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ABSTRACT

The  Kansas  Geological  Survey  ls  pursuing  an  ef f ort   to  automate   some  of

the  more  comon  aquifer  test  type  curve  solutlons.     This  document  discusses

the  results  of  the  work  done  on  the  leaky  arteslan  aquifer  as  clef lned  by  Jacob

and  Hantush  (1955).    the  text  covers  the  basic  theory  of   the  aqulfer  type,   the

n`merical  solution  of   the  leaky  artesian  well  functin,   W(U,r/B),   and  the

methodology  of  achieving  the  "best  fit"  parameters.     In  keeping  with  its

attempt   to  be  a  user  guide  as  well,   llstlngs  of  all  programs  developed  ln  this

effort  and  examples  of  their  use  are  included.     Several  figures  are  included

which  show  examples  of  "best  fit"   solutions  and  their  corresponding   type  curve

values.     These  comparlsons  lndlcate  the  generally  satisfactory  results

produced  by  the  regression  algorithms  docunented  here.     The  leaky  artesian

aquifer  drawdown  program  documented  here  functions  ln  an  acceptable  fashion

and  could  serve  as  the  core  f or  an  analytical  well  f leld  simulator  capable  of

handling  that   type  of  aqulfer.



Introduction

The  Kansas  Geological  Survey  i8   in  the  process  of   fabrlcatlng  a  series  of

computer  programs  designed  to  solve   the  inverse  problem  of  punptest

analysis.     The  program  discussed  ln  this  article  solves   the  inverse  problen

for  a  leaky  artesian  aquifer  system  proposed  by  Hantu8h  and  Jacob  (1955).

While  it  is  not  the  most  general  conf lguratlon  of  the  leaky  arteslan  problem

(see  Hantush,1960),   the  limited  number  of  data  sets  available  for  analysis

tend  to  be  for  the  simple  case.     The   technique  for  analysis  of   the  confined

problen  has  been  previously  published  by  the  Survey  (MCElwee,1980a).     The

methodology  to  be  used  involves   the  f omallsm  of   sensitivity  analysis  and  a

least  squared  error  f ittlng  technique  to  f lt  the  time-drawdown  data  set  while

satisfying   the  equations  developed  by  Hantush  and  Jacob   (1955).     These

techniques  will  be  outlined  in  the  text.     More  infomation  tnay  be  found  in

MCElwee   (1980a,1980b),   MCElwee   and   Yukler   (1978),   and   Cobb,   MCElwee   and   Butt

( 1978) .

This  program  is  being  published  af ter  extensive  but  not  exhaustive

testing.     This  is  principally  due  to  the  limited  number  of  available  data  sets

for  this  aqulfer  configuration.     Hovever,  we  have  tested  it  for  three

synthetic  data  sets  and  for  seven  real  data  sets  readily  available  to  us.     At

this  point,  we  feel  very  confident  in  the  algorithm's  capabilities.     It  ls

hoped  that  by  setting  this  model  out  f or  public  scrutiny,   new  data  sets  will

be  tested,   and  the  program  more  thoroughly  verified.     Using  the  available  data

sets,   we  have  been  able  to  establish  that  for  fairly  smooth  data  sets  (those

that  confom  generally  to  the  shape  of  the  leaky  type  curves),   the  model  has

excellent  convergence  properties.     Initial  guesses  of  the  storage  coefficient,



transmlsslvlty,   and  leakage  coefficient  may  be  in  the  range  of  plus  or  minus

three  orders  of  magnitude  of  the  correct  value  while  still  obtalnlng

successful  convengence.

This  method  of   solution  of   the  inverse  problem  does  not  remove  the

requirement  of  having  an  experienced  hydrologlst  evaluate  the  pumptest  data

for  general  features.     However,   once  the  decision  is  made  as  to  what  aquifer

conf iguratlon  1§  being  observed,   this  program  will,   1n  a  quick  and  unblased

fashion,  give  an  accurate  assessment  of  the  leaky  aqulfer  paraneters  within

the  limits  of  the  theoretical  approxlnations.     After  using  this  model  for  the

punptest  analysis,   the  hydrologl8t  should  always  look  at  the  root-mean-square

(ms)   deviation  ln  drawdorm  and  the  "best  fit"  drawdown§  calculated  by  the

program.     The  experimental  and  theoretical  drawdowns  should  not  differ  greatly

anywhere  and  the  rms  devlatlon  should  be  less   than  a  few  tenths  of  a  foot   ln

order  to  have  confidence  ln  the  analysis.     If  this  ls  not  the  case,   one  1§

prot>ably  not  dealing  with  a  simple  leaky  aqulfer.

Theory  and  Analytical  Solution  to  the  Leaky  Conf ined  Aqulfer  Problem

The  aqulfer  system  defined  by  Hantush  and  Jacob   (1955),   as  depicted   on

the  cover,   is  composed  of  a  level,   isotroplc,   honogeneous,   porous  medlun  of

inflnlte  areal  extent.     The  lower  aqulfer  boundary  is  assumed   to  be

impervious,   while   the  upper  boundary  ls  assumed   to  be  a  leaky  confining  bed.

A  source  bed  overlies   the  leaky  confining  bed.     Water  ls  derived  fron  the

aquifer  by  elastic  expan81on  of   the  water  and  compression  of   the  aqulfer

matrix  as  pumping  occurs.     Leakage  through  the  semlconflning  bed  is  assured  to

be  proportional   to   the  drawdown  ln  the  semlconfined  aquifer.     No  water  ls

removed   from  storage  ln  the  semiconflning  unit  and  no  drawdown  occurs   ln  the

source  bed.
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These  assumptions  lead  to  the  following  dlfferentlal  equation  (Jacob,

1946)

*+*-==(i,#       'where

s(r,t)   is   the  drawdown  at  any  distance  fron  the  well  at  any  time.

r  is  the  radial  distance  measured  f ron  the  well

S  is  the  storage  coef f lcient  of  the  arteslan  aqulfer

K  and  k'`~};re  the  respective  permeabllltles  of  the  artesian  aquifer  and

the  semiconf lning  bed

b  and  JLJ'are  the  respective  thlcknesses  of  the  artesian  aqulfer  and  the

semiconf lnlng  bed

T  =  Kb  is  the  transmlsslvity  of  the  arteslan  aqulfer

k{:/'dl;``is  the  leakance  of  specif ic  leakage  of   the  semiconf lnlng  bed

(Hantu8h,   1949)

p2;2.   __  I I tisf I Tf r]+x

Q  is   the  well  discharge

With  appropriate  boundary  conditions,   an  analytical  solution  is  obtainable.

Hantush  and  Jacob  give  several  solutlons   to  equation  (i)   for  different

ranges  of  u  and  r/b.     In  this  program  three  equations  are  solved  nunerically

in  order  to  cover  the  broadest  possible  range  of  u  and  r/B.     The  equations  are

listed  here,   a`1ong  with  the  appropriate  ranges  of  u  and  r/B.

cO

2)                  a  =   Q/l+FTT.   I      exp(-y-a)dy/y
u

u=  r2S/4Tt,   z=  r2/482y,            u>   I.0,        anyvalue  of  r/B
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3)

4)

S  a   Q/4  ffl .[2Ko(r/B)   -    /  co6xp(_y_z)dy/y  ]
P

p=Tt/S82      ,        r$2>u    <|.0

s=Q/4VIT5:{;';^:(Lr/B)_|o(r/B).-Ei(-r?4Ba)
/i,,,

+  exp(-r  7rB fr)     b.5772  +  1nu  +  E1(-u)

-u  +  u  (Io(r/B)-I)/(r ?48 }

coao

-u2    I      I
n=l   m=l

r/B    <u     <1

(_I)rfu(n-in+1)I

((n+2)I  2
(r %8  3mun-n  ]}

where  Ei(x)   is  the  exponential  integral,   Io  and  Ko  are  the  modified  Bessel

functions  of  the  first .and  second  kind,   zero  order.     The  nunerlcal

conputational  routines  involving  these  functions  were  checked  by  generating

the   table  published  in  Walton  (1970),   page  146.     This   table  could  be  produced

accurately  to  the  fourth  decimal  place.

Numerical   Solution  of   the  Leaky  Conf lned  Aquifer  Problem

Integral  functions  of  the  fom

cO

/   f(x)e-Xdx
0

may  be  approximated  by  the  method  of  Laguerre  integration:

n

I    i(x)e-Xck   ~~  ±±L  V±£(X|)0

/,



where  the  w±'s  are  weighting  factors  and  the  x±'s  are  the  abscissas  and

correspond   to  the  zeros  of  Laguerre  polynomlals.     The  method  of   solution  and

values  of  w±  and  x±  are  catalogued  ln  Abranowitz  and   Stegun   (1968).

In  order  to  perfom  the  lntegratlons   ln  equations  2  and  3,   a

transformation  of  variables  must  occur  in  order  to  make  the  limits  of

integration  compatible  with  the  Laguerre  Polynomlal  method.     This

transfomation  is  a  straight-forward  substltutlon  of  the  fom  y=x+n,  where  n

takes   the  value  of  u  for  equation  2  and  p  for  equation  3.     The  lntegrals   take

the  fom

co

G(r/B,n)   =     /    exp{-n-r2/[482(x+in)]  }/(xim)   .  exp(-x)nix
0

and  are  Solved  numerically  by  the  appropriate  8ubstltutlons  in  the  Laguerre

integration  formula.

The  function  G(r/B,n)  was  evaluated  by  Laguerre  integration  of  order

15.     It  was  able  to  successfully  duplicate  the   table  of  W(u,r/B)   published  ln

Walton   (1970).     We  considered   the  possibility  that  G(r/B,n)  might  not  be

accurately  approximated  for  all  pos§1ble  values  of  r/B  and  n.     The  roots   of

the  Laguerre  polynonial  should  sample  the  function  to  be  integrated  properly

for  desired  accuracy.     A  scaling  transf omatlon  was  incorporated   to  change   the

range  of  absclssas  over  which  the  evaluation  occured.     The  transfomatlon  was

of  the  fom  x=ay  such  that:

i(y)  --  i(xl a)

/¢

and



1

/:,h{:x&),jt: exp(-X)   . dx/a   8=    fT:f±{:::`:,);V     '

where  h(x)   =  f(x/a)exp(1/a).

Results  of  numerical  experiments  indicate  that  the  value  of  the  8callng

transfomation  ranging  from  I.0  to  10.0  has  no  effect  upon  the   integral  when

it  ls  used  simply  to  solve  the  drawdown  equation.     However,   in  the  regression

algoritha,   a  slight  economy  ln  number  of  iterations  accrues  when  the  scaling

transformation  ls  set  equal  to  5.0   (parameter  AA  in  the  function  list,

Appendix  IV).     This  i8   due   to  improvement   ln  the  evaluation  of   the  higher

order  decimal  places.

The  numerical  solution  of  the  exponential  integral,  Ei(x) ,1s  described

in  detail   in  MCElwee   (|980F°p:.'`:n):     Solutions   for  the  modified  Be8sels

functions  of   the  first  and  second  kinds,   zero  order,   Io(x)   and  Ko(X),   Were

carried  out   in  the  manner  of  polynomial  approxlmatlons.     Abramowltz  and  Stegun

(1968)   catalog  several  foms  for  each  function.     Each  for.in  ls  suitable  for  a

particular  range  of  x.     The  solutions  appear  ln  the  function  list  (Appendix

IV)   and  are   titled   Function  AIO(RB)   and  AKO(RB).

The  double  surmatlon  in  equation  (4)   is  solved  nunerlcally  by  Function

SUM(U,RB)   and   Function  IFACT(L)   (see  Appendix   IV).     A  truncated   sunmatlon

perfomed,   since  only  a  finite  number  of  terms  are  required   to  approximate  a

:::::::;)ty:::::i::/ig:gv-::::r:::n::es:°=:t:::: n=5 (L"IT=5 |n
l,,i.v``J,,,,-tr,

Sensitivity  Analysis

Parametrlc  sensitivity  analysis  ls  a  method  of  exanlnlng  the  stability  of

a  mathematical  representation  of  a  dynamic  system  with  respect  to  varlatlons

in  the  values  of  the  system's  physical  paraneters.     The  theoretical  basis  of

/7



this  technique  ls  outlined  by  Tomovlc  (1962),  while  the  appllcatlon  to

hydrologic  problems  has  been  examined  by  Vemuri,  ±i:£|,1969;   Mccuen,1973;

and  Yukler,   1976.

In  formulating  the  sensltivlty  analysis  of  the  leaky  conf ined  aqulfer

problen,   the  following  mathematical  model  is  useful:

F(hxxihyy.ht;   S,T,L,Q)   =  0

Where       hxx=   £   ,hyy=#     ,htB#

h  a  hydraulic  head

S  =  storage  coeff iclent

T  =  transmissivity

L  =  inverse  leakage  coef ficient  (L  =   i/a)

Q  =  punpa8e

and  whose  solution  may  be  written  as  h=h(x,y,t;S,T,L,Q).     Variations  of   any

single  paraneter  such  as  T  produces  a  new  formulation

F(hfx,h}y,ht;S,T+AT,L,Q)   =   0

where  AT  is  the`incremental  change  ln  T  and  h*   is   the  perturbed  head.     The

solution  to  this  expression  ls  of   the  fom  h*=h*(x,y,t;S,T+AT,L,Q).     The

stablllty  of   the  system  to  small  changes  ln  the  parameter  T  may  be  expressed

by

Ah       h* -h-_I-
ATAT

\g



If   the  limit  to  this  expression  exists  as   AT  approaches  zero,   1t,may  be

written  as

uTtx,y,t;s,T,L,Q>  3 # a  :Emir #

UL(Xiyit;S,I,L,Q)   =  #  =   lim
AIJ+0

and

which  are  respectively  the  sensltlvity  coeff lclent  with  respect   to  changes  in

S  and  the  sensitivity  coef f lcielnt  with  respect  to  changes  in  L.

The  solution  to  the  flow  equation  ls  assumed  to  depend  analytically  upon

the  parameters   S,   T,   and  L;   and  that  S,   T,   L.   and  Q  are  independent  of  each

other.     Because  of   these  assunptlons,   the  function,   h*(x,y,t;S,TL+AT,L,Q),

which  ls  perturbed  in  the  parameter  T,  nay  be  expanded  ln  a  Taylor's  series

(Tonovic,1962),   and  if  AT  is   small,   all  non-linear  tens  can  be  neglected

h*(x,y,t;S,T+AT,L,Q)   =  h(x,y,t;S,T,L,Q)   +  UTAT

where  UT  =  #.     Thus,   new  hydraulic  heads,   resulting  from  incremental  changes

in  T,   can  be  couputed  directly  if  the  unperturbed  head  is  known  and  UT  Can  be

computed.     Similar  expressions  nay  be  derived  for  perturbation  with  respect   to

S   and  L

h*(x,y,t;SIAS,T,L,Q)   =  h(x,y,t;S,T,L,Q)   +  Usts

h*(x,y,t;S,T,LIAL,Q)   =   h(x,y,t;S,T,L,Q)   +   U[;AL

8',



where  both  are  correct  to  first  order  in   4S  and   dr  respectively.

In  order  for  this  technique  to  be  useful,   it  is  only  necessary  to  be  able

to  Compute  Us,   UT  and  UL,   since  h(x,y,t;S,T,L,Q)  may  be  computed  by  previously

discussed  techniques.     This  requirement  may  be  satisfied  by  analytical  or

numerical  techniques.     In  this  work,   it  was  found  to  be  convenient  to  obtain

Us  and  UT  by  direct  analytical  means  and  UL  by  a  numerical  method.

Recall  that  the  basic  equation  describing  the  solution  to  the  leaky

conf ined  aquif er  ls

5)               s=#    u/co±exp(-y_EgL2)dy,       u=.±£    ,    L=B-I

(H"`\€b-,",i,i",1)
By  applying  Leibnltz's  rule  for  dlfferentlatlng  an  lntegralAit  ls  easy  to

obtain  the  sensitivity  coefficients  with  respect  to  S  and  I:

Us = ig = -# (i exp(-u -E#))@s

uT = iI = -i  Jcoi exp(-y -i,fF,dy + |#:i (i exp(-u -¥„8s

These  equations  may  be  easily  evaluated  by  standard  numerical  techniques  on  a

high  speed  computer  once  S   is  known.-
The  reasoning  for  computing  UL  by  a  direct  numerical  technique,   rather

than  by  formulating  an  analytical  solution,  was  based  on  a  desire  to  conserve

program  simplicity  while  retalnlng  conputational  accuracy.     Note  that  the

argument  of  the  exponential  within  the  integral  of  equation  (5)   contains  the

parameter  L.     Hence,  differentiation  would  transform  the  entire  function

(a



within  the  integral  and  would  clef lne

co

uL  =  /  fa  {expt-y  -I.2r274y>7y}dy
u

CX,

€  /     {-Lr2/2y2}ex(-y  -L2r2/4y)dy
u

Note   that  both  Us  and  UT  can  be  expressed  in  such  a  manner  that  af ter   the

drawdown  s   is  computed,   no   further  numerical   integration  ls   required.     The

sensitlvlty  with  respect  at   leakage,   UL,   however  can  only  be  computed  by

numerical  integration  which  would  involve  the  formulation  of  a  more  complex

function  of   Function  SS(U,RB)   (see  Appendix  IV).     Slnc;  a  numerical

integration  of  W(u,r/B)   was  already  appearable   (see  Function  W(u,RB),   Appendix

IV),   the  deci81on  was  made   to  generate  UL  by  finite  difference     .

approximation.     The  approximation

8s/aL  =   {  s(I.iAL)   -s(L~AL)}  /2AL

•.  /  ,, av  i p (I

co,,

s(LIAL)   =  Q/4ITT    /      exp{-y  -r2(mLP/4y}/y.   dy
u

where

becomes   lncrea`singly  accurate  as  AL  approaches  zero.     Satisfactory  evaluation

of  UL  occured   for  AL  set   equal   to   .01   L.     The  methodology  for  computing   the

8ensitivlty  coefficients   is  now  complete.

Discu§slon  of  the  Leaky  Aquifer  Sensltlvlty  Coef f iclents

The   radial  dependence  of  UT  18   shown  ln  Figure    `    .     The  function

72}  , I



FRadial  Dependence  of  uT

6
r  (radial  distance),  in  ft  x  |o-3

11
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diverges  logarlthaically  near  the  well.     UT  changes  sign  at  gone  finite  value

of  radius.     This  demonstrates   the  fact  that  when  T  ls  changed,   the  cone  of

depression  deepens  in  some  areas  and  shallows  in  others.

Figure    2    depicts   the  time  dependence  of  positive  values  of  UT  on

variations  in  r  and  T.     Note  that  UT  ls  inversely  proportional  to  T.     The

curves  represent  a  transmissivlty  of  2433|  ft2/day  and  ±20%  of  that  value  at  a

radius  of   100  feet  and  for  a  T  of  24331  ft2/day  at  a  radius  of   1000  feet.

Note  that  all  curves  flatten  after  3  to  4  days.     This  describes   the  steady

condltlon  caused  by  deriving  the  discharge  Q  totally  fron  leakage.

The  radial  dependence  of  Us  is  shown  ln  Figure   ;      .     This  coef flcient

does  not  diverge  at  the  well,  nor  does  its  sign  change.     It  is  inversely

proportional  to  S.     The  constancy  of  algebraic  sign  lndlcates  that  as  S

changes  there  is  a  general  raising  and  lowering  of  the  cone  of  depression.

The  time  dependence  of  Us  ls  presented  in  Figure    4     .     Radial  varlatlon

ls  represented  by  the  presence  of  3  curves.     Each  curve  reaches  its  maximum

value  for  Us  at  a  time  directly  proportional  to  its  radial  value.     At  some

finite  value  of   time  each  curve  approaches  zero  ln  value,   indicating  that  a

steady  state  is  achieved.     The  differing  nature  of  the  curves  is  related  to

the  fact  that  until  steady  state  ls  attained,   there  is  a  dual  source  supplying

the  pumpage,   namely  water  released  from  storage  and  leakage.     The  curves   role

over  as  leakage  starts  to  dominate  the  source  mechanism.     Us  is  zero  outside

the  cone  of  depres81on  and  at  any  time  t  after  steady  State  18  attained.

Figure    _`'     shows   the  radial  dependence  of  UL.     The  sensitlvlty

Coef f lclent  UL  does  not  diverge  at   the  well  and  approaches  zero  f or  large

values  of  r.

The  time  dependence  of   UL  is   shown  ln  Figure      G        for  two  values  of   r.

all  curves  grow  with  time  until  a  steady  state  is  achieved  where  leakage  ls

I/J



Fjut'C   2'         Effect  of  F3adius  and  Transmissivi{y

on  the  Time  Dependence  of  UT

1o-2

1o-3

1o-4

1o-5
.001 .01 1.0           10.0        loo,0

t (time),  in  days

Ei5i



FjL„c   €.             Effects  of changes  in  s  on  the
Radial  Dependence  of  Us

400

300

3
r  (radial  distance),  X  |o-3  ft

E=

`1'



F;Ju,c      4

300

.01 .1

t  (time),  in  days
1.0 10.0



r~`'j."  r.     Effect  of Changes  in  L  on  the
Radial  Dependence  of  UL

700

600

500

400

300

200

1234
r  (radial  distance ),  in  ft  X  |o-3



Fj7/4vC  6T.       Effect  of  Changes  in  L  and   F3adius

on  time  Dependence  of  UL

t  (time),  in  days

Cp



supplying  the  entire  discharge  Q.     The  set  of  curves  labled  L=.0004  ft-I  and

±20%  of  that  value  are  of  interest.     Observe  that  at  t  less  than   .6  days  UL  is

directly  proportional  to  L,  while  for  t  greater  than  .6  days,  UL  is  inversely

proportional  to  L.     As  lndlcated  before,   Q  ls  supplied  by  a  dual   Source  in  the

leaky  arteslan  aqulfer:     water  taken  from  storage  ln  the  aqulfer  and  water

supplied  by  leakage  through  the  aquitard.     Thl§  dual  Source  mechanism  results

in  the  changeing  dependence  on  L.

In  order  to  better  understand  the  behavior  of  the  sensitivity  coeff icient

UL,   1t  ls  necessary  to  exanlne  the  phenomenon  ln  a  little  closer  detail.     The

volume  of  cater  derived  by  a  pumping  well  in  a  leaky  artesian  aqulfer  before  a

steady  state  is  achieved,   as  stated  previously,   1s  due  both  to  water  taken

fron  storage  by  ela8tlc  expansion  and  leakage  through  a  senl-confining  bed

from  a   source  bed.     Both  ef fects  depend  upon  the  drawdown  in  tbe  confined

aquifer.

Equation  (i)  is  the  equation  governing  the  flow  in  the  leaky  confined

system  and  its   solution  yields   the  drawdown  ln  the  semi-conf lned  aqulfer  in

tens  of  r  and  t,   s  =  s(r,t).     Recasting  the  flow  equation  into  a  more  general

form

S"A-'J

T VZ5  =   S  +  ±  Q*

where  Q*  is  a  source  or  sink  per  unit  area,   1t  can  be  argued  ln  a  heurlstlc

fashion  that  the  total  volume  of  water  renoved  fron  the  leaky  confined  aquifer

at  any  time  t  may  be  repressented  as

Qt   =   SAT;  +   CAL2=      ,

ITZ]    pl



where  Q  is  volume  per  unit  time,   A  is  the  area  of  the  plan  view  of   the  cone  of
S

depression  at  time  t,   L2  1s  a-2  and  C  ls  equal  to  Tt.     The  quantity #  1s  an

average  drawdown  which  satlsf lea  the  equation.

V(t)   =      /    a(t)dA=TA
A

The  quantity a  is  guaranteed  to  exist  by  the  mean  value  theorem  which  states

that  for  suitably  continuous  functions  given  over  a  closed  bounded  region  R

I.I    i(x,y)dxdy  =  i(Xo.yo)A
R

where  A  is  the  area  of  R  (Kreysig,1972).

Equation  (6)  may  be  recast  and,   taking  the  partial  derlvatlve  with

respect  to  L,  yields

7) a=/ EL  =  -2ctQL/A( s+cL2) 2

At  early  times  storage  contributlon8  greatly  exceed  contributions  by  leakage,

so   that  s  >  CL2,   1nplylng   that

8) UL  =    @=/@L   =  -2CtQL/AS2

This  indicates  that  UL  ls  directly  proportional  to  L,   in  agreement  with

Figure   6     .     For  large  values  of  t,   leakage  becomes  the  donlnant  source  8o

that   s  <  CL2.     Equation  (7)   now  becomes

UL  =   @T/@L   =   -2tQ/ACL3   =   -2T/L



indicating  that  UL  is  indeed  inversely  proportional  L  for  large  values  of

I ine ,

The  Least  Squares  Fitting  Procedure

The  objective  of  any  curve  fitting  technique,  whether  perfomed  manually

or  by  machine,1s  to  fit  a  theoretical  type  curve  to  an  experimental  data  set

to  as  high  a  degree  as  possible,   evaluating   ln  the  process  a  corresponding  set

of  physical  parameters.     In  order  to  perfom  this  task  successfully,  a

mechanism  is  required  for  judging  the  error  ln  the  fit.     Classical  manual

lcurve  fitting  relies  basically  on  the  best  "eye  ball"  fit.     The  machine

method  described  here  allows  the  error  ln  f lttlng  to  be  accurately  and

meaningf ully  detemined  as  the  rms  error.

In  order  to  apply  the  paranetric  senstlvlty  method  to  the  f lttlng

problem,   it  ls  necessary  to  define  the  squared  error  function

E  a   ±Z   [Se(t±)   -S*(t±)I  2

where  E  is  the  sunmatlon  over  i  discrete  samples,   of   the  squared  difference

betveen  the  experlnental  drawdown  Se  and   the  updated  drawdown  S*  which  is

computed  Iron  the  truncated  Taylor's  Series

S*   =   S  +  UT4  +  UsAS  +  UL4L

The  arguement   t±  represents   the  lth  value  of   tine.     Expansion  of   the  squared

error  function,  taking  partial  derivatlves  with rjpect  to  the  perturbed

parameters,   and  setting  the  partial  derlvatives  equal  to  zero,   yields  a  set  of



three  sinultaneous  linear  equatlon8  which  must  be  §atlsfled  to  obtain  the  best

fit.    More  speclflcally,   for  mlnimlzlng  E,   1t  ls  required  that

@E                 @E                 @E

ffi = Tis = iH =  0

The  linear  systen  of  equations  which  results  1s

and  can  be  solved  explicitly  for   AL,   AS,   and  AT.     The  term  S   is   the

theoretical  drawdown  at  time  t  calculated  from  the  previously  updated  values

of  L,   S,   and  T.     The  new  values  of   the  parameters  are  simply

Li+1   =  Li  +   ALL

si+I  =  sl  +  Asi

Ti+1   =   Ti  +   AT±

This  process  continues  until  the  values  of   ALL,   AS±,   and  AT±  sinultaneously

satisfy  a  specified  convergence  criteria.     The  goodness  of  fit  obtained  at  the

termination  of  the  last  lteratlon  is  indicated  by  the  value  of  the  root  mean

squared  error

i  (s  -se,2
1

n

where  n  is   the  n`mber  of  discrete  samples  of   S.



The  success  of  this  methodology  ls  dependent  to  a  degree  upon  the  lnitlal

guesses  of   the  parameters   S,   I,   and  L.     However,   numerical  experiments

conducted  with  the  most  recent  version  of  the  progran  indicate  that  the

lnltlal  guesses  nay  be  as  much  as  three  orders  of  magnitude  above  or  blow  the

converged  solution  values  and  still  obtain  convergence.

In  order  to  malntaln  conformitly  to  physical  reality  and  lnprove

numerical  stabllty,   the  algorithm  requires  that  the  paraneters  S,   T,   and  L

must  always  be  posltlve.     Furthermore,   the  increments     T,     S,   and    L  are  never

allowed  to  exceed  0.5  or  be  less  than  -0.2.     This  subterfuge  insures  that  the

algoritha  executes  ln  a  convergent  fashion  to  the  local  and  possibly  global

mi nlmum iLs~gi~e.ntly+~



Convergence  Properties  of   the  Flttlng  Algorithm

ln  order  to  achieve  a  converged  solution,   the  typical  regres81on  model

involving  sensltlvity  analy81s  requires  lnitlal  estimates  of  the  aqulfer

parameters.     If  these  estimates  vary  greatly  from  the  actual  values,

convergence  may  not  occur.     A  de81rable  property  of  this  type  of  algorithm

would  be  to  have  a  large  "window"   1n  which  estimates  can  be  made  and  achieve

convergence  in  a  reasonable  number  of  iteratlons.

The  algorithm  presented  in  this  dlscus8ion  (see  Abpendk)  has

consistently  proven  its  ability  to  converge  to  the  correct  set  of  aqulfer

parameters  for  a  given  data  set.     These  values  are  comparable  to  values  of  the

parameters  obrtained  by  curve  natchlng  methods.     These  "best"  fit  values  are

achieved  over  a  range  of  lnltlal  e8tlmates  ranging  from  3  orders  or  nagnltude

above  to  3  orders  of  magnitude  below  the  converged  values  (see  Fig.  7   ).     The

sources  for  thl8  data  ls   tabulated  ln  Appendix   V    .     Typical  data  Sets,   with

lnltlal  estlamtes  ln  this  range,  converge  ln  less  than  40  iteratlons.

convergence  tends   to  occur  more  rapidly  for  underestimated  parameter  sets.

Iteratlons  are  reduced  as  the  estimated  parameter  values  approach  the  true

values.     For  typical  data  sets  the  rms  error  tends   to  be  only  a  few  tenths  of

a  foot,  while  for  fairly  ideallzed  Sets  of  data,   the  ms  error  is  a  few

hundredths  of  a  foot  (see  E#iili;C y  ).     Iteratlons  can  be  reduced  by  lncreaslng

the  size  of  the  acceptable  error  criteria,  but  only  at  the  cost  of  increased

rms   error.

The  parameter  AA,   which  is  a  scaling  factor  in  the  numerical  integration

routine,  has  a  snail  effect  on  rate  of  convergence.     The  statistics  quoted

above  are   for  AA  =   I.0.     Numerical  experiments  indicate   that  a  small  economy

in  iteration  steps  ls  available  by  setting  AA  equal  to  5.0.
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We  have  extensively  tested  the  algorlthn  on  8one  synthetic  data

fomulated  by  Cooper   (1963)   for  an  lnflnite  leaky  confined  aqulfer.     Some

typical  re8ult8  appear  ln  Figure  1  .    Note  that  for  all  pemutatlons  of  3

orders  of  magnitude  above  and  below  the  correct  values,   the  regression  re8ult8

are  virtually  identical,   showing  that  the  algorlthm's  convergence  properties

are  not  parameter  specific.     The  ms  error  for  this  data  ls  shown  in  Figure  9

(data  set  2a)   to  be   .038  feet.

If   the  data  diverges   to  much  from  ideal  data,   convergence  may  not

occur.     If  convergence  does  occur  the  rms  error  may  be  unacceptable.     Although

this  algorithm  gives  a  unique  solution  to  any  data  set  for  which  lt  can

achieve  a  converged  set  of  values,   1t  cannot  dlstlngulsh  absolutely  between

different  types  of  aquifer8.     Since  the  three  analytical  degrees  of  freedom

give  the  algorithm  considerable  latitude  ln  achlevlng  convergence,   an

imperfect  data  set  from  a  conf lned  aqulfer  may  be  8ucces8fully  run  and  a  set

of  values  for  transmlsslvity,   storage,   and  leakage  produced.     This  fact  points

to  several  cautlon§.    First,  only  the  best  data  available  should  be

anlayzed.     Second,   the  geohydrology  Should  be  carefully  exanlned  by

experirenced  personnel  to  aid  ln  classifying  the  aqulfer  type.     Thirdly,   1f

doubt  exists  about  the  valldlty  of  the  converged  values,   the  ms  error  value

should  be  noted,   but   the  indlvldual  ''be8t  fit"  drawdown8  should  be  conpared  to

the  field  data  for  gro88  divergences.     The  following  discussln  will  aid  ln

understanding  these  polnt8.



F,J.J,€    7.
"Best"  Fit  Parameters   for  Varlou8   Comblnatlons  of  Over-E6tlmatlon  and  Under-
Estlmation  of  Initial  Values.

¥;::e:u:::mv:::::?  (L9§3)a.oooi           RE  a  i3,3oo  ft/day           LC  =.0005  ft-I

Inltlal  Guess  Values
Sc Lc

)             (I/ft)
Sc

Converged  Values
r  =  loo  f t

Lc
)        (1/ft)

I   x   1o-7                 13.3

1x|o-i       |3.3x|o6

I   x   |o-7               13.3

|x|o-7       i3.3xio6

1x1o-7        |3.3xio6

1   x   1o-I                 13.3

I   x   lo-I                13.3

1x10-I        13.3x|o6

4.98  x  io-7

4.98  x   lo-1

4.98  x  lo-I

4.98  x   |o-1

4.98  x  lo-7

4.98  x  io-7

4.98  x   10-I

4.98  x  |o-7

9.789   x   io-5

9.789   x   io-5

9.789  x  io-5

9.789  x  io-5

9.789  x   io-5

9.789  x   |o-5

9.789  x   io-5

9.789  x   |o-5

46

13338.      4.94o|   x   io-4

13338.      4.9404   x   |o-4

13338.      4.94o4   x   io-4

13338.      4.94o4  x   io-4

13338.      4.94o3   x   |o-4

13338.      4.94o2  x   |o-4

13338.      4.9403   x   |o-4

13338.      4.94o3   x   io-4



I,3J,P      gr.
"Best"  Fit  Leaky  Aqulfer  Parameters  Compared  with  Leaky  Type  Curve  Analysl8  of
Data

S::::e         Type  curve*               |nit:::V:::::eta:%S§  :::kio-3                   may+
Code                  Values                                     I e  Curve  Values                                   error

T  =   182000  gpd/ft
S  =   .002
8  =   2500  f t

T  =   1500
S  =   .00020
8  =   430
T  =   49000
S  =   .000090
a  =   4100
T  =   41000
S  =   .000080
a  =   4000

*T  =  Transmissivity
S  a  Storage  coef f lclent
8  =  Leakage  coef f iclent

202000  gpd.ft
.002
3300  f t

a\
99000
.00097
20000

b`l:

.`.,:

00000
00097
9800
7800

I .001
`,,-19500

1800
.00017
650
44000
.000086
3900
46000
.000084
4800

`#rms  =   root  mean  square

•007   ft

.038

.016

.010

.125

.378

.030



The  lnformatlon  tabulated  in  Figure 8   ls  "best  f lt"  values  for  data  Bets

analyzed  by  leaky  artesian  type  curve  fitting.     The  sources  are  listed  by

number  in  Appendix  V  .     The  lower  case  letters  indicate  that  data  was  taken

for  different  observation  wells  at  the  same  punptest,  or  that  several

independent  punplng  tests  were  listed  ln  the  same  source.     The  prlnclple

feature  of  this  f igure  is  the  quite  good  agreement  between  the  "best  fit"

algorithm  values  and  the  type  curve  values.     All  values  are  well  within  the

same  order  ot  magnitude  of  each  other  and  ln  fact  the  dlf f erences  are  not  over

35%;   most  of   them  being   in  the   10-20%  range.     The  largest   ms  error  is  about

.4  feet  for  set  4a.     The  smallest  rms  error  ls   .007  feet  for  data  set   1.     Note

that  data  sets  with  the  lowest  rms  error  do  not  nece8sarlly  have  the  closest

agreement  between  sets  of  parameters.     This  feature  ls  related   to  the

sensitlvltles  of  the  various  paraneters.

Figure  9    is  a  comparlgon  of  parameter  values  derived  f ron  data  8et§

evaluated  by  the  conf ined  `arte8ian  type  curve  method  and   the  leaky  artesian

regression  algorithm.    Although  the  ms  errors  are  satisfactory,   there  are

discrepancies  of  several  orders  of  magnitude  in  the  Storage  values.     'This  ls

especially  true  for  example  6a,b.     Data  Set  6b  has   two   sets  of   S  and  T

produced   from  the  same  set  and   the  "best  fit"   S  and  T  are  the  approximate

averages  of  these  values.     These  exanple8  demonstrate  the  fact  that  nonf -

perfect  data  can  still  achieve  convergence  ln    this  algorithm.     This  points  to

the  need  to  examine  the  geology  of  a  site  as  well  as   the  drawdown  curve  fron

an aqulfer  test.    It  also  illustrates  the'© of  real  data,  versus
lrlexcLc+y`ess

theoretical  curves.



":'e5s`tr"e  Fiqt.  Leaky  Aquifer  parameters   Compared  with  Conf ined  Type   Curve  Analy81S
of  Data

Data
Source

Code
Confined  Aqulfer  Type           Leaky  Aqulfer  Values  Obtained              ms

Curve  Values                                 From  Re re8sion  Fit                       error

=  44000  gpd/ft
. 00046
0ft

42000
. 000004
0

=  :888866:?  =2L:5?8o2
0

T  a   42000
S  a   .00044
8  =   8600

I  =   9800
S  =   .0045
8±65
T  =   25500
S  a   .00055
8  a   1180

0.240

.036

.032



Using   Program  LEAKYFIT

LEAKYFIT  is  an  algoritha  which  ls  run  ln  batch  mode.     Data  nay  be  entered

by  cards  or  from  a  pemf ile  when  lnltiatlng  the  job  from  a  remote  llntreactlve

temlnal.     These  files  are  ln  free  field  format,  where  the  data  are  separated

by  blanks  or  cotnmas.     In  general,   the  algorithm  ls  not  ln  machine  dependent

code.     Only  one   statement   (see  Appendix   I  ),   CALL  FXOPT   (...),1s   specific   to

the  Honeywell  66/60  now  operating  at  Kansas  Unlverglty.     This   statement  can  be

removed  by  a  user  lmplementing  this  algorithm  on  a  "foreign"  machine.     The

purpose  of   this  statement  is   to  circumvent  program  teminatlon  caused  by

exponential  overflows,   exponential  underflows,   and  division  checks.

There  are  some  pre-assigned  parameter  values  in  the  algorithm  which  the

user  may  need   to  redefine  from  time   to   time.     The  Paraneter  value  ND  controls

the  size  of  arrays   SE,   I,   and  SOS,  which  store  the  discrete  valuesof

experimental  drawdown,   time,   and  computed  drawdown  respectively.     The  value  of

ND  must  always  be  equal  to   the  n`mber  of  tin/e-drawdown  pairs  read  into  the

algoritha.     1f  this  restrlctlon  is  not  adhered  to  the  standard  deviation  will

not  be  correctly  computed  and  problems  will  arise  ln  reading  data.     The

parameter  ITMAX  controls   the  maxlmun  n`imber  of  lteratlons   perfomed  by  the

program.     It  ls  set  at  50,   since  our  experinent6  show  that  all  the  data  sets

which  have  ben  tested  converge  in  less   than  50  iteratlons.     However,   1f

convergence  does  not  occur,   this  paraneter  may  be  increased.     The  value  of

ERROR  check  for  convergence  of   the  parameter  updating  quantltles   AITt    AIs.

and   AIL.     Thl8  value  gives  good  fits  with  acceptable  numbers  of  iteratlons.

Changing  thl§  paraneter  ls  not  recormended.    making  it  larger  reduces  n`mber

of  iterations  while  decreasing  the  accuracy  of  the  fit.     Reducing  its  value

has   the  opposite  effect.

Data  input  is  straight  forward.    The  first  free  field  fomat  entry



consists  of   the  parameters

SC  =  Elastic  storage  coef f lclent  of  conf lned  aqulfer

KB  =  Transmlssivity  of  conf lned  aqulf er

LC  =  Inverse  leakage  coef f icient  of  the  conf lning  bed

R  =  Radial  distance  f ron  the  punplng  well  to  the  observation  well

Q  =  punplng  rate

TCL  =  Thlckne8s  of   the  conf inlng  bed  lf  known

These  parameters  may  have  any  consistent   Set  of  units  assocl.ated  with  them.

If  TCL  is  known,   the  program  can  compute  kD,'  the  vertical  hydarullc

conductlvlty  of  the  conflnlng  bed.     If  TCL  ls  unknown,   entering   zero  will

cause  this  calculation  to  be  skipped.

The  second  and  succeSding  free  fomat  f ields  enter  the  time-drawdown

pairs  of  which  there  must  be  ND.     Entering  one  pair  at  a  tine  reduces

possibllitles  of  mistakes  in  punching  or  keylng  ln  data.    When  all  data  is

read,   1t  ls  echoed  as  the  first  part  of  the  output.

Ag  iteratlons  of  the  fitting  algorithm  are  completed,   the  standard

deviation  (rms  error)   1s  printed  along  with  the  values  of  LC,   Sc,   and  KB.     If

the   routine  completes  ITMAX  iteration8  without  converging,   a  message  appears

announcing  the  fact  and  the  program  terminates.     If  convergence  is  successful,

the  convergence  is  announced.     The  best  fit  time-drawdown  pairs  are  printed,

and   the  values   for  LC,   Sc,   and  KB  are  printed.     If  TCL  has  been  given  a

positive  value¢   the  value  of  K@`'1s  also  printed.     The  progran  then

terminates .

One  other  feature  which  may  prove  to  be  of  occa81onal  use  ls  the  option

IGENDATA  (see  Appendix   I    for  a  listing  of  LEAKYFIT).     when  this   statement   ls

set  equal   to   zero   (/0/),   LEAKYFIT  operates   in  a  nomal  regression  type  mode.

Setting  IGENDATA  equal   to  one  (/1/)   causes   the  program  to   temlnate  after  the



first  lteratlon  and  produces  a  set  of  values  which  clef lne  a  portion  of  the

theoretical  Leaky  Aquifer  type  curve.     This  ls  useful  if  the  user  wishes  to

check  point  by  point  the  deviation  of  a  converged  Set  of  values  against  the

theoretical  values.



A   Typ,oat

SC=
KB=
I'C=
R=
Q=
ERROR=

Ba,tch    RuuL

0 . 00002000
0 .17000000
0 . 00000400

2100 . 00000000
136 . 09625626

0.00100000
I TMAX=                       5 0

T

50 . 00000000

60 . 00000000

70 . 00000000

80 . 00000000

90 . 00000000

100 . 00000000

200 . 00000000

300 . 00000000

400 . 00000000

500 . 00000000

600 . 00000000

700 . 00000000

800 . 00000000

900 . 00000000

1000 . 00000000

1440 . 00000000

c,f     p,o3,a-    LEA,CYF,T

SE

0 . 02000000

0 . 03000000

0 . 04000000

0 . 06000000

0 . 07000000

0 . 09000000

0 . 23000000

0 . 36000000

0 . 43000000

0 . 50000000

0.56000000

0 . 60000000

0 . 65000000

0 . 68000000

0 . 70000000

0 . 75000000

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

I.C=                0. 40025644E-05
SC=                0. 30000000E-o4
KB=                 0.25500000E   00

THE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBER,

0 . 40058561E-05
0 . 45000000E-04
0.38250000E   00

33

1IS 62 . 85103226FEET .

41. 74836826FEET .



THE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBER,

LC=                0.40082158E-05
SC=                0. 67500000E-04
KB=                 0.57375000E   00

THE   STANDARD   I)EvlATION  FOR   ITERATION   Ni]rmER,

LC=                0. 40231423E-05
SC=                 0.10125000E-03
KB=                 0.86062501E   00

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

I,C=                0. 45295292E-05
SC=                 0.15187500E-03
KB=                 0.12909375E   01

THE   STANDARD   DEVIATION  FOR   ITERATION   NUMBER,

I,C=                0. 45440256E-05
SC=                 0.22781250E-03
KB=                 0.19364063E   01

THE   STANDARD   DEVIATION   FOR   ITERATION  NUMBER,

I,C=                0. 65234190E-05
SC=                 0.34171875E-03
KB=                 0.29046094E   01

THE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBF,R,

I,C=                 0.97851286E-05
SC=                 0.51257813E-03
KB=                 0.43569141E   01

THE   STANDARP   DEVIATION   FOR   ITERATION   NUMBER,

I,C=                 0.14677693E-04
SC=                 0. 76886720E-03
KB=                 0.65353712E   01

3IS

4IS

SIS

6IS

7IS

8IS

9IS

THE   STANDARD   DEVIATION   FOR   ITERATION  NUMBER,          10IS

LC=                 O.22016539E-04
SC=                 0.11533008E-02
KB=                 0.98030568E   01

34

27 . 68291068FEET .

18 . 30720854FEET .

12 . 05551541FEET .

7 . 88695598FEET .

5 .10868293FEET .

3 . 25611785FEET .

2 . 02096519FEET .

1.19757660FEET .



TEE   STANDARD   DEVIATION  FOR   ITERATI0N   NUMBER,

I,C=                0. 33024809E-04
SC=                0.16955480E-02
KB=                 0.14704585E   02

THE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBER,

I,C=                0. 49537214E-04
SC=                 0.20554769E-02
KB=                 0.18988866E   02

THE   STANDARI)   DEVIATION   FOR   ITERATION   NUMBER,

I,C=                 O. 74305821E-04
SC=                 0. 21458429E-02
KB=                 0.20350819E   02

TEE   STANDARD   DEVIATION  FOR   ITERATION  NUMBER,

LC=                 0.11145873E-03
SC=                 0.21363545E-02
KB=                 O.20254100E   02

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

LC=                 0.16718810E-03
SC=                 0.21212719E-02
KB=                 0.19969440E   02

THE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBER,

I,C=                0. 25078214E-03
SC=                 O.20963287E-02
KB=                 0.19571687E   02

THE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBER,

I,C=                0. 30246229E-03
SC=                0.20498505E-02
KB=                 0.18829561E   02

Ills

12IS

13IS

14IS

15IS

16IS

17IS

TEE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,          18IS

LC=                 0.30211786E-03
SC=                0.20454614E-02
KB=                 0.18767505E   02

3J

0 . 648 7 3422FEET .

0 . 29228624FEET .

0 .14641501FEET .

0 .10980574FEET .

0 . 09 851251FEET .

0 . 07496800FEET .

0 . 02587029FEET .

0 . 00728759FEET .



TIIE   STANDARD   DEVIATION  FOR   ITERATI0N  NUMBER,19IS 0 . 00 711824FEET .

THE   PARAMETERS   CONVERGED   IN         19   ITERATIONS.

THE   BEST   FIT   TIRE-DRArooEN  pAIRs   FOR   THE   CONVERGED  vALUEs   oF   s,I,   AND   L   ARE

T

50 . 00000000

60 . 00000000

70 . 00000000

80 . 00000000

90 . 00000000

100 . 00000000

200 . 00000000

300 . 00000000

400 . 00000000

500 . 00000000

600 . 00000000

700 . 00000000

800 . 00000000

900 . 00000000

1000 . 00000000

1440 . 00000000

LEAKAGE   COEFFICIENT   =

STORAGE   COEFFICIENT   =

TRANSMISSIVITY   =

SE

0.01581064

0.02705157

0 . 04026270

0 . 05479956

0 . 07016420

0 . 08598887

0 . 23661267

0 . 35285641

0 . 44046858

0 . 50804146

0 . 56138865

0 . 60430527

0 . 63935507

0 . 66833135

0 . 69252767

0 . 76210560

0 . 00030241

0 . 00204471

18 . 75390863

3G



Program  TSSLEAK  and   Its  Use

This  progran  ls  simply  an  interactive  time-sharing  version  of  LEAKYFIT.

A  listing  appears  ln  Appendix  fl  .     Prompting  statements  query  the  user  for

values  of   storage  (SC),   transnlsslvlty  (KB),leakage   (LC),   punprate  (Q),

radial  observation  distance  (R),  number  of  time-drawdown  pairs   (NOTP).     All

data  is  echo  printed,   as  well  as   ITMAX  and  EREOR,   and   the  user  ls  given  an

opportunity  to  correct  the  input  data.     next,   the  algorithm  asks  for  tlne-

drawdoun  pairs.     Only  NDTP  pairs  nay  be  entered.     After  entry  18  conplete,   all

pairs  are  echo  printed  and  the  user  is  again  asked  to  examine  for  errors  and

correct  any  that  are  found.    £orrectlon  is  done  by  entering  the  Serial  number

of  the  erroneous   time-drawdown  pair  and  the  correct  values.     After  reading  the

corrections,   the  terminal  again  asks  lf  there  are  any  errors  ln  the  tlme-

drawdown  data.     As  long  as  affirmative  responses  are  given  by  the  user,   the

progran  will  ask  for  data  corrections.     As  soon  as  a  negative  resonse  ls

given,   the  program  proceeds.

At  this  point,   output  is  indentlcal  to  that  printed  by  LEAKYFIT  (a8  may

be  seen  by  comparing  the  sample  runs).     Values  of  the  ms  error,1teratlon

number  and  LC,   Sc,   and  KB  are  printed  at  the  end  of  each  iterative  step.     when

and  if  convergence  occurs,   this  fact  ls  announced.     The  "best  fit"   time-

drawdown  pairs   are   printed  and   the  converged  values  of  LC,   SC,   and  KB  are

printed.     The  program  then  asks  lf  the  thickness  of  the  seni-conflnlng  bed  ls

known.     if  an  afflrmatlve  response  ls  made,   the  value  of  that  parameter  ls

asked,   and  the `value  of  the  leaky  pemeablllty  kS'is  printed.     The  progra`}then

temlnates .



PROGRAM   TSSLEAK         (EXAMPLE   RUN)

<W>147o   EQUALITY   oR   NON-EQUAI,ITV   coMPARlsoN  MAY   NOT   BE   mANINGFUI,   I
N   LOGICAL   IF   EXPRESSIONS
ESTIMATE   FOR   STORAGE   ?
=.00002
ESTIRATE   FOR  TRANSMISSIVITY?   L-.+i-2/T
=.17

ESTIMATE   FOR   LEAKAGE   COEFFICIENT   ?    1/L
=.000004
CONSTANT   PUMPAGE   RATE?   L**3/T
=136 . 0963
OBSERVATION  DISTANCE   FROM   P"PING  REI,L?   I,
=2100
NUMBER   OF   DRAWDOEN-TIME   PAIRS   T0   BE   READ?
=16
ECHO   THE   INITIAI,   DATA
SC=                            0.00002000
KB=                            0.17000000
LC=                            0.00000400
Q=                       136.09630013
R=                   2100. 00000000
NDTP=                       16
I TMAX=                       5 0
ERROR=                            0. 00100000
ARE   THERE   ANY  ERRORS   IN   DATA   INPUT?
ANSWER   YES   IF   ANY   ERROR,    OTHERWISE   NO
=NO

DRAWDOEN-TIME   PAIRS   IN   ORDER   0F   INCREASING   TIME.

``_--.------.....---.----..,--.-`.
.60   700

FII,E   CODE   41   ILLEGAI,   CIIAR;    CORRECTION   =
•.'t**PROG.I,#         (ERR   #32)

......           610
II,I.EGAL   CIIAR   IN   DATA   BEI.OW
ERROR   IN   COLUMN                        8   0F
.60   700

TREAT   ILI,EGAI,   CIIAR   AS   ZERO
=.6   700

1€

i h"       ,1       ,„{

clo.,c       AJ

T$5LEAK-



=.65   800
=.68   900
=.701000
THE   P"P   TEST  DATA   IN  DRAW-DOWN  TIME   PAIRS
.20000000E-01                0.50000000E   02
.30000000E-01                0.60000000E   02
.40000000E-01                0.70000000E   02
.60000000E-01                 0.80000000E   02
. 70000000E-01                 0.90000000E   02
.90000000E-01                 0.10000000E   03
.23000000E   00                0.20000000E   03
.36000000E   00                0.30000000E   03
.43000000E   00                0.40000000E   03
.50000000E   00                0.50000000E   03
.56000000E   00                0.60000000E   03
•60000000E   00                 0.700oooooE   o4
.60000000E   00                 0.70000000E   03
.65000000E   00                0.80000000E   03
.68000000E   00                 0.90000000E   03
•70000000E   00                 0.1000000oE   o4
ARE   THERE   ANY  ERRORS   IN  DRAWDOEN-TIME   PAIRS?
ANSWER   YES   0R   NO
=YES
ENTER   THE   I.INE   NUMBER,    CORRECT   DRAWDOEN  AND   Tlm
=12    .6   700
ARE   THERE   ANY   ERRORS   IN   DRAWDOWN-TIME   PAIRS?
ANSWER   YES   OR   NO
=YES
ENTER   THE   I,IRE   NUMBER,    CORRECT   DRAWDOEN   AND   TIME
=13    .65   800
ARE   THERE   ANY   ERRORS   IN   DRAWDOWN-TIME   PAIRS?
ANSWER   YES   0R   NO
=YES
ENTER   THE   LINE   NUMBER,    CORRECT   DRArooEN   ANI)   TIME
=14   .68   900
ARE   TRERE   ANY   EREORS   IN  DRAWDOEN-TIME   PAIRS?
ANSWER   YES   OR   NO
=YES

ENTER   THE   I,INE   NUMBER,    CORRECT   I)RAWDOWN   AND   TIME
=15    .71000

ARE   THERE   ANY
ANSWER   YES   0R
=YES
ENTER  TEE   Llin
=16    .751440
ARE   THERE   ANY
ANSWER   YES   OR
=N0
THE   PUMP   TEST
. 20000000E-01
. 30000000E-01
. 40000000E-01
. 60000000E-01
. 70000000E-01

EREORS   IN   DRAWDOWN-TIME   PAIRS?
N0

NunBER,    CORRECT   DRAveowN  AND   TIME

EREORS   IN   DRAWDOEN-TIME   PAIRS?
N0

DATA   IN  DRAW-DOEN   TIME   PAIRS
0.50000000E   02
0.60000000E   02
0.70000000E   02
0.80000000E   02
0.90000000E   02



. 90000000E-01

.23000000E   00

.36000000E   00

.43000000E   00

.50000000E   00

.56000000E   00

.60000000E   00

.65000000E   00

.68000000E   00

.70000000E   00

.75000000E   00

0 .10000000E
0 . 20000000E
0 . 30000000E
0 . 40000000E
0 . 50000000E
0 . 60000000E
0 . 70000000E
0 . 80000000E
0 . 90000000E
0 .10000000E
0 .14400000E

THE   STANDARD   DEVIATION   FOR   ITERATI0N  NUMBER,

LC=                0. 40025728E-05
SC=                0.30000000E-04
KB=                0.25500000E   00

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

I,C=                0. 40058683E-05
SC=                0. 45000000E-04
KB=                0.38250000E   00

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

LC=                0. 40085048E-05
SC=                 O.67500000E-04
KB=                 0.57375000E   00

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

LC=                0. 40249487E-05
SC=                 0.10125000E-03
KB=                 0.86062501E   00

THE   STANDARD  DEVIATION  FOR   ITERATION   NUMBER,

LC=                0. 58241606E-05
SC=                 0.15187500E-03
KB=                 0.12909375E   01

TRE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

LC=                 0. 62520667E-05
SC=                 0.22781250E-03
KB=                 0.19364063E   01

40

1IS

2IS

3IS

4IS

SIS

6IS

62 . 85105276FEET .

41. 74835539FEET .

27 . 68289542FEET .

18 . 30680537FEET .

12 . 05539 763FEET .

7 . 88670623FEET .



THE   STANDARD   DEVIATION   FOR   ITERATI0N  NUMBER,

I,C=                0. 79332423E-05
SC=                 0.34171875E-03
KB=                 0.29046094E   01

THE   STANDARD   DEVIATION   FOR   ITERATION  NUMBER,

LC=                 0.11899863E-04
SC=                 0.51257813E-03
KB=                 0.43569141E   01

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

I,C=                 0.17849795E-04
SC=                 0. 76886720E-03
KB=                 0.65353712E   01

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

I.C=                 0. 26774693E-04
SC=                 0.11533008E-02
KB=                 0.98030568E   01

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,

LC=                0. 40162040E-04
SC=                 0.17007875E-02
KB=                 0.14704585E   02

THE   STANDARI)   DEVIATION   FOR   ITERATI0N   NIJMBER ,

I.C=                0. 60243060E-04
SC=                 0.20656104E-02
KB=                  0.18959719E   02

7IS

8IS

9IS

10IS

llIS

12IS

THE   STANDARD`DEVIATI0N   FOR   ITERATION  NUMBER,13IS

LC=                0. 90364590E-04
SC=                 0.21426278E-02
KB=                 0.20315696E   02

TEE   STANDARD   DEVIATION   FOR   ITERATI0N   NUMBER,          14IS

LC=                 0.13554688E-03
SC=                 0.21307199E-02
KB=                 0.20141783E   02

in

5 .10816783FEET .

3 . 255 8445 3FEET .

2 . 02059296FEET .

1.19702405FEET .

0 . 64788027FEET .

0 . 28963649FEET .

0 .14274371FEET .

0 .10534521FEET .



THE   STANDARD   DEVIATION  FOR   ITERATI0N   NUMBER,          15IS

LC=                0. 20332033E-03
SC=                0. 21240056E-02
KB=                 0.22379864E   02

THE   STANDARD   DEVIATION  FOR   ITERATION   NUMBER,          16IS

LC=                0. 30343557E-03
SC=                0. 20659742E-02
KB=                 0.18751437E   02

THE   STANI)ARD   DEVIATION   FOR   ITERATION  NUMBER,          17IS

LC=                0. 30388260E-03
SC=                 0.20429861E-02
KB=                 0.18676353E   02

THE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,18IS

LC=                 O.30264961E-03
SC=                 0.20447055E-02
KB=                 0.18740105E   02

THE   STANDARD   DEVIATION  FOR   ITERATION   NUMBER,          19IS
THE   PARAMETERS   CONVERGED   IN         19   ITERATIONS.

0 . 08934250FEET .

0 . 0235 49 23FEET .

0 . 00768745FEET .

0 . 00712054FEET .

0 . 00711852FEET .

TIIE   BEST   FIT   TIME-DRAWDOEN   PAIRS   FOR   THE   CONVERGED   VALUES   0F   S,T,   AND   L   ARE

T
THE   PUMP   TEST   DATA
.50000000E   02
.60000000E   02
.70000000E   02
.80000000E   02
.90000000E   02
.10000000E   03
.20000000E   03
.30000000E   03
.40000000E   03
.50000000E   03
.60000000E   03
.70000000E   03
.80000000E   03
.90000000E   03
.10000000E   04
.14400000E   04

SE
IN   DRAW-DOEN   TIME   PAIRS
0 .15777296E-01
0 . 27006592E-01
0 . 40208600E-01
0 . 54739043E-01
0 . 70099745E-01
0 . 85922604E-01
0.23658266E   00
0.35287328E   00
0.44051933E   00
0.50810999E   00
0.56146308E   00
0.60437723E   00
0.63941880E   00
0.66838298E   00
0.69256462E   00
0.76206753E   00

I,EAKAGE   COEFFICIENT   = 0 . 00030248

41



STORAGE   COEFFICIENT   = 0 . 00204471

TRANSMISSIVITY   =                            18. 74988437
DO   YOU   WANT   T0   COMPUTE   AQUITARD   PERMEABII,ITY   ?
ANSWER   YES   IF   TCL   IS   ENOEN   OTHERWISE   NO
=YES
THICKNESS   OF   CONFINING   I,AYER   ?
=30
AQUITARD   PERMEABILITY   = 0 . 00005146

4?



Program  Hantush  and  Its  Use

The  algorltha  titled  HANTUSH  ls  an  interactive  time  sharing  program  which

solves  the  drawdow.n  equation  for  a  leaky  conf ined  aquifer 'as  formulated  by

Jacob  and  Hantu8h  in   1955. T\he cover  of  this  publication  shows  the

deflnltion  of  the  appropriate  aqulfer  system.     A  complete  llstlng  of  this

prograwhappears   in  Appendix  Ill.     The  input  parameters   for  this  program  are  the

discharge  Q,   the  inverse  leakage  coefficient  LC,   the  conf lned  aqulfer

transmissivity  KB,   the  elastic  storage  coef I lclent  SC,   the  unit  length

designatlon  LU,   the  unit  tine  deslgnator  TU,   the  observation  radial  distance

R,   and   the  pumping  period  T.     The  parameter  LC  1g  simply  the  inverse  of  8  as

defined  by  Jacob  and  Hantush,   1955.

The  program  introduces  itself  with  a  short  explanation  of  its  function

and  queries  the  user  for  the  data  lndlcated  above.    At  crltlcal  points  ln  the

progran  all  important  data  is  echo  printed  and  the  user  ls  given  an

opportunity  to  correct  errors  lf  they  are  found  to  exist.     Corrections  may  be

made  in  several  ways.     At  points  of  direct  questioning,   appropriate  responses

(YES  or  NO)  will  detemine  whether  or  not  corrections  will  be  made.     In  other

locations,  data  may  simply  be  re-entered  when  the  user  recognizes  an  error.

The  progran  may  be  fomally  exlted  by  entering  zeros  for  R  and  I  at  any  read

statement,   or   simply  by  using   the  BREAK  key.

An  example  run  ls   included  here  as  a  tutorial.     This  run  was  made  ln  TSS

FORTRAN  as  compiled   on  the  Honeywell  66/60  at   the  Unlverslty  of  Kansas

Conputatlon  Center.     Access  and  run  cormands   shown  here  may  or  nay  not  be

meaningful  on  other  systems.     All  querle8  (data  reading  locations)  are

indicated  by  "equals"  sin?8  (=).     The  user  enters  the  appropriate  data  string

in  free  format  following  the  prompt  Symbol.     If  the  user  fallg  to  enter  all

the  neccessary  data  in  the  first  string,   the  prompting  symbol  will  continue  to



appear  until  all  requested  data  has  been  read.     Free  fomat  means  that  data

fields  are  not  of  specif ic  size  or  location,  but  are  entered  in  a  Serial

fashion,   each  field  separated  by  a  blank  space  or  a  comma.     The  responses  of

the  user  are  underlined  ln  the  example.

The  obvious  advantage  of   thl8  program  ls  the  accuracy  of  the  value  of

W(U,r/B)   as  compared  to  interpolating  values  fron  tables.     This  ls  especially

true  if  the  table  ls  sparce  in  its  value  range  of  U  and  r/B.     Figure   `Oci8hows

drawdowns  computed   from  exact   and   interpolated  values  of  W(U,r/B).     These

values   are  compared   to  drawdowns  computed  by  the  program.     Note  that  for  the
(I.j..rc   10  b)

exact   table  value8A   the  hand  computed  and  algorithm  computed  values  are

virtually  exact,  while  there  are  considerable  differences  ln  the  interpolated

values.     The  table  used  ls  from  Walton  (1970)   and  a  linear  interpolation

scheme  is  used.     A more   sophlscocated  interpolation  scheme  might  reduce  the

discrepancy  in  computed  drawdown.

Another  application  of  this  algorithm,  which  has  not  been  initiated  as  of

this  writing,   1s  its  use  as  the  core  of  a  leaky  confined  well  field

simulator.     Well  field  slmulators  for  confined  aqulfers  are  cormon,   but  no

such  simulator  is  known  to  exist  for  the  leaky  artesian  case.



Tables   of  Drawdowns   for  Exact   Table  Values  of  U,   r/B,   and  W(U,r/B).

Drawdown  From  Exact  Table  Values                                  Drawdown  From  Program
u                I/B              W(U I I 8)                   a                            TJ                  I: I B          _ _W{f i_I_±! _P_i_)___i

0.05              0.2                 2.3110              69.883                 .05                    .20                 2.3110           69.884

0.01              0.6                 I.5550              9.405                    .01                    .5999            I.5551            9.405

0.0001         0.03              7.2122              0.436                    .00010            .0300           7.2123           0.435

TQhl"     oC    /J{awclot.'vis   Fc!,r    '|A+c-frl"      /c/utf     ut,r/B,a^.1    ul(ul,y'/r)).
r/B              W(U r/B)                    8                              U                   r/B           W(U I/B)            a

4.41              0.9392        0.0288              0.1146                 4.4100           0.9392         .0022              0.009

0.7350        0.9392         0.3194               I.2708                 .7350              0.9392         0.2896           1.152

0.5625        0.3354        0.5007              I.9922                0.5625           0.3354        0.4760           1.894

1.3496         0.3354         0.1965              0.7818                 1.3496           0.3354         0.1236            0.492

(Drawdown  interpolated   fron  table)                   (Drawdown  computed  by  program)



A    Typlca(      In+era(+I.c     Tlrme34oH.riy     Sesslo4      wlt4       HANTu5H

THls   PROGRAM   CAI,cur,ATEs   THE   DRArooEN   IN  A
LEAKY   ARTESIAN  AQUIFER.      THE   RAI)IAI,   DISTANCE   FOR   TEE
OBSERVATION  WEI.I,   AND   THE   P"PING   PERIOD   MAY   BE   CONSTANT
OR   VARIABI,E.

ENTER   TEE   FOLI.OWING   DATA   IN  A   FREE   FORMAT   FIEI,D:
Q  =  PUMPING  RATE   (I,*3/T)
LC=
KB=
SC=
UNIT
=5 . E4
=750
=8 . E3
=.003
=DAY

INVERSE   LEAKAGE   COEFFICIENT   (1/L)
AQUIFER  TRANSMISSIVITY   (I,*2/T)
STORAGE   COEFFICIENT   (UNITLESS)
=   MIN   OR   DAY   (UNIT   0F   TIME   USED   IN   THE   INPUT   DATA)

ARE   THERE   ANY  EREORS   IN   THE   ABOVE   ENTRIES?
IF   NOT,   ANsunR  NO.
=YES

ENTER   THE   FOLLOWING   DATA   IN   A   FREE   FORMAT   FIELD:
Q   =   PUMPING  RATE   (I,**3/I)
I,C   =   INVERSE   LEAKAGE   COEFFICIENT   (1/I,)
KB   =   AQUIFER  TRANSMISSIVITY   (L**2/T)
SC   =   STORAGE   COEFFICIENT   (UNITI,ESS)
UNIT   =   MIN   0R   DAY   (ENIT   OF   TIME   USED   IN   THE   INPUT   DATA)
=5 . E4
=.00133333
=8 . E3
= . 003
=DAY

ARE   TIIERE   ANY  ERRORS   IN   THE   ABOVE   ENTRIES?
IF   NOT,    ANSWER   NO.
=N0

TEE   FOLLOWING   PARAMETERS   ARE   USED   IN   THIS   SOLUTION:

Q=     50000.00

LC=0 . 00133333

KB=        8000. 00

SC=0 . 00300000

ENIT   =DAY

ENTER   TEE   FOI.I,OWING   I)ATA:
R,I
R   =   DISTANCE   T0   OBSERVATION   WELI,    (L)
T   =   LENGTH  OF   punplNG   PERIOD   (T)
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TERMINATE   BY     RETURNING   BI.ANK  FIELDS.

ENTER   R,T
=100 .  , . 05

U=      0.018750

R/B=        0.13333

W(U,R/B)=      3.213409

TIH   DRAWDOEN         100.   FEET   FROM   TRE   PUMPING   RELI.
IS                 1.598   FEET  AFTER                 0.050   DAYS   0F   PUMPING.

ENTER   R,T
=50 .  , . 5

U=      0.000469

R/B=        0.06667

W(U,R/B)=     5.626895

THE   DRAWDOEN            50.    FEET   FROM   THE   PUMPING   WEI,I,
IS                 2.799   FEET   AFTER                 0.500   DAYS   OF   PUMPING.

ENTER   R,T
=100 .  , . 5

U=      0.001875

R/B=        0.13333

W(U,R/B)=      4.259999

THE   DRAWDOEN         100.    FEET   FROM   THE   PUMPING   RELI,
IS                  2.119   FEET   AFTER                 0.500   DAYS   OF   PUMPING.

ENTER  R,I
=0 .  ' 0 .

You  HAVE   TEREINATED   Tlm   PROGRAM.
IS   THIS   CORRECT?
=YES

_   ->,utL,TOP_   vTO'JPv`?ALIZ=-LtG-
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D18cus81on  and   Summary

This  paper  hag  examined  the  methodlogy  of  solving  the  leaky  artesian

aqulfer  pumping  test  analysis  by  using  a  nunerlcal  regression  algorlth]n

motivated  by  sensltlvlty  analysis.     A  byproduct  18  the  Solution  to  the

drawdown  equation.     Results  show  that  the  drawdown  solutlons  are  unique  and

unanbiguous.     The  results  of  the  regression  program  are  also  unique,   but  only

unambiguous   to  the  extent  of  the  data  being  analyzed.     This  points  to  the  fact

that  while  this  type  of  programming  can  ease  the  life  of  the  hydrologist,   1t

does  not  appear  that  lt  will  reduce  his  role;   for  the  results  of  a  pumping

test  must  be  viewed  a8  a  complex  lnteractlon  of  the  fluid  and  the  formations

in  which  they  occur.     Regression  analysis  can  make  the  hydrologlst  more

productive,   but  lt  should  not  be  an  excuse  to  become  lazy.
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APPENDIX   I.         PROGRAM   I,EAKYFIT

C                    PROGRAM      I,EAKYFIT
PARAMETER   ND   =   16

PARAMETER   DECRES=-. 2
PARAMETER   INCRES=. 5

cormoN  Lc , ITERAT , LcOuNT , KB , KBcOuNT
DIMENSION     X(3),    SE(ND),   T(NI),    SGS(ND)

REAL   KB , I,C , INCRES
PI=3 .1415926
DATA   IGENDAT/0/
Q=PUMPAGE    (CUFT/DAY)
SC=STORAGE   COEFF.    (UNITLESS)
KB=   TRANSMISSIVITY         (FT2/DAY)
I,C=MODIFIED   COEFFICIENT   OF   LEAKAGE   (1/FT. )
ERROR=   CONVERGENCE   CRITERIA   FOR  MAIN   DO   I.00PE    (ENITLESS)
R=   RADIAL   DISTANCE   FROM   PUMPING   WELI,   TO   OBSERVATION   WELL(FT. )
ITMAX=   MAX  NUMBER   OF   ITERATIONS    (UNITLESS)
T=      TIME    (DAY)
SE=      EXPERIMENTAI,   DRAWDOWN    (FT. )

TCL=THICKNESS   0F   CONFINING   I,AYER   (FT)
INITIALIZE   PROGRAM
N=3
ERROR=0 . 001
ITMAX=50
ITERAT=O
CAI,I,   FXOPT(89 ,1,1, 0)
REAI)(5,1)    SC,KB,LC,R,Q,TCI,

READ (5 ,1 ) (T ( I ) , SE ( I ) , I=1, ND)
1          FORAT (V)

WRITE(6,2)   SC,KB,LC,R,Q,ERROR,             ITMAX
2   FORMAT ( 1H1,  ' SC= '  ,F20 .10/ ' KB= '  ,F20 .10/ ' I.C= I  ,F20 .10/ I R= I  ,F20 .10/
]i3=i6:2?6±9!;iri8E;; :?;36:0;                              ' ]TMAx= , , I 10,

7         FORMAT('TCI,=',F20.10)
ECCO   PRINT   DRAWDOEN   -   TIME   DATA   PAIRS
WRITE    (6,3)

3   FORMAT(1HO,T15,1HT    ,T35,2HSE)
unlTE(6,4)   (I(I),sE(I),      I=i,NI))

4   FORMAT(1HO,       (F20.10,5X,F20.10/   ))
IF(IGENDAT.EQ.1)    GO   TO   101

LCOUNT=O
KBCOTJNT=0

7 7 7         CONTINUE
508         CONTINUE

IF(KBcounT.GT.o.oR.I,couNT.GT.o)ITERAT=ITERAT-1
LCOUNT=O
KBCOUNT=O

C        INITIALIZE   ITERATIONS   88888888888888888?`thL**-^".t**`'`**,H^-*in.tr*r**+**
100         ITERAT=ITERAT+ I

ZERO   OUT   SUMMATIONS
SDELS2   =0.0
SUSCDS=0 . 0
SURCDS=0 . 0
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SUKBDS=0 . 0
SUKBUS=0 . 0
SURCUK=0 . 0
suscun=o . o
Sunc2=0 . 0
SUSC2=0 . 0
SUK82=0 . 0
ZERO OUT   X MATRIxih**i±^±m`±**~`T**RE?`Thfr**i*Thfr*~^±
D010   K=1,N
X(K)=0.0

10   CONTINUE
COMPUTE   RB

101   RB=R*LC
D01001      I=1,NI)

COMPUTE   U
U= (R*R*SC ) / (4*KB*T ( I ) )
cOMpuTE   TlmoRETl CAI,   DRAWDOwN
SG=(Q/(4*PI*KB))-..€W(U,RB)

IF(LCOUNT    .EQ.    0    .AND.    KBCOUNT    .EQ.0)    cO   TO   333
G0  T:O   111

333      SOS(I)=SG
IF(IGENDAT.EQ.1)    GO   TO   1001
COMPUTE   DIFFERENCE   BETWEEN   THEORETICAL   AND   EXPERIMENTAI,   DRAWDOWN
DELS=SE ( I ) -SG
IF(ABS(DEI,S)    .LT.    1.OE-3)   DELS=0.0
SDEI,S2=SDELS2+DELS*DELS

C               COMPUTE   DUMMY   COEFFICIENT    I Z'
Z=   (U+(RB*RB)/(4.*U))

C               COMPUTE   SENSITIVITY   COEFTICIENT   AND   SUMMATIONS
USC=-(Q/(4.*PI*KB)*(1/U)*((R*R)/(4.*KB*T(I)))*EXP(-Z))
UKB=-SG/KB+(Q/(4.*PI*KB))*((R*R*SC)/

1(4.*KB*KB*T(I)))*(1/U)*EXP(-Z)
IF (USC . EQ . 0 . OR . UKB . EQ . 0 ) ITERAT=ITERAT-1
IF(USc.EQ.o.oR.urB.EQ.o)Go   To   987

RBM=R* . 99*LC
RBP=R* 1 . 01*I,C
WPI,US=W(U,REP)

IF(LcouNT   .EQ.    o    .AND.   KBcounT   .EQ.o)co   To   334
GO  T:0   771

334      WMINUS=W(U,RBM)
IF(LCOUNT    .EQ.    0    .AND.    KBCOUNT    .EQ.0)GO   TO   335
GO   TO   777

335     unc=(Q/(4.o*pl*KB))*(wpLus-"INIs)/(.02*I,c)
IF (URC . EQ . 0 ) ITERAT=ITERAT-1
IF(URC.EQ.0)GO   TO   987

SUK82=SUK82+UKB*UKB
SUSC2=SUSC2+USC*USC
suRc2=sunc2+uRc*uRc
SUSCUR=SUSCUR+USC*URC
SUKBUS=SUKBUS+UKB*USC
SURCUK=SURctK+URC*UKB
SUSCDS=SUSCDS+USC*DELS
SURCDS=SURCDS+URC*DELS

f;



SUKBDS=SUKBI)S+UKB*DELS
1001    CONTINUE

IF(IGENDAT.EQ.0)   cO   TO   102
WRITE (6 , 3 )
VAITE(6,4)    (T(I),SOS(I),I=1,ND)
IF(IGENDAT.EQ.1)    GO   TO   133
COMPUTE   MATRIX   TO   BE   SOLVED   FOR   SENSITIVITY   DELTAS

102      U11=   SURC2*I,C
ui2=suscun*sc
U13=SURCUK*KB
U14=SURCDS
U21=SUSCUR*LC
U22=SUSC2*SC
U23=SUKBUS*KB
U24=SUSCDS
U31=SURCUK*LC
U32=SUKBUS*SC
U33=SUK82*KB
U34=SUKBDS
SOLVE   MATRIX   BY   DIRECT   CAUSS   ELIMINATION

X(3)=((U14*U21-U24*U11)*(U12*U31-U32*U11)
1-(U14*U31-U34*Ull)*(U12*U21-U22*U11))/
2((U13*U21-U23*U11)*(U12*U31-U32*U11)
3-(U13*U31-U33*U11)*(U12*U21-U22*U11))
X(2)=((U14*U21-U24*U11)-(U13*U21-U23*U11)*X(3))/(U12*U21-U22*Ull)
X(1)=(U14-U13*X(3)-U12*X(2))/Ull

GO   TO   876
9 87         CONTINUE

C           UPDATE   INITIAL   GUESS   VALUES   0F      SC,   KB,   LC
X ( 1 ) =INCRES
I.C=I,C* ( 1 . 0+X ( 1 ) )
X(2)=INCRES
SC=SC-.'`-(1.0+X(2))
IF (SC . GE .1 ) SC=1. 0
X(3)=INCRES
KB=KB* ( 1 . 0+X ( 3 ) )
G0   TO   765

8 76         CONTINUE
COMPUTE   STANDARD DEVIATION  FOR  EACH   ITERATI0N
SIGMA=SQRT(SDELS2/ND)

unlTE(6,202)   ITERAT,slGMA
202   FORMAT(1HO, 'TRE   STANDARD   DEVIATION   FOR   ITERATION   NUMBER,  I 15 ,

1 ' IS '  ,F20 .10 , I FEET .  I )
UP-DATE   COEFFICIENTS

765         CONTINUE
IF(X(1).LT.I)ECRES)   X(1)=DECRES
IF(X(1).GT.INCRES)   X(1)=INCRES
LC=LC* ( 1 . 0+X ( 1 ) )
IF(X(2).LT.DECRES)   X(2)=DECRES
IF(X(2).GT. INCRES)   X(2)=INCRES
SC=SC* ( 1. 0+X (2) )

IF(SC    .GE.1)SC=1
IF(X(3).I,I.DECRES)   X(3)=DECRES
IF(X(3).GT. INCRES)   X(3)=INCRES
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KB=KB* ( 1 . 0+X ( 3 ) )
CHECK   FOR\  DEI,TA   CONVERGENCE
IF(ABS(   X(1)          ).GT.ERROR.

10R.ABS(   X(2)          ).GT.EREOR.
2      0R.ABS(   X(3)         ).GT.EREOR)   GOT0   500

GO   TO   600
500   IF   (ITERAT.GE.ITMAX)   G0   TO   999

IF(unc.EQ.o.oR.usc.EQ.o.oR.UKB.EQ.o)Go   To   loo
WRITE(6,501)   I,C,SC,KB

501   FORMAT ( 1HO , 3HLC= , E20 .10/3HSC= , E20 .10/3IKB= , E20 .10// )
G0  T0   100

C                 WRITE   OUT   FINAI,   PROGRAM   STATUS
6oo     unlTE(6,6oi)   ITERAT

601   FORMAT(1H1, ' THE   PARAMETERS   CONVERGED   IN'  ,15 ,1X, ' ITERATIONS . ' )
unlTE   (6,2o3)

203   FORMAT(1HO,37HTHE   BEST   FIT   TIME-DRAWDOWN   PAIRS   FOR    ,
139HTHE   CONVERGED   VALUES   OF   S,T,   AND   L   ARE   )
unlTE ( 6 , 3 )
VAITE(6,4)    (I(I),SOS(I),I=1,ND)
unlTE   (6,2oi)   Lc,sc,KB

201   FORMAT(1HO,22HLEARAGE   COEFFICIENT   =    ,F20.10,
1//22HSTORAGE   COEFFICIENT   =   ,F20.10,
2//17HTRANSMISSIVITY  =   ,F20.10)

IF(TCI„GT.0)cO   TO   1010
STOP

1010   AK=KB*TCL*LC*2
WRITE (6 ,1111 )AK

1111   FORMAT(1HO, 'AQUITARD   PERMEABILITY='  ,F20.10)
STOP

999   unlTE   (6,998)   ITMAx
998   FORMAT(1HO, 'TIIE   PROGRAM   DID   NOT   CONVERGE   IN    '  ,15 ,1X,  I ITERATIONS.  I )
133   STOP

END

_F_I_RE_ngB ___.    __ _
FILE  WURB   Is   A  I,IST  OF  Finc-T=`O`ri-s-~iniiJI`in`b--Ifr'~iiiE-`` --------- `-`````-
SOLUTI0N   0F   THE   LEAKY  ARTESIAN  WEI,I,   FENCTION   W(U,R/B) .
FUNCTION   W(U,RB)

Is  FuncTloN  DEFINEs  THE  I,EAKy  AREslAN  WELL  FuncTloN.
THREE   FORTS

COMMON

CORRESPOND   TO   THOSE   OUTLINED   IN
AND   JACOB,    1955.

ITERAT , LCOUNT , KB , KBCOUNT
REAL   LC,K



AppErmlx   11.         PROGRAM  Tssl,EAK

C                     PROGRAM      TSSI,EAR
PARARETER  DECRES=-. 2
PARAMETER   INCRES=. 5

CO"ON   I,C , ITERAT , I,COUNT , KB , KBCOUNT
DIMENSION     X(3),      SE(100),   T(100),      SGS(100)
REAL   KB,LC
CIIARACTER*3      CIHREATA,   WRITAQP

PI=3 .1415926
DATA   IGENDAT/0/

c             Q=punpAGE   (I,J^~.'`-3/I)
C               SC=STORAGE   COEFF.    (UNITLESS)
C              KB=   TRANSMISSIVITY         (L**2/T)
C              I,C=M0I)IFIED   COEFFICIENT   OF   LEAKAGE   (1/L)
C              ERROR=   CONVERGENCE   CRITERIA   FOR  RAIN   D0   L00PE    (UNITLESS)
C               R=   RADIAI.   DISTANCE   FROM   PUMPING   WELI.   TO   OBSERVATION   WEI,L(L)
C              EPS=      CONVERGENCE   CRITERIA  FOR   SUBROUTINE   SIMUL   (INITI,ESS)
C               ITMAX=   MAX  NUMBER   0F   ITERATI0NS    (UNITLESS)
C               T=      TIME
C               SE=      EXPERIMENTAL   DRAWDOEN   (L)
C                 TCI,=THICKNESS   0F   CONFINING   LAYER   (L)
C              INITIAI,IZE   PROGRAM

N=3
EREOR=0 . 001
ITMLex=5o
ITERAT=0
CALI,   FXOPT (89 ,1,1, 0 )

REAI)   IN  THE   INITIAI,     DATA
1            PRINT      112
112      FORMAT('ESTIRATE   FOR   STORAGE   ?')

READ : SC
PRINT   113

113     FORMAT( 'ESTIMATE   FOR  TRANSMISSIVITY?   I,*2/T' )
READ : KB
PRINT   114

114      FORMAT('ESTIMATE   FOR   LEAKAGE   COEFFICIENT   ?    1/I,' )
READ : I,C
PRINT   115

115      FORMAT('CONSTANT   PUMPAGE   RATE?   L**3/T    ')
READ : Q
PRINT   116

116         FORMAT('OBSERVATI0N   DISTANCE   FROM   PUMPING   WELL?   L' )
READ : R
PRINT   117

117      FORMAT('NUMBER   0F   DRAWDOEN-TIME   PAIRS   TO   BE   READ?' )

READ : NDTP
ECHO   PRINT   THE   INITIAI.   DATA
WRITE(6,2)SC,KB,LC,Q,R,NDTP,ITMAX,ERROR
FORMAT('   ECHO   THE   INITIAL   DATA   '/'SC='  ,F20.10/'KB='F20.10/'I,C='  ,F20.10/
' Q= '  ,F20 .10/ ' R= '  ,F20 .10/ ' NDTP= '  , I 10/ ' ITMAX= '  , I 10/
' ERROR= '  ,F20 .10 )

CHECK  FOR   TIE   I)ATA   INPUT
PRINT   212
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212      FORMAT('ARE   THERE   ANY   EREORS   IN  I)ATA   INPUT?'  ,/,
'ANSWER   YES   IF   ANY   EREOR,    OTHERWISE   NO')

READ : CHEKDATA
IF(CHEREATA    .EQ.    3HYES)GO   TO   1

TYPE   IN   DRAWDOEN-TIME   PAIRS   IN   0REER   OF   INCREASING   TIME
PRINT   213

213      FORMAT('TYPE   IN  DRAWDOEN-TIRE   PAIRS   IN   ORDER   0F   INCREASING   TIRE.  ' )
DO   214   I=1,NDTP

214     READ:SE(I),T(I)
ECHo   PRINT   THE   DRArmowN-TIME   PAIRS

unlTE (6 , 4) (sE ( I ) , T ( I ) , I=i , NI)Tp)
4           FORMAT('THE   PUMP   TEST   DATA   IN   DRAW-DOEN   TIME   PAIRS'  ,/(2E20.8))

clmcK  FOR  ANT  ERRORs   IN  THE   DATA   INpuT
NEunATA=o

216      PRINT   215
215      FORMAT('ARE   THERE   ANY   ERRORS   IN  DRAWDOEN-TIME   PAIRS?I  ,/,

'ANSWER   YES   OR   NO')

READ : CIEKDATA
IF(CIIEKDATA.EQ. 2HNO.AND.NEWDATA.EQ. 0)GO   TO   13
IF (CHEKDATA . EQ . 2HNO . AND . REWDATA , GE .1 ) cO   TO   515
IF(CHEREATA.EQ.3HYES)G0   TO   218
IF (CHEKDATA . NE . 3HYES . OR . CHEKDATA . NE . 2HNO) PRINT   219

219      FORMAT('YOU   HAVE   AN   ERROR   IN   DATA   ENTRY')
218      PRINT   217
217      FORMAT('ENTER   TEE   I,IRE   NUMBER,    CORRECT   DRAunoEN   AND   TIME' )

REAI) : M , SE (M) , T (M)
NEWDATA=REWDATA+1
GO   TO   216

ECHO   PRINT   THE   CORRECTED   DRAWDOEN   TIME   PAIRS.
515     VAITE(6,4)(SE(I),I(I),I=1,NDTP)
13         IF(IGENDAT.EQ.1)    GO   TO   101

I,COUNT=O
KBcounT=0

7 7 7         CONTINUE
5 08         CONTINUE

IF (KBCOUNT . GT . 0 . OR . I,COUNT . GT . 0 ) ITERAT=ITERAT-1
LCOUNT=O
KBCOUNT=O

C        INITIALIZE   ITERATIONS   88888888888888888*.t*tur^*i+.+i*+-A-*REr**Srikewr**
100         ITERAT=ITERAT+1

ZERO   OUT   SUMMATIONS
SDELS2   =0.0
SUSCDS=0 . 0
SURCDS=0 . 0
SUKBDS=0 . 0
SUKBUS=0 . 0
SURCUK=0 . 0
SUSCUR=0 . 0
SURC2=0 . 0
SUSC2=0 . 0
SUK82=0 . 0
ZERO   OUT     X  MATRIX**+ul****
DO   10   K=1,N

X (K)=0 . 0

7
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10   CONTINUE
COMPUTE   RB

101   RB=R*LC
DO   1001      I=1,NDTP

COMPUTE   U
U=(R*R*SC)/(4*KB*T(I))
COMPUTE   THEORETICAI,   DRAWDOEN
SG=(Q/(4*PI*KB))*W(U,RB)

IF(I,COUNT    .EQ.    0    .AND.    KBCOUNT    .EQ.0)    GO   TO   333
G0   TO   777

333      SOS(I)=SG
IF(IGENDAT.EQ.1)    GO   TO   1001
cOMpuTE   DIFFERENCE   BETWEEN  THEORETlcAL  AND  ExpERIMENTAL  DRAunoEN
DEI,S=SE(I)-SG
IF(ABS(DELS)    .LT.    1.OE-3)   DELS=0.0
SDEI,S2=SDELS2+DEI.S*DELS
COMPUTE   DUMMY   COEFFICIENT    'Z'
Z=   (U+(RB*RB)/(4.*U))
COMPUTE   SENSITIVITY   COEFFICIENT   AND   SUMMATIONS
USC=-(Q/(4.*PI*KB)*(1/U)*((R*R)/(4.*KB*T(I)))-A-EXP(-Z))
UKB=-SG/KB+(Q/(4.*PI*KB))*((R*R*SC)/
(4.*KB*KB*T(I)))*(1/U)*EXP(-Z)

IF (USC . EQ . 0 . OR . UKB . EQ . 0 ) ITERAT=ITERAT-1
IF(USC.EQ.0.OR.UKB.EQ.0)G0   TO   987

RBM=R* . 99*LC
RBP=R* 1 . 01*I.C
WPI,US=W(U,REP)

IF(LCOUNT    .EQ.    0    .AND.    KBCOUNT    .EQ.0)GO   TO   334
GO  I:0  711

334      WMINIS=W(U,RBM)
IF(LCOUNT    .EQ.    0    .AND.    KBCOUNT    .EQ.0)GO   TO   335
G0   TO   777

335     URc=(Q/(4.o*pl*KB))*(veLus-"INus)/(.o2*I,c)
IF (URC . EQ . 0 ) ITERAT=ITERAT-1
IF(URC.EQ.0)GO   TO   987

SUK82=StJK82+UKB*UKB
SUSC2=SUSC2+USC*USC
StJRC2=SURC2+URC*URC
suscun=suscuR+usc*uRc
SUKBUS=SUKBUS+UKB*USC
SURCUK=SURCUK+URC*UKB
SUSCDS=SUSCDS+USC*DELS
suncDs±suncDs+unc*DEI,s
SUKBDS=SUKBI)S+UKB*DEI,S

1001   CONTINUE

IF(IGENDAT.EQ.0)   G0   T0   102
unlTE ( 6 , 3 )

3            FORMAT(1HO,T15,1HT    ,T35 ,2HSE)
WRITE(6,4)    (T(I) ,SOS(I) ,I=1,NI)TP)
IF(IGENDAT.EQ.1)    GO   TO   133
COMPUTE   MATRIX   TO   BE   SOLVEI)   FOR   SENSITIVITY   DELTAS

102      U11=   SURC2*LC
U12=SUSCUR*SC
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U13=SURCUK*KB
U14=SURCDS
U21=SUSCUR*LC
U22=SUSC2*SC
U23=SUKBUS*KB
U24=SUSCDS
U31=SURCUK*I,C
U32=SUKBUS*SC
U33=SUK82*KB
U34=SUKBDS
SOLVE   RATRIX   BY  DIRECT   GAUSS   EI.IMINATION

X(3)=((U14*U21-U24*U11)*(U12*U31-U32*U11)
-(U14*U31-U34*U11)*(U12*U21-U22*U11))/

((U13*U21-U23*U11)*(U12*U31-U32*U11)
-(U13*U31-U33*U11)*(U12*U21-U22*U11))

X(2)=((U14*U21-U24*U11)-(U13*U21-U23*U11)*X(3))/(U12*U21-U22*U11)
X(1)=(U14-U13*X(3)-U12*X(2))/Ull

G0   TO   876
987         CONTINUE

C           UPDATE   INITIAI.   GUESS   VALUES   0F      SC,   KB,   LC
X ( 1 ) =INCRES
I,C=I.C* ( 1 . 0+X ( 1 ) )
X(2)=INCRES
SC=SC* ( 1. 0+X (2 ) )
IF (SC . GE .1 ) SC=1. 0
X(3)=INCRES
KB=KB* ( 1 . 0+X ( 3 ) )
G0   TO   765

876         CONTINUE
COMPUTE   STANDARD DEVIATION  FOR  EACH   ITERATION
SIGMIA=SQRT(SDEI.S2/NDTP)

rmlTE(6,2o2)   ITERAT,slGMA
202   FORMAT(1HO, 'TIIE   STANDARD   DEVIATION  FOR   ITERATI0N   NUMBER,  I 15,

I IS I  ,F20 .10 ,  I FEET .  I )

UP-DATE   COEFFICIENTS
7 65         CONTINUE

IF(X(1).LT.DECRES)   X(1)=DECRES
IF(X(1).GT. INCRES)   X(1)=INCRES
I,C=LC* ( 1 . 0+X ( 1 ) )
IF(X(2).I.T.I)ECRES)   X(2)=DECRES
IF(X(2).GT.INCRES)   X(2)=INCRES
SC=SC* ( 1. 0+X (2 ) )

IF(S?    .GE.I)SC=1
IF(X(3).LT.DECRES)   X(3)=DECRES
IF(X(3).CT. INCRES)   X(3)=INCRES
KB=KB* ( 1 . 0+X ( 3 ) )
CHECK   FOR   DELTA   CONVERGENCE
IF(ABS(   X(1)          ).GT.ERROR.

&                     OR.ABS(   X(2)          ).GT.ERROR.
&                       OR.ABS(   X(3)          ).GT.EREOR)    GOT0   500

G0   TO   600
500   IF   (ITERAT.GE..I"AX)   GO  TO   999

IF(unc.EQ.o.oR.usc.EQ.o.oR.UKB.EQ.o)Go  To   loo
WRITE(6,501)   I.C,SC,KB
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C501   FORMAT ( 1HO , 3HLC= , E20 .10/3HSC= , E20 .10/3HKB= , E20 .10// )
G0   TO   100

VAITE   OUT   FINAL   PROGRAM   STATUS
6oo     unlTE(6,6oi)   ITERAT

601   FORMAT(1H1, ' TEE   PARAMETERS   CONVERGED   IN'  ,15 ,1X, ' ITERATIONS .  ' )
VAITE   (6,203)

203   FORMAT(1HO,37HTHE   BEST   FIT   TIME-DRAWDOWN   PAIRS   FOR    ,
&              39HTHE   CONVERGED   VAI,UES   OF   S,T,   AND   L   ARE   )

VAITE ( 6 , 3 )
WRITE(6,4)    (I(I),SOS(I),I=1,NDTP)
unlTE   (6,2oi)   Lc,sc,KB

201   FORMAT(1HO,22HLEAKAGE   COEFFICIENT   =    ,F20.10,
//22HSTORAGE   COEFFICIENT   =   ,F20.10,
//17HTRANSMISSIVITY   =    ,F20.10)

PRINT         118
118      FORMAT('    D0   YOU   WENT   TO   COMPUTE   AQUITARI)   PERMEABILITY   ?'  ,/,

'ANSRER  YES   IF   TCL   IS   ENOEN   OTHERWISE   NO' )

READ : VAI TAQP
IF(unlTAQp.NE.2HNo)Go   To   1111
IF (WRITAQP . NE . 3IrrEs ) sTop

1111      PRINT   119
119      FORMAT('THICKNESS   OF   CONFINING   LAYER   ?')

REAI) : TCI,
IF (TCL . LE . 0 ) STOP
AQP=KB*TCI.*I,C**2
VAITE ( 6 ,120 ) AQP

120      FORMAT('AQUITARD   PERMEABII,ITY   ='  ,F20.10)
STOP

999  unlTE   (6,998)   I"Ax
998   FORMAT(1HO, 'THE   PROGRAM   DID   NOT   CONVERGE   IN    '  ,15,1X, ' ITERATI0NS.  ' )
133   STOP

END
FILE   WURB



APPENDIX   Ill.          PROGRAM   IIANTUSH

C               PROGRAM   HANTUSH
CIIARACTER   CHECK*3 , LU*3 , TU*3
REAL   KB,LC
AA   =   1.0

C               THIS   PROGRAM   COMPUTES   THE   DRAWDOEN   IN   A   LEAKY   AQUIFER   AS
C              DEFINED   BY   JACOB   AND   IIANTUSH,1955.    AI,L   INPUT   IS   IN   CONSISTENT
C              ENITS.      A  FULLY   PENETRATING   WEI,L   IN   AN  ARTESIAN   AQUIFER
C               AND   N0   WATER   RELEASED   FROM   STORAGE   IN   THE   AQUITARD,
C              WITH   CONSTANT   DISCIIARGE   CONIITIONS   ARE   THE   PRINCIPLE
C               ASSUMPTIONS.
c              R=   RADlus   oF   oBSERVATloN  WELL   FROM  punpED   WELL   (L)
c             s=  DRAunoEN   (L)
C              T=   TIME   (I)
C              Q=   PUMPING  RATE   (L**3/T)
C              I,C=   INVERSE   I,EAKAGE   COEFFICIENT   OF   SEMICONFINING   BED   (1/L)
C               I'C=   1/B
C              KB=   TRANSMISSIVITY   0F  AQUIFER   (I,**2/T)
C              SC=   STORAGE   COEFFICIENT   0F   AQUIFER   (UNITI,ESS)

PI=   3.1415926
WRITE ( 6 ,1 )

1   FORMAT(1HO, 'THIS   PROGRAM   CALCUI,ATES   THE   DRAWDOW   IN   A'  ,
/,  'I.EAKY   ARTESIAN   AQUIFER.      THE   RADIAL   DISTANCE   FOR   THE'  ,/,
'OBSERVATION   REI,L  ANI)   THE   PUMPING   PERIOD   RAY   BE   CONSTANT'  ,/ ,
'OR  VARIABI,E.      ANY   CONSISTENT   SET   0F   UNITS   RAY   BE   USED.  '//)

WRITE   (6,2)
FORMAT(1HO, 'ENTER  THE   For,LOWING  DATA   IN  A   FREE   FORMAT   FIELD:  '  ,/
'Q   =   PUMPING  RATE   (I.**3/T) '  ,/,
'LC   =   INVERSE   I,EAKAGE   COEFFICIENT   (1/I,) '  ,/,
'KB  =  AQUIFER  TRANSMISSIVITY   (L**2/I) '  ,/,
'SC   =   STORAGE   COEFFICIENT   (UNITLESS) '  ,/,
'I,U   =   UNIT   OF   LENGTH   (3   CHARACTERS   MAX) '  ,/ ,
'TU   =   UNIT   OF   TIME    (3   CIIARACTERS   MAX)'/)

REAI) (5 , 3 ) Q , I,C , KB , SC , LU , TU
3  FORAT(V)

VAITE (6 , 4)
4   FORMAT(1HO,  'ARE   THERE   ANY  ERRORS   IN   TEE   ABOVE   ENTRIES?'  ,/,

' IF   NOT,   ANSWER   NO.  I )

READ (5 , 3 ) CHECK
IF(CHECK.NE.2IINO)GOT0100
VAITE (6 ,10 )

10   FORMAT(1HO    , 'THE   FOLLOWING   PARAMETERS   ARE   USED   IN   THIS   Sol,UTI0N:  ' )
WRITE (6 ,11 ) Q , LC , KB , SC , LU , TU

11   FORMAT ( 1HO , ' Q= '  ,Flo . 2 , // , ' LC= '  ,Flo . 8 , // , I KB= I  ,Flo . 2 , // , ' SC= '  ,Flo . 8 , //
'T:in  =`  ,A;3 , /  I  ,.Txj  ='  ,AI3 , I  I)

WRITE (6 , 7 )
7   FORMAT(1HO ,  'ENTER   THE   FOLLOWING   DATA:  '  ,/ ,

&               'R,T''/,
&               'R   =   DISTANCE   TO   OBSERVATION   WELL   (L)'  ,/,
&              'T   =   LENGTH  OF   P"PING  PERIOD   (T)'  ,/,
&               'TERMINATE   BY     RETURNING   BLANK  FIELDS.  ' )

200   WRITE(6,13)
13   FORMAT(1HO, 'ENTER   R,T' )

61



REAI)(5,3)R,T
IF (R . EQ . 0 .  . OR . T . EQ . 0 . ) GOT0300
RB=R*I.C
U= (R*R*SC ) / ( 4 . *KB*T )
unlTE(6,12)   u,RB

12   FORMAT ( 1HO , ' U= '  ,Flo . 6 ,1X , // , I R/B= '  ,Flo . 5 )
S=(Q/(4.*PI*KB))*W(U,RB)
WRITE ( 6 , 8 ) R , LU , S , I,U , T , TU

8  FORMAT ( iHo , ' TEE  DRAunowN '  , ix ,F6 . o , ix ,A3 , ix , / ,
'FROM   TIIE   PUMPING  RELI,   IS'  ,1X,Flo.5,1X,A3,1X,/,
' AFTER '  ,1X ,Flo . 2 ,1X,A3 ,1X , ' OF   PUMPING .  '  , / )

GOT0200
3oo  unlTE(6,14)

14   FORMAT(1HO,  'YOU   HAVE   TERMINATED   THE   PROGRAM.  '  ,/ ,
' IS   THIS   CORRECT? ' )

READ (5 , 3 ) CRACK
IF (CHECK . NE .  ' YES ' ) GOT0200
STOP
END
FILE  unB



APPENDIX   IV.         FILE   WURB,   A  LIST   OF   EXPI,ICIT   FUNCTIONS
FOR   SOLUTION   0F   W(U,RB) .

C                 FILE   WURB
c               FILE  WURB   Is  A  I,IST  oF  FuncTloNs  REQulRED   IN  THE
C                 SOLUTION   OF   TEE   LEAKY  ARTESIAN  WELI,   FUNCTION  W(U,R/B).

FUNCTION   W(U,RB)
C                 THIS   FUNCTION   DEFINES   TIH   LEAKY   ARTESIAN   WEI,I,   FUNCTION.
c                TEE   TlmEE   FORMs   cORREspOND   TO   THOsE   OuTLINED   IN
C                  IIANTUSH   AND   JACOB,1955.

COMMON   I,C , ITERAT , I,COUNT , KB , KBCOUNT
REAI.   LC,KB

IF(U.GE.1.0)   G0   TO   1000
IF(U.I,T.1.0.AND.  (RB*RB).GT.U)   GO   io   2000
IF(U.I,T.1.0.AND.(RB*RB).I,E.U)   GO   TO   3000

1000   W   =   SS(U,RB)
G0   TO   5000

2000   W  =   (2*AKO(RB)-SS(U,RB))
G0   TO   5000

3000   F1   =   (RB*RB*.25/U)
W=2*AKO(RB)-AIO(RB)*(EI(F1))+EXP(-F1)*

(0.5772+AI,OG(U)+EI(U)-U+U*
((AIO(RB)-1)/(RB*RB*.25))-U*U*SUM(U,RB))

5000   RETURN
END
FUNCTION   SS(U,RB)

C                 THIS   FtINCTION   SOLVES   THE   INDEFINITE   INTEGRAI.   OUTLINED
C                 ON   PAGE   --   OF   TIIE   TEXT.         THE   METHOD   USED   IS
C                 LAGURRE   INTEGRATION   AS   DISCUSSED   IN   A   &   S
C                  (ABRAMOWITZ   AND   SEGUN,19--),    PAGE   923.
C                 FOR   AN  EXPI,ANATION   OF   THE   PARAMETER   AA
C                  IN   THE   CODE   BELOW,    SEE   THE   TEXT.

COMMON   I,C , ITERAT , I,COUNT , KB , KBCOUNT
REAL   I,C,KB

DOUBLE   PRECISION     Y(15),   RE(15)
DATA  AA/ 1. /

DATA  Y(1)/0.093307812017/
DATA  Y(2)   /0.492691740302/
DATA  Y(3)   /1.215595412071/
DATA  Y(4)   /2.269949526204/
DATA  Y(5)   /3.667622721751/
DA:M: A Y (6) I 5 . L2:533662:] [14 /
DATA  Y(7)   /7.565916226613/
DATA  Y(8)   /10.120228568019/
DATA  Y(9)   /13.130282482176/
DATA   Y(10)   /16.654407708330/

AIA I(\\)   |2.0.]]6i;]8&994trf 3 I
ATA  Y(12)   /25.623894226729/
ATA  Y(13)   /31.407519169754/
ATA  Y(14)   /38.530683306486/
ATA  Y(15)   /48.026085572686/
ATA  VI(1)
ATA   WF(2)
ATA   WF(3)

/0 . 239578170311/
/0 . 560100842793/
/0 . 887008262919/
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DATA   WF(4)
DATA   WF(5)
DATA  W(6)
DATA   WF(7)
DATA   WF(8)
DATA   WF(9)
DATA  W(10)
DATA  WF(1l)
DATA  W(12)
DATA  W(13)
DATA   WF(14)
DATA   WF(15)

B=(RB)*,',-2
rm=0

/ 1. 22366440215/
/ 1 .Fi] 44l+S] 2.163 I
/ 1 .9 4[] 5Tf)1653 /
/2 . 34150205664/
I 2. .7] 404T92:683 /
/ 3 .2:s56tr3;34640 /
/3 . 80631171423/
I 4 .I+581+I 715984 I
I 5 .2:] 00T] 7 84ti3 I
/ 6 .&5956346913 /
/8 . 03178763212/
I Tl .S2:] 7 7 2.IfJO9 /

31

32

DO   301=1,15
IF(U.LT.1.0)    GO   TO   31

Ai=1 I CTJ+X (I) I All)
F=  A*EXP (-(U+B*A* . 25+Y( I ) /AA) )

FEW=F
IF(FEW   .LE.    0.)G0   TO   888

G0   TO   32
UM=0 . 25*RB*RB* ( 1 /U)
A=   1/(UM+Y(I)/AA)
F=A*EXP ( -(UM+B*A*0 . 25+Y ( I ) /AA) )

FEW2=F
IF(FEW2    .I,E.    0)   G0   TO   888

FW=F*WF(I)
wu=rm+Fw

30   CONTINUE
SS=(1/AA)*WU

RETURN
888         CONTINUE

TESTB=EXP (-(B*A* . 25+Y ( I ) /AA) )
TESTU=EXP(-U)
TESTUM=EXP(-UM)
IF (TESTB . I,E . 0 . OR . U . LT .1. AND . TESTUM . LE . 0 ) G0   TO   222
IF(U    .GT.    1    .AND.    TESTU    .LE.    0)G0   TO   223

2 2 2         CONTINUE
LC=LC* . 05
LCOUNT=LCOUNT+1
RETURN

223         CONTINUE
KB=KB*10
KBCOUNI=KBCOUNT+1
RETURN
END
FUNCTION   AKO(RB)
THIS   FUNCTION   SOLVES   THE   MODIFIED
OF   TEE   SECOND   KIND,    ZERO   ORI)ER,   A

IF(RB.GT.2.)GO   TO   7000

BESSELS   FUNCTION
&   S,    PAGE   379.

TJ= (RB/2 . )
AKO         =-ALOG(T'J)*AIO(RB)-.57721566

+0 . 4227 8420* (TJ)iw¢2+0 . 23069 75 6* (TJ)**4
+0.03488590*(TJ)*6+0.00262698*(TJ)*..`-8



+0 . 00010750* (TJ)**10+0 . 00000740* (TJ)**12
GO   TO   20000

7000     TM=(2./RB)
AKO=(1./SQRT(RB))*EXP(-RB)*(1.25331414

&                  -0. 07832358*TM+0. 02189568*TM*2
&                  -0. 01062446*TM**3+0. 00587872*TM#4
&                  -0. 00251540*TM*5+0. 00053208*TM**6)
#20000   RETURN

END
FENCTION   AIO(RB)

C                 THIS   FUNCTION   SOLVES   THE   MODIFIED   BESSELS   FUNCTION
C                 0F   THE   FIRST   KIND,    ZERO   ORDER,   A   &   S,   PAGE   378.

TF=RB/3 . 75
IF(RB.LE.3.75)   GO   TO   5000
AIO= ( 1 /SQRT (RB) )*EXP (RB )* ( . 39894228

+.01328592*TF**(-1)+.00225319*TF**(-2)
-.00157565*TF*(-3)+.00916281*TF**(-4)
-.02057706*TF**(-5)+.02635537*TF**(-6)
-.01647633*TF**(-7)+.00392377*TF*(-8))

GO   TO   10000
5000   AIO           =   1. 0+3. 5156229*TF**2+3. 0899424*TF.*r*4

&                  +1. 2067492*TF**6+0. 2659732*TF**8
&                  +0. 0360768*TF*10+0. 0045813*TF**12
jlf 10000   RETURN

END
C                 FUNCTIONS   SUM   AND   IFACT   ARE   SPECIAI,   FtINCTIONS
C                  WHICH   ARE   USED   T0   SOLVE   THE   EQUATION   BEGINNING
C                  AT   STATEMENT   3000   IN   FUNCTION   W.

FUNCTION   SUM(U,RB)
DATA  LIMIT/5/
SUM=0 . 0
RBF=RB*RB*0 . 25
DO   1100   N=1,I.IMIT
D01200   M=1,N
I.F=(N-M+1)
I.H=(N+2)
BFACT=IFACT (LH)*1. 0
AFACT=IFACT (LF)*1. O
PSUM=((-1)Jr^-(N+M))*(AFACT/(BFACT*BFACT))*(RBF**M)*(U**(N-M))
SUM=SUM+PSUM
IF(PS".LT.1.OE-8)   GO  T01000

1200   CONTINUE
1100   CONTINUE
1000  RETtEN

END
FUNCTION   IFACT(I.)
IFACT=1
IF(I.EQ.1)   GO   TO   1301
DO   1300   I=2,L
MA=I
IFACT=IFACT*MA

1300   CONTINUE
i3oi  RETun

END



FUNCTION  EI (U)
THIS   FUNCTION   Sol,VES   TIE   EXPONENTIAI.   INTEGRAL
DEFINED   ON   PAGE   2310F   A   &   S.
IF(U.GT.1.0)cO   T0186

EI=-AI,OG (U) -. 5 7 72156+ . 99999139*U-. 24991055*U*U
+.05519968*U"3-.0097004*U*4+.00107857*U-^*5

GO   TO    187
186   EI=(EXP(-U)/U)*(U*U+2.334733*U+.250621)/

(U*U+3 . 330657*U+1. 681534)
187   RETURN

END
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Arpr,.tJ,x     V List  of  Test  Data  Sources

..iLthife±-_=idr]

i)   Groundwater  Resources  Evaluation,   Walton,   W.a.,1970.

(page   286,   Problem  4.5)

2)   Cooper,   H.H.,1963,   in  Ground  Water  hydarullcs,1ohman,   S.W.,1972,   Uses

Prof .   Paper  708.

(page  31,   Table   11)

3)   I111nols   State  Water   Supply,   Bulletin  49,   Walton  W.C.,19     .

Department  of  Registration  and  Education,   Urbana  (page  32,   Table  5)

4)  Aqulfer   test   ln  the  Ogallala  Formation  (26-37-2lddd),   Gutentag,   E.D.,1965,

USGS,   Garden  City,   Kansas.

(data  file)

5)  Results  of  aqulfer  tests  in  the  Wellington  Aqulfer  near  Sallna,  Kansas,

Gillesple,   J.B.,1979.

(unpublished  data)

6)  Pump  test  data  at  Test  Well  #1   (1n  Groundwater  Resources  Inve8tlgatlon  of

the  Spratt   Site  for  Sunflower  Electric  Cooperative),1977,   Burns  and

Mcl)onnel  Consultants,  Kansas  City.



App,.^d"     V/ Comnent8  on  Program  Notation

mt'ang!ti                   .~T                  +               +at*T""                     I

The  varlables  appearing  ln  the  matrix  equation  are  clef lned  in  the  program  by

the  following  notation:

T    :    KB      UT    :    UKB

s   :    sc     us    :   USC

L    :    LC      UL    :    URC

i  UL   (Sg-Se)    :   SURCDs
Us   (Sg-Se)    :    SUSCDS

UT   (S8-Se)    :    SUREDS


