDT)  dispersion

coefficients  are  given  by  (Bear,1972;   Pried,1975):
(

DL  =   8Llul

DT   =   QTlul

(4a)

(4b)

where  all  and  aT  =  longitudinal  and  tran8verae  dispersivity,   respectively.

In  global  coordinates  :(y  the  components  of  the  dispersion  coef f icient
01`C

tensor  may  be  written  agi:

Dxx  =  aLu£/lu]   +  aTu;/|u|

n-      -aLu;/|u|   +  aTu2/lul
yy

D       -Dyx  3   (dL  -ar)  uxuy/lul
Xy

where  uxi  lly  are  the  components  of  the  pore  water  velocity  vector.
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I                                                                   t~      ,,

Separation  o£  Groundrat±r `Flov  and  ra88  Traneport  Eq`ration8:++

It  ig  a§`aumed  that  variation  of  concentration  die:  not  if fact
a.

vi3co8ity  and  dlen8ity  of  a  fluid.    This  ;88unption  alloars  die  sagaratLon  of

the  groundvater \ f low  and  mass  transport  equations.

Presence  o£  Adsor tions

th®ie  are  tro  models  of  adsorption  used'  Ln  this  study.    A  comron

equilibrium  model  i8  given  by  {Cameron  and  Klute,   1977)

S=kc

where  k  is  an  empirical  equilibrium  constant  [M-'I,3],  a  is  the  ad8orbed  phase

concentration  in  units  of  mass  of  adsorbed  chemical  per  mass  of  solid  iredia

[HO] .

If  the  local  equilibri`un  assumption.is  not  considered  velLd,   a  kin€tic

mode  of  the  reaction  is  required.     In  gener.al,   the  kinetic  re'1atLon8hip  may  be

df  ariy  order,  reversible  or  irreversible  of  single  or  mltiple  reaction.    In
'1``

¢1

this  study  the  first-order  irt:eversible  kinetic  mod'el  has  been  used.    This.
CL4

model  may  be  vrittenN{Caneron  and  Klute,1977):

#-1C

where  Ki   is  the  ad8orption  fate  constant  (M-'|,3T-1]

5
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Pregence  of  Radibacti`re  Ddoa

If  a  tracer  und®rgcee  radioactive  decay,  the  re&ulting  charde  in |traqer
(

I

concentration  may  be  expressed  by  (Yen  Genuchten,   I-981 ) ..

te
i€ = -ie

where   A is  the  decay  constant  [T-'].

This  equation  tray  be  integrated  with  the  limits  chosen  a8  the  time

necessary  for  the  initial  concentration  to  decrease  by  one-half .

Co/2

/
Ca

dc-=-A
C

where  Co  =  iaitial  concentration  [ML-3]

ti/2  E  half  li.fe  of  species  [T]

The  equation  i8  integrated  and  Solved  for  A  to  ob`tain  .

i-.g
'~`

Sinks  and  Sources:

(9)

•€q3    i?      .       `,o,

In.  the  mass  transport  equation,   there  are  a  vaLriecy  o€  Sink  and  Source
`        `1,,€:I

terms  that  nay  be  Considered.     The  most  cobmon  one8  are  Lnput8  and  outputs  in

the  8ygten  caused  by  vell8  or  leakage  through  the  dq`alfer. '  Concentration

changes  caused  by  the  convective  flow  of  golute  in  or  out  of  an  aquLfer  can

occur  through `ve.lls  or  areas  normal  to  the  Elov  field.    The  term  representing

thee££ecto£±xpfs,{,Grove,r:9=;\`Swi4,..
futh u+Adu¢c€    ?

6
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whereg

.i

;.

ja                          I  i,

[MI,-3T-1 I               (, , ,

a.   =  concentration  of  the  fluid  recharging'-the  8yst¢m  (ML-3]

W  =  recharge  rate,   thd  volume  flux  per  unit  area  [LT-']

b  a  Saturated  thickness  of  the  aquifer  (I.)       -

gr/   nf = effective  poro8ity  [t,o]
The  term  rapresenting  pumping  wells  is  given  by\ {Bredehoe€t  and  Finder,

1972)  :

in
ZTic  I  :    ±=E,   Q±(x±ty±)    6(x  -y±)    .   6{y  -y±) (-1  2 )

where  Q±  =  pumping  rate   [L3T-']

6 =  dirac  de-Ita  function,  which  a8sureg  values  for  the  `term  otily

at  nodal  points  where  wells  are  pfe8ent

in  =  number  of  wells                                              :?

n±  =  discharge  constant,  defined  by  eq.  !2_  (I-']
`+`.

ftdiv dec\;) rdfrof xir   L\\)  i

THE  cOvEENrue  mss  TENspQRT ^EquATlow

The  advectlve-dispersion  may  be  Gbtalned  by  conbinlng  the  oon8ervatlon  of

ma3a  equation \for  a  tracer  and  PickLan  la*.    The  partial  differential  equation

describing  two  diuengional  trin8ient  mags  \tran§port  i3  given  by  (Van

Glenuchten,1981 )

i (nD±j i -q±c)  -i (nc+rs)  a  inc "as-" +
1,3   I   1,2

7

"&nI ,I,i+`ff i;:/,/{;:;i   `(13'
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where  a  a  tracer  concentr:tion  tML-3]

S  I  adsorbed  concentration  (M°]

n  g  effective  porosity  [L°]

Dii:,  =  dispersion  c®e££icient  Censor   [L2T-I I

qi  =  Specific  discharge  vector  (LT-']

a  -porous  medium  bulk  density  (ML-3]

cL, B  sB ,£ir8t  order  rate  con8tant8  for  decay, `-associated  with

liquid  and  soil,  respectively  [T-'] rfuJtigrrJa.
Y  a+E3io-Order  liquid-phase  Source  ten  |m-3T-']   44,1   S.  (U)

Substitution -®f  the  equilibrium  adsorption  model   (eq.  6)  into  eq.13

gives:

i (D±j i - u±c) -¥ "C - Y + Zus

where  the  retardation  factor  R  is  def ined  by:

R  a  1   +  pk/n
.+^

+

and  whore  the  general  decay  constant  u  i8  given  by:

-,,,

itE

('4)

aefroh?.

(15)

u  -   a(1  +   Bpk/n (16)

Substitution  6f  the  flr8t-order  irreversible  kinematic  mode.I  of

ad8orption  {eq.   7)  into  eq.13,   without  pre8enc:e  of  radioacti`re  decayJ  gives

in?
®

fr"¥-uLc)-*="+c:,ELCL-`¢ji„L+t,,`
._     i.`

8

(17)



rfufgre..   v`=*`p/n            rf u;  i?`

In  the  global  system  of  coordinates  ;;:I,Cpe  mags  transport  equa€1®n

written  as:

* (D„ # + Dxy # - uxC}  + % {Dyy # + Pyx # -u¢  -
a(Rc)
8t =   uC  -   Y  + £®c (18)

cd=ck
Assuming  that  the  velocity  vector  €£-€o£:ne3.aertt  with  tha -xt±axi§,   the

simplified  form  of  tas'€i  18  may  be  written:

i  (DL £ -  uxo}  + %  (DT %)  -@JE£L a  uc  -  T  +  En±c@t

Initial  and  Boutrdar cbndition8

(19)         ,

In  order  to  solve  eq.18  initial  and  boundary  condition8  ha`ver  to:be

Specified  for  the  domain  of  the  problem.    The  lnitLal  conditions  are  '`€o  be

given  by  the  distribution  of  the  tracer  conoentration  co{x,y}  for  initial  time
..1,

to.     mere  are  thro  typeg` of  boundary  conditions  used  in` this  study3     1)      y

6on8tat`t  concentration,  when  the  concentratio-n  on  the  boundary  i8  givenj  and

2in£;::;;;:de;;::::;w,S:::a::,;ce=4\€\L?;::idh:On:;HqFh!S±=::==:tr.Ztr„ul„~
-C#,-,J   ..

I.,

cirmo"nrm Or  FINlng  mBmur sOuorlou

ln  this  development  the  Galerkin  procedure  and  i8oprrame¢€ic  elements+  `

have  beerL  used  to  formulate  the  finite  element  solution  of  the  toa3s  transport
'Lequation.     The  Galerkin  method  is  an  olcl  nomerical  technique,   ei`asgical`ly  used

to  solve  differential  equations  not  amenable  to  analytical  techniqaes.    Recent

advances  in  computing ` tectiniques  have  popularized  this  met\hod  ty  coupling  it

9-



1                                                                                                                                                                                                                                                                                                                   .                                                           `                                                      '.                       '                   i

il,

With  the  finite  elenen\t  techriique.    me  principle  o€  the  finite  ®1®dent` inBthed
(

i8  to  approximate  the  un)onoun ,function  b)r  a  set  of  funcciona  diadre€i8Ld` in
t`

space  but  continuoug  in  time.    This  act  of  abprorimating  functi,one  13  given  by
I

)

time  dependent  coef f icient8  and  basis  f unction8  that  are  only  Space      ;

dependent.     The  basis  fundtLon8  are  to  be  cor}tinuou8  and  piecourige

continucrusly  di££erentlable  in  the  domain  of  the  reqlon.    Thus  tti€

approximation.af  the  ut`knovm  frinction  is  given  by  (ZienkieviqB;   1971 ) :
•,     `    a      .r\             -I                                                   ,`

ut ulatTj'^ie ?    Doickgiv -J±  ®vvi€v-     a rty__  a  ?

ca; in

'x,y)   =  i:,   ci`t)  Ni`x,y) (20)

whgre:     c±(t)  a  values  of  approximating  function  at  nedal  points

N±{x,y)  =  the  basis  functions  of  nodal  points

in  a  number  of  nodal  points

The  differential  equation  of  the  dependent  vari?ble  c(x,y,t)  may  be

represented  ty  tfa differential  operator,( Ls2ch  that

L[c(x,y,t)I   I  a
`,pr

+

•,L

±pee®+.-,±frgrcd±ff5Eaifer`3|'ga~ELgiintor.u+u

The Galerkin  method  uses  the  concept  of  a  re8ithlal,  Res,   tn  its

(2')

development  (Zienkiewicz,   1971,).     This  residual  ig  formed  by  8ubstitutlng  into
+``

the  dl££erential  operator  the  previously  described  approximation  for , the

dependent  variable.    Thus:

in
L(c(x,y,tH   I  I,[€(X,y,tH   =  L[L:,OL(t)  NL{X,yH   =  Res

Ilo

(22)



The  residual  vanishes  in  the  erltire  doirain  of  interest  or

to  zero  for  a  true  solution  to  the  equation.    In  general,

will  not  resng|t  andArffeLsidual  will  riot  be  equal  to  8ero.

approat!h  Ls  to' make  the  residual `orthogonal  to  each  of  in

wi _-
zf-----~--

/  Res  vL  a  A  a     / entx,y,t>]  wLd  A  =  0
AA

for   i   a&   1,2 ,...,   in

L8  identLcaily  eqtral

the  true  solution

The  .Galerkin ' oethod' 8

weighting  f unction+£

(23)

Galerkin  chose  these  weighting  functi`ons  identical  to  the  ba8ig  functions  used

in  the  original  approrimation  and  set  this  weighted  average  equal  to  7.ero.

The  weighted  average  Of  She  residuals  care  be  defined  and  set  equal  to. Zero  as

follcrv8   (Grove,1977)i
J`

Res  N±   a  A

I "id A

a  0          '           i  =   1'2 ,..,,, n (24)

Or
•.J,

+

/L[€(x,y,t}]N±(x,y)dA=0             ,             i=1,2 ,...,   n             {25)
A

CI
Thug,   ve  have  in  unknorm va3Hflal3ffi.  coef ficLent5,c±,apd life  System  of  in

equations.    Py  solving  this  System  of  equati`on8,  one  can  calculate  the  Values

Q€,  the  coef ficients  c±.

GapEREIN-FINITE`  EL"ENT -.sol,Orlon  Or  MAss  TRAltscoRT  £QunTlou

"e  dif ferential  operator

18):

11

transport  dq'uation  iB  given  by  (eq.



a       ..i.        ac         _          @c a      .i        ac       _        ac
L[ctx,y,€]]  = ri  tBxx * +  Dxy S -uxc]  + ¥  {Dyy ¥ +  Dyx i¥ -uyci

- * -  vc -  EnLc + Y a  0

fl- c +at
Subsgi¥#iJngutthqueq/

'--0±`-€`"-.i"      who
eq.   25<.ue  obtain

`rty..,fitit26,`

; cys atraeiferd a

i/  N±[*  (Dxx #)  + i  (Dry *)I  dxdy +  i/ H±{* (tlry *)  + *  {IIyx *„  dxdy

-i/N±[*(uxc)  +i(uyc)  +#(Rc"En±"#c-T]  dxdy"       (27}

for  i  a  1,2..;  a

This  integral  equation  contains  Second  order  derivatives,  and  requires

con€inuity  of  the  first  dif ferentials  at all  interface  regions  {boucdaiies  of

thc  elements)  to  avoid  inflnities  in  the  Second  diffarenti;ls.    If  we.`yant  to

avoid  this  restriction,  Creen`s   theoreDf tttay  be  used.   -It  ig  given  by€<:  `a2-,
„,£#::x:;vi:.';`,`if#r+Q`#tdxdy

A

/,/`
(®tylx  +  Qoly)   ds (28)

in  which  lx,  ly  are  the  direction  co8ine8  of  the  outward  normal  to  the

boundary  S  and  the  x  or  y  di`rection,   respectively.     I'ntegral  S  is  taken  over

the  whole  boundary  of  the  region,

substituting'ikNL±i-.-#ii|E
Of  the  eq.   28  gives

into  the  i ir8t  integral

rdr'c:---:

##wh     t{3A,*3uvy\.`2,+     curf i      ti  `-`+      [uLiljl    Crf uvd{,wiiL2

12



4S€.a.r.`h.S-J€    27

a2c   .   .       afc   .   8Dxx  ac   .   @D

£J NitDxx # + Dyy # + ¥ * + a¥ #] dxdy S

-/HDrs¥#+Dyy##)dxd„!Ni(Dxx#lx+Dyy#>`

A

(29)

Substitu.tilng  a  g  0  =  Dxy  N±  (Dry  =  D      -See  eq.  5},        D'5   "   C4'hi#ZZ#
yx

V  = *.  Q a # into  eq.  28 gives

£jNLtDxy*+Dxy*F+¥-r#+*#]dxdy=

-„[Dxy#gs+Dxy##]dxd„!Ni(Dxy#lx+Dxy#1y)ds
A

"e  left aid¥¢7?£,#S..+
_I.

(30)

29Da,P,a  30  are  equivalent  to  the  f irgt  tro  intedFals  in

eq.  27,/j+Bo  ve  can  substitute  the  right  hand  sides  of  eqs.  29  and  30  for  these

tro  integral3.    Notice  that  the  right  hand  sides  of  eq8JJ  29  and  30 do +ot  have

the  Second  differentials?.            ++
i,I

It  iB  o£'intere8t  to  remark  that  the  gun  of  the  boundary  itttegral8  of
+

il

eqqutiona  29  and  30  has  a  certain  physical meaning. +++ It+  repre8ent8  Ln  fact; a

iireighted  boundary  integral  of  the  digpeesive  flux.    the  boundary  conditions

8onetlme3  I)pecify  this  rather  than  the  actual. distributiori  o€  concentritior}.

Ii  the  latter  case  the  boundary  integration  is  not  performed,  3Lnce  the

concentration  on  the  boundary  i8  givenr  and  the ira+ue  of  each  of  the  NL  basL8

£unctio.n8  of  the  interior  nodes,is  equal  to  zero  on  the  boundarly,    In  the
h                             .       i:         ,

former  case  the  values  of  the  boundairy  lntegralg  are  Pifescribed  by  the  given

di8persi've  flux  and  included  in  the  system  of  eqthtiof8  as  ;  known lralue.

\
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hLje=„tDm##„y#-:++Dxy(##+g±-#L)
Ae

tNi,ux#+uy

hii

)+N±Nj(*+#)"HLH3]drdF (33e)

=   JhJ  IN±  rl±  dxdy  =  Q±/nb

mile  =  //  R  H£N3   dxdy
Ae

b±e  a  !|  T  "±  axdy
Ae

i ( 3 3f )

( 3 3q )

• ,  ( 3 3h )

in  which  the  gurmation  Ee, i8 performed  over  all  the  elements,   and  the
•,I

integrals  are  calculated  for  each  elemerit.    in  tl®se  inuation8  lt  t`a8  been
I

assumed  that  R,   p  and  T  do  not  vary  over  an  element..   In  the  numerical`,

I  calculatlon8  it  hag  been  also  assumed  that  the  pore  water  velocity  component.q

are  represented  in  the  Same  manner  a8  the  function  c .~,                                                 L

in

ux  a  k:,  uri  Hk{x.y)

\nl,

uy  =  k:,   uyk  Nk{X.y)

( 34a )

( 34b )

Thus,   the  components  of  the  dispersion  coefficient  are  given  at  any  print  by:

15



Dxx=aL=:/|=|  +a,=y|=|       \

Dry  8  aL  rtylul   +  aT  ufzfu|

Dxy  =  Dyx  a   (¢L  -  aT)  ux    uy/lul

where:     |G|  8  (ifx  + ify)1/2

used,
^
-`.S+-

( 3 Sa )

In,.order  to  integrate  eq.   32  in  time  ti±e-finite  difference  scheme  is

if------=_---=::---

-,A

t'

{c}t't+At  G   ty{c}t+At  +'(I.+)    {c}t-
in  which   {c}t+At  i

the  tine  t+At,  and

( 36a '

s#:at:=Fn::::::c::nt?n::::a::onqu::|t::::a:o:t
( 36b '

=`.;            ,=,-+-,=       J      I-,

strictly  implicit  Schene  and  to  0.0  for  explicit  scheme. +,tr,O`,ult=ylL"tr
me  I ina!  Set  of  equatLong  which  includes  Dirictilet  type  bdufrdary

conditiaro  is  given  by

(HM    {Cun}t+At  =   {8*}

16
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where:     {cun}ttot  -concentration

concentration  'is` unknovn}  at -

values,

&t  the  active  codes  (where  the  iral`ie  a£

time  t+Atf   the  gub8cript  un  refe;8  to  unknoilrn

•H{3   =  rty  H±j   +  M±j/At       for  a.etive  nodes   i,3
i

``?

Bi  - 'Bi  +  Bi

'L
a.gE I(rty-1 '  .Hi]   .  Mi]/&t]   .   C;

\ ( 38c )

for  active  nodes  i,i

Bi  a±    Z  Hik(C±+At  +C±)         /    ;I(:,,:A/    /""'".~`-`~        (38d)

for  active  node  i  and  passive  {knchrn

~+.     value  of  a)   nche  k
+,t'

Eq.   37  forn8  a  8yaten  of `'nri';af'  equations  whose^ dolueiori  i3  the  vet`tor  o€  the

values  Of  concentration  at  the  active  nodes  at  t.ime  t+At.  -This `£blution  is

the  initial  Condition  for  the  next  time  step.

L_...._~___~.i.~w~_._._,r_.~_I.„_._r_T€

17
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Figure  2.    Cobic  element  Ln  gloi>al  of  ccordinate8.
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iiuimleALI,  REsgnrs  con sllmArlon oF  Mass  mA»sroar

In  this  section  the  results  of  numerical  8ilnulation  of  8one  di5peision

prioblems  are  presented  and  compared  with  a'nalytical  solution8.    "6  effects

upon  accuracy  of  the  i.reighting  fac.tor  V,   time  step  At  and

nuttber  Pe  are,  discu88ed.

nu'merical  Peclet

I,CINGITUDI»EL  mANslENT  DlspERsow  wlTH  THE  sTEp-IueuT  ptJNCITloN,

In  homogeneous  and  i8otropic  porous  media  ae  oneLditrteLsional  dispersion

Without  adsorption,  radioactive  decay  or  Source  is  described  by  the  ek|uation

* (DL %)  - u T; I ff
@cac

For  initial  and  boundary  conditions  given  by

€(0't)   s=Co,              t  >   O

c(x,O)   s.Oj                 x   >   0
-+.

•+`

c(®`,t)   =   Oj                 t>   0

(4Q)   .

(4'a)

(41b)

(4'c)

JA t4ri

Equation®  40  and  41  describe  hydrodynamic  dispersion  in  a  semi-infinite

.c  column  (x  >  0)   with  a  Source  of  tracer  with  concentration  Co  maintained  at  X

o  at  tine  t  >  o.    The  flow.r  of  auJ8:Tti^€ant' is  maintained  at  a  constant  velocityI--_--  _  _

u`,  a-nd  initially  (t  =  0)  the  concentration  in  the  column  is  equal  to  zero.

The  analytical  solution  of  this  problem  is  given  by` (Fried,   1975)\

22
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Figure  3.    Finite  element  nettork  for  one-diiensional  mass  transport.
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DLdy*-u#-R#"C-Y

and  initial  and  boundar]r  condlt±oh8

c(x'O)  ,'=  Ci

c(O't)I-co                     t>  0

# (-'.t, - o

"e  &ft'alytichl  &olutlon  for  thl&  case  Le  a€  follcve:

C(X*t}   -   (co \-|/|J)   H(x,t).  +  M(x,t)

H(x,t,  ,-i exp[

+ i exp[

2DI, I  Rx  -  vt
2(DLRt)1/2

(u  +  V)Xi   .     .   I  RX  +  ut
2DL        I  '---L2(DLRt)1/2

Hlxrty  D  (¥ -c±)  exp{-¥)  {i erfct

+ i exp  (#)  e*£c[ Rx  +  ut
2(DLRt)

+  (ci  -i,  exp(-¥,

'/2

Rx  -  ut

I).i

22

where

(47)

(48a)

( 48b )

(48¢'

(49)

(50)



Plgure  3
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= -`i [erfc  (
x-ut
2(DLt,"

)     +exp,¥,®rfc

where  erfc{z}  i§  a  cotnpl6mentary  error  fLlnction,   erfc(z)   =  1   -err(iB). `   The'^

The.nmeric=iationofthisprobiemha8beendonei„rdergrrfu#?dy£
second  tern  in  eq.  41  nay  be  neglected  ±n  nest  cases.

investigate  the  accuracy  Of  .the  numerical  solution  depending  on  Some  numerical    .

parameters.     These  paraneter8  are:     1)  Peclet  numbe`r  Pe,   2}-`Courant  numlser  Cu,

3)  i.reighting 'factor   ty.     The  numerical  Peclet. nunbef  i8  given  by

u4x
P        S      ---
eDI,

y+Q* ttcwj>,,<4`

(43)

where  .4£  isfe,.#d.i:.t.£T~¥e+¥~t`¥g:~n .nodes.    This  riunber  describes  the  proportion

between  advective  and  di8pargive  terns  in  rmerical  gioulation  {1.e„  the

larger  Pe,  the  larger  the  influence  of  the  advcctive  term).

The  €ourant  number  i3  given  by
I -+,

+

uAtCu a tr (44)

"e  value  of '`®ourartt  number  L8  equal  to  the  part  of  the  distance  4]c  which  is

covered  try  a  solutant  in  one  time  step  4t.

\ The  veighting  factor  ty is  de:cribed  in  an  earlier  section.    For  a  certain

tine  t  +u%&t  ft  repre3ents' the  proportion  between  the  corf`centration8  at  the
\

tine  t  and  t  +`-At,  whose  ireighted  average  is  .a8Sut8ed  to  be  representative  for

the  time  beti.peen  t  and  t  +  At.    This  ueighted  average  is  given  by  :      A

23



{c}t.t+At  a   ty{c}t+At  +   (1-V)    {C}t

The  finite  el®nent  grid  for::::::}cfl;4:imulation  19  Shovn  in

(45)

Figure  3.     Theoval e*
distance  be€*een  node¥Ax;s\1.O,  and  the  pore  imt®r  velocity  is^1.0.    "e

values  of  n`imerical  paraneter8  which  have  been  uS}ed  are:     Pe:   10i   looi   e®j   Cu  =

0.25j   0.5i   1.0;   2.0;   v  a  0.25;   0.5j   0.75;   1.0.     The  re`sults  of  nufrferical  simu-

lation  are  shown  in  Figures  4-12.

Analysis  of  the  result  chows  that  the  best  accuracy  is  obtained  wh`en  Cu  =

0.5  and  v a  0.5.    h§  it  hag  been  expected,   the  better  acc`iraey  ia  obtained  for

lover Peclet numbers,  which  Simply  |ap|ieg  that  the  finer gr¥d#~*dri

higher  accuracy.    However,   it  is  more  important  for  pr.actical  applLcationg  to

have  satisfactory  accuracy  for  large  rminerffil  Peclet  rmmber§,   since  in  order

to  lee8en  the  Peclet  nunbe-r\ one  has  to  decrease  the  grid.  ar'Lze  Ax,   which

r€sultg  in  a  large  number  o£ ,nodes.    This  requires  a  large  computer  storage

and  long  computer  tidro,  which  18  at  sons  point  neither  possible-  nor

®cononica,(.the  results  6.£'  nunerLcal  81nulation  for  Pe  a  loo and  Pe  --_
8hovn  in  Fig`ire910  and  12.     The  flr}1te  elemeht  methoq  tor  this  izalue  ,gLve8

8atigfac€ory  agreement  With  the  analytical  solutiorl.

`tt`i  „ r,` \'¢+  iirnJat;rfu rfu.  grcJLi/1 ,~ rf rfe rot~c„ dyJ~i  .~
+,-A

A*¢frp&  i?a ~. ctj  rxpir vr4+.: #ut .:r ur8* ^.4ay-
'-tr-ist`ifvred6:1``b-ifrd.ul.Jlvindvafl~r4t`-`-c     ,i`      I;fy^`   rcrL

'1

`'/    -"   ),`;c,,

D   ~{(,"tr,-/,    r[   1'c,=AGazoo.           tw`+J-

24



Figure  4.     I.ongitudinal  di8per8ion  in  uniforgiv  one-dinensioftal  £1®v,

Pe  =   10.0.   Cu  =   0.25.
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Figure  5.    I.ongitudinal  di8per8fon  in  uniform  one-dinensional  f igiv,

Pe  a   10.0,   Cu  a  0.5.

26



Fi{Jurt=   S



4Z

•o.l   -t`o   ,o.oL   =  ®d.

`.roT]  teuoTBu®u[P-®uo  u2o]iun  ui  uoTS2ad8ip  tetlipn]T6.uo[     .9  a*n6id



prT

i

f'I)iiii \

H

i;;
1
i



Fidyure  7.    Longitudinal  di8per3ion  in  uniform  one-dime,ngional  flow,

Pe  =   10.a,   Cu  =   2.o.
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Figure  8.    Ifongitudinal  dispersion  in  uniform-one-dlmen8ional  flow,`

Pe  =   100.Oi   Cu  =   0.25.
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Figure  10.    Longitudinal  dlspergion  in  uniform  onendinensional  flow,

Pe  a  loo.a,   Cu  g  1.o.
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Figure  11.    I.ongitudinal  di8persioA  in  unifordl  one-d{nen8icmal  flow,

Pe  -loo.a,   Cu  a  2.o.
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Figure  12.     Longitudinal  dispersion  in  uniform  one-dimensional  flow,

Pe  3  tot   Cu  a   0.25  and  0.5

/



`
Bi!

H
E

Ht'i)iII'IlT;:i!ij!i``

i1`Ii)

L

i'iItii

H

``

a

I

+
;

I`

'
`
,
r

iJ

EHdi
#

"
inI

r.I

Ll

I1»/be

/

i1
1

!

\

8

C
1=_

L=r=
=

e
3
5

E=



3-i'¥

-..ts

LO»GITt}E>INAL  mriiislENT  DlspERslon  wl"  "E  pREsmtcB  Or  ADsORPTION, :` RA]}toA¢`r[vE

DECAY   AND   SOURCE

"e  equation  ®f  na8S  transport  in  Semi-infinite  column  (x  >  0},  vLth  a

concentration  Co  maintained  at  x  =  0  for  tLfne  t  >  0,   €tre  I lou  o€  qolutant

maintained  at  a  constant  velocity  u,  and  With  pre8erice  of  adsorption,

radioactive  decay,  and  Source,   i8  given  by\^

DL ¥ - u # - R # = uC - T

i`:          /LaJ*:;i.       _`.`     CLee±ftck:A;;i     _._-~.

and  initial  and  boundary  conditions

a(x,O)   =  qi
'*

a(0't)   =Co                     t>0

# ,-,t, a o
.+,

'~'

(47)

( 48a )

( 48b )

( 48c )

"e`  afLalytical  Solution  for`~thi8  case  is  a8  £ollowe  (Van  Cenuchten,`  1981)€

C(Xit)   -(Co,-T/u)   H(Xit)   +  M(Xit)

_34

(49)



where

H,- -i exp[

+ i exp[
)

(u  -  v)x
2DI.

(u  +  v'x
2DI`

Rx  -  vt
2(DI.Rt)

Rx  +  vt
1/21                  ,

2(DLRt)

M(x,t}  -(i -c±)  end-#)  {i erfc[

A + i exp (¥)  erfc[±
2(D.

+  ,ci  -i,  exp,-g±,

v -rlJJ  +  "NJJJ&,` '2

and  where

Rx  -  ut

(50)

"e  finite  element grid  ig  aho\m,  in Figure  3.    The  runerical  re-8olts  for  the

`-: .+,

imen8ion$1es®  dacat     Ax  a   1.0,   R  =   10.P,   P   =  1,   Y   =  0.12,   u  -1.0,   DL  =

0.1,   t  a  100^.0  are  8horm  in  Figure  13.     The  re8inlts  8how  very  good  agreiement

with  the  analytical` ` Solution.

.,;"` ,,,,   :{  ,i  :wl   ,i-JR?  i  ()u      ro  AX--f     w4*^  L  P   e}c-

m*cH]Icamislcrtyan  MAss  TRAttsroRT

Fort a  solutant  which  flovg  With  constant  pore  water  velocity ~u  in  3emL-

infinite  column   (A >   0,   0  <   y  €  v2b)  of  honogeneou8  porous  pedLa,   the       -+

dispersion  equation  for  the`- Steady-state  cos.e  is  given  by:

kAI#4f±rmr;#c+
I

DL#+DT#-u==o (52)



Boundary\ conditions  are  given  by  (Fig.14).

c(0,y'`E„o,       O<y<ty

c(0'y)   =  0

#  ,x,o,   =  o  in

%  (x,2b,  =  o

<  y   <   2b

x>O

x>0

c(C®,y`)   a  bounded                0   <  y   <   2b

For`the  as8unption  DL  4B  0,   the

if t~ vpdcJP + -3T-+>

(53)

approximate  analyt.ical --8olutipn  ±®  g`iven  by:
`It``\    '-i)L=o    mrfe.a  .L52.)    a..1

C
Co

€ i erfc  ( (54)

•.+`

+I

The  finite  element  grid  used  for  this  problem  is  Sborm  in  Figure,15.    JThe

coqiEmrison  of  the  numerical  and  analytical  re8ult8  fqri/  a  =  0.I  and  DT  =  0.001
rl

inFiqure±is  presented rtye  numerical  results  show  satisfactory  agreement

with  the  approximate  analytical  solution,  thus  proving ``the  capability  bf  the

++ presented  nunerlcal  method  to  Simulate  two-dinensi®na|' problees.

36



(

Figure  13.    Longitudinal  dispersion  with  the  pre8®nce  of  adgorptibn,   source

and  decay.

\
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Figure  14.     Boundary  conditions  for  twondinen8ional  mass  transport;:`
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Figure  15.    Finite  element  network  for  two-dimensional  mass  tram?port.
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Piqure  16.    Ste'ady-State  Solution  of  trondinem§ional'-riass  tran§part.
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R:nDIEL  DISpERsloN   PROH  EN   INdECTloN  WELI,

In  this  problem  ve  consider  an  injection  i¢ell,  tinich  i:  pumping  Water

into  an  aquifer.    After  reaching  the  Steady  State  cofadltion  o`E  groundt*ater

flow  the  solutant  with  the  concentration  co  is  injected  from  the  time ,to  on.

?Bsuning  injection  rate  Qo,   the  pore  Water  velocity  nay  be  computed  a:

folio,83

(

u -zk * :              A inj`;p£4. cftyfair                {5s,

"e  data  used  for  this  example  are:     Qo  =  1.256  x  105  m3/day,  b  =  10  in;  n  g
(

•2}   aL  a  50 mi  \and  a]  a  a.  The  partial  differential  equation  of  radial  fRasB

tranBp®rtmybe`prittenineylindricalcoordinate8a3£Ollojr:)

A   ac         @c-¥¥=H ( 5`6 )

the  analytical  solution  of`  this  problem  is  given by  (Gelhar  and  Collind,

1971 ) s

I(6   _)I/2] (57)

in  which  rv  i8  the-injection  nell  radius  and  r*  is ~calcqlated`according  to  the
'

equation                                                                                                                           ,i

t=
r,2  - I:

2A

1

i
|hFE_iT_Tpr-~e-

41



The  re8ultg  f)fom  the  numerrical  simulation  and  analytical  Solution  af ter` 50

da]pe  Of  tracer  injection  are  8houm  in  Figure  17.

Hypo"ETlcEL  Exaizl4pLE  Op  w*sTE  DlsposAL

In  this ,Feation  the  8irmlation  of  groundwater  doritaninatiort  a8  a  result

Of  leakage  fron  hypothetical  waste  di8po8al  i§  pres'®nted :(Fig..   1d).     The  waste
b8'`disposal's  Size  is  50 A 50  in  and  it  is  leaking  at  the  rate  W  =  1.8  x  10-8

in/€\ec.    The  concentration  oft€i\ in  tLh% 7|eaking  so|utant  is  a88umQd  either

20000  mg/I  or  40000  ng/I.     The  waste  disposal  `L3  underlaid  by  a  homogeneolls

and  isotropic  fresh  water  aquifer,  which. has  the  uniform  po're  water  velocity

in  x  direction  ux  a  10-4  in/Sec  (or  8.64  in/day),   saturated  thickness  b  =  10  in,

effective  porosity  n  =  0.2,   1ongitudirral  dispersivity  alL  =  100  mi,  and

trarigverse  dispersivity  qT  =  50  in.     It  is  assumed  thatwltg^gToundwater  flov

pattern  is  not  a££ec¢ed  by  leakage  fran  the  disposal  ;ite.

The  na88  transport  equation  for  this  case  is  given  by

*=aLu¥+++aTu¥2~-u%-Y
8v2c

where  Y = #.

l`ffl\c`ue-i     ;   ?\

42
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Figure  17.    Radial  di8per8ion  fron  an  injection  `rell.
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Figure  18.     Hydro`Logic  conditions  Of  groundwa'ter  contamination  caused

ty  leakage  fron  the  waste  disposal  Site.
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Figure  19.    Finite  element  network  for  8im-lation  of  aquifer  contamination.
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Fig`ire  20.    Chloride  concentration;tnthe  aquifer  at  the  time  t =  578.7

daysj  brine  concentration  co=  20000  ng/I.
\,
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Figure  21.    Chloride  concentration £€'  the  aquifer  at  the  time  t -1157.4

days;  brine  concentration  c  i  20000  ng/1.
®
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Figure  22.    Chloride  concentration  g< the  aquifer  at  the  time  t a  578.7

day8j  brine  Concentration  co =  40000  mg/I.



1'
+f`

``i3

y'i`

I-``~.^4^d.-`--L..I.,`._..<^-.~-I-/,`t--/---~-J~-^try--.---r-~

--.---,-.---



`  Figure  23.    Chloride  concentration
j41

•H

J>fr,          .

¢&ysj  brine  concentration

`

the  aquifer  a€  the  tine  t  =  1157.4

c=Lioooo mg/&.
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8f,~'a=£ EH

The. finite  el€ment  9rLd  i8  depicted  in  Figu`re  19.    .The  res,ults  of  numectcal

dalcu|.`atio~ne  are  stioun  in  Figures  20-23.'   Figures  20  and  218hchz: the  coficen-
\

tration  aist'ribution  for  assumed  leacha,te  coticentratich  c`  =  2deoo mg/I  at  the

tines  tt  =.SIC?1';?  see   {57W  da„  and  t2  =  108  8eG  (1157.40  dayh   respec-
L15

::avec::a::ce::::::o:h:T=L:o:::u::;L2:n:nd€L2jsw::e%#e:caf°:n:a::I:a,o8
seclr®;per:;:®::ut::::;,^e4xch+fttrA.i~\t{Cpued1

cy\c^atr~`'nd
-USRES

The  model  presented  in  this  report  can  §iimulate  the  two-dimensional  ma83
\

transport  Of  reactive  solute  in  f lowing  groundwater.    The  program  is  general

and  flexible  in  that  it  can  be  directly--ariplied  to  a  wide  range  oE  types  oE

probleins,  as  d*efinea  by  aquifer  properties,   chemical  and  pnysical  reactions,

boundary  conditions  and  stresses.     Hovever`,   some  prograin  modiEication8  may  be

reduir€d  for  aFglication  to  Specific  field  problems  and  conditions.

The  accuracy  of  the  numerical  re8u`1ts  can  be  evaluated  by  comparison  with

analytical  solution8  only  for  relatively  simple  problems;  in  thes.e  case;  there

is  good  agreement  betveeh  the  utimerical  and  analytical  re8ult3.    The  accuracy

6f  the  nursrical  simulatl;n  is  dependent  on  the  n`rmerical  Peclet  number,

C;urant  number  and  time  integration  tmeighting  factor.    ine  analyeL3  of  their

in£'twence  i8  breeented  in  an  earlier  section.    These  paraitteters' Should  be

carefully  exanined  when  Solving  field  problems.
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