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ABSTRACT

Numerical simulations of miscible displacement in porous media
require solution of the convection-diffusion equations. Numerical
solutions of convection-diffusion equations exhibit two types of
errors: oscillations about the correct solution and numerical dis-
pérsion. A number of numerical methods involving either finite
difference or finite élement techniques have been proposed, In this
work five numerical methods for solving the one-dimensional convection-
diffusion equation are examined. Finite element routines using
chapeau and cubic Hermite basis functions are compared to a central
difference routine, a non-central difference routine, and a method
which combines finite element and finite difference techniques by
replacing the matrix multiplying the time derivative in the’finite
element procedure by the identity matrix (lumping). Although the
finite element routines are clearly more accurate than the finite
difference methods used here, all of the techniques suffer from the
two previously mentioned types of errors.

In the literature bounds are given for the spacing and time step
sizes which prevent oscillations. However, the'number'of nodes re-
quired to avoid oscillations in the solution is prohibitive. In this
work, maximum node spacing, and time step sizes are determined'tﬁrough
numerical experiments as a function of the Peclet number and the ac-
curacy required of the solution,. The finite element methods are shown
to require fewer nodes.than the finite difference methods for a given

accuracy.



The finite element method using chapeau functions is extended to
two dimensions through the use of cross-producfs of the basis functions
over a square grid. A constant dispersion coefficient and steady state
velocities are assumed. The flow system consisting of a point sink
superimposed on a constant unidirectional velocity field is examined.
Velocities for the well point and its nearest neighboring points are
evaluated at a finite radius from the well to achieve mass halance over
the grid block surrounding the well point. Results from the model are
used to attempt to generalize the limits on the spacing and time step

sizes for the one-dimensional case to two dimensions,
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CHAPTER I

INTRODUCTION

Numerical solutions of the convection-diffusion equations have
received considerable attention in both the petroleum engineering and
the groundwater literature. Their use in a variety of applications
involving heat or mass transfer justifies this ongoing study. A number
of numerical techniques for solving the one-dimensional convection-
diffusion equation have been proposed. Some of these methods have been
extended to higher dimensions. In general, however, extension to two or
three dimensions proves to be fairly difficult. Choice of appropriate
boundary and initial conditions for two- and three-dimensional models
depends upon the particular application. 1In this work, the application
of primary interest is groundwater quality modeling in two dimensions.

Finite difference models of the one-dimensional convection-diffu-
sion equation exhibit two major difficulties: oscillations about the
correct solution and numerical dispersion. Both the sbace and time
discretizations contribute to these numerical errors. Finite element
methods have been applied in an attempt to diminish or remove these
difficulties.

Unfortunately, no method yet developed is completely free from the
above numerical errors. However, with suitable choice of the node
spacing and time step size, the numerical errors can be controlled.
Hence, it is important to determine for a given method bounds on the
node spacing andvtime step sizes which limit the errors to within a

specified tolerance.



With this objective in mind, five numerical methods for solving the
one-diﬁgpsional convection-diffusion equation are compared in this work.
Finite element routines using chapeau and cubic Hermite basis functions
are compared with a central difference routine, a non-central diffexence
routine, and a finite element-finite difference combination. 1In the
latter "combination" technique, the matrix which multiplies the time
derivative in the chapeau fuﬁction routine is replaced with the identity
matrix (lumping). All of the methods compared in this work use equal
node spacing and the Crank-Nicholson time discretization.

-Bounds on the space and time step sizes which prevent oscillations
in the central difference routine are provided in the literature (29).
These bounds appear to apply to the finite element routines as well.
Unfortunately, the number of nodes required using these criteria is pro-
hibitive for many practical problems. However, if small oscillations
(10%)‘are tolerated, the finite element method requires far fewer modes
than the finite difference method and can compute equally accurate
solutions in fewer time steps. In this work, the maximum nodé space and
time step values are determined as a function of the Peclet number and
the specified accuracy for the central difference method and the two
finite element methods.

The final objective of this work is to attempt to extend the bounds
on the node spacing and time step determined for the one-dimensional
equation to the two-dimensional convection-diffusion equation. The
model chosen to be tested is a finite element model using cross-products
of chapeau functions on a square grid. Fairly simple flow geometries
are modeled using steady state analytical solutions for the velocity

vectors. The dispersion coefficient is assumed to be constant.



Results for the two-dimensional model were less definitive. The
number of parameters and the complexity of the model for even simple

geometries make generalizations about the maximum space and time step

sizes difficult to determine.



CHAPTER II

THEORY

Miscible displacement in porous media is governed chiefly by three
types of transport processes: molecular diffusion, hydrodynamic disper-
sion, and convective transport. The molecular diffusion flux, F, when
considered on a macroscopic scale which is large compared to the indi-
vidual grains of the porous matrix, is described by the usual Fick's law
equation, F = - — — , where the ordinary molecular diffusivity D is
divided by a tortuosity factor, 1, which reflects the "crookedness" of
the path through the void spaces in the porous medium. Discussions of
the molecular diffusion process are found in Blackman (3), Brigham,
Reed, and Dew (6), and Perkins and Johnston (25). Hydrodynamic disper-
sion in multi-dimensional flow is a complex phenomena best described by
a dispersion tensor. Detailed mathematical analyses of the dispersion
process are found in Scheidegger (32, 33) Fara and Scheidegger (11),
Bear (2), Bachmat and Bear (1), and de Josselin de Jong (10). Convec-
tive transport results from the bulk movement of the fluids through the

porous medium according to Darcy's Law.

II.A Differential Equations Used to Represent Miscible Displacement in

a Porous Medium.

The equations describing multi-dimensional, incompressible, misci-
ble displacement in a porous medium are summarized in Settari, Price,
and Dupont (34). The two-dimensional convection-diffusion equation is

~given by



3 aC ] ac aC
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where dispersion coefficients Dx and Dy are given by
u 2 u 2
= @ + +
Dx D/t a, 2 @ X
(I1.A.2)
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= +
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and the Darcy velocity vectors K(x,y) = (ux,uy) are determined from the

continuity equation for incompressible flow through porous media,

aux u

Bx + 9y =9

where u_ = fx 3h, w = 'y 3h
u o 9x y dy

and h = E_ + z
P9

C(x,y,t) = concentration of displacing fluid, M/L3;
¢ = porosity, dimensionless;

d(x,y) = injection rate of source well, Lz/T;

Ci = source concentration, M/L3;

D = molecular diffusivity, L2/T;

T = tortuosity factor, dimensionless;

Q
0

2 longitudinal dispersion coefficient, L;

2
I

transverse dispersion coefficient, L;
k , ky = x and y components of permeability tensor,

p = density, M/L3;

’

. . 2
g = accelleration due to gravity, L/T ;

Y = viscosity, M/LT;
2
P = pressure, M/LT;

z = elevation above reference plane, L.

~

(II1.A.3)

(IT1.A.4)
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Since 3 (u C) = ux + u 9C , equations (II.A.3) and (II.A.l)

ax x ox Ix

méy be. combined giving

5 . ac 5 . acC 5c ac e
(= L) -u oy e - ) (II.A.5
ax Pxox | T ayPyay ) T % x T Yy ox YR AN )

As pointed out in Settari, Price, and Dupont (34), equations (II.A.2)
are a simplification of the general dispersion tensor neglecting the

terms with cross-product derivatives. According to the above authors,
this simplificéﬁion is valid whenever dispersion is small and al = ut.

In this work the dispersion coefficient is assumed to be constant.

Hence, the final simplified equation is written as

32¢c . 3%c ac 3¢ _ _3C :

The one-dimensional equation is given by

3 aC 3C aC ‘
P an) "Wy “%g + O0<x<2, t>0 (II.A.7)

with typical boundary and initial conditions given by
co,t)y =1; t>0
Xit)=0; £>0 (11.A.8)
9x ,
C(x,0) =0; 0<x<2
When the velocity, u, and the dispersion, D, are constant, equa-

tion (II.A.7) may be transformed into dimensionless form with A = uf/D,

E =x/2, and T = Dt/@%z, giving

3%c 3¢ _ 3¢
EEZ A YRR 0<g<1l, >0 (I1.A.9)

with boundary and initial conditions given by

c(O,T) =1 >0

-

-g—::(l,'r) =0; t>0 (II:A.10)

c(x,0) =0; 0<x<1



where c(£,t) = C(x,t). The variable A is called the Peclet number.

~

II.B Analyticai Solutions

Two analytical solutions for the one-dimensional éonvection-
diffusion equation are available in the literature. The solution most
commonly used for comparisons with results of numerical solutions is
given in Price, Cavendish, and Varga (28) by

E -2y 4y exp(if)erfe (BT, (II.B.1)

2Vt 2/t

c(E,1) = % erfc(

This solution is derived by assuming that the right-hand boundary is
an infinite distance away, and hence is not an exact solution for
equations (II.A.8) and (II.A.9).’ However, the above authors claim
that for values of ut/%2 less than‘2/3, equation (II.B.l) is essentially
exact and may be used for comparisons with numerical solutions. Com-
pari;on with the analytical solution given below shows that this is
true,lprovided that A is sufficiently large.

A second anayytical solution found 'in Cleary and Adrian (9) is

given by

oo . . 2 .
clE,1) =1 - 25 exp(AE/2 -T(A°/4 + Bmz)) . By sinBE

m=1

6m2+A2/4 +A/2
(11.B.2)

where the Bm 's are positive roots of

Bmcotsm = =-\/2 , Bi > Bj for i>> j (I1.B.3)
This solution is derived for boundary conditions identical to those
given in equations (II.A.9) in which the right-hand boundary is a finite
distance .away.. Unfortunately, the solution is difficult to evaluate for
large A. However, for A = 50, the maximum difference between the solu-

tions given by equations (II.B.l) and (II.B.2) is less than .02 (M.J.



Ungs, personal communication, July, 1976). In figures (II.B.1l) and
(I1.B.2), the two solutions are compared for A = 5 and for A = 50 to
numerieal results from the central difference approximation described
in Chapter III. The large deviation in the solutions for small A

shows that the numerical solutions for small A compare better with

equation (II.B.2).

The equations given in this chapter are complicated to derive and
difficult to solve numericaliy. For certain geometries analytical
solutions of the convection-diffusion equations exist for higher dimen-
sions. However, such analytical solutions are in general not appropriate
for groundwater quality models; and hence, there are no analytical
solutions to compare with results from a numerical model. The technique
usually employed in the'iiterature is to test a varticular method against
the one~dimensional solution. If it compares favorably, the method is
extended to higher dimensions. In the following chapters five numerical
methods are compared against the analytical solutions of the one-
dimensional convection-diffusion equation, and one of these methods, the
finite elemeht method using chapeau functions, is extended to two dimen-

sions.



1.07

o _
finite boundary
«0.8 -

<ZD /(Cleary and Adrian)
H
£20.64
g 1 infinite boundary
z .
20.4 4
2
o = =
O

0.2 4

i A 1 2 L 4 1 L 1 |

Lo 1 4 Y

T ] X Y T ¥ ¥
."0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
FRACTIONAL DISTANCE, x/%

Figure II.B.l. Comparison of the two analytical solutions with the

CDA method.for A = 5.

1.0
v T finite boundary
z-o,g... (Cleary and Adrian)
o -
g 0 6* numerical solution
E T infinite boundary
%]
00.4 T
8
8 4

0.24

L 1 'y 4 1 [ -

L]

™ 1 T L ¥ ¥ L]
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
FRACTIONAL DISTANCE, x/%

Figure II.B.2. Comparison of the two analytical solutions with the

CDA method for A = 40.



CHAPTER 1III1
NUMERICAL METHODS FOR SOLVING THE ONE-DIMENSIONAL CONVECTION-

~

DIFFUSION EQUATION

A number of methods for solving the convection-diffusion equations
have been proposed. Most of the methods employ one of two techniques
for discretizing the space and time variables in the differential equa-
tion: finite difference, or finite element. The term finite differ-
ence refers to discretizations formulated by replacing the derivatives
‘in the differential equation by algebraic expressions derived from sums
of truncated (finite) Taylor series expansions. A system of linear
equations results which is then solved for the dependent variable.
Finite element (Galerkin, variational) techniques are derived from
assuming that the solution of the differential equation may be expressed
as a linear combination of linearly independent functions called basis
functions. The basis functions are chosen to satisfy prescribed re-
strictions on the continuity of high-order derivatives. The approxi-
mate solution is then substituted into an inteérated form of the differ-
ential equation, and the resulting system of linear eQuations may be
solved for the coefficients of the linear combination of basis fuﬁc—
tions. Both finite difference and finite element methods haQe been
used extensively, and a continuing controversy exists concerning the
advantages and disadvantages of each method.

All of the methods developed thus far exhibit the same types of
errors: numerical dispersion and/or oscillations about the correct

solution. Numerical dispersion is the term applied to results which



tend to smear the sharp concentration profile given by the analytical
solutiqp. Oscillations about unity or about zero which occur in a
numerical solution are referred to as overshoot or undershoot. Some of
the numerical methods have been designed to minimize oscillations at

the expense of greater numerical dispersion. In a recent paper by

Gray and Pinder (13 ), evidence is given that there is a trade-off con-
cerning these two tybes of errors. More discussion of their results will
be given in Chapter IV.

In this work five numerica; methods are examined and compared, two
finite difference and three finite element. ' The purpose for the
comparison is to determine bounds on the space and time step sizes
which keep the oscillations below a specified tolerance. In all five
methods the Crank-Nicholson time discretization is employed. Hence, the
methods differ in the space discretization only. In the first section
of tﬁis chapter the five methods are briefly described. A more detailed
description including derivation of the system of ordinary differential
equations resulting from the spatial discretization, is given for each
method in Appendix A. A brief review of some of the other methods
which have appeared in the literature is given in the second section of

this chapter.

III.A. Methods to be Compared in this Work

All of the methods listed below are derived for a uniform mesh of

-

length h = = where n is the number of grid points over the interval
[0,1]. The spatial discretization results in a system of ordinary

differential equations which can be represented by the following matrix

equation:



_ B - az+s (III.A.1)
dt

where &(t1) = (c(h,t), c(2h,1),..., C(1,T)). The central difference

time discretization approximates the time derivative at time T + AtT/2 by

ag , _ (1T _+ AT) - &(1)
(v + 1/2) = AT

N,
FIXI.A.2
dt ( )

Using the Crank-Nicholson approximation, the matrix equation is given by .

B St + AZ.)': - ¢(1) = -A&(T + At/2) + S (III.A.3)

where &(1 + At/2) = S * ééT + A1)

The system is then solved implicitly for &(t + At). The five methods
to be compared are the following:

‘1. Central Difference Approximation (CDA). The CDA method used
the standard, second order correct, central difference approximation for
the spacial derivatives.

2. Non-Central Difference Approximation (NCDA). The NCDA method
used the standard second order correct difference approximation for the
second derivative in the diffusion term and a second order correct
three point backward difference approximation for the first deriva-
tive in the convective term.

3. Finite Element with Chapeau Basis Functions. The chapeau basis
functions are piecewise-linear polynomials. The system of ordinary
differential equations resulting from this formulation is very similar
to that of the CDA method. Price, Varga, and Warren (29) approximate

the right-hand boundary conditon by using piecewise-quadratic basis



functions over the last interval. If chapeau basis functions are used
throughout, a slightly different linear system results, but the numerical
solutions are virtually identical.

4. Finite Element with Cubic Hermite Basis Functions. The cubic
Hermite basis functions used in this work are the piecewise-cubic poly-
nomials with continuous first derivatives defined in Price, Varga, and
Warren (29 ). Two linear equations are required for each node point,
bgt half as ﬁany node points are required fqr the same or better accuracy
than lower order methods.

5. Lumped Matrix Approximation. Unlike finite difference methods,
in finite element approximations the matrix multiplying the time
derivative is not the identity matrix. To avoid inverting this matrix,
the matrix is "lumped," i.e., the matrix multiplying the time derivative
is replaced by the identity matrix. Otherwise, the derivation is the
sametas for finite element methods. In this work, the lumped matrix
approximation is applied to the finite element method with chapeau basis

functions.

IIXT.B. Other Methods for Solving the Convection-Diffusion Equations

Both the finite element and the finite difference technigques offer
a wide variety of solution methods. The five methods chosen for compari-
son in this work are very basic applications of finite element and finite
difference techniques. This section includes a brief discussion of how
the basic techniques can be extended to develop new methods of solution.
An intriguing exposure to the possibilities for developing new

finite element solution methods is given by Rachford (30). Options



open to the finite element programmer include choice of the degree of
the polynomial basis functions, and, for piecewise polynomials, the
number 5} continuous derivatives, variable grids, and collocation.
Collocation is a method in which the so;ution is forced to satisfy the
differential equation at Gauss points, the points required for Gaussian
quadrature integration of the integrals which result from the finite
element procedure (see Appendix B.3). Price, Cavendish, and Varga (28)
have developed a method called variable interpolation in which high-
order basis functions are used where the function values are highly
variable and low-order basis functions are used elsewhere. Smith (36)
uses finite element integration for.the time discretization as well as
the space discretization. Other models using the finite element tech-
niques are given in the list of references (14, 15, 16, 22, 34, 43).
Finite difference formulas for derivatives are easily generated by
summihg truncated Taylor series expansions. Examples of this are given
in Appendix A. Clever use of this technique allows the generation of
higher order formulas; however, more points are usually required for the
evaluation of each derivative. Finite difference solutions require
inversion of a banded matrix. The more points required to evaluate the
derivatives, the wider the band; hence, more computations are required.
A decision which both finite element and finite difference programmers
must make is whether to use low order formulas on a finekgrid or high
order formulas on a‘coarse grid. Usually this decision is based on the
- geometry of the problem. |
Stone and Brian (39) offer a flexible finite difference technique

based upon weighted differences. Their difference equation is the

following:
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where ci,j = c(ilAx,jAt). The weighting coefficients al, az, a3, a4,
' i i i + a .+ a_+ =
bl' b2' and b3 are arbitrary constants which satisfy a1 a2 a3 a4 1
and bl+ b2+ b3 = 1. The Crank-Nicholson approximation used for the

second derivative is also a weighted finite difference approximation
with equal weight given to values for each time step. Stone and Brian
( 39 ) suggest solQing three or more equations with different weighting
coefficients in a cyclical manner through time. A good summary of
numerical solutions for the convection-diffusion equation, including an
extension of the Stone and'Brian scheme to two and three dimensions
using an alternating direction solution technique, is found in Shamir -
and Harleman ( 35 ).

An interesting fact is that the set of weighting coefficients
recommended by Stone and Brian for a one equation solution are exactly
those that can be derived with finite element techniques using chapeau
basis functions. Advocates for the use of finite difference techniques
claim that such methods as the use of weighted differences make possible
equally good, or better, models than can be developed through finite
element techniques. A recent paper by Laumbach ( 20 ) improves upon

the formulation of Stone and Brian to develop a high-accuracy finite



difference technique which appears to be superior to the finite element
model using chapeau basis functions. Other finite difference models
examined in the literature are included in the list of references (21).
An adéptation of the finite difference method which has received
some atteption in the literature is given by Péaceman ana Rachford (24).
They first examine the effect of using a first-order correct backward
difference formula for the first derivative in the convectionvterm
instead of the central difference used in the CDA method. This process,
called upstream weighting, eliminates oscillations in the solution, but
it causes unacceptable numerical dispersion. Returning to use of the
CDA method, the authors suggest a scheme in which the concentraion at
each node i, c; is compared to the concentration at the next node, Cie1’

after each time step. If c exceeds ci, then the excess is added to

i+l
Ci42 and subtracted from cy. This process is called transfer of over-
_ shoot.

The remaining method which must be included in any discussion of
solutions of the convection-diffusion equation is the method of charac-
teristics (MOC). This method, first developed by Gardner, Peaceman, and
Pozzi, recognizes that for large values of the Peclet number, A, the
equation behaves more like a hyperbolic than a parabolic differential
equation, and, hence, a method usiné charécteristics is appropriate.

MOC models require a large number of grid points and are inaccurate for
small values of the Peclet number. In groundwater quality and reservoir
engineering problems the Peclet number is large enough that the MOC
method is appropriate. Bredehoeft and Pinder used the MOC solution

technique for their model of the groundwater contamination at Brunswick,

Georgia.



CHAPTER 1V
COMPARISON OF FIVE NUMERICAL METHODS FOR SOLVING THE ONE-

~

DIMENSIONAL CONVECTION-DIFFUSION EQUATION

As with most engineering problems, there are many trade-offs asso-
ciated with numerical solutions of the convection-diffusion equations.
Models which are simple to derive may require prohibitive amounts of
computer space and processor time. A more complicated technique may
require less computer time and space; but it may be difficult to extend
to higher dimensions, and boundary conditions may be more difficult to
incorporate. Certain discretizations may eliminate oscillations, but
they suffer from severe numerical dispersion errors. A good comparison
of the solution methods must take these trade-offs into account. No
method has been found to be completely satisfactory. Hence, it is
useful to develop certain criteria for determining whether a particular
method produces adequate results. For the one~dimensional convection-
diffusion equation, the important parameter is the Peclet number, A.
Most of the methods work well for small values of A, but for large
values of A numerical dispersion and oscillations appear in the numer-
ical solutions (results for the models in this work indicate that signi-
ficant errors occur for A > 5n). The objective behind the comparisons
to be given in this work is to find the minimum number of required
nodes, n, and the maximum allowable time step, AT, given A and the
accuracy required of the solution.

In the first section the theoretically derived limits on the spac-

ing, h = AE, and the time step, At, for numerical solutions of equation



(II.A.8) are examined. 1In the second section results of numerical
experiments show how these limits may be adjusted if small oscillations

in the solution are tolerated.

IV.A. Theoretical Derivation of Discretization Bounds

Some important results concerning oscillations in the solution are
given in Price, Varga, and Warren (29). All of the methods considered
by these authors used non-weighted finite differences. Hence, the
matrix differential equation dgrived from the space discretization is
written in the form
de

ar - =A% + S . (IV.A.1l)

Their analysis is based on properties of the matrix A rélated to the
eigenvalues of A. If the matrix A has distinct positive real eigen—_
valueé, then the equation for the solution of equation (IV.A.l) reveals
that the solution is non-oscillatory. The authors give theoretical
proofs that the solution to the semi-discrete CDA equations is non-
oscillatory for h < 2/A. Since h = %—, where n is the number of grid

points, the above criterion can be written in terms of A and n as
n < /2 "~ (IV.A.2)

They also show that the NCDA method is non-oscillatory for all values of
h. These results are derived from proofs that for a given value of A,
the matrix A for the CDA method has distinct positive real éigenvalues
for 0 < o < 1 where a = Ah/2, and for the NCDA method the matrix A has

distinct positive real eigenvalues for all values of h > 0. The other



important result in this article is that oscillations due to the time

discretization are eliminated for the Crank-Nicholson scheme whenever

At < 2/max My l1<ic<n (IV.A.3)

where each uy is an eigenvalue of the matrix A. The authors state that
their numerical experiments indicate that oscillations are eliminated

for all practical purposes if
At < 1/min My l1<ic<n ‘ (IV.A.4)

Equations (IV.A.2) and (IV.A.3) give restrictions on AT and n for
preventing oscillations in the solution. However, it is clear that for
large values of A the number of nodes required for the CDA method
becomes prohibitive. ‘Unfortunately, typical parameters for groundwater
quality models produce values of A exceeding 104. Equation (IV.A.3) is
valid‘only when the eigenvalues of A are real. Thué, for the CDA method,
this criterion works only when h < 2/A. Furthermore, a criteriﬁn based
on the eigenvalues of a matrix is difficult to apply, since the eigen-
values must first be computed. For the CDA method, equation (IV.A.3)
can be simplified considerably by considering the eigenvalues of A when
h = 2/\X. Examination of equation (B7) in Appendix B reveals that in this
case, A is a lower triangular matrix with each diagonal element given by

2/h2. Thus, equation (IV.A.3) becomes
2 2
At < h or At < 4/) (IV.A.5)

when h = 2/)\. Since more nodes will not decrease the maximum At allowed,

the criterion is given by



At = 4/2% for h < 2/A (IV.A.6)
max -_

The above criteria apply to errors due to oscillations in the solu-
tion. Lantz (19) examines the truncation error in the'finite difference
approximations to the convection-diffusion equation to derive expres-
sions for the magnitude of the numerical dispersion. His procedure is
to express the finite difference formulas as ?aylor sefies expansions,
substitute the Taylor series into the differential equation in place of
the corresponding partial derivatives, and collect like deriVative
terms. This results in some extra terms involving the second partial
derivative when first order approximations are used for the first par-
tial derivatives in the differential equation. These additional terms
determine what Lantz calls numerical diffusivity. In certain cases,
appropriate choice of h and At will reduce the numerical diffusivity to
zero. The Crank-Nicholson time discretizafion and the CDA space dis-
cretization both are second order correct and hence do not provide terms
for the numerical diffusivity. Upstream weighting; which implies that a
backward difference formula is used to approximation the first partial
derivative, resultg in numerical diffusivity equal to h/2 when the
Crank-Nicholson timé'discretization is used. Since the methods to'be
compared in this work are all at least second order correct, this method
of predicting errors in the solution cannot be used. However, this
approach is exactly what Laumbach (20) used to determine a weighting
factor for the time discretization that leads to a finite difference
equation which is fourth order correct in space and time for larger

values of A when h > AAt. Laumbach includes third order terms in his



Taylor series expansion and makes use of the fact that when

A >> 1, 222 2

In a recent paper by Gray and Pinder (13), Fourier series analyses
are used to understand better the causes of numerical dispersion and
oscillations in the numerical solutions. Similar analysis has been used
before by Shamir and Harleman (35) and Stone and Brian (39), but in the
work by Gray and Pinder the comparisons of different numerical methods
which can be made are clearly indicated. 1In particular, different
weighted time discretizations are compared for finite differénce and
finite element methods. Their procedure is to substitute the Fourier
series components into the fully discretized equation, solve the result-
ing equation for the eigenvalues of the Fourier series representation of
the numerical solution, and from the eigenyalues compute amplitude
modifications and phase lags in the Fourier harmonics for the pa;ticular
numerical method being tested. The results show that both finite ele-
ment and finite difference solutions show greater phase lags and‘ampli—
tude modifications in the shorter wavelengths. The fully implicit time
discretization produces greater phase lag and more damping in the
shorter wavelengths than the semi-implicit Crank-Nicholson time dis-
cretization for both finite element and finite difference. Hence, there
appears to be a trade—off: methods which propagate the shorter wave-
lengths more accurately seem to modify their amplitude more, while
accurate amplitude production sacrifices correct phase propagation.

When the shorter wavelengths ar« unimportant to the correct analytical
solution, as they are for small values of the Peclet number, if these

wavelengths are damped as in the finite element method, the errors will



be small. But if, as in the CDA method, the shorter wavelengths are
amplified, then the phase lag produces both oscillations and numerical
dispersion. Their conclusions included the following: that finite
difference methods were consistently inferior to finite element, that
dispersion correction factors suggested by Chaudhari (7) are more effec-
tive in improving the accuracy of finite element schemes than finite
difference, that upstream weighting causes excessive damping over a wide
range of wavelengths, and that minimizing oscillations about unity by
appropriate weighting in the time discretization increases the numerical

dispersion in the solution.

IV.B. Discretization Bounds Based on Numerical Experiments

Price, Varga, and Warren (29) show that for At sufficiently small,
oscillations in the solution using the CDA or the NCDA method are due to
the séace discretization alone. Hence, reducing At further will not
reduce the oscillations in the solution. Since these authors show that
oscillations appear when the matrix A has complex eigenvalues, and since
the expression for the maximum At is a function of the maximum eigen-
value of A, a seemingly reasonable approach is to examine the eigen-
values of A for the five methods. For n = 20 (h = .05), the behavior of
» the maximum real and imaginary parts of eigenvalues of the matrix A for
the CDA, chapeau and cubic Hermite methods is shown in Figure IV.B.1l.
Several interesting features are apparent in this diagram. First, all
three methods show a change in the eigenvalues at or near a Peclet
number of 40; that is when n = A/2. For A slightly greater than 40,
complex eigenvalues begin to appear, signalling the beginning of oscil-

latory behavior in the solution. If results similar to equation
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(IV.A.3) can be derived for finite element solutions, then the diagram
suggests that the cubic Hermite solution method should be accurate for
much larger time steps. Furthermore, if the magnitude of the imaginary
parts of the eigenvalues is important, the cubic Hermites might be
expected to allow larger space steps as well. The similarity between
the CDA and chapeau methods is suggested by the nearly identical be-
havior in the eigenvalues for the two methods, ﬁhe only appreciable dif-
ference being in the maximum real part of the eigenvalues for A > 40.
For the CDA method the real parts of the eigenvalues for A > 40 are
identically equal to 800 = 2n2. Additional calculations made for n = 10
indicate that these results are reproducible for other values of n. One
last result is that the magnitude of the maximum eigenvalue for the CDA
and chapeau method is approximately A * n. This suggests that the
maximum At sufficiently small to avoid oscillations due to the time
discrétization might be éiven by 2/max | ui I = 2/An, 1 <i < n. How-
ever, numerical results indicate that the oscillations in the solution
are reduced if a smaller At is used. The maximum At for n < A/2 sug-

gested by a number of numerical experiments is given by
At = 1/10An or AT = — (Iv.B.1)
max max

Varying At around this bound results in the following behavior: AT =
2ATmax causes oscillations in the solution for A = 2n; and, At =

Armax/lo does not produce results which are significantly different from

results for At = At ., Hence, AT < is sufficiently small to

1
10An
avoid errors due to the time discretization. This bound on AT appears

to work for the CDA and all three finite element methods.



The behavior of the eigenvalues shown in Figure IV.B.l indicates
that osgillations in a numerical solution using any one of the three
methods included there are prevented for n > A/2 as given in equation
(IV.A.2). Numerical experiments for values of A ranging from 40 to 320
support this conclusion. For large values of A, the number of nodes
required is prohibitive. However, numerical éxperiments reveal that if
small oscillations (less than 0.1) are acceptable, the number of nodes
required can be considerably reduced for the-finite element methods.

Using the criterion for At given by equation (IV.B.1l), the minimum
number of nodes, noin’ required for a given value of A to prevent oscil-
lations exceeding a specified value was found through the following
procedure: for a particular number of nodes, n, different values of A
were tried until the requirement that all of the computed values through-
out tﬁe time inte¥va1 0<rt 5:1/1 were less than the specified toler-
ance. The minimum A for which this is true satisfies the relation that
the given n is nmiﬁ for that A. In each trial, the time step was that
given by equation (IV.B.l) with the appropriate values for A and n.

This procedure was applied to the CDA mefhod and the first two
finite element methods. Figure IV.B.2 shows the results of the numef-
ical experiments for specified tolerances of 1.1 and 1.0l. Over the
range of the values tesﬁed, the dependence of n oin on X appears to be
linear. Examination of the figure reveals that for a given A, as ex-
pected, the cubic Hermites require the least nodes to achieve a speci=-
fied accuracy. Since At is inversely proportional to n, the cubic
functions allow larger time steps to be used without penalty, thus
requiring fewer computations, and hence, less processor time. The

results diagrammed in Figure IV.B.2 are summarized in the following table:
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OSCILLATIONS

Less than 1.01 Less than 1.1
Ccba n > 12/3.5 n > A/13
CHAPEAU n > A/10 n > A/70
CUBIC n > A/13 n > A/120

TABLE IV.B.l

Some examples which help to illustrate how oscillations may be
caused by either the space or the time discretization are given in
Figures IV.B.3 through IV.B.7. The first three examples use the CDA
method. Although less pronounced, the behavior of the finite element
methods is the same aé is illustrated in these three figures. Figure
IV.B.3 shows that the numerical solution agreeé with the second analyt-
ical éolution (see comparison of the two analytical solutions given in

Chapter II) for n = A/2 and AT = In Figure IV.B.4, A1 is in-

S
10An °
creased by a factor of 40. These oscillations are caused by the exces-
sive time step size. In Figure IV.B.5, A1 is restored to an acceptable
value, and the spacing is increased by reducing the number of nodes by a
factor of four. 1In this case, both oscillations and numerical disper-
sion are evident. 1In Fiéures IV.B.6 and IV.B.7, the NCDA method is
used. For n = A/2 and ATt = 1/10An, the NCDA method works as Qell as any
of the methods. Figure IV.B;6 reveals that the effect of increasing the
spacing is manifested by numerical dispersion and small oscillations
about zero. The oscillations about zero are barely perceptable in this

example, but in a later figure oscillations about zero are quite pro-

nounced for the NCDA method. Oscillations about unity do not appear
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unless AT is too large, as is shown to be the case in Figure IV.B.7.

Coqparisons of all five numerical methods appear in Figures IV.B.8
"and IV.B.9 for AT given by equation (IV.B.l) where n = 20 and for A =
500 and 1500, respectively. These values for A were chosen to illus-
trate the oscillations and numerical dispersion due to the space dis-
cretization when the bounds on the spacing given in Table IV.B.l are
exceeded. Reference to Figure IV.B.2 indicates that oscillations in the
first two finite element techniques using Chapeau and cubic Hermite
basis functions should be less than 10%, and Figure IV.B.8 is consistent
with that result. For A = 1500 only the NCDA and the cubic Hermite
methods have oscillations within the 10% tolerance. The NCDA method,
however, exhibits considerably more numerical dispersion in both exam-
ples than any of the other methods. The CDA and Chapeau methods exhibit
oscillations exceeding 1.1 for A = 1500. Finally, the lumped matrix
methoa appears to give results that are nearly identical to the results
of the CDA method, and hence, loses all of the accuracy advantage of the
finite element approximation.

In conclusion, it is épparent that the finite element methods do
reduce oscillations in the solution when compared to finite difference
methods. The simple criterion in equation (IV.B.l), plus the results in
Table (IV.B.1l) indicate bounds for At and h = %-for specified A and the
required accuracy. It should be mentioned, however, that althouéh
oscillations about‘unity can be controlled through the use of an ade-
quate number of node points, the NCDA and finite element methods show
oscillations about zero in the first few time steps. For the finite

element methods, these oscillations are of small magnitude. But for



the NCDA method oscillations about zero may produce concentration values

less than -.1. 1In addition, these oscillations remain in the NCDA

~

solution throughout most of the time of interest.



CHAPTER V
EXTENSION TO A TWO-DIMENSIONAL FINITE ELEMENT MODEL USING

CROSS-PRODUCTS OF CHAPEAU BASIS FUNCTIONS ON A SQUARE GRID

The application of the two-dimensional convection-diffusion equa-
tion of primary interest in this work is groundwater quality modeling.
Although the overall velocities and concentration flﬁctuations are less
than for petroleum reservoir models, both applications are complicated
by several factors. The flow patterns are fairly random and may require
tracing the concentration profile past a producing well. Furthermore,
the models ma? be required to predict near steady state conditionmns.
Boundary conditions for wells producing contaminant at wvarying concen-
trations are difficult to specify because the velocities near the well
vary increasingly in magnitude and direction, and the mass balance must
take into account the mass removed from the system.

The two-dimensional model developed for this work is a simplified
finite element model using cross-products of the chapeau basis functions
on a square grid pattern. The objective of this work is to do prelimi-
nary testing on the model to determine its applicability to typical

groundwater quality problems.

V.A. Two-Dimensional Geometries to be Modeled

In order to concentrate on the effects of convection and diffusion,
the groundwater flow, as shown in equation (II.A.3) is assumed to be
steady state. This eliminates the necessity to compute new velocities
before calculating the concentration profile for each time step. There

are a number of possible geometries which produce steady state velo-



cities. Four steady state flow patterns are shown in Figures V.A.l.
(a)-(d).. The first flow pattern represents a constant unidirectional
velocity field. This flow pattern is used with the one-dimensional
convection-diffusion equation given in Chapter II. The second flow
pattern represents a producing well in a constant unidirectional velo-
city field. The third flow pattern represents a producing well along-
side an equipotential line. The last flow pattern represents the dipole
field produced by two wells with equal pumping rates, one producing, the
other injecting contaminant at a constant concentration.

Approximate boundary conditions for the convection-diffusion equa-
tidn are shown in Figures V.A71.(e) and (f). The impermeable boundaries
are in contradiction with the velocity flow patterns unless one makes
the unrealistic assumption that contaminant flow is impeded at the
boundaries thle groundwater flow is unaffected by the boundary.
However, except for the right-hand condition, the impermeable concen-
tration boundary is appropriate for the first flow pattern, and is a
fairly valid approximation for the second flow pattern, because the flow
is nearly parallel to the lateral boundaries. For the remaining two
flow geometries, the impermeable concentration boundaries are a valid
approximation as long as the'concentration gradient remains small near
the boundary.

Preliminary tests of the model developed for this work were on the
first two geometries. The model also provides the other two flow geo-
metries and the corresponding concentration boundary conditions, but

these have not been sufficiently tested.
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V.B Description of the Two-Dimensional Model.

In this section a brief discussion of the development of the two-
dimensional finite element model using chapeau basis functions is given.
Details of the required mathematics are included in the appendix.

As pointed out in Chapter III, finite element models approximate
the solution of the partial differential equation by a linear combina-
tion of basis functions. The basis functions used in this work are
cross-products of chapeau basis functions w(x)*w(y). To incorporate the
boundary conditions suggested in Figure V.A.l.(e), the w(x) must satisfy
the conditions that w(0) = 0 and g&(l) = 0; and the W(y) must satisfy

‘. aw aw .
the conditions that a;(O) = a;{l) = 0, where £ = nAx, and n is the number
of nodes. For the boundary conditions in Figure V.A.l.(f), the w(x)

. dw dw . .
must satisfy 5;‘0) = E;(Q) = 0. In addition, boundary.basis products

wa(x)-ﬁa(y) are required for the constant concentration boundary. These

dw .
are specified by the requirement that wa(O) =1, a;?(z) = 0, and Wa(y)

= 1. With the basis functions thus chosen, the solution is approximated

by the following:

.(t)wi(x)ﬁj(y) + wa(x)ﬁa(y) (v.B.1)

n n
cn(erlt) = z zcn,i,]

i=1 J=l
This approximation must satisfy an integrated form of the differential

equation given by

f /- ac_ 32Cn a%c ac_ ac_

- + + VvV —+v — dx w d V.B.2
: [QSE— D( 557 w2 R v Viay ]wk(x) x W, (y)dy ( )
As shown in Appendix C, as a first approximation the velocities are
assumed constant over one grid block. The velocity vectors are computed

from the analytical solution at the grid points. The assumption that

the velocities are constant allows their removal from the integration



over the basis functions. The remaining integrations are straight- -

forward. In addition, the initial conditions are approximated by

~

n n
C_(x,¥,0) = min | a, w.w, + ww)l (V.B.3)
I n ”LZ[F] %,5 | igl jzl i,37473 0 7978 parg

These equations determine a set of ordinary differential equations

of the fo:m

N
dcn "
B e = - V.B.4
B 3¢ AC_+ S ;2)
v o
where Cp = (Cn,l,l(t)'cn,l,Z(t)""' cn'n’n(t)) and A and B are n xn

mafrices and S is an n2xl matrix. The matrices A and B consist of
three bands, a tridiagonal band and two three-entry bands on either
side of the diagonal, n entries from the diagonal.

The model uses the banded matrix routine given in von Rosenburg (44)
to solve the system of linear equations resulting from Crank-Nicholson
discretization of equation (V.B.4). Although this is an efficient
“Gaussian elimination routine, the storage requirements for direct solu-
tion of the nzxn2 matrices are large. Hence, the model is limited to
relatively few grid points. The model thus requires a more efficient
use of storage than can be realized by the banded matrix routine. Such
techniques as LSOR (31), or SIP (41), might be used to speed up the
matrix inversion and reduce the storage requirements so that more grid

points can be used.



CHAPTER VI

RESULTS FROM THE TWO-DIMENSIONAL FINITE ELEMENT MODEL

In Chapter IV acceptable bounds on the node spacing and time steps
are given for the chapeau basis functions. It is desirable to find
such a priori bounds for node spacing and time steps for the two-
dimensional model so that acceptable accuracy is obtained for a given
set,of parameters. However, there are a number of parameters which can
be varied: the pumping rate q, the dispersion coefficient, D, the

well coordinates (iw, jw), the constant unidirectional velocity v., and

0]
the length of the total field to be modeled, %£. Thus, the question of
appropriate node spacing and time steps is far more difficult for the
two-dimensional model. For this model in particular, the problem is
intensified by the fact that the number of nodes is %imited by stérage
requirements for solving the linear system. These difficulties and

how they can be overcome are included in the results to be given in
4

this chapter.

VI.A. The Well Equation

In Chapter II the two-dimensional convection-diffusion equation

with simplifying assumptions is given by

,32C 32C oC 9C aC
- L= . e - A - VI.A.1
D(‘axz + 9x2 ) ux 9% uy oy d ot * q(ci c (VI.A.1)

Settari, Price, and Dupont (34) indicate that the source term, q(Ci—C),
is eliminated for a producing well because the produced concentration,
ci; is equal to the concentration, C, surrounding the well point. This
suggests that no special conditions need to be provided for producing

wells. Unfortunately, this does not prove to be the case.



Examination of the velocity veétors near the well indicate that how
the vec;prs are evaluated is critical to the mass balance over the grid
block surrounding the well point. The velocity vectors resulting from
the analytical solution near the point sink have converging directions
and the vector magnitudes increase without bound. Hence, the vector
coordinates converge to both positive and negative infinity at the well
point. To avoid this singularity, the well veétor is assuméd to be the
average velocity in the grid block surrounding the well, which is equal

to the constant unidirectional velocity, v Evaluating the velocity

0°
vectors in this way produces unacceptable results from the model. As
illustrated in Figure VI.A.l. the concentration tends to accumulate at
the well and neighboring grid points. In this example, concentration
values are computed for an 11 x 11 square grid. 1In the upper figure,
the concentration at the well is graphed for each time step. The lower
figuré is a graph of the concentration values at five different time
steps for the eleven grid points found in the line drawn from left to
right through the well point. Since the normalized boundary concentra-
tion of 1.0 units represents a saturated concentration, values shown in
the figure which are in excess of 1.0 are clearly in error. Apparently
the model is not allowing for the mass to leave the system and hence,
the contaminant accumulates at the well.

Equation (C4) in Appendix C suggests an alternative way to evaluate
the velocities near the weil point. Considering the velocity integral
alone, it is apparent that only the nodes which are located at the well
point or at the nearest neighboring grid points add to the velocity

contribution for the equation at the well point. Similarly, the well

point velocity vector enters into the equations for the nearest neighbor-
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ing points only. Since the velocity at the well point is not defined,
it is desirable to evaluate the velocities at a finite radius from the
well. This need only be done for the well point and its nearest neigh-
bors. The remaining grid points in the model may use the velocity
vectors computed at the grid points as described previously in Chapter
V.

Evaluating the velocities in this way causes two types of changes
in the equation for the nodes at and immediately adjacent to the well
point. First, in the equation for a nearest neighboring grid point, the
velocity vector for the well point is computed from the analytical
solution at avfinite radius from the well in the direction of the node
point from the well. Thus, eight special velocities are computed for
the well point wvelocity for the eight nearest neighbor equations.
Second, for the equation of the well point itself, the integration of
the well point velocity with the well point basis function is nonzero,
unlike the remaining interior noaes in the model. In this case, the
velocity coordinates evaluated at a finite radius are equal, but oppo-
site in sign and when multiplied by the basis function derivative which
also changes sign, the effect is to add a term to the well point equa~
tion for each of the four closest near neighboring points and for the
well point itself. 1In other words, the typical integration of a grid

point velocity with the basis function for the same grid point is zero:

(i+1)Ax
ux(i,j) . J[ wiw.dx

(i-uax *?
1Ax . (i+1)Ax .
_ . x-(i-1)Ax (1+1)Ax-x
= ux(l,j)[ / oz dx + [ (5%) dx ]

{i-1)Ax idx



iAx 2 (i+l)Ax

(x- (i-1) Ax) 2 | ((i+1) Ax—x)

= ux(l,])l[ Z(Ax) (i—l)Ax"‘ 2(AX) , iAx ]
= u (i,3)[(a - 0) + (0 - W]
=0 H
while evaluating the well point velocities at a finite radius produces
a nonzero term:
(i +1)Ax
u (i ,3 ) f v wi oW,
x v (iw-l)Ax W w
e i Ax . (i+1)Ax,,
ter s -(i-1) Ax (i+1) Ax-x
= u’ (i :J)[fw e dx + [ —HaZux]
x WO Gy, ) i 9
- (03 yeld] +u (i,3.)[-4]
#x lw'Jy Yt v
= L [ - q | -
’(VO * Znr) L] + s Zﬂr) [-=1
= I
21r ‘YITAT3?

where r is the chosen finite radius, (iw, jw) is the well location, i; =
. .+ .
i -randi =1 + r.
W W w

By varying the choice of the radius r at which the velocities are
to be evaluated, the concentrations calculated by the numerical solution
vary from values too low at the well and too high at the nearest neigh-
boring points, to values too high at the well and too low at the nearest
neighboring points. The following énalysis of the mass balance sur-

rounding the well indicates a reasonable choice for r. The amount of



contaminant to be removed from the system is equal to the product of q,
b, and C, where b is the aquifer thickness. The amount of contaminant
entering the grid block surrounding the well is given by [G;(i;,jw)+
— + — - — ) + -_—

i .. . . Awote . between
ux(lw,Jw)+uy(1w,3w)+uy(1w,3w)] Ax+*b+C, where u is the average betw

the velocity evaluated at Ax and the velocity at r. Hence, r must

satisfy the following:

[ %('v0 + 5;%; v+ 5%;' ) + %(—Vo‘+'—41— - + =i

0 2mAx Vo 27r -

+15(-2ﬁ;+—2%;)+!5(-ﬁ;+5%;)]013x'b'c

?q'b;c
oi r = Ax/(w-1) _ (VI.A.4)
The numerical results presented'in the last section of this chaptér use
this radius for evaluating velocities near the well point.

Although not completely satisfactory, this technique tends to
controi the solution fairly well sd that gross trends in the concentra-
tion profile can be evaluated. A further improvement might be gained by
writing the dispersion coefficient as a function of the velocity as in
Settari, Price, and Dupont (34). This would cause the dispersion coef-
ficient to be higher near the well, therefore making the concentration
profile léss steep and easier to simulate numerically. A second refine-
ment would be to write the analytical velocity functions inside the
integrals and integrate the resulting smooth function. The inner inte-
grals can be evaluated explicitly. The outer integrals can be evaluated
using Gauss-Legendre guadrature. Such a refinement is not possible

without collocation for non-steady-state problems or for difficult



geometries. However, comparing results from such a model with the model
presented here would help to indicate the error involved in evaluéting

the velocities at the grid points only.

VI.B. Determination of a Reasonable Time Step

An initial difficulty with the two-dimensional model concerned the
choice of a suitable time step. For the first two geometries, the
choice can be determined through use of an extension of equation

(IV.B.1):
At = Ax/10 u (VI.B.1)
max X .

where G; is the average of the x~-coordinates of the velocity vectors.
Reducing this time step size does not change the solution. Hence,'this
time step seems to be sufficiently small to prevent oscillations due to
the time discretizations. In addition, results from the one-dimensional
solutién indicate how many time steps should be computed to provide
answers over the time interval during which the relevant movement of the
concentration profile was occuring. For the one~dimensional case, the
dimensionless group ut/¢% measures how far the concentration value 0.5
has advanced as a fraction of the total field width, &. The dimension-
less group E;t/¢£ measures roughly how far‘across the two-dimensional
field the concentration profile has advanced. Thus after m time steps,
the concentration field has moved the fraction EgmAt/¢2 of the total
field width £ = nAx. 1In the time interval of interest, the concentra-
tion profile moves from the left boundary to the value ﬁ;t/¢£ = 1.

Hence the number of time steps required, for At computea from equatioh

(VI.B.1l) is



m = ¢/ uxAt
= ¢/ Ex - -10 Ex /ébx = 10%/Ax
= 10n

where n is the number of grid points. Using these criteria for At and
the number of time steps, the model will give results over a meaningful

time interval.

VI.C. Test Results from the Two-Dimensional Model

One of the most difficult aspects of working with a two-dimensional
model is determining whether the numerical results accurately represent
the solution of the differential equation. When no analytical solution
is available, the model designer must rely on comparisons with other
numerical models, tests on whether the results from the same model
differ when the spacing or time step size is reduced, and, in some
cases,_intuition about what should occur. Sometimes simplifying assump-
tions allow comparison with an analytical solution. Then when the model
appears to work well for the simple case, more complicated features may
be incorporated into the model.

The first tests for the model in this work was to compare with the
one-dimensional analytical solution. On an 11x11 grid the model gives
completely symmetric results which agree with the one-dimensional finite
element solution using chapeau basis functions. Visible oscillations
occur for A greater than 10n, as expected.

Velocity vectors computed by the model for a well producing at the
rate of 16-3 cu.ft./sec./ft. located 2000 feet from the constant concen-

tration boundary superimposed with a constant unidirectional velocity



equal to 10_6 ft./sec. are shown in Figﬁre VvI.C.l. The upper number in
each pair is the x-coordinate of the velocity; the lower nuﬁber is the
y-coordinate. A positive x~-coordinate indicates flow from left to
right; a positive y-coordinate indicates flow from top to bottom. The
coordinates are numbered starting from the upper left corner. Using
this scheme, the well is located at the point (iw, jw) = {4Ax,6Ax).
The analytical solution used to compute the velocity vectors is given by
o =y 30T : WI.CL)

x o 2 4 21rr2

where r2 = (inw)2 + (y-jw)z. The stagnation point occurs where ux = 0,
i.e. where x = —— + iw' In this case the stagnation point is less
than one grid spacgng to the right of the well point. For higher pro-
ducing rates, the stagnation point moves further to the right of the
well ﬁoint resulting in some negative x velocity coordinates to the
right 6f the well point.

Figures VI.C.2 and VI.C.3 show results from the two-dimensional
convection—diffusion model using the velocity vectors in Figure VI.C.1

> ft.z/sec., respectively.

and dispersion coefficients of 10-4 and 10~
The porosity is equal to 0.3. Since the results are symmetric about a
line drawn from left to right through the well point, the concentration
values are contoured for the upper 11x6 grid points only. In the dia-

gram at the top of the page, the contours marked "> 1.0" mark the grid
points farthest to the right which have concentrations greater than or
equal to 1.0. Due to the oscillations in the solutions, there may be

points to the left of these contours which have concentrations below

1.0. The remaining contours mark concentrations at the values indicated.
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There are results from five time steps shown in each figure. The con-
tours for each time step are drawn differently to distinguish the dif-
ferent times being presented. In addition, dashed lines connect each
contour to a mark below the fiqgure which represents the position of the
same concentration value at the same time in the analytical solution
computed for the unidirectional wvelocity, dispersion coefficient, and
porosity used in the numerical model. The times shown on the contour
diagram are indicated next to the appropriate analytical solution
values.

The two graphs at the bottom of the page for each figpre are in-
tended to show the oscillations occuring in the solution. The lower
left graph shows the concentration at the well point as a function of
time. The lower right graph shows the concentrations computed for each
time represented in the upper diagram for the grid points located on a
line which passes from left to right through the well point. Thése two
graphs reveal the oscillations about unity in the solution. Additional
errors not shown in these graphs are the oscillations about zero which
occur for several time steps early in time. These are always of smaii
magnitude (<10-1), and they disappear as the concentration values
increase. The dispersion coefficients used in these two figures are
several orders of magnitude larger than the dispersion coefficients for
porous media given by Perkins and Johnston ( ). However, as revealed
in the two figures, the oscillations increase significantly for a de-

5

crease in the dispersion coefficient from 10—4 ft.2/sec. to 10 ft.z/sec,

and further decreases in the dispersion coefficient result in a solution
that is of little value. The average velocity in the x-direction for

these two figures is 9.8x10--7 ft./sec. The Peclet number computed using



the average velocity is approximately 54 for Figure VI.C.2 and 540 for
Figure WI.C.3. For Peclet numbers in the practical range, many more
nodes would be required for this technique. Furthermore, if the con-
stant velocity and/or the pumping rate is increased, even more nodes are

required to control the oscillations in the solution.

Since the grid is fairly coarse, no effort has been made to smooth
the contours or graphs of the results. However, even on such a coarse
mesh, the trends in the results seem reasonable. The bending of the
contours to the left of the well point toward the well shows the move-
ment of the contaminant toward the well. The bending toward the well of
the contours to the right of the well point show its effect on contami-
nant which is bypassing the well. Decreasing the dispersion coefficient
causes a steeper concentration profile, as can be seen by comparing the
two figures. In comparing with the marks representing the analytical
solution, the‘expected result would be a "speeding up” of the concentra-
tion profile movement to the left of the well, but a "slowing down" of
the movement after the front passes the well. This trend is reflected
in the two figures.

Using the same format as described in the preceding paragraphs,
Figure VI.C.4 shows results for the same parameters as in Figure VI.C;3,
except for the position of the well point, which in this case is

(6Ax,6Ax). Again, the same trends occur in the solution.

Results from the two-dimensional model are far less conclusive than
for the one-dimensional model. Although predictions for suitable space
and time steps based on the Peclet number computed using the average x

velocity coordinate are fairly useful, increasing the spacing while

-



holding all other parameters at the same value increases the Peclet
number, but the oscillations in the solution are reduced. A second
result which occurred was that application of the time step condition
given by equation (VI.B.l) to the third flow geometry produced unde-
sirable results because the smaller velocities result in an unreasonably
large time step. Such apparent contradictions in the results indicate
that the complexity to the two-dimensional problem requires a more

detailed description than can be provided by the simple dimensionless

groups used in this work.



CHAPTER VII

N CONCLUSIONS

In the first part of this work, five numerical models for the one-
dimensional convection-diffusion equation are examined and compared to
determine bounds on the space and time step sizes which limit numerical
errors to within a specified tolerance. Each of the five methods ex-
hibits one or both of the types of errors common to numerical solutions
of convection-diffusion equations: oscillations about the correct
solution and numerical dispersion. The fdllowing conclusions were drawn
from numerical experiments using the models:

(1) For Peclet numbers the range from 0 to 103 no significant
oscillations due to the time discretization are introduced into solu-
tions using any one of the five models tested if At < 1/10An.

{(2) Using the above bound on the time step éize, bounds on the
space step which limit oscillations to less than 1.1 or 1.0l were found
for the central difference approximation method and the finite element
methods using chapeau basis functions and cubic Hermites.

(3) Both finite element methods required fewer modes than the cen-
tral difference method to achieve the desired accuracy. The chapeau
function method appears to be superior because of the weighted time
discretization. The finite element method using cubic Hermites is a
higher order approximation for the solution and, as expected, produces
the most accurate results for a given space step size.

In developing the different models, a number of advantages and
disadvantages for the methods were recognized. The finite difference

methods were more straightforward to derive than the finite element



methods, but they are less accurate. Of the finite element methods, the
chapeau functions are much easier to derive than the cubic Hermites
because the integrations required are easier to perform, and there are
fewer of them. 1In addition, the chapeau functions produce a simple
tridiagonal system to solve, while the cubic Hermites require solution
of a block diagonal matrix with six entries in each row. For the same
number of linear equations, the cubic Hermites compute concentration
values at half as many points as the remaining methods, because every
other value computed is the derivative of the solution at a particular
node. Hence, although cubic Hermites are more accurate, if a fine mesh
is desired, a lower order method may be more appropriate.

The second objective of this work was to extend the finite element
model using chapeau basis functions to two-dimensions. Preliminary re-
sults from the model lead to the following conclusions:

él) The two-dimensional model when tested on a one-dimensional
problem, agrees with the one-dimensional finite element model using
chapeau basis functions when appropriate boundary conditions are im-
posed.

(2) Numerical results from the case of a producing well superim-
posed on a constant unidirectional velocity field indicate that special
attention must be given to the equations at the well point and its
nearest neighboring points. The method used in this work was to evalu-
ate the velocities for the well point at a finite radius from the well.
This technique appears to be fairly effective in providing for the mass
to be removed from the system, but the somewhat arbitrary way in which
the radius at which the velocities are evaluated is chosen suggests that

further testing of this idea is desirable. One way to indicate the in-



fluence of the discreet evaluation of the velocities is to integrate the
analytical velocity functions inside the basis function integrals. This
would eliminate the need for evaluating the velocities near the well
point differently from the remaining grid points.

(3) Reguirements on the spacing and time step size limits are more
difficult to acquire for the two-dimensional geometries, and the results
thus far from the model are somewhat inclusive. A suitable time step
for the flow geometries tested thus far appears to be given by a general-
ization for the one-dimensional result, At < Ax/10u, in which the aver-
age velocity is used in place of the constant velocity. The effect of
varying the space step size was not adequately tested because of the
expense involved in increasing the number of grid points.

(4) Numerical results for the flow pattern produced by a constant
unidirectional velocity superimposed with a producing well were compared
to thé numerical results produced by the unidirectional velocity alone.
Results from this comparison indicate that the higher velocities en-
countered near the well cause oscillations in in excess of the oscil-
lations produced in the latter case. This observation, together with
the necessity of calculating velocities at additional points not in-
cluded in the model grid, suggests that a variable mesh might_be advan-
tageous.

(5) The coarse grid used was inadequate for handling dispersion
coefficients in the practical range. If the one-dimensional results are
any indication, for this scheme the number of grid points that would be
required for more reasonable dispersion coefficients is prohibitive.

The rationale for choosing this particular technique for extending

the chapeau basis functions to two-dimensions was that the development



of this technique is closely related to the derivation of the one-
dimensional finite element model. The results from the model are some-
what encouraging, but a few improyements can Se recommended. In parti-
cular, to allow for more grid points, a more efficient technique for
solving the linear system is needed. This would allow more study on the
effects of varying the space time size. Furthermore, integration of the
analytical velocities would serve as a check on the technique of evalu-

ating velocities at a finite radius from the well.
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APPENDIX A

DERIVATIONS OF FINITE DIFFERENCE FORMULAS

Several finite difference formulas can be derived from the follow-

ing Taylor series expansions:
= ' L] 2 v 3 4
£, =f, - £,"(2h) + £,''(2h)" ~ £, (2h) ™ + Oo(h")
i-2 i i i — i —_——
2 6
£, . =f -f£'h+ £ '"h>-£'"'h +om)
i-1 i i i = i —
' 2 6
2 3 4
= ] (] - [N}
fi+1 fi + fi h + fi h’ fi h™ + o(h’)

where fi = f(ih)

1.

3.

"4,

5.

Backward Difference

2

Rearrange equation (A2) to give

fl
' =
fi h

FPoreward Difference

£

i = “i-1 + 0O(h)

Rearrange equation (A3) to give

£ - fi41
i h

- £

i + O(h)

Central Difference

6

Subtract equation (A2) from (A3) to give

f.=fi+1_
i 2h

£

i-1

+ o(h2)

Three Point Backward Difference

Subtract 4 x equation (A2) from equation (Al) to give

£, - 4f, + 3f,
' i-2 i-1 i 2
= +
fi >h o(h")
Second Derivative

Add equation (A2) to (A3) to give

-2f, + £
X

i+l

h

2

+ o(hz)

(al)

(A2)

(a3)

(a4)

(a5)

(n6)

(A7)

(A8)



APPENDIX B
NUMERICAL METHODS FOR SOLVING THE ONE-DIMENSIONAL

~

CONVECTION-DIFFUSION EQUATION

Five numerical methods for solving the one-dimensional convection-
diffusion equation are compared in this work. The convection-diffusion

equation in dimensionless variables is given by

3 32 3 _
sg(x,t) = g;gix.t) - A5§1x,t) + 0<x<1, t>0 (B1)

with boundary and initial conditions given by

c(olt) =1 I3 t >0

ac v

c(x,0) =0, 0<x<1
For a uniform mesh h = 1/n (2/n for cubic Hermites), the spacial dis-
cretization of equations (Bl) and (B2) results in a system of ordinary
differential equations which is represented by

dac ~

B (t) = -A&(t) + s | (B3)
where &(t) = (c(h,t),c(2h,t),...,c(1,t)). The matrices A and B (nxn)

and S (nxl) are developed below for each of the five methods.

1. Central Difference Approximation

The central difference approximation uses the second order correct
approximations for the derivatives in the diffusion and convection terms
given by equations (A8) and (A6), respectively. Thus, equation (Bl) is

approximated by

dey 1 A
at " |2 (ejo1 7 2% * %) ~ 2nlCia T S5
1 .
= = [(1#Ah/2)c, . - 2c; + (1-Ab/2)c, ] » 1 <i<nl  (B4)

h



where c, c(ih,t). Equations (B2) are given by

c0 =1, t>0

c.. -¢C

n+l n-1 :

>h =0, t>0 (B5)

c, = 0, 1<i<n, t=0
The second equation (B5) together with equation (B4) determine the nth
equation

dcn 2cn__l - 2cn

ac - 2 (B6)

Hence, the matrices A, B, and § are given by the following:

[ 2 =(1l-a)
-(1+0) 2 -(1-a)

A= L (B7)
-(1+a) 2 -(l1-a) h
-2 2

(1\

B = : (B8)
1 _
rl + Qo
° 1

S = - . ?1-2 (Bg)

= 0 -

where o = Ah/2.

2. Non-Central Difference Approximation

The non-central difference approximation given by Price, Varga,
and Warren uses the three point backward difference equation given by
equation (A7) for nodes 2 < i < n-1. The equation for node 1 uses the
foreward difference formula given by equation (A5), and the equation for
node n uses the central difference approximation as described for the
CDA method. Equation (Bl) is approximated by.the following n ordinary

differential equations:



—1- l'[ (2+Ah)c + c,. + (1+Ah)c ]
dt 2
h
dc
i 1 3Ah
ac - 2 5 [- ( ) jop t (It2dh)e, , -(2+ =7)c, +o. 1]
2<i<n-1
dcn 1 :
at ;é[zcn-l - 2cn] : (B10)

The matrix B is the identity matrix as in the CDA method. The matrices

A and S are given below:
2+Ah 1

-(1+th) S(a4 3y

2
—(1+2)h) -(2+ ﬂ}l)

A= 2\ \uh\ -l‘-,

-(1+2lh) -(2+ ———0 1

2
-2 2 (B11)
[ 1+ih
Ah
2 1 .
S = o ) (B12)
0

3. Finite Element with Chapeau Basis Functions

The derivation given here is.described in Price, Cavendish, and
vVarga ( ).
Let c (x,t) be an approxlmatlon for c(x,t) defined by

cn(x,t) = 2 ¢ (W (%) + w(x) (B13)

I

where {wl(x),wz(x),...,wn(x)} span the subspace Sn of S, the set of all

real-valued piecewise continuously differentiable functions w(x) on the
dw

interval [0,1] such that w(0) = O, 2‘:’_(1) = 0, and w_(0) = 1, —2@1) = o.
dx 0] dax
The coefficients <, (t) are determined by the following:
2¢

f( - n+>\ n)wk(x)dx=0,likf_n,t>0(Bl4)
9x




n
and || w,(x) + kglcn’km)wk(x) ||L2= mlx; I W, (x) + z o, W (x) || (B15)
[+
where || £ (x) " = [f(x)]zdx
L2 -
Equation (Bl4) is an integrated form over the space Sn of equation (Bl),

and equation (B15) is a least squares approximation to the initial con-

ditions.

Equation (Bl4) is simplified with the following steps:

_[( n+)\ °n )w dx
k
ax*< ox

fl( S %n,5 v, dw ax fl( § ;4 a
= w W - C . W, ax
o dx k

0 j=1 dt j=1 °J
1.5 1
+ A f ( z 5 )wkdx - f d*v, w dx + A f vy w, ax
0 dx 0 ax? 0 dx
n 1 1
=ZCI'1 fwwdx ZC _[W"wdx+)\Zc 3 [wwdx
j=1 'J 0 J J l n, J 0
/l 1
- "'"wdx + A f w!'w, dx
0 0 k o 0Ok
S [ ) '
= w.w dx - c .(w'(l)w, (L)-w'(0O)w (0) - fw'.w'dx)
3=1 n, o Jk 5=1 n,j 3J k J k g 3 k
- ] ] oot
+ AZ cn,j wakdx wo(l)wk(l) + wo(O)wk(O) + wowkdx
j=1 0 0
1
+ A _/ w'w dx
o k

rl
+ f(wowk+)\ww)dx,1§_k_<__n,t>0

with rearrangement and integration by parts



or :
Ffl 1
wwdx . . . fwwdx
9 11 6 1
1l 1l
[wlwdx..‘. [wwdx
o n o nn
_[1
Ty gt L
(w1w1+ Awlwl)dx .
0
+

r_/.l(w
o

lwl+

0

1 .
.[ (Ww'w'+ Aw'w )dx
o On

?
1 Awowl)dx

On

o

1
L [ ] L}
.- e J[ (w'w!+ Awnwl)dx

nl

1 ! 1
L L + L} . . . / ] L} L} :
6[ (wlwn Awlwn)dx g '(wnwn+ Awnwn)dx

(B16)

The matrix multiplying E; is B, the matrix multiplying En is A, and the

matrix on the right-hand side of equation (Bl6) is S.

tions are supplied, the integrals can be evaluated as will be shown

below.

After basis func-

The norm on the right-hand side of equation (Al5) is minimized when

o

2 ji 2 §
(w + 2w a, W
axi 5 0 o x=1 k k

2wy Sam =L [ s Saw?
—_— w_ o+ a. W = e—— (w + o w-\i) dx
axi | 0 ézl k k 12 axi 6 0 k=1;# #

"n n
+ > z akwkalwl)dx

k=1 1=1

1 n ’
=2[(ww.+zaww,)dx; 1<i<n
o 01i k=1 kki

1B17)



or

[
] w_w_dx
0 01

AG = - .

fl
w.w dx
0 On

with A defined as above.
As in Price, Cavendish, and Varga ( ), the chapeau basis functions
wl(x),...,wn(x), and wo(x) are defined to be the following:

~(x=h)/h , 0-<.:x-<:h

I ,h<x<1
(x-(i-1)h)/h , (i-1h < x < ih
w (x) = { ((i+1)h-x)/h , ih <x< (i41)h , 1<1i<n-2
0 + €lsewhere
(x-(n-2)h)/h , (n-2)h < x < (n-1)h
W _j(x) = (ﬁh—x)»_z/hz , (-)Dh < x <nh=1
0 . oigi(n-z)h
~Vx-n)2-n?)/m? , (-1)h <x <nh =1
wn(x) = -

0 7 0<x < (n-1)h (B18)
where wn_l(x) and wn(x) are pieceﬁiseéquadrAtic basis functioﬁs to proé-
vide for the zero derivative on the right-hand boundary. The chapeau

basis functions are illustrated in the figure below:

1.04 W

0.0 t ¥ 7~
1/n 2/n 3/n 1

5 1o
1
N



Performing the integrations in equation (B16) for the chapeau ‘basis

functions defined above leads to the following matrices for A, B,

~

and S.
2 ~(1l-a)
- (1+o) 2 -(1-a)
A=
7 4
= (1+a) 3 _(3 o)
4 4
-(— + — +
(3 o) (3 o)
[ 2 1 ]
3 . 6
1 2 By
6\3\6\
2= 10Y8 N2 |
6 15 15
2 _8
15 15
l+a
0
. . l
S = - |-
0
where o = Ah/2

" If chapeau basis functions are used throughqut with no

1 :
R (19)
(B20)
(B21)

quadratic boundary

functions, then matrices A and B become the following:

2 -(1-a)
- (1+q) 2 -(1-¢)
- ~— ~\\\\\ Q\\\\N ,
-(1l+a) 2 =-{(1=-a)
i -(1+a). (l+ix,)_|
2 1
3 6
1 2 1
6\3\6\
BE ol N1 Y2 S|
6 3 6
1 1
i 6 3

-

o -

(B22)

(B23)



4. Finite Element with Cubic Hermite Bases Functions

The derivation of the matrices A, B, and S for tpe finite element
method ﬁsing.cubic Hermite basis functions'is analogous to the deriva-
tion for the chapeau basis functions. Price, Cavendish, and Varga define
the cubic Hermite basis functions on n/2 mesh intervals of 1ength'h as
tﬁe following:>

| { (2x+h) (x-h)2/h> , 0<x <h

w (k) =
° 0 , h<x<1
x(x-h)z/h2 ¢+ 0<x<h
wl(x) = v
0 , h<xc<l
‘ (-2x+(142i)h) (x- (i-Dm %/h ,  (i-1)h < x < ih
W, (%) = (2x+(1-20)h) (x- (i+1)h)%/h>  , ih < x < (i+1)h ,
1l <i<n/2-1
0 ' _ s elsewhere
(x-ih) (x- (i-1)h)%/h% , (i-1)h < x < ih
Wipq () = (x+ih) (x=(i+1)h)2/h%> , ih < x < (i+1)h ,
1<4i<n/2-1
0 r elsewhere
(2x+(1+m)h) (x-(n/2-1)h) 2/m3 , (n/2-1)h < x < 1
w (x) =
n

0 . » elsewhere (B24)

The cubic Hermite basis functions are illustrated below:




Notice that the cubic Hermite functions are piecewise-cubic polynomials
which have continuous first derivatives. Performing the integrations in

equatioﬁ (B16) for cubic Hermite basis functions leads to the following

matrices:
n> 13n? -sn3
105 420 700
13h% 26n . oh -13n°
420 35 70 420
_5h> o 2n> 1312 -5n2
700 _ ° 705 420 700
——————— {
| on 13n® 26n | on -13n°
| 70 420 35 70 420
| -13n2 -sn o on3 1302 -5n3 |
|_420 _700 _ - _ 105 _420 700 |
B = \ . 1(B25)
| b 13h°26h  oh -13n® |
70 420 35 70 420
| ~13n2 -s5n3 . 2n>  13n°% -5n° |
|_ 420 700 105 420 700 |
9h 13n° 26h . oh
70 420 35 70
-13n2 -5n3 o 2h>  13n?
420 700 105 420
oh 13n% 13n
70 420 35
- -
- (1-2h)
10 Bl
6 A
)
‘ -(1+Ah) A :
s = 10 ‘ (B26)
0
0




i -(1-Ah) -h(2+\h)
Tt 10 60
- (1+2h) 12 Ah -6 A (1-Ah)
? 10 5h 15 5h 2 10
| -h(2-Ah)  -An '4h -(1-Ah) ~-h(2+Xh)
60 5 15 10 60 |
A= - 26 _X —awvn) 127 ~ A -6, A (1-in)
l sh 2 10 5h 5 Sh 2 10 I
(1+Ah) -h(2-Ah) -Ah h  -(1-Ah) -h(2+Ah)
L 0. T e0__ 3 _ _15 _ " do_ _e0
(6 2 -aom 12 a6, A (-Am |
l 5h 2 10 5h 5 5h 2 10
(1+Ah) -h(2-Ah)  -Ah 4h  -(1-Ah) -h(2+Ah)
I 10 60 5 15 10 60
“6_ A -(Hh) 12 Ah 26 A
5h 2 10\ 5h 5. 5h 2
(1#Ah) -h(2-A\h)  -Ah 4h  =(1-h)
10 60 5 15 210
-6 _ X =Q+rh) 6 A
5h 2 10. 5h 2
+ = % - .6345 x 10 an2 - - (B27)

5. Lumped Matrix Approximation

‘The lumped matrix approximation used in this work is identical to the
finite element method using chapeau basis functions except that the ma-

trix B which multiplies the time derivative is replaced by the identity

matrix.



APPENDIX C
TWO-DIMENSIONAL FINITE ELEMENT MODEL USING

~

A CHAPEAU BASIS FUNCTIONS

Let c, (x,v,t) be an approximation for the solution c(x,y,t) of
equation (II.A.6) defined by
n
c (x,y,t) = Z 2. Cp 1,1 (D)W (W (¥) + Wy (x)iy (¥) (c1)
k=1 1=1 °

where wli(X),wz(X).....wn(x), Vvl(y).ﬁz(y).---,ﬁn(y), wa(x)nﬁa(y) are

piecewise-linear polynomials defihed over the region F with appropriate
conditions of the boundary of F, 3F, and the functions wa (x) and 6‘18 (y)
provide for nonzero boundary conditions. The coefficients cn,k,l(t) are
determined by the following:

) 32c . 3%¢ e 3¢
. '_[‘/‘[(Iatcn,i,j DOxZ * oy2n,1,3 ¥ Bax * Yyoy'n,i,5)
: .

. wk(x)dxlﬁl(Y)dY =07 1<%k1<n, 12i,J<n (c2)

n n ~
and || cn(x,y,O) "LZ[F]= g\liu,lj " el 1ol ai,jwk(X)wl(Y) + W, (x)wa (y) "LZ[F]
(C3)

Equations (C2) and (C3) are analogous to equations (Bl4) and (B15),
respectively.
The integral in equation (C2) is simplified according to the follow-

ing steps:

0=<I>ffz c wdxdy

n n
- LI B Ty
fo 21 ngcn'l (w ﬁj+ W, wJ w wldxdy
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3 [_[(Dw Wit u wiw Jw, W dx]dy

f

0

+]2 [/(Dw +quw)dex]dy}
0 0

+
=

2 >
waw [ o/ (Dwawk+ u w )w W, dx]dy | .

+
w

2
wawk[ 6/ (Dwawl+ u w! w )w w dy]dx

L
cn i f wiwkdx
=y meded g

_|.
-+
.
M
=

L
{fwwdy W’Z
0 ci=

+

M u'M::s

2
]
cn'l .(D_ /wwkdx+ u_ 6[ wiwkdx)]}

%
/ wdx-[ZC . (D _[ww‘dy+u f&!"r’l dy)1}

B
I

+
\'
o

' % L
- . .
awldy (D 0[ wawkdx + u ()[ w'!w, dx)

(=]

% L L
e ~ oy . c4
+ 6[wawkdx (D o/ 5 ldy + uy [ wiw dy) A (C4)

In this form, all of the integrals of the products of basis:functions

have been evaluated for the one-dimensional case.

with rearrangement and integration by parts

t with velocity approximated by average velocity over the grid block
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