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Marian  Kemblowski

ABSTRACT

In  this  report  we  present  a  new  technique  for  modeling  stream-aquifer

systems.     Modeling  procedure  consists  of  simultaneous  solution  of  the  Manning

equation  for  open  channel  flow  and  the  Boussinesq  equation  descriptive  of  two-

dimensional  transient  groundwater  f low,   coupled  by  an  expression  for  f low

across  a  stream-aquifer  interface.     Asymmetrical  finite  difference  method  is

utilized  in  the  numerical  solution  algorithm.

The  model  can  simulate  steady  state  or  unsteady,   confined  or  unconfined

groundwater  flow.     It  is  also  possible  to  compute  quasi  three-dimensional

groundwater  movement  (i.e. ,   flow  in  multi-layered  aquifers).     Special

procedures  have  been  developed  for  simulating  radial  f low  and  f low  through  a

stream-aquifer  boundary.

THEORETICAL   BACKGROUND

The  equations  necessary  for  the  development  of  the  mathematical  model  of

a  stream-aquifer  system  include:     1)   a  groundwater  flow  equation,   2)   stream

discharge  and  stage  equation,   3)  equations  describing  flow  across  stream-

aquifer  interface  for  various  hydrogeological  conditions.     The  development  of

these  equations  is  available  in  current  literature.     In  this  section  we

present  a  brief  description  of  the  derivation  procedure,  and  identify  the

types  of  physical  assumptions  inherent  in  the  flow  equations  themselves.     Such

interaction  may  help  one  to  recognize  the  range  of  problem  types  which  can  be

solved  using  this  model.



GROUNDWATER   FLOW   EQUATION

The  partial  dif ferential  equation  governing  unsteady  groundwater  f low  in

a  heterogeneous  aquifer  is  given  by  (Bear,   1972)

t (I ¥) + % (I #) + q - S ¥

where=

T  =  aquifer  transmissivity,   T  =  ink

h  =  potentiometric  head  for  a  confined  aquifer,

groundwa€er  level  for  a  phreatic  aquifer

q  =  net  groundwater  recharge  rate  per  unit  area

S  =  coefficient  of  storage  for  a  confined  aquifer,

effective  porosity  for  a  phreatic  aquifer

HH

[I.2T-1,

[LO]

in  =  saturated  thickness  of  an  aquifer,   constant

in  time  for  a  confined  aquifer.     For  phreatic

aquifers  in(x,y,t)   =  h(x,y,t)   -b(x,y),   where

b(x,y)  is  an  elevation  of  the  bottom  of  an  aquifer           [L]

k  =  vertically  averaged  hydraulic  conductivity,

in
k  =     /    k(z)   dz/in

0
[LT-1 ]

It  is  of  interest  to  note  that  the  derivation  of  eq.  1  utilizes  the

Dupuit  approximation   (Bear,1972).     This  approximation  assumes   that.  there  is

no  change  of  the  petentiometric  head  in  an  aquifer  along  the  vertical

coordinate   (i.e.,  :§£ =  0.     It  should  be  emphasized  that  this  asumption  may  be

considered  as  a  good  approximation  in  regions  where  the  slope  of  the  phreatic

surface  is  indeed  small  and  groundwater  flow  is  essentially  horizontal.
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However,   whenever  these  conditions  are  not  satisfied,   the  influence  of  the

vertical  component  of  the  flow  Should  be  included  in  the  numerical  model.

This  is  especially  important  in  the  vicinity  of  partially  penetrating  streams,

rivers,  wells,   and  reservoirs.     The  method  of  simulating  this  influence  will

be  shown  in  the  following  sections.

STREAM-AQUIFER   INTERFACE

The  f low  across  the  stream-aquifer  interface  depends  on  the  hydraulic

head  difference  between  a  stream  and  an  adjacent  aquifer  and  on  the  geometric

and  hydrogeological  properties  of  the  stream  and  aquifer.     In  this  report,  we

distinguish  two  dif ferent  conditions  under  which  the  f low  may  occur.  These

conditions  are:     1)   both  streambed  and  aquifer  are  homogeneous;   stream  is

partially  penetrating  the  aquifer;  and  2)  streambed  and  bank  of  stream  are

covered  with  a  silt  layer,   and  there  is  hydraulic  connection  between  stream

water  and  groundwater.

In  these  two  cases  the  flow  rate  is  determined  by  the  head  difference

between  stream  and  aquifer  and  by  a  parameter  which  we  call  resistivity.

Partially  Penetratin Streams

In  this  section,  we  consider  a  partially  penetrating  stream  located  above

a  homogeneous  aquifer.     The  basic  idea  of  calculating  the  inf luence  of  the

partial  penetration  is  an  additional  head  loss,  which  is  defined  as  the

dif ference  in  the  heads  between  fully  penetrating  and  partially  penetrating

streams,   assuming  the  same  flow  rate   (Fig.1 ).     For  any  shape  and  any  position

of  the  partially  penetrating  stream,   this  additional  loss  of  head  may  be

3



Figure  1.     Fully  (a)  and  partially  (b)  penetrating  streams.
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determined  by  a  flow-net  analysis.     The  difference  in  head  at  the  face  of  the

full,   and  of  the  partially  penetrating  stream  of  Fig.   1  may  be  thus  estimated

by   (Huisman,    1972)

qolAs : i ± i in = F T

Thus,   the  resistivity  in  this  case  is  given  by

R  =±=L
qo3k

(2)

(3)

This  additional  loss  of  head  corresponds  with  resistance  to  f low  caused  by  the

convergant  f low  field.

A  formula  for  the  additional  loss  of  head  and  the  resitivity  due  to

partial  penetration  can  be  derived  only  when  an  easy  mathematical  description

of  shape  and  position  of  the  river  is  possible.     Some  examples  of

hydrogeological  schemes,   for  which  the  formulae  are  available,   are  depicted  by

Figure  2.     The  additional  drawdown  of  a  half-round  stream   (Fig.   2a)  follows  as

(Huisman,    1972)

As - # 1n F
0

Thus,   resistivity  is  given  by

R - i &n =
0

5
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Figure  2.     Some  hydrogeological  schemes  of  partial  penetration.
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For  the  rectangular  channel  located  above  a  confined  aquifer  in  Figure  2b,   a

mathematical  formulation  of  the  additional  loss  of  head  and  the  resistivity

may   also  be   given   (Huisman,   1972)

As  = i An  (sinh E)

R  = i fan  (sinh £)

With  a  small  compared  to  in,   this  may  be  simplified  to

R - i £n ,#,

(6)

(7)

(8)

Comparison  of  this  formula  with  the  one  for  the  half-round  channel  shows  that

with  the  random  shape  of  Figure  2c,   the  additional  loss  of  head  is  given  with

good  approximation  by

As  = g fn  ,g,

R  = k ftn  (g,

(9)

(10)

in  which  P  is  the  wetted  perimeter  of  the  stream.     The  triangular  channel  of

Figure  1   is  draun  with  a  width  of  in/3  and  a  depth  in/6.     This  gives

p=¥m

7
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and  as  additional  loss  of  head compared  with  a  fully  penetrating  channel  of

zero  width

As  = ¥  th * =  0.22 : (12)

Compared  with  the  fully  penetrating  stream  of  Figure  1   with  width  in/3  the

additional  loss  of  head  increases  to

As  =  O.22 i + + # =  O.31  i (13)

in  fair  agreement  with  the  value  of  qo/3k  estimated  from  the  flow  net

analysis.

Shestakow  (1965)   gives  graphs  for  estimating  resistivity  of  a  rectangular

channel   (Fig.   3).     From  these  curves   the  resitivity  may  be  estimated  with

respect  to  the  channel  and  aquifer  geometry  and  the  aquifer  hydraulic

conductivity.    The  resistivity  is  calculated  as  follows:

R  =  r/k

in  which  r  is  given  by  graph  3,   and  k  is  the  hydraulic  conductivity  of  the

aquifer.
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Figure  3.    Graph  for  estimating  resistivity  of  a  rectangular  channel.
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Figure  4.    Partially  penetrating  silted  stream.
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Figure  5.    Graph  for  estimating  resistivity  caused  by  stream  bed  clogging.
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clogging  layer  and  aquifer  and  their  hydraulic  conductivities.    The  total

resistivity  in  this  case  is  given  by

R*  =  (i + L,   ,R  +  Ro,
in 0

(18)

in  which  Ro  =  ro/k,   and  ro  is  given  by  graph  5.

It  is  worthwhile  to  notice  that  the  best  estimation  of  the  total

resistivity  is  obtained  from  pump  tests.    The  appropriate  pump  test  procedure

is   described  by  Walton   (1970).

STRE"   FLOW   EQUATION

Since  in  this  report  we  consider  the  unsteady  groundwater  flow,   it  would

seem  logical  to  use  the  unsteady  channel  f low  equations  known  as  the  Saint-

Venant  equations   to  describe  stream  flow  and  stage.     However,   the  stream

discharge  and  stage  f luctuations  ordinarily  occur  over  durations  of  time  that

are  very  short  compared  to  the  durations  of  f luctuation§  in  groundwater

flow.     Therefore,   if  one  is  interested  in  the  long-term  imf luence  of

groundwater  regime  upon  the  stream  flow,   the  steady-state  stream  flow  may  be

assumed  as   an  approximation   (Rovey,   1975).

To  represent  the  relationship  between  stream  discharge  and  stage  the

Manning  formula  was  chosen.     This  formula  describes  the  energy  slope  due  to

friction  as   follows   (Chow,1959)

Sf   =   n2   Q|Q|/(N   A2   R4/3)

13
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in  which

£  =  Stream  discharge

R  =  hydraulic  radius,   R  =  A/P

n  =  Manning  roughness  coef ficient

A  =  the  area  of  f low

P  =  wetted  perimeter  of  the  stream

N  =  conversion  factor,   equal  to  1   m2/3/s2

for  S.I.  units

[L3T-1 I

[L]

Er

[1,2]

[L]

[L2/3T-2]

In  eq.   19  the  unit  of  length  is  1   meter  and  the  unit  of  time  is  1   second.

Assuming  that  stream  flow  is  in  steady  state  and  uniform,   the  energy  slope  Sf

is  equal  to  the  channel  bed  slope  So   (Fig.   6).     Thus,   we  can  write

Q~_p.TK2/3sl:2/n (20)

The  area  of  f low  is  assumed  to  be  given  by  a  power  law  relationship  of  the

form

A  =  azb   +  Bz

p  -  dze  +  a

and  likewise

(21a)

(21b)

where  a,   b,  d  and  e  are  empirically  determined  coefficients,   and  8  is  the

bottom  width  of  the  channel.     For  a  channel  of  trapezoidal  shape   (Fig.  6)

these  relationships  are  given  by

14



Figure  6.     One-dimensional  stream  flow  model.     (a)  Longitudinal  section.

(b)  Cross  section.
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A  =   a]    z2   +   Bz

p   =   2(1    +  a,2)1/2   z   +   a

and

( 2 2a )

( 2 2b )

in  which  a.   is  a  reciprocal  of  the  stream  bank  slope,   a,   =  ctqu   (Fig.  6).

Substituting  eqs.   21a  and  21b  in  eq.   20  gives

Q  =   (azb   +  Bz)[(azb  +  Bz)/(dze   +  B)]2/3so'/2/n

and  for  a  channel  of  trapezoidal  shape:

(23)

Q   =   (a,z2   +   Bz)I(a,z2   +   Bz)/(2(1   +a?)1/2   z   +   B)]2/3   s:/2/n                      (24)

DEVELOPMENT   OF   THE   SIMULATION   MODEI.

The  basis  of  the  model  for  simulating  flow  in  a  stream-aquifer  system  is

the  asymmetrical  finite  difference  method.    The  application  of  this  method

consists  of  discretizing  the  study  region  by  an  asymmetrical  finite  difference

network  and  writing  the  flow  balance  equation  for  each  nodal  point  of  this

network.     The  interactions  between  the  stream  and  aquifer  are  accommodated  by

imposing  additional  stream  nodes,   connected  with  aquifer  nodes  below  them.

The  conductivity  of  this  connection  depends  on  hydrogeological  conditions,

discussed  in  the  earlier  section.     Inflows  and  outf lows  through  the  upper

surface  of  the  model  include  precipitation,  evapotranspiration,   irrigation  and

pumping.     The  perimeter  nodes  of  the  network  may  be  treated  as  either  known

16



head,   or  known  flux,   or  known  gradient  boundary.     Computations  of  river  stage

as  a  function  of  river  discharge  are  performed  using  the  Newton  method,

simultaneously  with  groundwater  equations.    The  remainder  of  this  section

consists  of  a  description  of  the  methods  of  modeling  radial  f low,   and  quasi

three-dimensional  groundwater  f low.    A  brief  description  of  the  solution

procedure  appears  at  the  end  of  this  section.

DEVELOPMENT   OF   THE   ASYMMETRICAI-   FINITE   DIFFERENCE   METHOD   FOR

GROUNDWATER   FLOW

Finite  difference  techniques  have  been  used  extensively  in  recent  years

for  solving  two-dimensional  second  order  boundary  value  problems  that  have

proven  to  be  intractable  by  other  methods.    The  differential  equation  is

replaced  by  a  system  of  linear   (or  quasi-linear)  equations,   whose  solution

gives  the  values  of  the  dependent  variable  at  a  finite  number  of  node  points

lying  at  the  intersections  of  a  network.    The  use  of  regular  polygons,   either

squares,   rectangles,  or  equilateral  triangles,  in  the  formulation  of  these

networks  has  a  desirable  property  that  the  equations  associated  with  each  node

point  have  a  particularly  simple,   symmetrical  form  that  is  identical  for  all

interior  points.     There  are,  however,   two  troublesome  problems  which  arise  in

connection  with  the  use  of  regular  polygons.     The  first  of  them  arises  when

the  region  has  curved  boundaries,   either  external  or  internal.     In  such  cases

some  node  points  near  the  boundary  will  be  connected  to  the  boundary  by

network  elements  of  irregular  length,   thus  requiring  the  use  of  special

equations  for  these  points.     The  second  problem  concerns   the  change  of  mesh

size  within  the  region.     It  is  frequently  ineff icient  from  the  point  of  view

of  computation  time  to  use  the  same  mesh  size  at  all  regions.     In  the  areas

17



where  a  steeper  gradient  is  expected  or  near  singularities,   such  as  wells,

rivers.`,   drains,   the  mesh  Size  must  be  reduced  if  the  accuracy  of  the  solution

in  these  areas  is  to  be  comparable  with  the  accuracy  in  parts  of  the  region

where  the  behavior  of  the  dependent  function  is  more  uniform.     The

asymmetrical  finite  difference  method  provides  means  by  which  the  coef ficients

of  a  system  of  algebraic  equations  can  be  computed  for  an  arbitrary

distribution  of  node  points.    The  positions  of  these  node  points  can  thus  be

chosen  to  fit  the  boundaries  and  other  special  requirements  of  each  problem

(Macneal,1953).

Derivation  of  Finite  Difference Equations

In  the  method  of  solution  that  has  been  chosen  the  first  step  is  to

connect  the  chosen  points  by  a  network  of  triangles   (Fig.   7).     The  network

should  have  no  cross-overs  nor  obtuse  interior  angles.

Consider  a  portion  of  this  network  depicted  by  Figure  8.     The

perpendicular  bi§ectors  of  the  sides  of  the  triangles  divide  the  region  into

polygons  surrounding  each  point.     A  network  of  connections  is  now  constructed

connecting  the  vertices  of  the  triangles.    The  head  difference  between  two

points  may  be  interpreted  as  the  line  integral  of  the  gradient  of  the

potential   (potentiometric)  head  between  these  two  points

8
hB   -  hA  =     /     Vh  .   +dA

A
(25)

The  flow  in  the  connection  may  be  interpreted  as  the  total  normal  f low

crossing  the  common  boundary  of   the  polygons  surrounding  the  two  points.

Since  the  flux  is  -Tvh,   we  have

18



Figure  7.     Asymmetrical  finite  difference  network.
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Figure  8.     Portion  of  asymmetrical  network.
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Figure  8



2

QAB  =  -  /     T(Vh   .   i)   dr
1

(26)

+
where  n  is  a  unit  normal  vector  to  dr.     If  Vh  and  Tvh  are  now  expanded  in

Taylor's  series  about  the  point  0  (the  midpoint  of  the  segment  A-B),   and  all

terms  except  the  first  are  neglected,   then

hB-hA   =   lABIvh|o   CosCi

QAB  =   -Po  ri2   lvhlo  Cosa

The  value  of  the  conductivity  of  the  connection  A-B  is

QAB                To  ri2
JAB= ____                I                     -

hA-hB           LAB

( 27a )

( 2 7b )

(28)

Hence  the  conductivity  .AB  depends  only  on  the  physical  properties  of  the

material  and  the  manner  in  which  region  is  subdivided.     It  can  also  be  shown

by  a  simple  geometrical  argument  that  (Macneal,1953)

T
JAB   =  Z9   (CtnBi   +  Ctn82) (29)

where  a,   and  82  are  the  interior  angles  of  the  triangles  subtended  by  the

segment  AB.     If  both  a,   and  82  are  acute  angles  JAB  Will  be  Physically

realizable.

21



In  addition  to  calculating  the  value  of  JAB  it  is  necessary  to  decide  on

the  area  to  be  associated  with  the  net  groundwater  recharge  term  and  storage

term  in  eq.1.     If  eq.1   is  integrated  over  the  polygon  1-2-3-4-5  surrounding

point  8  of  Figure  8.

//  V(Tvh)   dB  +  //
88

by  Gauss'   integral  theorem:

Hence

q  dB  -  ,,   S  8t  dB  =  o
8

//  V(Tvh)   dB  =  /   T(Vh  .   +n)   dr
88

/   T(Vh  .   +n)   dr  +  //   q  dB  -  //   S  g±  dB  =  0
88

(30)

(31)

(32)

If  the  surface  integrals  in  eq.   32  are  replaced  by  the  values  of  the

integrated  functions  measured  at  8  multiplied  by  the  area  of  the  polygon  AB

and  the  line  integral  is  replaced  by  network  flows  from  eq.   26,  we  obtain

ZpQPB+qBAB-ABSB#   lB=   O                                                                                  (33)

where  QPB  is  the  flow  into  node  a  from  p-th  adjacent  node.     If  the  time

derivative  is  approximated  using  the  central  finite  difference  scineme,   and  the

strictly  implicit  scheme  is  utilized  for  the  other  terms,   the  generalized

dif ference  equation  for  node  8  is  obtained:

22



:  TPB   (h:+1   -h:+1  )   +  q:+'AB  -ABSB

where=

JPB  =  conductivity  of  the  connection  p-B

JPB  -  TPB ±

h:+1   -  h:
At

TPB  =  aquifer  transmissivity  at  the  midpoint  of

the  segment  p-B

TPB = ife kpB
2

kpB  =  Vertically  averaged  hydraulic  conductivity

at  the  midpoint  of  the  segment  p-B

mp  =  saturated  thickness  of  an  aquifer  at  point

P

For  conf ined  f low

mp  =  tp  -  bp

23

[L]

(34)

[L2T-1 ]

(35)

[I.2T-1 ]

(36)

[LT-1 I

(37)



For  unconf ined  f low

mp  =  h:+1   -  bp

tp  =  elevation  of  the  top  of  an  aquifer  at  point

P

bp  =  elevation  of  the  bottom  of  an  aquifer  at

point  p

hn+1
P

=  groundwater  level   (unconfined  aquifer)  or

piezometric  head   (confined  aquifer)  at

node  p  for   time   (n+1 )At

rpB  =  length  of  the  segment  that  is  common  to

the  polygons  surrounding  node  8  and  node

P

lpB  =  distance  between  node  p  and  node  a

q:+t   =  net  recinarge  at  node  8

AB  =  the  area  of  the  polygon  surrounding  node  a

SB  =  average  effective  porosity  (unconfined  flow)

or  coefficient  of  storage   (confined)  at  the  polygon

surrounding  node  8

At  =  time  step

[L]

[L]

[L]

(38)

[L]

[L]

[LT-1 I

[L2]

Writing  eq.   34  for  each  node  of  the  network  we  obtain  a  system  of  algebraic

equations  whose  solution  gives  the  values  of  the  unknown  variable  n(x,y,t)  at

the  nodes  for  time   (n+1 )At.   These  equations  are  linear  for  a  confined  aquifer

and  non-linear  for  an  unconf ined  aquifer.     For  the  solution  of  this  system  we

24



use   the  modified  Gauss-Seidel  method   (Macon,1963).     The  interative  solution

is  performed  according  to  the  equation

h:+TJk+1    =  h:+1,k   +

i  Jp:   (h:+''L  -h:+''k)   +  ABq:+1   _ £=::  (h:+1/k  _  h:)

:  J:B  +  ABSB/At

in  which

h:+1,k+1

•    RELAX             (39)

=  the  value  of  the  potentiometric  head  at  node

8  for  the  iteration  step  k+1

L             =k+1   if   p   <   8

L            =k  if  p>  B

RELAX  =  relaxation  coefficient

The  relaxation  coef f icient  is  constant  for  the  iteration  procedure,  and  has  a

purpose  to  accelerate  the  solution.     Its  optimum  values  for  confined  and

unconfined  aquifers,   found  by  our  numerical  experiments,   are  1.8  and  1.2,

respectively.    The  iteration  procedure  continues  until  the  following  condition

is  satisfied

|Res±|   <    ERROR

in  which

Res±  =  I   d   . (hn+1   _  h:+1 )   +  ABq:+1   _  ¥  (h:+1   _  h:)
PPIP
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and  ERROR  is  the  allowed  value  of  the  f low  non-balance  for  all  nodes  at  each

time  step.

Initial  and  Boundary  Conditions

In  order  to  solve  the  system  of  equations  given  by  eq.  34,   initial  and

boundary  conditions  have  to  be  specified.    The  initial  conditions  are  given  by

the  groundwater  level   (or  piezometric  head)   values  at  each  node  of  the

network.

In  this  report  we  consider  three  types  of  boundary  conditions:     1)

constant  head;   2)   constant  flux;   and  3)  constant  gradient.     Over  each  part  of

the  external  boundary  of  the  region  one  and  only  one  of  them  has  to  be

defined.     In  addition  the  constant  head  boundary  condition  may  be  defined  at

the  interior  of  the  region.

The  constant  head  boundary  condition  is given  by  the  values  of  the  head

at  the  passive  nodes.     This  value  may  change  in  time.

The  constant flux  boundary  condition  is  given  by  an  additional  flow  into

a  boundary  node.     This  additional  flow  is  given  by  (Fig.   9).

QA  =  TA  #  ri 2 (42)

in  which  TA  =  transmissivity  at  node  A,   n  =  unit  outward  vector  normal  to  the

boundary,   and  rT2  =  length  of  the  segment  of  the  boundary  associated  with  node

A.     In  this  case  the  f inite  dif ference  equation  for  node  A  is

:A  .pA  (h:+1    -h:+1)   +  q:+'AA  +   QA  -AASA
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The  constant radient  boundary  condition  is  sometimes  specified  for  unconfined

flow.     In  order  to  include  this  condition  into  the  model,  we  calculate  the

additional  flow  QA  in  eq.   43  using  formula

QA   -   rnA   ®    qA (44)

in  which  rnA  =  current  aquifer  thickness  at  node  A  and  qA  =  f low  rate  per  unit

aquifer  thickness   (Fig.   9)

qA  =  kA #  .  ri2 (45)

The  value  of  qA  for  constant  gradient  nodes  should  be  given  in  input  data.

Quasi  Three-Dimensional  Flow

The  type  of  three-dimensional  problem  which  the  computer  program  can

solve  is  illustrated  in  Figure  10.    The  number  of  layers  is  limited  only  by

computer  storage,   since  the  total  number  of  passive  nodes,   assuming  the  same

type  of  boundary  conditions  for  all  the  layers  is  equal  to  the  number  of  nodes

in  asymmetrical  network  times  the  number  of  layers.

The  difference  equation  for  node  8  of  layer  1   in  Figure  2  is  given  by

:.   JpiBi(h:±'   -h:t')   +  AB1:t`   -ABSB.

+kBo(h:±'   _  h:tl)  ± =  o

27
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Figure  9.     Asymmetrical  network  near  boundary.
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Figure  10.     Scheme  of  three-dimensional  groundwater  flow.
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and  for  node  8  in  layer  2:

:2  Jp282(h::1-h:±` )   -ABS82

(h::1   -h:2)
At

+  kBo  (h:t]   _  h:±1 )  ± =  o (47)

in  which  kBo  and  LBo  are  the  coefficient  of  permeability  and  thickness  of

semi-impervious  layer,   respectively.     These  values  should  be  given  as  the

input  data.     The  value  of  AB  is  calculated  by  the  program  itself .

Radial  Flow

The  linear  approximation  used  in  this  report  does  not  properly

approximate  radial  flow.     In  order  to  calculate  radial  flow,  we  will  utilize

the  analytical  well  equation

As  = fa Anti>
W

(48)

in  which  AS  is  the  difference  between  the  piezometric  head  at  well  and  the

piezometric  head  at  the  distance  a,  and  rw  is  the  well  radius.

If  we  draw  around  a  well  a  network  like  one  depicted  in  Figure  11,   the

flow  into  the  well,   according  to  eq.   28,   is  given  by

8
Qo  =  ±=,   J§i   .   Asi   =   8   .   J3  As (49)

Comparing  eqs.   48  and  49  we  can  obtain  the  expression  for  the  conductivity  of

the  connections  around  a  well
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Figure  11.     A§ymmetrical  network  near  a  well.
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Ji = = ,1,n i,-1
W

(50)

This  conductivity  assures  agreement  between  the  analytical  and  numerical

solutions.

GROUNDWATER   -   SURFACE   WATER   INTERCHANGE

In  an  earlier  section  we  described  the  resitivity  of  stream-aquifer

interface  against  water  flow.    This  resistivity  is  caused  either  by  partial

penetration  or  by  river  bed  clogging,   or  by  both.     In  this  section  we  will

refer  to  the  total  resistivity  R*,  given  by  eq.17.    The  flow  through  the

stream-aquifer  interface  is  given  by

q  =  Ah/R* (51)

in  which  q  is  the  flow  per  unit  length  of  a  strem,  R*  is  a  total  resistivity,

and  Ah  is  the  head  difference  between  the  stream  and  an  underlying  aquifer.

Consider  the  network  depicted  by  Figure  12.     The  total  flow  from  aquifer

node  A  to  stream  node  8  is  given  by

Q::1   =  q  LA  =  (h£+1   _  h::1)   LA;Ra (52)

in  which  LA  is  the  length  of  the  stream  section  associated  with  a  river  node

Ar.     Thus,   the  conductivity  of  the  connection  A-Ar  is  given  by
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Figure  12.     Numerical  network  near  a  stream.
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3A  =   Lp`/R*pL

Conductivity  calculated  this  way  should  be  included  in  the  difference

equations   (eq.   34)   of  node  A  and  node  Ar.

(53)

sTREz"  DlscHARGE  Arm   STAGE  cALcuLATloNs

Consider  the  network  depicted  by  Figure  12.     Calculation  of  discharge  are

initiated  at  the  second  node,   starting  from  the  upper  end,   and  moved

downstream.     The  discharge  at  the  upper  end  node  is  given  by  the  boundary

condition.     Moving  downstream,   the  discharge  at  the  L-th  stream  node  is

computed  as

Q:+1   =  QL=t'   +  LL_„  .   Q::i_1/LL_1

+  LL.u  .   Q::i/LL

in  which

Q[.  =  stream  discharge  at  the  L-th  stream  node

QA,L_1   =  the  flow  from  an  aquifer  to  the  L-1   th  node,   computed

according  to  eq.   47

IJL_1,D  =  the  length  of  the  lower  part  of  the  stream  section

associated  with  the  L-1   th  node

LL,u  =  the  length  of  the  upper  part  of  the  stream  section

associated  with  the  Lth  node

LL  =  the  length  of  the  stream  section  associated  with  the

Lth  node
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During  the  iteration  procedure,  after  the  discharge  at  a  certain  node  is

calculated,   we  can  update  the  value  of  the  stream  stage;   solving  eq.   24  for

z.    This  equation  is  an  implicit  function  of  the  flow  depth  z.     In  order  to

solve  it  we  will  use   the  Newton  method   (Macon,1963).     Eq.   24  may  be  rewritten

in  equivalent  form

f(z)   =Q-(az2+BZHaz2+Bz)/(cz+BH2   3   st:2/n=   o                        (55)

in  which  a  =  ctga   (Fig.   8)   and  c  =   2(1+az)1/2.     A  sequence   of   successive

approximations  Z, ,   z2,   z3 ,...,   is  computed  from  a  starting  value  zo  by  means

of  the  relation

Zi+1    =g(Zi)               i=   1,2,3

g(z)   -z  -
f(z)

df ( 2 ) /dz

in  which

and

df ( z )IIfi

(56)

(57)

=+(f(z)   -Q).    (5(2az+B)/(az2+82)   -2c/(cz+B))            (58)

The  iteration  procedure,  described  by  eq.  56,  continues  until  the  following

condition  is  satisifed.

lf(z)I    <    0.0,    Q
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NUMERICAL   RESULTS

In  this  section  we  present  results  of  numerical  simulation  of  two  stream-

aquifer  interaction  problems  and  compare  them  with  the  appropriate  analytical

solutions.     Two  problems  are  analyzed:     1)   groundwater  flow  changes  as   the

result  of  stream  stage  fluctuations  and  2)  unsteady  groundwater  flow  to  a

single  well  in  an  aquifer  bounded  by  a  recharge  boundary.

Groundwater  Flow  Changes  as  the  Result  of  Stream  Stage  Fluctuations

Consider  a  confined  aquifer  overlain  and  underlain  by  aquicludes  and

fully  penetrated  by  a  stream.     The  aquifer  is  homogeneous,   isotropic  and

inf inite  in  areal  extent.    The  partial  differential  equation  governing  the

one-dimensional  f low  of  groundwater  is

•#-s# (60)

If  the  stream  stage  fluctuates  as  a  simple  harmonic  motion,   the  boundary

conditions  may  be  written  as   (Walton,   1970)

h=h     +S     sin(2ITt/ts)          forx=O00

h=h0 for   x  =  co

(61a)

(61b)

in  which  ho  is  the  initial  stream  stage   (t  =  0),   So  is  the  amplitude  of  the

Stream  stage  fluctuations,   and  ts  is  the  period  of  the  uniform  stage  change.

For  initial  condition  given  by

h(x,o)   =  h     +  So  exp[-x(ITS/tsT)t/2]sin[-x("S/tsT)t/2]0
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eq.   61`  has  an  analytical  solution

h(xrty   =  h     +  So  exp[-x("S/tsT)t/2]sin[2ITt/ts   -x("S/tsT)1/2]        (63)0

which  defines  a  wave  motion  whose  amplitude  rapidly  decreases  with  distance

X,

The  amount  of  f low  into  or  from  the  aquifer  per  unit  length  of  the  stream

is  given  by

q,t,   =  T  .  *  ,x=o  =  T  .   I(t,

From  eq.   63  we  can  calculate

(64)

I(t)   =  So  exp[-X.    A]  [-A]  [Sin(2Tht/ts~xA)   +  Cos(2"t/ts-XA)]                 (65)

in  which  A  =   (Ths/tsT)i/2

In  numerical  simulation  the  following  values  of  parameters  were  used:     So

=   2m,    ts  =   2   days,   T  =   20  m2/day,   S  =   0.001,   ho  =   0.0  in.

Figures  13-15  Show  the  fluctuations  of  piezometric  head  at  x  =  90  in.     the

numerical  results  shown  in  Figures  13,14,   and  15  were  obtained  for  At  equal

to  0.1   day,   0.05  day,   0.01   day,   respectively.     The  smaller  time  steps  allow

better  approximation  of  the  stream  stage  fluctuations,   thus  improving  accuracy

of  the  numerical  results.
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Figure  13.    Numerical  and  analytical  results  for  the  aquifer  potentiometric

head  fluctuations.     x  =  90  in,   At  =  0.1   day
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Figure  14.    Numerical  and  analytical  results  for  the  aquifer  potentiometric

head  fluctuations.     x  =  90  in,  At  =  0.05  day.
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Figure  15.    Numerical  and  analytical  results  for  the  aquifer  potentiometric

head   fluctuations.     x  =  90  in,   At  =  0.01   day.
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Figure  16  shows  analytical  and  numerical  results  of  the  flow  into  or  from

the  aquifer  across  the  stream-aquifer  interface.    The  numerical  results  were

obtained  for  At  =  0.1   day.     It  is  seen  that  the  numerical  results  approximate

analytical  solution  with  good  accuracy.

Unsteady  Pow  to a  Single  Well  Located  Near  a  Stream

Figure  17  shows  a  confined  aquifer  fully  penetrated  by  the  stream  and

well.     The  aquifer  is  homogeneous  and  isotropic,   and  simi-infinite  in  areal

extent.     The  dif ferential  equation  governing  the  two-dimensional  groundwater

f low  caused  by  pumping  is

•#-#.Q-S#

with  initial  and  boundary  conditions  given  by:

h(x'y'O)   =  ho

h(O,y,t)   =  ho

h(x,r't)   =  ho

h(co'y,t)   =  ho

(66)

(67)

Using  the  imaginary  well  method,   we  obtain  an  analytical  solution  of  eq.   66

(Huisman,    1972)

h(x,y"   =#  (W(u2)r    -W(u2)r.)
rl
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Figure  16.     Numerical  and  analytical  results  for  the  flow  across  the  stream-

aquifer  interface,  At  =  0.1   day.
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Figure  17.     Hydrogeologic  scheme  of  flow  to  a  single  well  located  near  a

stream,
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Figure   17



in  which

h(x,y,t)   =  potentiometric  head

Q  =  pumping  rate

T  =  transmissivity

w(u2)   =  logarithmic  integral

rr  =  distance  from  a  certain  point  to  the  real  well

(see   Fig.18)

r±  =  distance  from  a  certain  point  to  the  imaginary  well

(see   Fig.   18)

The  rate  of  infiltration  from  the  stream  into  the  aquifer  per  unit  length  of

the  stream  is

q  =  T.    I

in  which  I  is  the  gradient  of  the  potentiometric  surface  normal  to  the

stream.     At  a  certain  point  along  the  stream   (0,yo)   the  gradient  Ir  caused  by

the  real  well  is  given  by  (Fig.18)

@s

llrl   =   15=1   =  #  (a2   +  y2o)   ./2exp[-(a2   +  y2o)s/4Tt]

in  which  a  is  the  distance  from  the  real  well  to  the  stream.     The  gradient

caused  by  the  imaginary  well  has  the  same  magnitude.
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Figure  18.     Scheme  of  the  imaginary  well  method.
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Figure   18



By  vectorial  addition  of  the  two  gradients,   the  resultant  gradient

perpendicular  to  the  stream  is

I  =  2|#  (a2   +  yzo)   -1/2exp[-(a2   +  yzo)S/4rt]   .

a(a2  +  y2o)-i/2  = # zT-zoexp  I-(a2  +  y2o)S/4Tt]a

Figure  19  shows  the  finite  difference  network,  which  for  simplicity  was

desigined  as  a  rectangular  mesh.     The  aquifer  parameters  used  for  calculations

where  T  =   20  m2/day,   S  =  0.001.     The  well  of  a  diameter  0.5  in  was   located   100

in  from  the  stream,   and  pumped  the  water  at  a  rate  Qo  =  40  m3/day.

The  results  of  two  numerical  simulations,  without  and  with  modeling  the

properties  of  the  radial  flow,   are  shown  in  Figures  21  and  22,   respectively.

these  results  were  obtained  for  two  days  of  pumping.     It  may  be  seen  that  the

correction  for  radial  f low  substantially  improves  accuracy  of  the  results  in

the  vicinity  of  the  well.

Figure  22  shows  the  distribution  of  infiltration  rate  q  along  the  stream,

obtained  from  analytical  and  numerical  solution.     the  numerical  solution  gives

a  stepwise  function,  which  is  a  result  of  tine  assumption  of  constant  value  of

all  properties  within  the  area  surrounding  eacin  node.     Thus,   the  numerical  and

analytical  results  differ  locally.    However,   the  difference  between  the

integrals  of  these  distributions  over  the  stream  length  was  relatively  small,

about  2%.     That  indicates  the  feasibility  of  the  numerical  method  to  simulate

stream-aquifer  interactions.
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Figure  19.     Finite  difference  mesh.
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Figure  20.    Drawdown  calculated  without  modeling  radial  flow.

48



LEGEND

•     NUMEfucAL

-ANALYTICAL

Figure  20



Figure  21.     Drawdown  calculated  with  modeling  radial  flow.
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Figure  22.    Infiltration  rate  distribution  along  the  stream.
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