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~ PROBLEMS AND PITFALLS IN
COMPUTER STATISTICS

INTRODUCTION

The object of this course is to present a number of fairly well known
statistical techniques, presently rather génem"y available in.computer libraries,
and to excﬁnine them critically. In particular, it is proposed to discuss statistical
techniques used in geology and paleontology This is certainly not a new approach
Eg;_s_g, but the present analysis aftempfs to ouflme possible pitfalls, and in most
cases suggeshons are made with respect to solving diffi cultles which arise.

It is reasonably well know, that the main body of statistical theory based
on the properties of the univaﬁate and multivariate normal distributions is, for
practfcal applications, often a somewhat idealized representation of a situation.
In many problems, data will approximate to the normal dist¢ibution. However,
one of the sciences which deviates rather frequently is, geology. By the intrinsic
nature of these data, the way in which they were and are collected and, for
example, 'thé complications occasioned by geological processes, data are frequently
of such a kind as to deviate significantly from the normal distribution. As a
concrete example hereof may be mentioned the effects of so‘rting‘on fossils. In
my analysis of Russian Cretaceous belemnites with Dimitri Naidin this kind of
disturbance factor was found to be of very considerable impérfdﬂce (Reyment and
Naidin, 1962).

~ We have just reviewed the first kind of disturbance in the normal course of
study of geologic materials. A second, equally as important, problem is posed by
the following: Sfafisfi§a| techniques are often devised in order to solve a par-
ticular technique to solve other preblems that may or 'may not be related to the
original model. When fhe application is made by a competent mathematical

statistician, the chances of going astray may not be overly great. Where however,;



the application is made by a nohsfcfigfician : the pitfalls are oft-times fearful.

| have, in parﬁéular, one statistical mefhod in mind, that of factor analysis.
This wds_ orfginally conceived and developed by nohmafhemaﬁcians, although *
the basic model of what is now called principal component analysis (often con-
fused with factor analysis) is to be found in the wrifinés of Karl Pearson. The
factor analysis model thus arose nonmathematically. Subsequently, mathematicians
have been called in to bolster up the original coﬁcepf with acceptable théory.'
This has, | feel, led to a patchwork ciuflf model}'if is espécially padded to fit

a particular set of concepts occurring in psychology, and closely _relaféd topics, .
he.ncé, its application to nonpsychologic problems requires a grea'f amounf‘of
forethought and care. Interpretation of the results of factor ana.lysis is opento

considerable subjectivity.

However,. as will become apparent further on, I do not
advocate the annihilation of Factor Analysis in relation
to geostatistical problems, but rather am sure that it
may be useful as a techbique for offering an extra way
of regarding a set of data. The moral of the story is
thus that care and afterthought should be adequately
exercised when this method is employed.




CHAPTER I

g

THE COVARIANCE MATRIX HOMOGENETITY PROBLEM

.7 TF we are required to perform tests involving two samples from two pop=
ulations-in-which the varianceg, in the univariate situation, play a part, it is-
'net.:es'sary to fake.cognizcnce of the homogeneify of fhese_vqﬁances. W_héfher
or not the variances are homogeneous is ver-y often of.considérable imporfance.

_|n lﬁany statistical compufaﬁons.. The que.sﬁon is not only one of importance
in univariate statistical analysis but also a vital one in multivariate statistical
arl_gl)}sis. : ‘ : ’

In this section I, denotes a covariance matrix for the ith populaﬂon,
: ., with population mean vector B - The populations will be taken to be
multivariate normaﬁy distributed. Thé corresponding sample quantities to the
 foregoing will be written S, , X; -
Although the main discussions here will be concerned with multivariate

statistics, for computer applicai:i"éﬁs , the discussion will be initiated via the

appropriate univariate situation where enlightening.

(1) Statement of the homogeneity problem:

Consider k, p-variate multivariate normal distributions each of which

~~——hasbeen sampled. It is desired to test the hypothesis that the covariance

matrices of these populations are ef.lual . Let xg-(ct =1, Ng; g=1,k) be
an chservation form the gth population N( p(g) . Zg). The hypothesis desired
to be tested is: e . v

> “'V"H]:I}= s =R . A : : '(ll':l)'_b'
That is, we wish to test the equality of the k matrices. We shall first pause to

see how this is done for two variances in the univariate case:

-

Here, one computes the variance ratio for s? and Sg » the usual unbiased estimates -
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of 012 and c% (the two hopuloﬁoh variance“s), which is given by:

2,2 S e : -
F = $1/55 , (Il:2)
This has degrees of freedom npandny . S =

For more than two populations, M.S. BarHeﬂ' developed a spécial test.
This test is, unfortunately, not robust, which means that it is sensitive to de~
pdrtures frqrh‘th.e normal distribution and cérfdih other kinds .oF "nonstandardﬁess" .
The univariate test for _homo‘gelneify' of vqri-ances is as -folloWs: -
(Here for two samples)

1/2n, 1/2n,1/2
G l(n2) 27"
(11:3)
1/2 .
Giio) P

where F is as in (11:2). :

Many assumptions of the analysis of varfance’ (ANOVA) include the pre~
requisite of equal variances. An approximate test for variance equality, suggested
by Scheffe, has been put forward in order to bypass the sensitivity of the Borﬂetf
test. This test is based on the analysis of variance of the logarithms of the sample
variances, thus transforming the problem to one of the comparison of means. This
is useful, as the analysis of variance is fairly insensitive to the shape of the dis—
tributions of the estimated .means;: :

Let s2 denote the sample variance of a random sample of size n, drawn
from a population with vc:'riance q2: : ¢ e

2

n
s = L
i=

| by e, 1:4)

and thus, E(s'2) = 02.~
" And,

Vare) =o*@/e-y e 2, @)



where, Ay is a measure of kuﬂ'&sis. This is defined as

Ap= o ' - 3.

‘Here, p, is the fourth central mément:éf the population. ' For a normally dis-
tributed population, A= 0.

“Lety= Ioges2 , then,

Ely) ~ logaz,

and, : = =
Var(y) ~ 2/(n-1) + A /. S e

Consider now | sets. Assume that populations falling in the same set have -
the éame variance. If there are J populations in the ith set and 52ii is the sample
variance for the sample, from the |th population in the ith set, then under the

fundamental assumption,

E(2,,) = t0-1,2 ' iy

i
One requires to test the hypothesis:
2 2

e 2 =
H:a]‘-02—onaa-a|c

Let
e 2
Then under the fundamental assumption,
: 5 :
E(Yii) ~ logeai ’

and,
' Verly) = 2/ -+ 2y, ii/ng . (11:7)

-

Here, nii is the sample size for sizi and Ay o i denotes the corresponding kurtosis
population measure. '

The above formulated hypothesis is equivalent to

H:Ioga%=, . .=|¢.'ago|2 2



If the sample sizes, Pt s e all equal, then the Yis all have cpbrokimdtely the

same variance. The variance ratio statistic for testing the hypothesis for unequal

Z0;-1. I Ll <N Ly, = w12
j i | 8

(-1 L Zlog-Diy;- v,]*
S

sample sizes is:

F=

with | - 1 and Ji - 1 degrees of freedom. In the above equation,

V.= f(nii '])Yii/z("ii -1) and, .
(11:9)

v =z z.("ii -1) (v)/?: }:(nll -1).
i i

THE MULTIVARIATE STATISTICAL PROBLEM
We shall now consider the generalization of the univariate problem of
testing the homogeneity of variances to the multivariate case. | referred to a
test as the BARTLETT test for homogeneity of variances in the beginning o.F this
chapter. This test has, in various forms, been generalized to multivariate form
by several statisticians, among them G.BOX, S. KULLBACK and T. ANDERSON.
It has come to be known as the generalized BARTLETT test, although it should be
pointed out that Professor BARTLETT disclaims it as being his product (personal
- communication). This is not because the test is excessively bad, but rather
because it is not particularly good. As far as ftum aware, the procedure just
outlined, in which an ANOVA model is used, has not yet been given generalization,
although it is not difficult to write down an approximation without theoretical
justification. Up to now, the only usable procedure seems to be the multivariate
proéedure of BOX et al. , and providing one is éWare of its shortcomings and
limitations, there is no particular reason why it may not be employed. Its

application is best shown by means of a simple numerical illustration.



EXAMPLE:
* Consider the sample covariance matrices, each based on 51 degrees of freedom,

2 -1 =3 1
5= yrRem 4 ¢ , and,

=} - - 1 1

' e 2 0
; »S]+52=S= | :
- o . 0 ]

Both of these matrices are associated with identical mean vectors , notably,

- - ' : -
_x]=>§2=(l,l) : =
The determinants of these matrices are, |S] b=l 52| = Tond |S| =

The generdlized test for homogeneity of covariance matrices, in the form

presented in KULLBACK (;959) iss
2(H, H,(+)) = Ny log, [}g-'i Nyos el (1:10)

Here, NS = lel + N2S2 and _N = Nl

with k(k+1)/2 degrees of freedom, where k is the number of variables. In the

+'N2. This is distributed as xz

*
present example, k=2. A better approximation than X2 is that of B2 , Which,
however, has only been tabulated for a few dimensions.
Applying (11:9) to the ﬁresent example, -oﬁe finds

B2

» -50|og (2/1) +50log (2/]) 69.315,
which is sngmﬁcant

- Inasmuch as the determinants of the covariance matrices, Sl and 52 , are
- the same, both of these must have the same volume, since |A| = (n-1)P IS] is
~ the squared volume of a parallelotope.  (Here, A is the matrix of sums and
squares and cross products, § the sqmp.le-covarian'ce maﬁ‘ix and n the sample size,

&

with p the number of variables.)

-

*Read "Capital Beta".



I the above example, matrix Sy has the eigenvalues d; = 2.618, and
_d2 = 0.382. The corresponding, normalized eigenve@:tors are:

.8507| .5257
b-l = ; ’ b = e
-.5257 .8507
Matrix 542 hés the eigenvalues 9 = 2.618, and 9, = 0.382. The corresponding -
normalized eigenvectors qre: A

T .8507| | -.5257

Cl- ' : ' C2— : . a‘

| 5257 | .8507]

The ellipsoids of scatter of these two matrices have thus the same shape, but they are

differently oriented. The angle between the axes is:

cos® = 0,4473, hence, 0 = 63°25',
It is possible to compute the significance of the differences in the orientations '
of the ellipsoid axes by means of a statistical test adapted from Anderson (1963). The

problem may be formulated as the hypothesis of co-linearity of eigenvec‘tors of a

covariance mairix. This may be discussed.in the following terms.

The components of any eigenvector a; are ucfuolly}he direction cosines of
the i‘fh principal axis, namely the cosines of the p angles this axis makes with ﬂ'te
p original axes taken in order. .For example, fhe elements of qi' are cos a
and cos(90° - a)=sinaq, rgspeétively. In some cases biological theory may prescribe‘ 5
- values that these cosines should assume. Thus if the x-values are the logarithms of

measurements of length made on an animal the hypothesis of equal relative gronh

rates of every part measured would imply that each of the components of a! would

1

~ equal p-"l/2 . Certain differential growth rate 'hypofheées would also ascribe values

. to the components of o .

s



: Ar; approximate (i.e., large sample) test of the appropriateness of a given
(i.e., not derived from the data) eigenvécfor a; , where a;éxi = 1 has been derived
by Anderson (1963) He shows that = 3o

N{X a)."a,+ﬁ‘1a2a,—-2} : (i ]])
is distributed as x2 with p - 1 degrees of freedom. Nofe fhaf if A and A have
been calculated the inverse of I is easily obtained from the relation : _

‘ - x4 ‘='Av'A— 1A = : (:12)
- where the vinverse'cf A isa diogoﬁal mdfrix‘with .typical element A . v

Soley to illustrate the application of this test, we will assume that theory

suggests that the first eigenvector of the female painted turtle measurements should

be a'] = (3"]/2 3-]/2). Using relation (11:12).

e

0-12858 —0-06932

0-06148 —0-05134 —0-076057
s1-| -
: : 0-31490

and with N = 24 and f\] = 680.40 the criterion (17) becomes
24 x {680-40 x 3-1 x 011154 + 0-0014697 x 3-1 x 1776-09 — 2}

where 0.11154 and 1776.09 are the sums of all the elements of f-] andf,.
respectively. The criterion is thus 24,167 and, on the basis of the hypothetical
theory, is a value of XZ with p - 1 = 2 degrees of fre.edom. This is a highly
improbablé value to have obtained at random, and the hypothesis is accordingly :
Areiecfed. '

+  This theme has been further dev!loéed by me in c; paper concerned with the

analysis of growth patterns.

CHAPTER Il

PRINCIPAL COMPONENT ANALYSIS
We shall introduce the subject of principal component analysis by fneans_of

the following geometric presentation. We shall consider the ellipsoid of scatter,



0

shown in Fig. 1. '

What causes the elliptical shape of the probability (frequéncy) contours of
Fig. 11is that o, and 0, have ~differen'1f 'values . These éllipses become circles when
-~ the unffs of measurement for x, and x, and o and Ty 4 respécfively. This is indig:afed
in the first figure where gy =0y . . |

Hat20, |

Ham2d, 1

pz- 462 1

;1,-'4d. H-29, 2 H20,  prad X
Fig. 1 =
What is fairly obvious about Fig. 1 is that the distribution of the Xy 's for a

given x, is the same, namely .N(pz - 02), whatever X is. This expresses the fact
that X, and x, are uncorrelated (which means 'independent' in the case of the
bivariate Normal distribution). What happens when x, and x,, are correlated is that
the two axes of the ellipses in the second figure are rotated rigidly into a position * .
depending on the covariance of X1 and Xg The result - with only one of the con-
centric eqq?probcbilify ellipses shown - is given in Fig. 2. Note that the actual
pairs of correlated chservations are measured along the horizontal and vertical -axes,
X, and Xé . respécﬁvely.‘ . .

= The ofiginal correlated measures X and X have been transformed into new
uncorrelated measures yyondys , respecti_vely; Figure 2 shows that the point -

(x.| 3 x2) on the ellipse becomes q- point (y] s y2) where

= (31—F1)¢°SF+(xz—Fz)5in¢ e 7‘

: Y2 = —(xl—f"I)Sin‘“'F(zz_‘“[Lg)cosa



These relal'ions should be clear from the figure. Thus, foi"'e;xdmple,' o'Q of ‘len.gi'h :

y.' is made up of two parts:
() OM which is the prolechon of O'N of length x| = By s on O Y] ;
and A v ;
. (i)  MQ which is the projection Vof PN, ofrvlﬁengfh' Xy = g 5 ON O'Y-l -
The first of these projections is of length ' .
| _(*j-p])cosq
and the second projection is of length

(X2 o Pz) Sin a

1
X
le 2 YI
= : : P
Yz 'l‘\"i'lv
. x2P2
W
o' /“‘J ]
5 Sa) R | xl
Fs - b
o Pl X,
Fig. 2

Figure 2 shows the angle a as that particular angle through which O'X!I must

~ be rotated in order fBaf its new posifiq_ri O'Y] coincides (in direction) with the major
- axis of the family of ellipses generated by the given bivariate Normal diétribuﬁon.
o'Y, then coincides with -theﬁminor axis of this family. Let us ignore this for the

moment and dlscover some of the properhes of a rigid rotation of the (X] 3 xz) axes

fhrough an arbitrary angle a.
" In matrix notation this general ||near fransformahon of the x's may be written
y=Al= p)

where

-~

e nl =' i e ol
’g [3/:]‘ e _[“.z'-#z] :



| cosa sinal
and A= . e
: _ -sina cosal -

We notice that

cosa sinal |[cosa =sina
AA! = : =
=sin cos a sin a _cosa —
cos a+sm a -cos asina+sinacos a
, |nacosa+cos asina sin2a+coszcx
. = = (11:13)
0 l :
On premultiplying by A”! we obtain
Kaph » ' (11:14)
It may also be confirmed that
A'A =1 : : (11:15)
so that =
A= (A')"] = e : (11:16)

These four relations characterize a so-called orthogonal transformation of x's into y's.

- Note that by premultiplying the transformation by A~ we obtain

: =T
_ A y=lk-p
or, by relation (11:14), .

A y =x - T
This shows that the x's can be obtained from the y's just as easily as the y's from the
x's.
OBserve that alfhpugh the frigonometrical ﬁmc_ﬁons of A emerge naturally
from the axis‘-rofaﬁon of Fig. 2 we can write the orthogonality conditions in

~ algebraic symbols. In this case we require
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i’o satisfy
AA' =1
Notice that these rélaﬁqné leave one élemenf, say aA” , of A undetermined. This
corresponds to the arbitrariness of a in the trigonometric transformation.
When we move to p = 3 we will abandon the trigonometric functions and
consider transformations based on matrices with elements such that
AA' =]
As we have seen , this condition of orthogonality is not.sufficient by ifself to def.ér-
mine all the elements of A. Corresponding to the arbitrary angle a in the bivariate
case, with three variablés (x] ' Xo 4 x3) there will be two such angles; with four
vclriables,. three ohglés; and so on.
Finally, let us consider the expected value of the transformed vector y and
the variance-covariance matrices of the x'§ and the y's. We have
6y = Af(x—p) = A0 = ¢
where OZis a two-component vector of zeros. Thus the variance-covariance matrix

-

of the y's is given'l:oyéb ry"), a 2 x 2 matrix. Now

i PR oG
R = ) (g
&(zy—py)® é(xy — 1) (2 —pg)

: _3(371—#1)(3’2"#2) E(xy—ps)?
011 015] _
[T21 T2 .z

s oc'casiorially'useful to write 912/ (c” 022)]/2 = p where p is, by definition,

the correlation coefficient between X1 and Xg o



H-enc.ev e
- E(yy) = E{A(x—p) (A(x—p))'} '

= S{A(x—p) (x—p)’ A’}
= A{f(x—p) (x—p)} A" = AZA"

The results of the foregoing may be summed up as follows. A rigid rotation
of two rectangular coordinate axes, after suitable translation to a new center of
coordinates (if desired), is equivalent to a linear transformation of the original
coordinate values (x] . x2). If.the 2 x 2 matrix of coefficients applfed to the |
vector x is A then AA' =1, and this implies that the four elements of A are related.
The variance-covariance matrix of the transformed variates (y] = Yz) is given
by AIA'where I is the variance-covariance matrix of the x's.

These results are perfectly general and will extend very easfly to values of

p inexcess of 2. In fact the remaining material in this part relies heavily on the
concept of a translation of the origin and a rﬁgid rotation of rectangular coordinate

axes.

EXAMPLE (l11:1)
For the purposes of illusfrution', we shall consider a bivariate example,

which for generality, has been taken as square, asymmetric

COnSider '.Vthe matrix:
- « » 5
A =

The characteristic equation of this matrix is.-

5=\ 4

1 2=\,

which expands to, e
.

AT - H + 6 -0

14
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The solution of this equation yields the eigenvalues:
Ay =6, Ay = 1.

To each of these solutions, there will be a corresponding
eigenvector. :
For k = 6, we have that

v -Xy + 4x2 =0
and, ; _

i
As we know, both of these equations must be linearly Hependent. :
From each of these, one obtains the proportionality relationship:
X :%g = 4:1, hence, the eigenvector,
4
gl

Usually, one will want to normalize this,-which in this case is,

1

= = (4
e
For the eigenvalue kz - 1.
4x. + 4x, = 0

1 2
xl + xz = Of

;This yields the eigenvector:e

-1
Bz 2 {_1}’
which normalizes to, : —
1 3
Y 1
92 = {_1}

/2

These steps are bas1ca11y the same as those needed in the !
first half of the computations required in factor analysis by the'
so-called "prlncipal component model" o
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CHAPTER IV

FACTOR ANALYSIS

In this.chapfer, we shali discuss some of the philosophy and
methods of factor analysis. ‘This branch of multivariate work
was introduced, more or less in bits and pieces, by the
psyéhologists, who required some sort of procedure in order to
reduce their highly multivariate data to mahageable proportions.
It is important to bear this in mind, for it should be
adequately realised, that the basic model is not one.devised by
professional mathepaticians, but one put together by :
social scientists. - . :

Let us examine wﬁat the psychologists claim to do with the
factor-analytic model as applied to their kind of data.

‘The psychologist devises a series of tests which he applies to
his "patienté", study individuals, etc., and on the basis of the .
reactions of his subjects to the tests, he hopes to be able to
disclose something about the "hidden vectors of the mind".

We have here the two catch-terms '"devising of tests'" and
"hidden vectors". . : '

If the geologist is assured that hisldata add his problem fit in
with this model, then go ahead! Otherwise, I stress caution

in the‘applicatiQn of factor analysis to data of any kind -
so-called shotgun applicafion. My éxperience and considered
opinion suggest, that factor anaiysis should onl& be used, and ther
cautiously, when the basic premises‘underlying the specialized
psychologic model are clearly understood. : |

Factor Analysis has been described as 'a statistical technique for reducing a
large number of correlated variables to terms of a small number of uncorrelated
variables. The correlated variables consist usually of measurements for observable

traits; the uncorrelated variables (called "factors") are abstract hypothetical



components. : =

This definition by two psychologists may souna like a principal components
analysis in which p correlaféd variates are transformed into p uncorrelated »
(orthogonal) variates in descending order of variability, only the first k being
ls/igniﬁcont' in the summarization. However, alfhodgh this may not have -been
too clear in the past, Factor Analysis is now distinguished ffom principal components
analysis by two characteristics: .

(i) Each of the p ori‘gincﬂ variates is supposed analyzable intom < p
mutually uncorrelated 'common factors' with an uncorrelated residual.
(*'unique’) component which is not correlated with any of the remaining
p - 1 variates;

(ii) The m orthogonal axes of 'common factors' may be rotated to new
orthogonal or oblique axes to conform with theoretical ideas under-
lying the formulation of the model. |

The effect of the first of these characteristics is that only a portion of the

variances or the unities in the diagonal of the estimated p x p variance-covariance
or correlation matrix, respectively, is regarded as due to the m < p transformed
variates. When m = p the residual component vanishes, the whole of the variances
(or unfﬁes) is accounted for, and we are back at the p-varidfe orthogonal trans-
formation. If only k of these principal axes are used (becéuse of fHe "spheri;:ify' of

the remaining components) the result is similar (though not idénﬁcdl) to a Factor

Analysis with m set equal to k. The two sefs of results have, however, been arrived ‘

at with different models in mind.

THE MODEL =

‘The mathematical form of the model that Factor Analysis assumes is:

%, =5 ¢ £t 1.0 ‘ . (v:1)
S (px1) (px1) (px-m)(-mxl)‘(pxl). , -

i

A7



" where x is N(u,IT'+ 4), fis N(O, 1) u is N(0,A) and is indeéendént of f, and A
isa p x p diagonal matrix with nonnegative elements. The matrix I'T" ! is .required
1o be of rank m<p, that is to say thee are p - m linear relations connecting the p

" rows of this symmetrical matrix.

T W note that

S{(x—p) (x—1)'} = E{(TE+u) (T-+u))
= "{I‘f(I‘f) +Tfu’ 4+ u(Tf)’ +uu’}

= o"(l‘ff’I")+é”(uu) since S(u) = 0 = é"(f) and u and fa.re inde-
__pendent with &(ff’) = I
. =TEEET +A

e, _
e =_£I"I"-};A (IV:Z)
Comparing with the PCA model,
= prA” y=p+Ay
- ' Ex1) ex1) exp) Gx1) |
since AA' = |, Further, on premultiplying by A', and post-multiplying by A, the

relahon

AZA’ = A

we dbtain
E= A’ (A'Am) (A"’A) JJ' {say) S L gy
whereyoamA - |
~—-- This cohporison shows that the m compon:enfs of freplace the p components
of y and that there is a 'residual’ u in the factor analytic model which finds no place
in principql components. fhis vector variate u 'extracts' A from the diagonal
Vele'menl's e - S o |
Clearly the usefulness of Factor Analysis lies irﬂ\;fhe possibility of representing
. x (with p components) in terms of the relatively few cbrﬁponents of f. The smaller m

- is the happier we shall be. In fact, in the earliest psychological writings at the

18



beginning of this century m was taken as unify._bl
The technique of Factor Analysis thus consists of esfimoﬁng from a b-vafiate
; sample of N observations x: (i) p (which estimate we ‘willl hereafter assume to be
x, the obserVafioﬁql mean vector), (ii) T, the (p x m) matrix of coefficients known
as 'factor loadings' (or 'saturations'), and (iii) A, fhe maiﬂx of variances of the
'un'ique' variate p. Note particularly that f is not generally 'estimated’ since it is
the m-variate Normal sample value corresponding to an observed p-variate x and is
thus of little consequence when the.Noi’mul parameters y, I' , Aare known (or
' estimated). This shews thet it is the structure of the model that is regarded as of .
|mportcmce. It is thought that the observed x are samples from a Normal universe
specified by the parhcular parameters mentioned.

The model we have described above has a peculiar indeterminacy. Suppose
we simultaneously transform f and the rows of T by the two (m x m) matrices of
coefficients A and T, respectively, so that f becomes fx and T’ becomes G,

.. f-Af il 0o IT : (vs4)

[Note that we post-multiply a matrix to transform its rows.] Then

J{(x P-)(x P')} = é'{(Gf*'l'“) (Gf"'l'“)}
" = GS(E*f*)G’ +A the other terms bemg zero
= GS{AL(Af)}G'+A
¢ : = GAA’G'+A since &(ff") =1
T =@DAATTY+A ,
= TTA(TA) TV +A
= IT’+A promded TA(TA)’ = l

Tl (1Vv:5)

which means that TA must be orthogonal. .If, therefore, the two matrices of the
simultane ous transformations of . I' and f are cﬁosen so that their eroduct TA is
orthogonal then the medal 1s feff unchanged.

It is this feature of the Factor Analysis mede! that permits'i'he _investigafer to

rotate the so-called cqfnrrion-fuci’pr axes (the cefumns of T)to any convenient
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posiﬁoris.’ In other ;/vords , having estimated a séf of co_efﬁcienfs 1" , the Factor
EE R Analysf may arbitrarily transform them by posf-mulﬁplicaﬁoﬁ of I"by any (m x m)
| matrix T. Of course the effect of this transformation is that the original factors f
. become a set f which is N(, ¢ ), where ¥ is a variance~-covariance matrix
B uniquely determined by the fact that TA is orfhogona'l and T is known, These new
factors' are'i'h_us correlated with one another (but not with u) unléss A is orthogonal
(i.-e.,g (Fxfx') = AA? = 1). V}/hen{this latter requirement is satisfied T is olsoA
-—orthogonal (because TA must be). 'Thi;c. means that if we are Iéal'h to make a trans-
 formation to cprreldfed factors by an oblique rotation of the common-fagtor axes we
may nevertheless use an othogonal transformation (rotation) on T* .
Now, we will avoid thi§ indeterminacy of model (IV:1) by requiring each
; successive éomponenf v<:;riafe in f to absdrb as much as possible of the vﬁriabilify in

i
f

x remaining after that of u have been textracted'. Both the procedures we now
 describe do this - though is slightly different ways; |
A few biologists have published work involying the use of Factor Analysis.
Five of these [Kraus and Choi (1958), Teissier (1955), Goodall (1954),
Bailey (1956), and Teissier (1956) ] used standardized x-values (so :
that I was the correlation matrix) and ignored the diagonal elements of A.
_ f Geological applications are ifafhef mbrg numerous fhal_'\ biological. In the two A.last-?

e e —

mentioned articles the authors used orthogonal rotations of the component (factor?)

results,
The expression 'centroid method' refers to the Thurstone (1947) approximation

to Principal Factor Andlysis. This approximate procedure is now really only

justified when electronic computers are not available.

Principal Factor Analysis

Our purpose is now to e;ﬁmcfef‘ and A from a sample of Nl p-variate -~

axes (namely by means of an orthogonal T) to clarify the biological sign.ificancé of their
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observations. In view of the Normality assumption we know that this sample can be -
replaced (without loss of 'information') by the statistics :n and £ calculated therefrom.

One difficulty is that we then have fo estimate both T and A from the relation
- R =TI"+A

Let us suppose, however, that we can make a reasonable 'guess' at the p
diagonal elements of A, If we write these as A we are then left with the estimation

of ' as
' P ={& & - g} (say)
( x m) e
from the relation . :
$-A =11 | - Vi)
This relation reminds us §f (1V:3) and suggests that we should estimate T in
the same way as we obtained J in (IV:3), namely by principal components analysis.
In this case, however, we will be working with the matrix ¥-A . Each successive
eigenvalue of this matrix will 'absorb! as much as possible of the balance of the
aggregate variance, namely of the trace Foft-A. 1t should be remembered thr
- any matrix of the form BB' is symmetric and all its eigenvalues are nonnegative,
i.e., it is positive semi-definite. If, then, there are negative values amo.ng the
(largest) m eigenvalues of $-A it shows that either (i) A is an inappropriate estimate
or (ii) f-& cannot be written as I'f* 1, |
- We will accordingly write _ _ :
Cje-b-a-0 ' - va)
and proceed to calculate the m laréest roots X 17 h'z reee Hos the remainder .
being assumed to be zero since I" has o.nly m columns., Using the ith of these
eigenvalues we may obtain the first p = 1 elements of g; Ey solving the first p = 1
of the equations ‘ v .

gB-A=rg, (i=12..m) : : (IV:8)



It is edsi_Iy confirmed that if we obtained the pth element of g; by requiring the sum

of the squares of the eiemenfs c>'f"gi to be unity, we would then have to multiply each
” : :

of its elements by K’ ;I

/2 in order for TT' to be equal to I-A. We may telescope these
steps by requiring . } |

v‘gzgi = (i=12...m) - : - _ (1v:9)
This equation (making the sum of the squares of the p components of g; equal to a non-
hégofive number K i)'compleltes‘ the estimation of I'-based on fhé guéssed value of A .

We remark that a given sat of daks may produce what appear to be perfectly
.reasonalsle mathema.ﬁcal solutions of the equations (IV:7), (1V:8) and (IV:9) for all
' assumed values of‘m, e.g., form=1,2, ...p-1. Only the statistical test just
mentioned can distinguish between these solutions and indicate what is the smallest
value of m which will 'fit" the data given the hypothesis of Normality.

A special.case of the foregoing analysis shows why some authors prefer to
discard Factor Analysis, with all its complications, in favor of principal components.
Let us suppose that all the elements of A are the same and that we know 52 where

A =521
We may picture & 2 reléﬁvely small since ofherwise the- m *common factors' have
'éxplained' too small a part of x for the ﬁnclysis to be helpful.

In this case equation (IV:7) becomes

g

[E=3tT)—u1] = 0

£ (4891 = 0
But _ : '
- B-Nf =0
showing that : } -
N=wtst (= 1,2,...0) ' ’ (1V:10)

Now the principal axes are given by



a2 = N2

(Iv:11)
together with : , :
Sa=T =L (av:12)
On the other hand the components of ' are obtained in this case from .
8(E-8]) = xg!
i.e., from _ ;
. : EE-s = (—3%g; Dby (8)
i.e., from
852 = \gi | (1v:13)
; togt;.ther with 7 =
et GmlL W (1v:14)

._Sir;ce equation (IV:11) is the same as equation .(IV:]3) exéept for a possible
constant multiplier, the .only differences between the a; and gi' lie (i) in their different
. (scaling) normalizations (IV:12) and (1V:14), respe?:ﬁvely, and (ii) in the fact that we
ignore the last p - m g-vectors. In this particular case, therefore, principal components
and Principal Factor Analysis are likely to give very similar results if m is only a little
less than p.

A peculiar feature of the model is that, so long as m <p and A# 0, | the
p-dimensional space of x (namely, the p-dimensional spdce_ of the principal axes) is
not the same space as that of the m factor-axes. In fact the latter is not even
'embeddea' in the fc;nnér. fhis has the consequence that alfhough we can envisage x as _
a point in a flattened hgby football of points in p dimensions that m f-vectors
" cannot be represented in the football at all. This is very different from the

sltuation where we left the points in situ and rotated the p axes of reference.

Text of adequacy of first model
: Having eshmafed T and A our problem is to decide from these estimates

whefher, in the p-varlate Normal umverse from which we are samplmg, :
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B P { A
(pxp) (pxm)(mxp) (pxp)
This l'e-st may be referred to as the test for the con"ec.tneslg of m.

Now the ‘l-ogbﬁf_hm of the Iikel.ihood' mtio; namely the ratio of the
likelfhood of the's‘ar;\ple" on the basis of the above hypothesis to the likelihood
based on an arbitrary I, can be shown fo be proportional to

Nn P2 +A[/|21} ‘ : : o (1v:15)

_If the method_c"f‘ estimation used fs efficient = which, in general, means that
Canonical Factor Analysis (see below) has been used - this criterion is approxirﬁarely
distribuh.ed as x2 with (p = m) (p = m = 1) /2 degrees of freedom. We may use this
test as an approximation even when Principal Factor Analysis is the method of

estimation used and also when Ips instead of I, has been operated on.

Numerical illustration

As illustrations of the technique of Principdl Factor Analysis we will apply
it to the 8 x 8 variance and correlation matrices obtained from the Blackith-Roberts
grasshopper data. The matrices anﬁlyzed were designated matrix (c) (with elements
calculated to six decimals) and matrix (d) (with five decimals).

The first step is to choose a reasonably low value of m which we kimpe will
lead to an adequate fit of the data A rule-of-fhumio used in psychometric texts is
to choose m equal to the number of groupings of the p-variates which are revealed
by the correlation matrix. References show that tﬁe variates numbered 2, 3 and 4
are fairly highly correlated and might thus constitute d group. On the other hand
the variates 5; 6, 7, 8 and 9 are intercorrelated at a noticeably lower level and

might be collected together in a second group. | We may thus attempt a Factor Analysis

with two 'common factors!, i.e., withm=2,
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The next step is to make initial 'guesses' about the elements Qf A. A

feature of many iterative procedures is that no matter what starting values are used

the ffnal result is the same. Unfortunately this is not true with Principal Factor
>Ana|y5|s. Usmg an 'I'I x 11 matrix of observed correlahons between assessments of
“primary emotions, anley (1959) has shown that substanhally different estimates of
T are produced by the use of (i) zeros, (ii) unities, and (iii) the recnproc:als of the
corresponding element of the inverse of ZR' in the prmmpal diagonal of &,
Incidentally his experiment indicated thot when m was 4 or more about 100 iterations
were required to produce successive values of DT that 'varied only slightly'.

Another disturbing feature of Wrigley's results was the frequency with which
the 'final' estimate of Acontaiﬁed one or more negative elements. In fact in the
two sets of solutions form=1, 2,3, ... 10 with initial estimates (i) and (iii),
respectively, only those for m = 3 avoided this failure ‘of model (IV:1) which requires
all elements of A to be nonnegative. While in the Wrigley example m = 3 was thus
the only possible solution the use of the statistical criterion could still result ina
judgement of 'bad fit'. This would be an example ‘of the total failure of the factor
analytic model.

In the numerical example we have chosen to use number (iii) of Wrigley

alternative for the initial estimate for A . This is because it has a rather tenuous

vuh;lt): fr;m a theoretical viewpoint (Harman, Chapter 5, 1960). That is to say,
if we are oberating on tR the first estimate of A is l
A = (diag£7")-
while if we are uging”%;e corresponding estimate is
A = {diag®-1)?
~ Now Mrh m = 2 criterion (IV-13) is approximately distributed as x2 with 15
degrees of freedom. The 5% critical volue of this distribution is 24.996. Using

Prlncupal Factor Anclysls the fesf criterion. (w!th N = 368) was 33. 829 for mafnx (c)



and 36,647 for matrix (d). Thus two 'common Faefor;' are insufficient to fit the data.

With m =3 the x2 for the variance-covariance matrix (c) is 17.478 in comparison
‘with a 5% critical value of 18.307 (10 degrees of freedom). But it is only when we'
reach m = 4 that the celcu|ated vale of (IV:'I3) for matrix (d) is below the corre- 4
sponding critical value of x2 (namely, 9.951 and 12.592, respectively). This
awkward feature of Principal Factor Analysis, namely that two different factor models
apply to one and the same set of data scaled in two different ways, is avoided by the
~ technique to be developed ‘below. We will therefore abstain from reproducing and
'interpreting' the vectors of 'loadings' in the two different f‘ The table below sum-
marizes the 'fit of the original matrices by corrlparing the diagonal (common factor)

elements of I'[* with fhose of the original matrix.

Onguml variances and portion accounted for by m common
factors in a Principal Factor Analysis

Variate : Matrix (c) Matrix (d)

no. Original m=3 - Original m = 4

2 0-0138 0-0123 1 0-851

3 00150 0-0107 3 0-751

4 0-2545 0-1887 1 0-703

5 0-0198 0-0084 1 0-468

6 0-0097 00029 : 1 0-513

. 7 0-0197 0-0102 i | 0-482

8 0-0015 0-0003 g 0-298

9 0-41585 0-1777 1 0-472
All 0-7405 ook 0-4112 8 4-538

It rnay be mentioned that, W|fh the vurlance-covarlclnce matrix, it requrred
18 |tercmons to produce a A, the elements of which did not differ from the prececlmg
& by as much as 5 umfs in the fifth decimal place. On the other hand with matrix
(d) (m = 4) after 41 n'erahons there was shll one element in the prmmpal diagonal of
A that differed by as much as 2 units in the thlrd decimal place from the correspondmg
element of the _eshmate of A immediately preceding. These results, essentially
confirming those of Wrigley (1959), lead us to view with some suspicion the published
results of Factor Analyses obtained after small numbers of |I'erahons. '

A feature of the foregomg numencal procedures was the chorce of a small

m-value which was only dlscarded in favor of a larger vclue because the resulhng



-model &id not fit the observations. This means that we have been seeking the model

representaﬁon-with the smalle;t posiblé m. In turn this implies that the élement§ of
A, the variances of the u-variates, are to be‘ made as large as possible without overly
disturbing the fit.

The end result is that the m-column matrix f‘.will necessarily 'discard' into the
u-variates a (much) larger portion of the aggregate variance (as measured by the sum
of the diagonal elements of f)‘than the first m célumns of the corresponding principal
components matrix J. | |

Furthe.rmore-, the nurﬁber,}‘(, of significantly different eigenvalues (i.e.,
Qonfsoclinic variation which lends itself to interpretation) is likely to be -I'arger than
the smallest satisfactory vd.‘tfé'of m. Thus, for ekomple, the m = 3 'common factors' of
the Principal Factor Analysis of matrix (c) accounted for 55% of the trace of the
original 8 x 8 matrix. An equal number Qf‘eigenvalues' of the matrix accounted for
93%, while all eight eigenvalues were deemed to Be significantly different. The
statistician cannot help feeling dissatisfied with a technique that characterizes as

'unique’ to that animal or plant group as much as 45% of its aggregate variability.

Canonical Factor Analaysis :

The validity of Princip&l Factor Andlysis asa methoa of 'esﬁ‘muﬁng I'and A
may be seriously questioned on the ground that iifA produces differel;lt results when x is
scaled. .Re'verﬁng to the mode! relatiort we: nots that division of each ;:omponenf of
x by its standard deviation (real or estimated) 01/2 is équivalenf to premultiplication
of each side of (IV:1) by (di'agZ)'-]/z. But | -

= (diagZ)~"*(n +Tf+u) = (diag Z) "y + {(diag Z)-12T} £+ (diagz)—llzu ;
- The first of the three terms of this result shows 'thal'veac'h'compone_nt of pis being'
standardized (as we shoﬁld expect), while_the last term shows that the transformed

p-variate u retains a mean of 0 but has a variance matrix Ay, say, given by
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A = -1/2 Az'-]/ = v Fiinall)./; if we are to retain the notion of unit Normal variates
for the p components of f, the rows of I’ have been scaled by division by a}{z, ’
c;éz A 6;52 - respechvely. Th|s relcmonshlp is far from being sahsFed by the
Principal Factonl soluhons (| e., estimates of " ) of the variance-covariance and
“correlation mairix, respectively.

- . We will dccordingly outline a preferred technique in which the foregoing
scaling relationships hold good befween the two solutions. This invariant procedure
- ——isobtained as the moxnmum-hkehhood soluﬂon of the problem of estimating T and
A.

As we may surmise, the noninvariance to scalmg of Principal Factor Ancllysls
is because it utilizes I-A instead of A ]/2(}: A) A 1/2. The 'residual’ or 'within'
variance-covariance matrix is now Aand the 'between'“vuriqbﬂify is represented by

.I-A . We must thus replace equation (1V:7) by‘
. TEET Ay SO

andI‘ W||| be defermlned from

. s gA-llz(S: A)A—uz_vg , Eeis
..—together with

8:“‘1& = V( .

'ﬂus soluhon is essenhally rhe same as that prowded by Lawley in his second

Tt e et . Sem e £ .

puper on this sublecf. It has been the b05|s of all publlshed numencal upphcahons
_since then. _In order to simplify_the procedure for desk calculators: Lawley proposed :
an iterative solution which m./oided‘the need to solve the above determin;';nfdl
eﬁﬁaﬁon. 4 -
Howe (1955) proposed an alternative procedufe for use Wifh desk caleulators
but by then Rao (1955) hdd arranged for a direct computér solution of the Féregoing :
' .detgrminahful and vectorial equcﬁdﬁs. .This program was used by Bechtoldt ('I%l) on .

a 17 x 17 correlation matrix with m = 6. This author states that he required only five



| iterations to produce successive estimates of Avwhich did not differ in any element by
more than + 0.01. »
' But the direct solution of the.foregoing equations has the serious disadvantage
‘thct if any element of 5 is nearly zero conVergéncc of the iterative process is likely '
to be slow or even to fail. We propose, therefore, to rewrite the equations in a
different form - although the final estimate of " will be unchcnged.
The above determinantal equation is equivalent to

|_(2-1‘S)-»A| =0 :

|.e._,
: : | |(2'-A)Qv(2f2':7[\')| =g
i.e., =
[(14+») (E-B)—vE] = 0

: |($—A)502| =0 : e (1V:16)
where 6=v (1+v). This is the original from of Lav)ley's maximum-likelihood
solution,

We now use the m largest roots of (1V:16) to obtain the coh..umns‘gi of T

namely

g((i!-—?!) '=. Oigzz (¢ =12, m) . A o avay)
together wifhr the normalization : | : _
' g2ipst. o (V:1g)
Having ccr;nplefed this solution based on a preliminary A we obtain a second;
irﬁproved. estimate A- from the relation ;

A-ding®-tty (V219)
and insert this in place of A in (IV:16). Successive iterations ‘ul_'e carried out until two‘
estimates of A agree to the desired accuracy. The final 5 and the T that results from its
use in (IV 16) (1V:17) and (IV 18) - assuming thc:t no value of 9 |s negcmve -

conshtute the Canomcal Factor Analysus.



Tésﬁﬁg the adequacy of model (1V:1) : - -
When Canonical Factor Analysis has been used to estimate I" and A the
factor N in the test criterion can be refined and the second term simplified. The

result is

_2(p—m)+'f—:2/(p—m)

? ' : : ,
: z In(1-6)) A (1V:20)

i 12,

which indicates that it is measuring the deviations from the hypothetical niversal

zeros of the smallest p-m sample roots of

|i‘f"-02| =0

Numencol lllustrchon st

The foregoing fechmques were applied to the 8x 8 Blacknh Roberts matrix .
As with Principal Factor Analysis, d of the Appendix was chosen as 4 so that the
elements of the final A can be assumed correct to four decimal places.

Trlcl with m = 2 resulted in a x2-value significant at the 1% level.

However, wnfh m—= 3 the criterion (1V:20) proved nonslgmf‘canf (x = 14,484 wufh
10 degrees of freedom). The maximum-likelihood (i.e., in a certain sense, the

: "”‘vbest')‘faéfor- structure of matrix (c) or (d), indifferently, thus agrees with that derhjed
from a Principal Factor Analysis of matrix (c). Very few published Factor Analyses
have operated on variance-covariance matrices.

The matrix T produced after 23 iterations was
[0-1086 —0-0173  0-00217]
0-1011 —0-0202 —0-0033
0-3846 0-1801 0-0032
f= 0-:0836 0-0173 —0-0102
0-0504 —0-0195 0-0048
0-0777 0:0231 0-0494
0:0174 0:0044 —0-0104
| 0-3371  0-2799 - 0-0104




while the (dfdgonal) elements of Z were 0.0017-; _0,004‘3, 0.0741, 0.0109, 0.0068_,
0.0107, 0.0010, and 0,2234, respecﬁvely; Since tri = 0.749382 and trA = 0.33287
(the last ffgbre being spurious) we se'e_fhgt the common factors "absorb’ 55.6% of the
aggregate variance. In our principal c'on';ponents analysis of the ﬁmt three eigenvalues
- absorbed 95.4% of this variance. It should be clear l;y now that principal componéntS
and Factor Analysis are totally different techniques. It is indeed unfortunate that they
have become confused in the literature. . .

As to the inferprefation. of fHe 'loadings' in T we can only draw the bioiog'ist's
‘attention to (i) the 'general factor! and a second (bi-polar) factor in which the hind
fgmbral and the elytron lengths play a dominant role, (ii) the antithetical position
taken by the aggregate of the width of the grasshopper's head, its-pronotal width, c;nd :
its prozonal length in relation to the other five measured parts which are weighted
differently, and (iii) the importance of the metazonal length and the hind femoral
* width » offsetting one another, in the third factor. .Blackith (1960) has made a
Centroid Féci’or Analysis of all ten (fnsfead of eight) \;aridtes and the reader is-refer}ed

to that paper for further details.

Rotation

The ob|echve and fechmques associated with the 'rotation' of fhe m eshmafed
common factor axes into supposedly more meanmgful positions occupy a Iarge part of
the existing texts on Factor Analysis. Thus one chapter of Burt (1940), three chapters
of Thurstone (1947), three of Thomson (1951), six (shorter) chapters of C'a*felll (1952),
two of Adcock (1954), two of Fruchter (1954), four chapters of Harman (1960) , and
one chapter of Lawley and Maxwell (1963) creldevofed'speciﬁca|ly to the computational
procedures of ‘roi'oﬁvon while other chapters of these bocks usually contain discﬁssions

pro and con.



Two different types of crgument are used to justify the rotanon of a sef of
common factor axes found by some standard compufahonal procedure - usually the
Centroid approxnmcmon to Principal Factor Analygls. The first of these stems from
the psychologist's feeling that he knoWs what 'factors' are common to certain of the
p variates observed (which are usually 'tests' of one I;ind or another in His case) and
which variates do not call these or other 'factors' into play. He can therefore group
the variates together ina significant manner and can rotate the factor axes so that
the loadings (g-coefficients in our ﬁofaﬁén) attached to factors that should not appear

'ir_l_the specified group of tests are (approxima’reiy) zero. --

| Thls argument lost its appeal when it appeared that psychologlsfs had
different views on the 'factors’ that entered into the various tests used. Furthermore -
the disﬁ'ibution of a linear compound of a number of random variables tends towards

the Normal as the number of variates increases (unless one or more of the coefficients.

used dominate the rest).
However, indices constructed from Normally distributed variates mdy well
have distributions that are far from Normal. An immediate excmpl‘e is provided by
the sum of the squares of N Normally distributed variates measured from the sampleA
mean. This sum is distributed proportionally to -X?\l-l (the cd;\stant of propdrﬁonalify :
‘being '02 4 tHe variance of thg sampied universe), and this distribuﬁon only tends to
Normality as N becomes large. Another example is the quotient of 'Mo Norma"’y :
_distribufed variables.
But not all the procedures we have introduced are equally disturbed by a
lack of Norrr;alil'y in the observations. The methods of Part A are all *robust' in the
sense that deviations from Normality of the distribution of the residual e are -
relatively unimﬁorfcnt (Chapter 10 of Scheffé, ]959); Thpﬁgh numerical examples i

~ are scarce in the



~ literature on this subject we would think that Bartlett's test of the equivalence of h

variance-covariance matrices would be very sensitive to departures from Normality

and that the same would be true of time tests of the sizes of k and m. In fact the

whole concept of ellipsoids of variation and the rotation of axes to produce uncor-

related variates is so closely linked with the multivariate Normal distribution that

these methods should really only be applied to data of this type. On the other hand

the choice of the directions of the canonical axes has nothing to do with Normality,

but the subsequent test of 'how many axes' has. This encourages us to use canonical

analysis on quantal variates but leaves the test of ifs success rather rough and ready.

We have mentioned that some biologists have used the terminology of Factor

Analysis in describing principal components analyses of multivariate data. Others,

understandably, have used simpler techniques to achieve a similar objective. In

- addition there is a group of biological articles in which factor analytic methods

have been used to discriminate between species.

G

)

)

)

Principal components analysis is intended té achieve a parsimonious
summarization of a random. sample from a single Qniverse of multi-

variate Normal measurements;

Canonical analysis is a procedure of discriminating as clearly as pos;ible.
between two or more multivariate Normal universes with the same variance-
cova}iance' matrix; and

Factor Analysis is an attempt to elicit the underlying Normal multi-

variate structure of a universe that can be sampled with respect to many

-

.correlated variates.

While (i) may tend to merge into (iii) when we ignore fhe smallest p-k eigenvalues of

its analysis, conceptually the bases and the computational procedures of the two

techniques are (or should be) quite different..
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" Now suppose we have measured p variates on Ni specimens of a given species'
h

of bee {i=12 ...h;1L N N. Some of these variates may be quahfahve (e. ges
i=l

fhe color of-fhe abdomen), ofhers discrete (e.g., the number of anfennal segments),
while some will be measured lengths or welghts. Possibly some of these measuremenf‘s
will have been transfom;ed by taking their Ibgarifhms or their square roots, etc., in
order to méke them conform more closely to Normal form. The most cogent procedure
i‘o discriminate between these h spe;ieé_ of bees and to discover their underlying
 affinities is canonical analysis.

Following Bartlett (1948), let us examine the determinantal equation of 'sqch'
an analysis on the supposition that N es and t‘hcf p is larger than h-1. This equation

can be written as

L . :
and has h=1 nonzero (posmve) roots. Here = =2 is the 'between species', and I the

'within species', variance-covariance matrix. Now ,Alf a symmetrical p x p determinant
is of rank h-1 < p its order can be reduced from p to h-1 by the same linear operations
on its rows and columns. We may therefore rewrite the foregoing determinantal

equation as
e —vz*l -
, (Iv:22)

where both matrices are (h-1) x (h-1) anci s);rﬁmefric.

We now suppose that the off-dlagonal terms of Z* are zero (a very severe
_restriction) and thus replace our equahon by oy
|E*—vdiag=*| = 0 ' i (1v:23)
In order to reduce the matrix = * to the form of a correlation matrix we must pre-
multiply and post-multiply by (diag= *)-]/2. Doing this to the whole matrix
expression results in .

|Rp—v (ding ~*)—""dnoz* (diag ~*)-1/2| =0 : (1V:24)



where : . : e
Rp = (diag E*)712E* (diag =)z
is the (h-1) x (h-r'l) _cdrrelﬁﬁon ‘matrix between h species with the "average spécies'
eliminated, avnd‘fhe term which v multiplies is a diagonal matrix, the typical
element of which is the jth diagonal element of I* divided by the jth diagonal
element of = * . Now, if these diagonal elements can be replaced by unities
(which is another strong restriction) the determinantal equation reduces to
lRp—vil =0 . (1Vvs25)
“and the canonical analysis is then the equivalent of a principal components analysis
of a matrix co;'relaﬁon coefficients between individual species of bees.
- The foregoing qnalysi?ir{dicafes that if (IV:]) the measured variates are
- uncorrelated (which could, .of'.course, be achieved'by_a prelimir;ary principal
components analysis of ), and (IY:Z) the corl;éspbﬁaiﬁé diagonal elements of E and
I are equal, then a canonical analysis may be replaced by a principal components
analysis of correlction'coefﬁciénfs between the different specfes. -We might attempt
to estimate RP by calcﬁlaﬁng the h(h-1)/2 correlation coefficients between each
patr of species of bees, any species being represented by p specified méasureme‘nts
made on one of its member_s..' »
We have thus seen that the replacement of a canonical analysis by a
principal components analysis of a matrix of 'between specfes' correlation céefficients
is plagued by unjustified assufnpﬁonﬁ. However, it is logically more -saﬁschfory
than the concept of drawing a random sample of p vh-—fuple measurements from an
h-variate Normal universe, when p is actually acarefullychosen set of characteristics
and the h variates are the species that Chance has made conveniently available fo
the biologist! The ﬁrbitrary nature of the subsequent Factor Analysis is emphasized Qheh

we try to apply maximum-likelihood and to determine the 'proper* value of m.



Matsakis (1957b), Sokal (1958b), Morishima and Oka (l 960), and Rohlf and
Sokal (1962), employ fhevdubious techniques based on‘befwéen-species correlation
coefficients. In all cases of this type.z we would recommend the replacemen} of the
measurements on a single animal per‘species by .mecsuremenfs on at least two
animals and the subsequent canonical analysis of the data. If certain of the characters
do not vary at all 'wiﬂ.’nin' a species they can be used as distinguishing mc'i’rké
supplementary to the species name. |

The attempt to classify animals and plants by means of indices of 'between
species' likeness has not been limited to Factor 'Analysis. Although some of these
indices iﬁvol\-/e correlation coefficients or other statistical measures of similarity
none of .,thém regard the measured animals, plants or bacteria as samples from specific
universes - as they surely must be. Thus none of these techniques, cited by Sneath
and Sokal (1962), can provideb any measure of the correctness of their classifications
nor can convincing reasons be given for preferring any one method over the others.

There is, however, a case where correlations between observed species have
statistical validity. Goodall (1954) has made a principal components analysis of a
| sample of 32 equal rectangular areas (160 x 80 m) of virgin mallee scrub vegetation.
The sample areas were measured as to their percentage cover by each of 14 (=p)
species of plants, each percentage reading being transformed by the arcsine-root
transformation. The first five principal axes of the resulting 14 x 14 correlation
matrix were found to be 'significant’ by Bartlett's criterion. Similarly Dagnelie’s
(1960) paper, cited in the exhibit, utilized coded qualitative variates in cal-
g:.ulaﬁng the correlation coefficients between plant species observed in greater or
lesser abundance in a sample of 80 beech éroves. Another illustration is found
in Reymeﬁf (1963). These papers provide examples where correlation between

= :
species' are valid parameters of a single p-variate Normal universe of 'areas’.

¥t



37

In fdct,-wifh fhis'pre of material it is hard to see the justification fc'>r calculating .
correlation coefficients between every pair of p areas based on a 'sample' of 20
‘chosen' species (Williams and Lambert, 1961). 4

To this point, we have been concerned with cpplica.ﬁons of methods of
factor analysis that have been available in the literature for several years. |
shall now take up a newer method, in which several differences from the usually
occurring factor model occur. In connection herewith, we shall again review some ‘
of the characteristics of princip;ul component analysis, in order to be quite clear
‘concerning the differences in the two types of models. '

We shall consider an example involving correlations befwéeﬁ _sp_e;:ies
numbers. - ‘

The correlation coefficients between pairs of variables (species), ordered in
a correlation matirx, are subjected .i'o the mathematical procedure known as a
transformation (equation (IV:1)). The new matrix D in equation (IV:1) has all off-
diagonal elements equal to zero and its diagonal elements add up to the same total
as the diog§ncn| elements of the original correlation matrix. : This diagonalization
process is of wide opp‘icaﬁon in applied mathematics. |t was used by Jacobi over
a hundred years ago in his study of the orbits of the planets and his solution is the
one used in most electronic computer programmers today. Many statistical pro-
cedures make use of the prq;éss , including the statistical ‘.freafmenf of certain
taxonomical problems and a problem in population dynamics. .

The element d] of matrix D is larger than any of the succéeding elements.
We shall here refer to it as an‘eigenvalue; other terms in use for it are 'latent
root' and 'characteristic root'. Each eigenvalue is associated with two eigénvecfors
(for an asyrﬁmefric matrix there are two different 'eigenvecfors, but in this paper v
we shall only be concerned with symmetric matrices, where the eigen\}ecfors do
not differ); ofher terms are 'latent vector' énd ‘characteristic vector'. The »

relationship is indicdfed in equation (1V:2).



It is casy to scc that the elements of I represent another distribution of the total
variance of the original matrix (the sum of its diagonal clements—this is called the spur
or the trace of a matrix; thus, spur A == spur D in cquation (2)).

In the taxonomical analysis of, for example, ostracods, the first cigenvaluce is usually
many times greater than the second eigenvalue and we say that most of the variation is
concentrated to the first principal coniponent. This is given by the clements of the first
eigenvector, which are employed as the coeflicients in an equation. Thus, if the elements
of the cigenvector are (b1, b2, bs), and the dimensions measured, x3, X2, X3, the first
principal component may be written out as :

Uy = bix1-+-baxa-bsxs. (1V:26)
The variance of Uj is given by d, the first element of D. ' L

In our palaeoccological problem the x; are specics and the b; denote the importance
of specics x; in a particular principal component. We should therefore be able to recognize
associations of species, yielded by the principal components, the relative significance of
each specics being indicated by the corresponding coeflicient of the pertinent eigenvector
(in statistical parlance this coefficient is sometimes called a ‘weight’ or ‘weighting’; the
- corresponding psychometric term of factor analysis is ‘loading’).

It will usually be found that the first few eigenvalucs account for almost all of the
variance. The question is, then, whether any importance is attached to the remaining
eigenvalues. This may be tested by sceing if the remaining eigenvalues arc indistinguish-
able from each other (isotropic residue), which also implics that they are vnimportant
with respect to magnitude. Obviously, all eigenvalues must, in a sense, be significant
(¢/- Kendall 1957), unless we have a matrix, the rank of which is less than its order,
which is a remote possibility in the kinds of biological problems we consider here. What
the aforementioned test helps us to do is to decide the number of important cigenvalues;
that is, in the ecological problem under review, the ones that have been most important
in determining the frequencies in the various species associations, indicated by the
elements of the corresponding eigenvalues. One would like to. be able to test these
cocflicients for significance, but, as far as the author is aware, no such tests appear to be
available. Consequently, there must be an element of subjectivity attached to decisions
regarding the importance of any vector clement.

Up to now the discussion has been in terms of prmmp'tl component analysxs The
ecological interpr ctation of the results of factor analysis is made in much the sanic way.
However, .the structure of factor analysis differs somewhat from principal componcnt
analysis, as indicated by equation (3), for it includes a term for random variation. The
‘communalitics” of factor analysis, discussed further on, are derived from the random
matrix, as is indicated by equation (4). The method of factor analysis employed in the
present paper would appear to be an improvement over previous mcthods, as it provides
a more realistic assumption concerning the matrix of residual varjances (cquation (5)).

STATEMENT OF THE PROBLEM -

We have, say, k szunplcs from borcholes in which p different specics occur (not necessarily
all p species occur in cach of the k& samples). For cach sample a certain arbitrary total
number of individuals, N, arc picked (randomly), this N being the same for all samples.



A matrix T of ‘scores’ (r«.-au‘ e fregucncics) resulis, cach row of which consists of the
score for each of the p specics in the j-th sample (=1, ..., k).

1181 R O AR : B . . VipSip =
o e S ava27)
vp1S) i = 5 . . . VppSp

here ¥ represents the scove for species i (vir=>0). - =
It is desired to use these observations on the frequencics of the specics to ascertain the
“extent of relationship in their occurrence. That is, onc would like to sce if species that
react in the same way to all factors in their environment can- be marshalled into one
" group, and those that arc adversely affected by some cmlronment?l facet can be made
to show up in another group or groups. -

~ For any symmetric (k x k) matrix A, there exists an orlhogomﬂ matrix B such that
: dy 0 . s . =20 . :
BAB =D = 3 - 2 : g £ . (r>d> . . >di) (IV_:28) :
If the matrix A is positive definite, then the ¢;>0. (In other words a positive definite
symmetric matrix has only positive eigenvalues.)
Corresponding to each eigenvalue there will be an eigenvector, ¢, such that if d is any
engenvaluc of A, ¢ is a non-zero vector satisfying the equation

(A—di) = o : (1V:29)

Thesc wcnva]ucs and eigenvectors provide the basis for the ecological analysis.
Primarily we are interested in the components of the eigenvectors, which we may regard
as ecospectra; i.e. the observational vectors are broken up into functionally connected
spectra of ccological reaction. The same reasoning is applicable to the matrix of facior

.loadings of factor analysis, treated as method 2

; Computational precedure for e thod 1 : o o =

l Note the frequencies of each of the p specics in k samples for a total of Nindiv xduah

. Arr ange the data for cach sample in rows the one above the other; the order of.

th rows with respect to each other should be random (important for palae occological
data in order to eliminate the possibility of serial cmulalnon) =

Mulmm mtc mmb SIS

Sl‘ . . . » . . . Sp
Sample 1 vy . - SRS < = . vip
Sample £ vpp . 5 z : A T

The vi; represents the score for the j-th species in the i-th sampl2. Because of the con-
stant Yry; = N, these scores are proportions which may be directly compared between
samples. Logically, the greater one takes t!u value of N, the more likely arc the com-
ponents of the observational vectors to apprmch stability.

3. Compute all combinations of correlation cocflicients between frequencies of specics.
It may be more suitable to express the data as decimal proportions at this stage.

4. The correlation coeflicients are arranged into a matrix of CO‘lC]dtlonS and this
correlation matrix is reduced to its cano.uc'\l fo:m



4 =0

L

10000
363 --0-1902
0:1804 —0:1775
0-1606
7= 0:2200

20 —0-1756
—0-1807
-0-028
-0:2288
1734
5 —0:3i66

3 —0:2335

~0-2509 0202 ¢ 0-3699 —0-1206 0040'\ -0-1809 —0-0083 0-0675 1-0000
85! 0-5383 —0-1685 —0-2358 —0:2040 —0-1603 —0-1889  0-7303
581 —0:2349  0-0722' —0-2635 0-0903  0-2735 —C-1878 —0-2679

—0-1927 00792 —0-1421 —0-1107 —0-087! —0-1408 —0-1212

Owing to the closed-form nature of this table, there will be a small

spurious correlation. Thus, a correlation of zero, will appear as -0.06. This

is clearly unimportant in the present connection,

This is best done on an electronic computer as the arithmetical labor

involved for more than three or four variables is prohibitive. .

Interpretation

Each eigenvalue gives a quantitative indication of the relative importance of the specxes
combination represented by the components of the associated eigenvector. Particularly
in large matrices, it may be found that only the first few cigenvalues will be meaningful;
the remaining eigenvalues can be tested to see whether they differ significantly from' an
isotropic residue (Lawley 1956). The eigenvector may be written out in equation form as

z =aibit+ab+ . . . .. +aubp

The usual computer solution of an eigenvalue problem - pxowdcs normalized vector
components so that an ¢; may reccive any value between 0 and 1, depending on the
importance of the contribution of the variable. Hence, the variables (= species) of the
above equation that have large coeflicients are said to be causing most of the variation
represented in the eigenvalue. The reasoning is further elucidated in the worked example.

Example using method 1

The example considered here is palacontoloomal It will bc apparent, however, tlnt
the same reasoning may also be applied to data concerning relative abundances of living

associations (¢f. Greig-Smith 1957, p. 147).

The first 600 randomly sclected individuals of twenty-eight boneholc samples from
wcstun Nigeria, containing seventeen species of Palcocené (Cenozoic) ostracods were
used to construct the correlation matrix given in Table 1. (Significant correlations printed
in bold face type; these are “total’ correlations not taking the influences of the olhu k-2

variables into dCCOlUlt)

Table 1. Correlation matrix based on collections of seventeen species of fossil ostracods

1:0000
—-0:3495 10000 , : :
0-1285 —0-1838 10000

—0-1599 02067 -0-0948 10000

02642 0-0481 —0-1279 04711 1-0000

—0-2538 —0-:2026 —(-1547 (0639 ou“"

—0-1862 —0-0920 —0-2624  0:0435 .
2996 —0-3229 02043 —0-0899

-2368 —0-0499  1-00C0

—0-1567 - 5-3008° 00942 —C-0079  0-3093 —0-0515 —0-0136
9 —0-3083 02614 (:2442 —0:3562 0-3636 —C-2613 0-0lIS
0-2005  0-2841. 0-3036 —0:4512 0-0315 —0-1857 "0-3265

J b)

1-0000

R R

1:0000

4(



T hu results of the principal component analysis are shown in Table 2.

We note that all eiegenvalues are positive, which is a result of the corrclation matris

being symunetric and positive definite. A very interesting aspect of the analysis is that
the first component only accounts for 18% of the total variation. Compared with
applications of principal component analysis in taxonomic work this is low indeed (¢f.
Reyment 1963). The first theee eigenvalues add up to 46:57 % of the total variation and
the first four to 57%. The slight diflerences between successive eigenvalues indicate the
great computational difficulties that would have been expericnced had the work becn
“done manually. The diffcrences between successive eigenvalues are smaller between the
first and last few cigenvalues than between the intermediate ones. We note a further
feature of the results, notably, -that the elements of the first eigenvector are not -all
positive, which is a situation differing from that usually found in principal componcnt
analysis of biological materials (c/. Reyment 1863).

One interpretation that suggests itself is that the several eigenvalues of roughly the
_same magnitude may indicate the existence of more than one ecological factor and' that

all are of roughly the same importance. :
~ Using Lawley’s (1956) test of significance it was found that the first five eigenvalues
are significantly different from each other, while the remaining twelve may be regarded
as being isotropic.

Approximate 95% conﬁdcnce intervals for the eigenvalues were found as follows:

-

Thc proccduxe is to choosc / and u so that
Pr [nl<\,71 = »\/(1——:) Pify2<mu] = \/(l—e)

(IV;30)
. Then Pr [ - ) (2 )<M!I(S)]é -

- (A\=the eigenvalues and n = N—1; A, = smallest eigenvaluc and Az = largest eigenvalue)

Thesc ihtervals_ are 0-07<all f\;<35-08, with a probability of 0-:96.

- A complication encountered when interpreting the meaning of the eigenvectors is -

- that the standard deviations of the variables are.frequently very different, which is an
outcome of the nature of the data. In the present problem it might have been advisable
to perform some sort of scaling operation on the input material. The vector of standard
deviations is:

§ = (01384 0-1593, 0-0609, 00"75 0-0247, 00123, 0-:0425, 0-0714; 0-0829, 00”1’%
0-0514, 0-0850, 0-0733, 0-0808, 0-0431, 0-0421, 0-0101)

Dividing each component of the eigenvectors by the appropriate standard deviation,
as is often done in principal component dndb sis bascd on a correlation matrix, did not
lead to intelligible results.

A rough interpretation of the eigenvectors corresponding to the first five cwenvalucs
is that the components of the first vector arc mainly suggcstive of some environmental

factor which influcnces specics 16 and 17 in one direction and specics 3 in another. The

sccond cigenvector is mainly concerned with species 5, 11 and 12 and suggests the exist-
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Eigenvalue

3-1052
- 28655
19441
1-7764
1:6070
- 111766
1-0167

0-:8610

06940

06050
04302
0-3077

0:2286

0-2025 .

0-1194
0-0403

- 00193

Percentage of

total variation and

diff. X =X,
18-27
16:56 1-41
11-44 542
10-45 0-99
945 Ax-oo
692 2:53
; 598 094
506 092 -
408 0-98
356 0-52
2:53 1-03
181 072
134 047
; .1-19 015
0-70 0-49
0-24 0-46
011

0-13

“Table 2. The principal coninoircint enalysis
l / 4 -

Eigens sctors

(0:0832, 00973, --0-4252, 02438,
—0:2753, 0-1080, - 0 1753, 01954, 0-0
0-1690, 0-4427, 0-4-135)

(—0-1007, 0: 1124, - 0-0737, —0:1465,0
—0:1376, —0-2i57, 0-0651, 0-3962,
—0:2506, —-0-2386, 0-1672)

(--0:0323, 0-1795, —0:0531, —0-2826, 0-07C5, 0-1G32, 0-4530,

0-0063. 0:23a0, (-2360,
352, —0.1950, —0-1003,

i, -0-2244, —0-1193,

-46
695, —-0:2127, --0-1.197,

o

046

- 02376, 0-0294, 0-5075, —0:0079, —0:2717, --0-3912, —0-3246,

0-1172, —0:0308, —0:01 £

© 4703, 0-3122, —0-0128, 0-2283, —0-0938, --0-1424, —0-0681,
—0-2084, —0:4765, —0-0761, —0-2868, —0-2290, —0-343l,
—0:0224, —0-2487, 0-0270, —-0-0126)

(—0-4411, 0-5877, —0-3302, 0-0077, 0-:0149, - 0-1952, --0-2028,
—0:0827, 0-2877, —0-2192, —0-1959, —0-1202, 0-0128, —0-2083,
00313, 0 1065, —0-1587)

(—~0-3485, 0-1197, —0-1118, 0-3392, 0-1588, O- 49-.6 0-3246,
01046, —0-2307, 0-0051, —0-2213, 00641, 0-1974, 0-1327,
—0-3858, —0:1939, 0-0337)

(—0-1522, 0-2167, 01220, —0-4273, 00597, 0-0898, 0-0825,
—0-4874, --0-0272, 0-1011, —0-:0061, —0-1876, —0-0137, 0-6258,
0-0580, 0-0531, 0-1796)

(00465, 0-0717, 0:0209, —0-1252, 0-3317, 04378, —0-2595,
0:0706, —0-3452, --0-2520, -—0107) 0-:0190, —0-0469, —0-0974,
06129, —0-0976, —0-1053)

(00110, —0-0613, 0-2005, 0-3263, 0-3224, —0-1049, 0-011!
—0-5049, 0-0432, 0-4600, —0-2023, 0-0037, 0-3202, —0-:2689,
0-1878, 0-0864, —0-0869)

(—0-1580, —0-1108, —0-3080, 0-3368, 0-1484, —0-:2197, —0-0507,
01772, —-0-1719, 0-2609, 0-1767, —0-0202, —0-2246, 0-4767,
0-1991, 0-1872, —0-4107)

(0-1081, —0-1690, 0-0023, —0-0274, 0:5267, 0-0105, —0:3173,
0-2839, 0-3200, 0-0632, —0-3887, —0-1422, —0-1655, 01482,
—0-2202, 0-1739, 0-:3072) -

(--0-2783, 0-2141, 0-5282, 0-1785, —0-2111, 0-2332,- —0-3230,
0-1314, —0:1002, 0-1839, 0-2030, 0-0830, —0-1806, —0-0589,
—0:0704, 0-4424, 0-1234) 5

(0-2314, 0-0514, 0-0591, 0-1078, 0-0234, 0-4232, —0-0955,
—0-2610, 0-4973, —0:0047, 01418, 0:1084, —0-3362, 0-0570,
—0-1597, —0-1986, —0-4542)

(0-2141, 0-1178, —0-4328, —0-0554, —0-1403, 0-2547, -—0'-1470,'
00370, —0-0612, 0-{007, 0-2759, —0-2355, 0-3607, —0-0298,
—0-1124, —0:0899, 0-1232

(—'0‘1768, -0-0193, 0:0062, 0-3237, —0-2712, —0-0804, —0-1662,
—0-0321, 0:1293, 0-1536, —0-1420, 0-0268, —0-2803, 0-1001,
0-3031, —0-5810, 0-418S) '
(—0-1869, --0-1720, 0-1738, 0-1889, 0-:2332, —0-0474, —0-0011,
—0-0830, --0-0181, --0-2729, 0-4286, —o 7038, --0-03 12,
=01215, —0-0848, —0-1680, 0-0301) '

(0-3735, 0-5383, 0-1971, 0-:2544, 0-1939, —0-1027, 0-2350, 0-2889,

02147, —0-0601, 0-2427, 0-0343,0-2514, 0-2109, 01967, —0-0496,
0-1472)
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ence of some cuvironmental factor that influences all of these in the same way. The
third cigenvector indicates the cxistence of an environmental factor that influences
species 7 and 10 in one way and species 13 and 14 oppositely. The fourth vector suggests

a factor that influenced species 1 and 2 in one direction and species 9 and 13 in another.
I C

The fifth component would appear to indicate an influcince on species 1 and 5 in one
dircction and on species 2 in another. :

Now, in principal component analysis it is assumed that the variation observed is
mainly due to factors having characteristic effects on cach of the variates. It is therefore
open to question whether the forcgoing analytic model is really the best way of attacking
the problem. The related technique of factor analysis takes the possibility of cxtraneous
variation into account. The ri; =1 terms of the correlation matrix are replaced by
so-called ‘communalitics’ that represent the proportion of the variation of each variate
which is due to factors operating on some or all of the other variables, the rest being
assumcd due to chance. It should be pointed out that the communality concept of factor
analysis is not accepted by all quantitative biologists as being valid. Also, in principal
component analysis one is primarily intercsted in studying the shape of the scatter of the
observations.

The hethod of factor analysis here employcd is that proposed by Jéreskog :

" (1962). As it involves certain modifications it is given detailed dxscussmn.

The fundamental postulate of factor analysis is ;
S = apte e ~Qv:3))
where « = (az), g = (Bw) and ¢ = (ew). Here o; and By are non-random quantitics,

while matrix e is a set of random variables for which E(e) = 0 and E(ec’) = nA, where
A is a positive diagonal matrix, the diagonal elements of which are the residual variances.

~We note that the a;; are termed factor loadings (= coeflicients) of k common factors

and the By, are the factor values of the individuals.
Factor analysis assumes the covariance matrix to be made up of two matnceS'

2 = aa’+A \_ o (|V°32)

The diagonal clements of =—A are called coninumalities.

Under the common assumption of factor analysis that A = oI, where o2is a positi\f'e
constant and I is the unit matrix, a test for significant eigenvalues may give a large
number of common factors, since the p—k eigenvalues of the population correlation
matrix (which is what is used in most analyses in place of the covariance matrix) are not
likely to be nearly isotropic unless k& is large. In order to find the least number of common
factors Joreskog (1962) has proposed another assumption for A, namely, that

A = f(diag =) (1v:33)

where 0 is a positive scztlar and Z is non-singular. .

Compzllulwnal procedure for mclhml 2

We sh 1 'write C for the corrclation matrix. Beg ginning with the sample corrélation

matrix the following steps are requived:
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1. Compute D = diag.-l/z‘ :
2. Cx=D1/2CD 172
g C¥ = 1%l , where the |=|=i are the eigenvalues of Cx. At the |
same time the corresponding eigenvectors are found, ZT/= (Z"]‘l ; Z;i e Zpi)"
* 4,  The diagonal elements of Lk are tested for significance. Lk* is
the diagonal matrix of the ﬁrsf k eigenvalues of s

5. Then one computes

A® = Lk(Lk . mﬁ " | (1V:34)

whe_re t is defined as

l P
Iy =—— 1%
P—k i=k+1

and A, the estimate of a, is A= D-]/2 Ax,

6.  The diagonal matrix of estimated residual variances R is

' R=t D! o (1v:35)

7. - Inorder to find a lower confidence limit for k one first tests the hypotheswv :
k= 1against k> 1; if thls hypothesis is re|ected one test k =2 agcnnsi' k >2, and so ”
; Aon‘. The number of factors for which the test does not show significance is determ_lned.'
If the level of significance is 5% in each test; this method leads to a lower confidence
~ limit for the number of common factors. The test criterion is (affer.l.'awley 1956 and
Whittle 1952) . -

; e = —(u—=Dllog (.51 - - - 1;)—(p—F) log 1] aV:36)
where t is defined as in a fofegoing equation and the | %, are the eigenvalues of Cx. ’
If the hypothesis is true and if n is large, c k is .cppr_oximately distributed as )(2 with

: degrees of freedom |

di = Wp—k+2) (p—k=1) : (1v:37)



We usc the same correlation matrix as in the previous example, that is, the data of
Table 1. We observe that the number of obscevational vectors, twenty-cight. is relatively
small for an analysis in which five factors appear to be of some consequence. Fu rthcrm.m'c,
the observation’s deviate widely from normality, which is not a desirable situation in a
factor analysis. Component analysis does not necéssarily require normally distributed
variables but the tests of significance for it as well as for factor analysis do. The results
of the compututions appear in order below.
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2. Computing C* = B!CD* and extracting the eigénvalues gi&cs the matrix
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- Up to this point factor analysis does not differ essentially from principal component
analysis. Corpared with the results of the principal component analysis it is interesting

“to note that the cigenvalues are percentually of the sime order of magnitude. More -
essential, however, is the fact that the p—/% smallest cigenvalucs of C* tend to be more
like cach other than do the p—Fk smallest cigenvalues of C.

The first eigenvaluc represents 22:29 % of the total variation, the sccond 19:09 % and
the third 13-729. The first three cigenvalues add up to 55:1% of the total variation, and
the first four to 65:6%; these figures indicate a somewhat greater concentration of

~ variation to the first cigenvalties than wus found for the corselation matrix alone.



3. The results of the tests of significance for the number of common factors are given

. o~ - - - e 2 .. ..
in the following table. (If d:>10D, ¢; is a A-value, otherwise ¢z is a x*-value.)

OO\ A WINPT

. 10

t
518

416 -

3-42
- 282
2:25
1-93
1-64
1-43
121
0-99

ds:
135

1

19

104

90
717

.65 %

54
44
35
27

95-67
79-26
64:69
54-30
44-04
33-84

The approximate 95 % confidence interval for the eigenvalues is, using the same formula
as before, 0-08 <all A;<<45-73, with a probability of 0-96.
Hence the smallest number of factors that may be considered to fit the model is k = 5,
which agrees with the principal component analysis. However, since the sample size is
small and the data not truly

~ five factors.

4. To find the unrotated factor loadings one computes

A —=D#A*

multivariate normal, it might be wise to consider a further

~

av:3e)

where A* = Z/(L; —#I)% It is common in psychometry to ‘rotatc’ these vectors by
some graphical device or other in order to present the data in ‘standard’ terms; rotation

is not considercd useful in most biological situations by the present writer. For k =10,

~ the matrix of factor loadings is

~
—0-15
—0-25
—0-21
—0-02

0-59
—0-10

| =025
s e —0-09
—0-09
0-85
093

—0-11
—0:16
| —0-10
1047

© 247

—0-11

—0-47

0-90
-—012
—0-30

0-40
—031
—0-21
—0-09
—0-18

0:08
—0:02

0-09
—0-26
—0-24
—0-32
—0-36
—0-18

1:93

0-30
0-21
—0:69
0-38
—0-06
021
0-35
—0-52
—0:01
—0-21
- 0-08
—0-13
—0-57
—0-23
0-16
0-69

- 0-58

2-54

—0-72
—0-02
—0:36.
0-07
—0-10
0-28
0-19
0-06
0-69
—0-14
0-02
—0:02
0-38
0-01
0-33
0-34

005 -

1-70

—0-03
—0-06
0-02
—0-54
0-10
0-12
0-56
0-36
0-12
0-66
0-27
—0-17

-—0-44

—0:26

0-22
—0-06
0-07

1-66

0-09
0-03

0-13-

—0-48
—0-14
—0:29
—0-37
—0:32
026
—0-16
018
—0-07
001
020
035
016
003

095

0-09
0-00
—0-18
0-:09
—0-11
—0-25
—0-31
0-41
017
—0-21
0-05

0-04 .

—0-14
—0-49
017
005
—023

0-84

001

—0-03

0-03
0-00

044 .
020

—0-11
—0-07
0-07
—0-17
0-00
0-05
—0:20
0-46
-0-00

—0-02

0-36

—0-04

0-00
—0-13
—0-09
0-02
0-32
—0-06

0-22
—0-27
—0-31

002

—0-01
—0-14
0-37
0-15
—0-02
0-01

0-54

Y

—0-06
—0:01
—0-05

0-20

. *_0'05 i
—0-24

—0-08
—0-03
—0:08
0-27
0-10
—=0-04
—0:10
025
0-09
0-12
—0-29

040 -



The last row gives the contribution of cach factor to the total test variance.

- The results show clearly that these ten factors reproduce both the corrclations and
variances of the original matrix very welland it is quite possible that even a lesser number
of factors would do this too. The communalities are found from ﬁndmg diag C—R,

- where R=/D-1, That is, (1—estimated rcs;dml variance). There are in order:

0-90, 0-94, 0-80, 0-84, 081 0-62, 0-80, 0-83, 0-77, 0-74, 0°89,
09» 0-83, 0:74, 0-75, 0-80, 0-25.

The first factor indicates that spccics 5, 11, 12 and possibly 17 arc aflected in the
same way by some environmental factor; the other elements of the vector do not differ
significanlty from zero. The second factor suggests an environmental control that mainly
influcnces species 2 but also to a lesser degrec, in the same direction, species 5. Species
1, 15 and 16 are influenced in the opposite direction. The third factor seems to represent
-an environmental control that affectsSpecies 3, 8 and 13 in one direction and species
16 and 17 in another direction. The fourth vector would appear to indicate the influence

~ of an environmental factor which rather strongly affects species 1 in one direction and
about equally as strongly species 9 in the reverse direction; other affected species are. .
3, 13, 15 and 16. The fifth vector suggests relatively strong influences on species 4, 7 ik
: ‘and 10 in opposite directions, and lesser influences on species 8 and 13. These five factors
seem to be the most informative. The remaining five factors included in the matrix of
- factor loadings are remarkable in that none of them suggests a strong reaction of any
environmental agent on any of the species.

Hence, it would seem that most of the variation in fr»quencxcs of the seventeen species

. may have been controlled by five environmental stimuli of some kind or other (for ex-
ample, temperature, hght salinity, variation in chemlcal proporuons of sea water, pH,
“redox).
-If as a criterion of non-rcactmty to environment we take small factor loadings it may‘
be suggested that species 6, 14 and 15 are euryoic and this agrecs extremely well with
= ~~what-is to-be observed qualitatively in the material. Judging from occusrences in the
borehole samples one gains the impression that species 1 and 9 are also euryoic. Both of
these are strongly affected only by the fousth factor, which may indicate that this factor
_-= . is an unimportant one with respect to actual distribution. None of the species appears
“to give the impression ‘ef being stenodic.
. = It will be seen that the ‘results of the factor analysis tend to differ somewhat in detail
. from the component analyms, although both give a strong impression .of the operation
- of scveral approximately equally important environmental factors. A
- Inasmuch as the factor analysis model would seem to be more suitable for-the kind
of ccological data here treated (remembering we are not studying the shape of the
distribution) the results .obtained with its ald could be more descriptive of the actual
sntuatlon :

= . B

The program has been adlusfed for the IBM 7040 and is running for most dafa
Several copies of the binary cards are presenﬂy available at K.U. It will nof'work

for off-diagonal correlations of 1, and stops if negative eigenvalues are encountered.
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SUMMING UP:

It is important to have clearly in.mind what it is you are
attempting  to find out about your data. I think in most
_cases,'a principal component analysis, or an~ana1ysis'by
canonical variates, is the applicable procedure and not
factor analysis. As I have tried to point out in the
foregoing, it is imperative that the data be considered at
length before the factor model is selected. Even then, the
- results should.be tested for interprefation against the'éame
data run in other multivariate procedures. The concept of

o

"when in doubt, throw in a factor analysis'" is most

definitely not a sound one.



. CHAPTRR V
THE METHOD OF CANONICAL VARIATES

7io : & :
This important multivariate-sgatfétical procedure was devised
by H. Hotelling in 1936 as a part of his program for treating
the complex data obtained by social scientists.

.The procedure has not achieved }ecognition to the extent it
deserves and in many respects other multivariate methods,

and non-statistical methods (Numerical Taxonomy) have been, and
are being, applied, although these are inferior in properties to .
the Hotelling method.

AThe'first basic réquirement for the application of canonical
_variate analysis (hereinafter referred to as CVA) is that the

covariance matrices fulfil the requirement of equality; notably,
that ’ ; = , Wy = 1

Z] = ceee. = Zq, VA))

where there are g paient populétions;

If this requirement has been met, our next concern is to examine
h mean vectors, u(i) i 1 h, which will, to the greatest degree
possible, on the grounds. of the variables analysed, bring out »
the relative closeness of any pairs of mean vectors and will also
bring out such orderlng as exists in these mean vectors.

At first sight the most promising approach is to transform the original
paxesof coordma.tes to the common principal component axes. For this
purpose we w ould calculate the common estimate of the variance—

: covana.nce matrix, na.mely »

- (- h)-l{ 3 (V- 1)2“’} . vi2)

and proceed to find its ewenvalucs and eigenvectors (principal axes).

The % transformed mean vectors could then be compared quite easily
since they each consist of p variate values which are mutually independ-
ent and which are ranked in descendmw oxdcr of variance size. :



The foregoing approach forms the basis of Rao's concept of the genefal_ized
statistical distances between end points of the h, standardized mean vector in, sa)‘:,_'
k-space.

" Each of the (2) distances between these standardized means (where, for

example, the ith component of any mean vector is standardized by dividing it by

).]l/ 2) is calculated from the formula

7 e d§+d§+...+d§ '. = ’ : (V:3)
_where di is the difference between the ith éomp.on;nts of the specified pair of
(estimated) mean vectors, and D is the required disfdnce. The mutual relationships -
connecting the distances between any group of two, three, four, ... of the h samples
then form the basis of a subdivision into 'group constellations’ describing the affinities of

the h samples.

Besides computing the (g) distances Blackith (1960) recommends the

calculation of the angles between any pair of vectors joining the end of a given mean
vector to the ends of two other mean vectors in otl:ugr groups. If d] < d2 ra 'dP
are defined as above and if 6] ; 62  aan - be the corresponding values
measured from the first mean to.a third sample mean, the angle between the two
'distance' vectors is @ given by

cosf = (d181+d282+ .+d,8,)/D, D, 5 - (Vs4)
D] and D2 being the two distances under consideration.

This technique has been used in a number of blological connecfions. In
geology, we find geologists progressing by trying to do the same thing by means of
the factor analytic model, For exqrﬁplés , see the Computer Applications in the
EartH Sciences Colloquium af KU, December 15-16, 1966.

This techniqu.e suffers from the following defect, Suppose that p is fairly

large and that h = 2. Clearly the whole of the comparison between the two universes



is contafned in the one-dimensional compc.xris.c:in of two pdinfs ona straighl’ Iine,i
these points representing the ends of the two (estimated) mean vectors. In other
words, the ends ;:F_i'he mean vectors can be compared in a single dimension, a sub-
space of the original p-dimensional space. '

. This argument extends quite simpiy to the casé where h = 3 and the com-
parisori of the threeA p-dimensional mean vectors is made by plotting the projections
of the ends of the three vectors on a plane (i.e., in two dimensions). This '
plotting is c§nvenienf|y done by using a pair of axes at right angles to one another.
In general, the coméarison of a number of universes h<p should be made in a space
of h-- 1 dimensions rather than a space of p dimensions. »

Another criticism of the 'distance’ technique is that its rationalization
depends heavily on all p variates being measured in the same units. Furthermore,
experience suggests that the dimensionality of the p2 comparisons with biometric
data will generally be greater (even for h> p) than that of the method now to be
déscribed. | '

Canonical A>'<{es

Consider the whole p-dimensional sample space of the h universes. Since
the variance -covariance matrices of these universes are supéosed equal we goulgl
represent the differences between the mean vectors of these h universe.;. by a model

of the form

X =2 B 4 E- : - (Vs5)

'(Nx?) (N xh)(hxp) (Nxp)
Note that h rows of B are needed to account for (i) the general mean of the whole

sample of N, v_vhere N = Ni % N2 +...+N , and (ii) the h - 1 differences

h

between the means of the h different universes. Observe that the variance-

covariance matrix of each of the p-variate sample "errors' is L Q .



Out obiei:ﬁye_is to derive a transformdﬁon_

: y=0x | | e , (V:6)
which will emphasize the differences between fl;e means of the h universes (or,
rather, of their sample estimates). For example, if' h= 2 the first axis along‘\'vvhich '
to measure the_f.irst component of y should be the line joining the ends of the two
mean vectors“of these universes, or a line borallel thereto. When h =3 this first
axis should pass as closely as possible through aIIA three points representing the
ends of the mean vectors of the .fhreé universes. -

Now, supppée that the Q-model represented by (V:5) is replaced by a
mpdél in which the B matrix has degenerated into a single row of B's representing’
the p means of all the N x's. We may write the estimated variance-covariance
matrix of this model as fu . Our interest then resides in the variance=covariance
matrix of the difference between the models 1 and w for this measures the

variability 'between' the h groups. It is estimated by

(-2~ -REYh-1) | Vi)
‘or, by : : ey
{BoZzZ' Bo-B,2Z'BY(h-1)
We will wrii‘e this matrix as ':_2' .

We note, in passing, that bothQ and © é:oulél include other explanatory
z;vecfors; For example, we could compare the means of h groups of frogs after
allowing for age differences by a linear or quadratic function .A

Previously, we found a frcnsformati§n

f.‘y"=. Ax
such that the first axis was inclined along the direction of the maximum vd_riabiliry
ramcmg the N‘p—dimens'-ional observations. The_n a second axis, at right angles to
the first, was inclined in the direcﬂ_on ‘of the next greatest varicbilify.. And so on.

- The procedure we developed could have been arrived at by determing the cAompon‘ent's



-

a']):a] and (since an unrestricted maximization leads to infinite components for o]' )
we would have had to require the maximization to be subject to ajo; =1. Then,
one would conclude, that the compoﬁenfs'of aj were obtainable from the p equations

’
als = A3

~ where M i'si the largest root of

»

$ 1
B (Rl Y

E-aj =0

This process could then have been repeatgd for aj cq‘rrespond’ing to the second largest
root A, ; and so on. : :

We may express the whql_g ;e,riés of maximfzaﬁons in matrix form by saying. -
that we Were‘ required to maxfmize 1:he variance-covaricnée matrix

. e
subject to ,
' ‘ AA =1
and that the elements of A were fhep déferminable by the p sets of p equations
L azsoaA
where the elements of thé diagonal matrix A are obtained as the p roots of the
determinantal equation
[E-20] =0

Although we can no longer think in terms of directed ellipsoids of variation
and their major and minor axes §ur present problem is nevertheless quite similar, ‘
We wish our first transformed axis to be inclined in the direction of the greatest
variability 'between' r.he h medns; then our second axis, at right angles to the
fi(st, is to be inclined. in fhe direcﬁoﬁ of next greatest variability and so on. And
whereas in our first problem we operated with a (p x p) variance-covariance matrix
I we are now using a (p x p) variance -covariance rrlxabfriXAE .

: Our transformation matrix C of (V:2) thus _Eas' a first row c§ which maximize;'

the '.befwéen' variance ofyy » namely . '

e e



Since this maximization would .ledd to fnffnite components for c'l we must impose
resfricﬁo_ns'on the transformation matrix. We thus stipulate that the variates y
shall be uncorrelated (i.e., have zato covdrianéés) and each Be of unit variance.
But the variance-covariance matrix of the transformation (V:2) is CI .QC' and we
are thus making the maximization of (V:8) subject to
‘ £330 =1 : - (v29)
The foregoing requirements for the first row of C can be extended to the

~second, third s+ TOWs 50 that we may fihally state our problem in matrix form as
follows: To maximize the 'between' variance-covariance matrix _
_ c=¢’ : - (vs10)
subject to :

CZoC =1 o (V1)
’ Now wje may write (V:11) in the form

: (CEY?) (SL2C) = (CEY?) (C2LY)’ = 1

and putting : :

CEfr=F

this is the same as
With this notdi'_ion (V:10) becomes :
(CZY) 252 B2 (czlfy
= F(Sg2E2g'2) F : e (V:13)
Our procedure is then as follows. We first find the roots Vi > vy > Va...
of the pth degree polynomial _equaﬁdn : | ha
|Zg2EZg2 ]| = 0 : (V:14)

and then determine the p components of 'f; the ith row of F from the p equations



- supplemented by the relﬁfiqn, : . _
k=1 . - o (Vi6)
Einallf, we find the p components of'c; from the p-relations | =
OiZlE = f : (V:17)
. As we might suspecf‘, the p roots §f (V:14) are only distinguishable when
p<h=-1. Whenp>h -1 there are (p - h = 1) zero roots and h - 1 distinguishable

other roofts.

EXAMPLE (V31)

. As an example of the calculations, we shall consider some bivariate data' oh.'
frogs fron; Southern Sweden. The first step is to present the data in the form of the
multivariate analysis of variance (often merely referred to as MANOVA).. This is

shown in the following table:

 Degrees Length Breadth
-_of Freedom :
P matrix 1 £ 1080 16-15]
3w e | 16-15 2415
W matrix 47 - [841:45  938-09]
= 475, - |938:09 1099-65]
“Total’ matrix - 48 [852:25  954-24]
= 483, - ' 954-24 1123-80)

The W matrix is obtained directly from £ while, e.g., the sum oi' squares
of cranial lengths ‘between’ the sexes is :
(35 22:360)% (14x21:821)° (35x 22-860+ 14 x 21-821)*
w ' n 19

As a matter of interest we may calculate the ratio of the determin-
ants [478g] to [48Z,], namely 45,288/47,185 = 0-9598.

For computations on a desk calculator the ‘determinantal equation is best

pre- and post-multiplied by WV . giving

|P.—¢W|"=' o

5



We have stated that when p >h—1 (as it is here) this equation in ¢ will

only have & —1 non-zero roots. This is easily verified here (A = 2) when

- we insert the numerical values of P and W into the quadratic, for

the term not involving ¢ (namely 10-80 x 24:15 — 16-15 x 16-15) vanishes,
Let us, however, proceed less directly in a manner that extends quite
easily to larger values of p.

Let us write -
4(9) = [P—¢W| = 7Y« +B¢)
where « and B are determinable coefficients. Then the equation

4(g) = 0 -
has the solution ¢ = 0 (p — 1 roots) or « +8¢ = 0. The requlred non-zero
root is thus ¢, = —«/B.

Suppose we evaluate 4($) at ¢ = +1; this provxdes two pomts on the
curve of 4($) and enables us to ca.lcula.te é1.

In this case i :
—830:65 —921-94

stfedih = DW= e -1075-5o| S
852:25 954-24
caif = A1) = [P W] = |954_24 193.50] = 471848
and thus '
« 37939
$1= —3 = Sopga = 041887

There is thus only one vector of ¢-components and, since p = 2, there
are two components in the vector. Writing these two components as a
and b the two equations are

10-80 16:15 : 841-45  938-09
Sou [16-15 24-15] =oetE 5 [938'09 1099-65]
Both lead to the same result so we write only the first one, namely

10-80a 4+ 16-15b = 352-46a + 392-04b

ie., : -
341-66a 4376795 = 0 or a = —1-10282%
To supplement this

[ p)[S1145 935097 a
03809 1009-65] |5] = 47
841-45a2 + 1876-18ab + 1099-65b% = 47

and substituting for a this becomes

53-943b% = 47
- whence :

b = +0-93343
and thus

a = T102941

Note that we may choose whether to make b poatlve or nega.tlve but
that the sign of a is then fixed as the opposite to what we ha.ve chosen
. The c'momc'zl transformation has thus become

y = [1:02041 —0-93343]x

11 (el e ————— 4 P bR g B
.

5,



This axis clearly passes through the brigin of the x-mcasurémeﬁts since

X = [g] impliesy = 0

; - It is, however, more helpful to move the origin of the ¥’s to the 'gra.nd
-’ mean of all N' = 49 observations. This may be done by writing

y = [1-02041 —0-93343] [zl 522-563]

z; —23-953 ;
. On this axis the mean of the female cranial measurements is =
| e 10,421 [0°207 o
o = [1-02041 —0-93343] [o- . 4] = —01087
while :
=

. §s = [1-02041 -0-93343][“1’:‘1‘2] = 0-2723
- : , —1-110 ;
The single lincar function ¢i(x—X) obtained when % = 2 is known as
_ the discriminant function. Having caleulated ¢{ and X from two (large)
___ groups of observations a new observational vector x may be inserted
into the discriminant function and the observational unit allocated to
. one or other of the two

groups (universes) depending.on whether the
result is positive or negative, respectively.

Example (V.2) = : B i

-

’ ‘ A o speci f Rana
This example concerns four samples of two species o
from four localities in Europe. Here we then have four %

roups.
g‘he lv)ar:lous stages in the calculations are supplied here
below _ \

ME AN A

59.26000 30.77000 .2.93000

60,30000 31.15000 2,91000

76.89000 41.34000 3,93000

66.08000 _33.47000 " 4.22000

WITHIN GROUPS SSCP MATRIX
;734.25376 3436,53560 372.876%0
3436,53560 2103.70678 193.50070
372.87610 193.50070 45.568§o

AMONG GROUPS SSCP MATRIX,A(I,J) B
17773.14448 8916 65952 763.11190

8916.65952  4986,78728 ;70.858 :

763.11190 . 370,83890 ,59‘5’ 6




- SOLUTION OFvGENERALIZED DETERMINANTAL EQUATION

22383.9561728 409,1178368 26.4152414
0.8889501 -0.4545612 -0.0560515
0.4564274 S g RB93P6S 0.0261398
0.0379687 -0.0488204 0.9980856

"SPUR OF B(-1/2)A3(-1/2) = 1.3958787
0,9536221 0.4397442 0,0025123
 EIGENVALUE 1 0,9536221
EIGENVALUE 2 0,4397442
: EIGENVALUE 3 0,0025123
___la_g__n__ELﬁgNVALuss . 1,3958786
EIGENVECTORS

-0.0059098 ~0.0069884 -0.0239902
0.0000888 0.0277070 0.0346539
0,1855064 -0.0300519 0.0490131

TEST FOR 2(1,.J)

-0.0059098 -0.0069884 -0.0239902
0.,0000888 0.0277070 0.0346539
0.1855064 -0.0300519 0.0490131

CANONICAL VARIATES

' -0.0318414 -0.1685222 -0.3711192
0.0004786 0.6681476 0.5360817
0,9994928 <0.7246924

0.7582129

Classification and canonical variates

From the foregoing discussion, it may have become clear, that

the method of canonical variates would seem to be well suited

to the problem of c1a551ficat10n, as occurring in numerical taxonomy
- The NT experts claim, that canonical variates have no physical
significance, like the indices and categories they advocate

and a classiflcatlon achleved by means of CVA cannot be explalned
or interpreted in famillar terms.
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TCANONICAL VARIATE MEAN NO, 1

|
| CANONICAL VARIATE MEAN NO. 2

CANONICAL VARIATE MEAN NO, 3

)
1

{CANONICAL VARIATE MEAN NO, 4

10.39529 0.33875 -0,21857

A_@

TESTS OF SIGNIFICANCE

. LAM3DA NO 1 i
: -3.6528100
CHISOUARE = 445,6428160
_LAM3DA NO 2
- e -0.5818772
CHISQUARE = 70.9890232
LAM3DA NO 3
-0.0025155

CHISQUARE = .0.3068852

. 6l
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Any difference between individuals may be déscribed of SIZE

and SHAPE in biometrie connexions. These are, however, not easy
to define in statistical-mathematical terms, and there is no
satisfactorily objective way of measuring these.

Effective number of dimensions

In general, in €VA, the EFFECTIVE NUMBER OF DIMENSIONS cannot be
more than the minimum number of variables and ONE LESS than the
NUMBER OF GROUPS.

This reciprocity between the variables and the degrees of freedom

, of the groups can affect the way in which the analysis is

carrled out. - With only two groups, and thus one degree of freedom
representlng the contrast between the groups, it may be convenlent

to introduce a pseudovariable to represent this conirast, and carry
out the analysis on such a varlable. With several groups, this
method is naturally Possible, although it is not the best way
avallable,‘partlcularly, if the number of variables is less than

‘the number of group contrasts.

Usually, the standard analysis of variance and covariance s
technique is preferable to separate the degrees of freedom for the
group contrasts. In terms of the general statistical problem
involved, the CVA technique is one of correlating one set of

P variables with another set of ¢ variables, and this may, of

course, be done, starting from either set. We shall run into
this concept again in the Chapter dealing with the subject of
canonical correlation.

Applications of the generalized eigenvalue: problem

In mathematical terms, we may look at the foregoing procedure as
a generalization of the standard eigenvalue'problem, in the
form with which we have become familiar in connexion with

the method of principal®component énalysis° We shall briefly

refer to this in non-statistical terms in order to put our’
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discussion on a par with the prévious sections, .In»particu;ar,
in Applied Mathematics (for example, Oscillation Theory, the
theory of Differential Equations), we héve the generalized
eigenvalue problem: : :

Ax = ABx; (A - AB)x =0,
with two, n-rowed square matrices, A and B. This problenm is
sometimes known as the eigenvalue procedure for the matrix pair‘
A and B. The nontrivial solution of the equation is in terms of the generalized

characteristic equations

jA -] = o.
This is'ah aigebraic equation in'l, the absolufe';ember of
which equals |A| and the coefficients of A" equal |[B|. Hence,
it is oy . an equation of the n-th order in
i, when B is nonsingular. In this case, the generalized :
condition may be put in terms of the special by multiplying
through with B-l,'as follows: - :

iy = 8 = ix ¢

B
Hence, it is possible to carry out the solution in terms of
matrix S and there are n roots ki'for the characteristic T
equation, : : ' e

This point is of considerable importance for computer applications ,

because it allows one to produce a readily programmable

- procedure for producing the eigenvalues and eigenvectors of the
generalized charactersitic equation in this special case.

In other situations, where this particular structure does not
pertain, the methods of solution are vastly more tedious'indeed.

What'happeps if B is singular? 1In this case, the'characteriStié
equation will lack the highest power kn and, in certain
situations, also some of the lower powers.

If B is singular,fbut'A is nonsingular, the transfbrmdtionfv
W = 1/, allows us to treat the problem in the.form.-



identification, which may be put into the following ferms.
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CHAPTER VI
DISCRIMINANT FUNCTION ANALYSIS

We shall now be concerned with the classical topic of

discriminant functioans. These are among the most widely

talked about sections of layman statistics, superceded only

”by factor analysis; although the roots of the concept are

predated by Hotelling's researches in 1930, R. Fisher, by the
mode of treatment of the biologic problem with he was .
confronted, gained the support of popular fantasy. The discriminan
function was invented in order-to solve a problem of -

v

s

Given a specimen, or a homogeneous sample of specimens, deriving
from one of k populations, it is desired, with a min;mum risk

of error, to identify the specfmen or sample of specimens

with one of these k populations., Tpe two principal basic

points connected herewith are:

1) —That the specimen or’ sdmple actually
does belong to one of the populations:

2) That the covariance matrices of the k
populations are, in statistical terms, -
equal., ’

I shall not here take up points referred to in my article in
Computer Contributions 7, which are of a general or introductory

nature, but will expect the seminar participant to be familiar,

‘with the underlying points raised therein. I refer in particular-

to the topics reviewed on page 5 of this paper.

The problem of classifigation may be considered as a problem of

statistical decision Functions. There are a number’of hypotheses:

each of these is that the distribution of the observation is

a given one. .One of these must be accepted, the others rejected.
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For only two populations the problem is eleméntary anq requires
only testing the hypothes;SNOf a specified distribution against
another. A

In constructing a procedure of classification, it is necessary
to minimize the probability of misidentification, that is, it
is desirable to minimize, on the average, the bad effects ef
misidentification. - ‘

We shall consider the simple case posed by the two-populational
situation.,

-

Suppose.we have a specimen, represented by a vector of p,
hopefully diagnostic, observations, and it is known to derive
from either of the populatiens ™ or Toe We may set up an .
identificationary rule such that if the specimen is characterized
by certain sets of values of Xys o o o e xp, it will be identifie
with ™5 but if it has other values we shall regard it as having
come from Toye ¢ \
It is natural to think of the vector of observations txpifying
our specimen as a point in p-space. Consider this hypef%pace
divided intwo two regions: If the specimen falls into region
Rl’ it is identified as belonging to m, and if it falls into

1

the region of space R it is identified as coming from Tge

2
In this given elementary 51tuat10n it is loglcally only pxmbh

for our geostatistician to make two kinds of errors in
identification., - Firstly, that of puttlng a specimen from (1) into

" (2) and conversely. The geostatistician will be concerned to

a considerable extent with the cost of misidentification = how
bad it will be if his procedure is ﬁfong. We may express the
cost of the first type error as C(2|10 >0) and that of the
second type error as CKl[Z)(>0), which costs may be measured in
any kinds of units, for, it is the ratio of the costs .that
turns'out to be important and not their actual magnitudes on

their own.

A good classification procedure will, therefore, be one that




minimizes the costs of misidentification.

Let the grobability that.an observation comes from population Ty
be q, and from population m, be qy. The probability properties

of the first population are specified by a distribution

function and likewise for the second population. Since the
probability of drawing a specimen from ™ is > the probability

- of drawing a specimen from this population and correctly

identifiying it is qu(1|1,R). Similarly, the probability of
misidentifying the specimen in this_situation is q1P(2|1,R),
and likewise for the second population we have the- probabilities;

_q,P(1|2,R) and q,P(2|2,R).

The statistician will also want to know that the average or
expected loss from costs of miéidentification is? It turns out
to be the sum of the products of costs of each misidentification,
multiplied by the probability of its occurrence: Thus, =

C(2|1)P(2|1,R)q, + C(1]|2)P(1|2,R)q,. (VI:1)

It is this average that one desires to minimize. In other words,
one Wishes to divide the space into regions R, and R,, such that
the expected loss is as small as possible. A procedure that
minimizes (1) for a given q, and q, is called a BAYES el
procedure. You should keep the notion of this in mind as

~Bayesian estimation procedures happens to be a term that is

the expected loss if the observation is from 1

receiving the etiquette "catchy" presehtly, in computer-geologic

circles.

Let us now regard the situation when we do not know anything about

a priori probabilities. 1In this situation,‘therexpected loss

if the observation is from m

lis

C(2|1)P(2[1,R) = r(1,R);

2 is
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C(1j2)P(1]2,R) = r(2,R).
For the treatment of this situation, one considers a procedure
of identification, R, which is termed admissible if there is no
other procedure which is better than R. If one considers the
"entire class of admissible.procedures" it ﬁay be shown, that
under certain conditions, this class is the same as the class

of Bayesian procedures. If every procedure outside of a class
_of procedures is lesé éood than at least one procedure within .

" the class, the class is said to be"complete™ " The class is said -
to be "essentially complete™ 1f at least one procedure within o
it is at least as good as a procedure occurring outside the

" class. The class is said to be a "minimal complete ~class™ if it

is a complete class such that no proper: subset is a complete

class. Under certain conditions, the admlss1ble class may be
shown to be minimal complete.,

A principle that usually 1eEds to a unique procedure is the

mlnlmax pPrinciple, which is a Principle that makes the maximum
expected loss, r(i. R) minimum. -

We shall first briefly consider the Bafesian example, that is,

the case occurring when the probabilities are known.

For a given, observed specimen, from p—sﬁace, one minimizes the ~

] probability of misidentificaq;on b& assigning it to the @

population with the higher conditional probability. -
In symbols, then, if v i ’

~ R
A
i

qlpl (X) q2p2 (x) B

qlpl(x) + q2p2(x) qlpl(x) ,+ quz(x)

one chooses the first population, Otherwise, the second
poﬁulation is the one*selected for assignation of the specimen.

_If the two are equal, then the specimen could be equally as

well be identified with either- of the populations.

In such 4 case, practicially speaking, one may wish to consider

another choice of variables to be measured on the specimen, etc.
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The foregoing may be put in the form of a theorem which goes as
follows: )

If q; and q, are a priori probabilities of drawing an observation
from populafion w, with density p.(x) and 7. with density p, (x)
respectively, and if the cost of misclassifying an observatfon
from m, as from m, is C(2|1) and an observation from 1. &s from
m is E(1|2), thefl the regions of classification R1 anf Ry, define
as follows: . -

. p,(x). c(1]2) ; ’
Ry: P1 ‘s %% _ ~
Py (x) C(2|1)q, ;
p. Py(x) c(1]2)
Ry: P1®) 12)q,
P, (x) C(2|1)q,

minimize the expected cost of misidentification.

In the case where the statistician does not know anything
abou% a priori probabilities, it is necessary to seek for the
class of gdmissible pbrocedures, notably, that set of brocedures
upon which improvement is not possible. It may beqshown

that a Bayes procedure is admissible. 1In thé form‘of a theorem
this may be stated as: If Probability{p,(x) = Ofjm;} = 0 and
Probability{pl(x) = Olnz}’= 0, then every Bayes procedure is
admissible. It is also readilyfpossible to ' prove the coverse

of this theorem, i.e., that every admissible procedurg is .a
Bayes procedure. The proof of thié theorem shows that the class
of Bayes procedures is complete and it may also be shown, moreover
that the class of Bayes procedures is minimal complete. since

it is identical Withzthé class of admissible procedures.

We shall now use the foregoing discussion to review:the
Philosophy of "classification" = identification by means of

the technique of discriminant function analysis'(hereinafter_ref-
ferred to as DCA). * '

Consider two multivariate normal populations with equal covariance

-
¢

matrices:
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.1 )
N(u( ),2) and N(u(z))z). We approach the problem by considering
the i-th density (i=1,2) expression, which may be expressed as

_ 1
(2m) P|z|

p; (%) 75 ~expf-%(x—u(i))'Z'lfx-u(i))]. (V1:2)

The next step is to examine the ratio of the densities for
. i=1,2, which results in the following expression:

Pl(X) ) eXp[_%(X-H(l))'Z-I(X—H(l))]
’ - A (V1:3)
p2 (X) ' exp[—% (-X_H (2)) 12-1 (X_u (2))‘:
* The region of classification into Populatlon (1), R,, is the set

of values of x for which equation (VI:3)is greater th&n, or equal
to, a spec1a11y chosen value, say, k.

This ine&ualiﬁy may be written in terms of the logarithm of
(VI:3) (as the logarithmic function is monotonic increasing).
Thus, *

(1))12_1(}{_“(1) - (X-“(z))’z-l(x—H(Z)) > 1°g k.
(Vi4)

-3lx-u

The left hand side of this equation may be rearranged
and expanded to yield the ensuing expression:

@ @ W, @1, W) _ @)
PN . '
@ ) - 3 rtet - e

The first term of this:exbression is the discriminant function

<
P

-

of Fisher.
Relating, now, this expression, which includes the discriminant
function, to the problem of identification, we hake the

following:

If the i-th population possesses the density given in CVIZ)
the best regions of classification are yielded by:

Ryt Expression (4) = logek -

R,: Expression (4) < loggko‘ ' ' (V1:6)
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If we happen to know the a priori probabilities, q, and gy,
then the value of "k" is given by: '

q,C(1]2)
q,C(2]1)

'In very many classificafion_computations, one will assume that
" the two populations are equally likely to be correct,

- hence, q; = 9, and the costs are equal. In my experiénce this
is usually not a good assumption, and I prefer to allow some

_form of weighting, if the available information is based on

samples of different size. In the case of equal pnbuhhhea

k becomes unity, hence logek = 0,

If there are no a priori probabilities, one may select

logek = ¢, say, on the basis of 'making the expected losses
due to misclassification equal. If X is a random observation,
distributed in accord with the multivariate Normal, then
replacing x by X in (VI:5) and calling this U, say, it may be
shown that U is normally dlstrlbuted with mean,

and variance,

: V‘arl(U) = (“(1) (2).)(2-1(“(1) = H(Z)) (\/|=7).

,This expression for the variance of U will be seen to be the

Mahalanobis' generalized distance. This is a way of defining
the "distance" between our two populations.

The methods of computing the linear discriminant function,‘as

- outlined in the foregoing, is we11 known, and programs are

available in the KU Program Library.
We shall now take a look at apitfall that may occur in
conjunction with DFA. ' ' :

‘The case of T, # I, ‘- a possible pitfall
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There are various possibiiities in connexion heiewith of
solving the problem. We shall consider two of these:

It is possible to define a statistic¢al distance
- term by means of an expression of the following kind, as has
been done by T.W. Anderson and Bahadur:

o

.b'd4 : _ : ; )
'(b'slb)i’ + (b,'szb)é

'whqre d is the difference vector between sample mean vectors,
.81 and S2 are sample covariance matrices, and b is a vector
which has to be estlmated by some method or other. It is

of the following form: o

o

|8, + (1-1:) , | td, o<t<l. | | - (V19)

the vector b has to be estimated by ~ means of iteratively
obtained values of the scalar t. Vector b, when obtained,

is an analog of the discriminant function.coefficients in the
case of equal covariance matrices. When 81 - 82’ twice the
maximum of (8) is the normal generalized statistical distance .
between samples. The estimation is made iteratively by

finding t from (after an initial guess at t)

» b'[t2 s, - - t)2 b=8 , (VI:10)
~ and solving e . -
(ts, + (1-t)s2)_b - d. - - Vi)

for vector b.

This procedure has been programmed by the writer and is :
available in the library of programs of the Kansas Geological
~ Survey.

This method is a good one, providing computational facilities
are available, but for machine_computation; the amount of
“work is considerable, involving as it does, a matrix inverse

. for each iteration. o 2 ' :



If it is desired to test the resulting distince for significanc
this approach is not safisfactory, as_the statistic yielded
by this procedure is not .related to a test. If it is required .
to test the significnace in the case of unequal covariance
matrices, it is necessary to employ the method devised by

the writer. These topics will receive treatment in the next
chapter. ' ’ ’

Nbrmally, there will not be any point in carrying out a DFA_
. study, if the means of the two groups are not significantly
‘different. Therefore, logically, the calculation of the
Hotelling T2-shou1d precede the proposed DFA, and be the
decision-making point for this} waever, with respect to the
actual calculating sequence, it is just'as well to output
the_discriminant coefficients, whether or not the distance
value is significant. Again, this is a topic for the next
chapter. ; '

Discriminant functions for more than two populations

. By and large, the theory pertaining here is nought but an
outgrowth of the foregoing. We can approach this problem in two
ways, from the point of view of the éalculationary'procedures.
For the sake of convenlence, I shall refer to the two models
as the (2) matrix inversion model , and (b) the generalized
determinantal equation model.

In my experience, it is model (b), that is the most widely
employed one in computer'applicatigns, while model (a) is«the
concept most likely to be found in textbook discussions of the
technique. ' . e

(a) The Matrix Inversion Model

N

| Let Pl,'.,..., ?m bé m populations with density functions



;bl(x). o e °,pm(x) respectively. It is now desired to divide
this space into m mutually exclusive regions Rl’ s o o oy Rm’

I do not propose going through the arguments connected with

the development of the identifacotry procedure, as it is '
virtually the same as for the two-populational case already studied
in some detail. - S ) ; -
We shall for our purposes assume that the costs of’
misclassification are equal. We shall use the functions:

p,(x) .- . .
J =[x - 3@ +"u'(k2]'2"1(9(3)-u(k)

- alVI:12]

-

If a priori probabilities are known, the region Rj is defined

u.,. (x) = log
Ix P, (%)

by those x satisfying:

Y -

d
- >
R.: ujk(x) log qk

. Jd » k=1, « . « ., mj

I T (V1:13)

If ¢ is then the a prféfi*probability of drawing an observation
from one of our populaﬁi%ns, then the regions of classification,
Rl’ coscooy Rm’ that miﬁimize the expected costs of
misidentification are defined by the inequality (VI:13), where

ujk(x) is given by equation (VI:12).

The probabilities of correct classification

»

If X is a random observation, let us consider the random

“variables: ' ¢
U, =[x - 3@ 4 @y, G | @), - (VI:14)
Here, U.. = =U I} is necessary to use m(m-1)/2 identificatior

Jji ij® .
functions if the means span an (m - 1)-dimensional space.

For the case of m=3 and number of variébles =p=2,
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The regions Rl’ R2, R3 are marked out by fhe three lines
meeting at O. If the minimax procedure is valid here, these
lines cannot be shifted to any other posttion and still retain

the equality:

P(1|1,R) = P(2|2,R) = P(3|3,R).
This equality of probabilities uniquely determines
§ k(X) > cJ - k’ k l,ooo,m kfj (VI:]S)

The situation is shown in Fig. 2.

To do this in an actual problem in which we have the numerical
values of the components of the mean vectors and the covariance
matrix, one would consider the three (s’p+1) joint distributions
each of ZUiJ (j#1). One might begin by trying the values of

: c; = 0, and using the tables published by Pearson in 1931 in

the Biometrika series of the bivariate normal distribution,

compute P(i|i,R). By trial and error, a value of c; is

finally found which approximates to the above condition.

The above theory may be applied to the case where all

parameters are estimated, providing the sample sizes are

large.

Multiple Discriminant Analysis: Determinantal Equation Model

This is another procedure occurring in the literature and,
as already observed earlier on in this chapter, it is one
that is likel& to be encountered_in'computér work, ﬁs it is
often more economic to program than the first model.

 Here we use the equation: 5

wla - a1p-o. = (V1:16)
Here, I is the identity matrix, W is the pooled within »
cross-products matrix, A is the between cross products matrix.
Thus, if T is the matrix of deviations from the grand_mean:

T=A + W,
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The required discriminant functions come from the solution
of the equation - _ =

»(wfla - ADv = 0 - (V1:17)

o,

-Equation (VI:17) derives from the maximization of the ratio:

x o= Ay, - s e

' b A
iwvi

where i =1, . . ., p (p is the number of variables). 1f

g denotes ‘the number of groups, and g-1>p, there will be P

- eigenvalues; if g-1<p, there will be g-1 eigenvalues.

. Equation (VI:18) also indicates a further useful poznt notably,
that the eigenvalues of A and W are the same.

It is often stated (e.g., Cooley and Lohnes, 1962), that the
magnitude of;ki shows how good the‘particular'“ﬁmcﬁmn",

with corresponding eigénvector.elementswas coefficients, is
at distinguisning the g groupsﬁ This‘is, however; not
necessarily true (Eullback, 1959). o ' -

fThe Wilk's lambda-criterion for testing the 51gnif1cance of

-

eigenvalues 1s.

. deid
N
RS 4

S
i

r > =
1
A ‘e _121[ 'TT:K;)]'- = ; (Vis19)

As regards which of the two "discriminator models" is the
"riéht" one, it may be mentioned,pthat under certain-
conditions, model "2" converts algebraically to model "1",

In effect one could compare the two by saying that the second
model attempts a stepwise approach tothe problem. Instead of
using the entire covariance matrix, it brings sbout a
'stepwise breakup of the matrix in the hope, that one'of the
»1inear combinations will be more effective than a "blanket"
”discriminator in separating the groups from the point of

view of emphasizing their unlikeness to the maximum.



With these few remarks, I think I have presented the main

features of the concept of multivariate identification.

The subject is, however, one that has attracted much

attention among mathematicians and the corpus of pertinent

.literature is large indeed. There are numerous deﬁelopments

of the theory, some of which involve'exciting new slants on

. the problem, but in all of these, the ‘level of sophistication

'.of the mathematics, exceeds that usually encountered in .
statistlcs. : :

. Example VI.1

As a first example of the calculations we shall consider

a trivariate study of an ecologlc-sedimentologic problem.
-pH, Eh and free oxygen have been measured on the
_interstitial pore water of nearshore sediments from the

- Ivory Coast and the Niger Delta. The first step ih the
calculations was to ascertain whether the covariance*matrices

- of the samples_differ sufficdehtly to invalidate the

usual method of calculating the discriminant function._-
The results of these computations are shown below:

SECTION (1). Homogeneity of covariance matrices.
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Niger Delta (rv 37) _ : Ivory Coast (N =20)
PH R (0] _pH Eh e T0T
7,326 -140.000 6,000 7,610 -188,000 58,000
7,740 -150,000 39,000 8.110 -208,000 24,000
7.690 80,000 50.000 7.460 =-180,000 20.000
7.830 160,000 38.000 7.790 121,000 56,000
7.308 =-135,000 42,000 : 7.420 =-167,000 70.000
7.460 -230,000 40,000 7.280 =167,000 30.000
7.300 -210,000 40.000 . 7.420 -156,000 32,000
7,510 =-210,000 48,000 » 7.410 -80,000 26,000
7.480 -171,000 52,000 - . 7,410 -90,000 32,000
7.514 -155,000 32.000 7.510 -115,000 72,000
7,438 -200,000 32,000 __7.450 -166,000 42,000
7.557 <175,000 42,000 7.690 45,000 49,000
7.474 <195,000 32.000 7.930 93,000 72.000
7,600 ~-206,000  80.000 , 7.880 159,000 77.000
7.390 120,000 48,200 = 7.680 =-142,000 52,000
7,670 -40,000 20,000 7.760 65,000 75,000

7,480 <-162,000 28,000 7,460 -95,000 = 69.000
7,606 -85,000 48,000 ; - : 000
7.300 -205,000 84,000 7.500 -120.033 gg.ggu.
7.365 =-230,000 19.000 7.610 =155.0 0 e 000
7,340 +158,000 25,000 7.430 =-180,00 At

7.520 <-163,000 38,000 s

71425 -112.000 00000 < a
7.700 =-189,000 31,000 -
7,443 -139,000 = 41,000

7,510 =-110,000 42,000

7.594 -200,000 59,000
7,524 100,000 23,000

7,630 <-198,000 71,000
7,560 =-218,000 32,000

" 7.560 +196,000 41,000
7.650 <177,000 23.000

7.518 ~-172,000 46,000

7.294 -219,000 66,000
7,668 -135,000 43,000

7.554 -205,000 30,000

The calculations were made in accordance with a previous chapter and
give, for the information-theoretic equation, x2 = 11.9, which for
6 degrees of freedom is not significant.

We shall go ahead as though
there is nothing unusual in the data.

As a matter of fact, some further
.tests on the covariance matrices suggest that larger samples might have..

shown up the existence of a certain degree of unlikeness in the
covariance matrlces. : : :

{3

. SECTION (2) The discriminant functions,



~ MEAN VECTOR OF

_ MEAN VECTNOR 1 MEAN VECTOR 2 DI-FFERENCES:Q_DAPTED
7.5213776 7.5904994 -0,0691218

-146.8378368  -86.2999992  -60.5378376

-

40.1135128 51.6499996 =11.5364866
COVARIANCE MATRIX 1

 0.0168720 4,0870768 - 0,0045641
~ 4,0870768 8363.8063104 -172,5078656

0.0045675 -172,5079184  310.85454490 % : =
COVARIANCE MATRIX 2

0,0457997 12.4006797 1,1217780

12.4006732 13278.1158400 1102.6788608

1.1217780 1102,6788608  362,4500384

INVE?SE OF PQOLED COVAR[ANCF gATREX - -

45.6182420 -0.0307767 _ -0.0291041
-0.0307767  0.0001224 -0, 0000632
T -0.0291045 -0.0000632 0. 0031286

DISCRIMINATOR COEFFICIENTS e : -
=0.954301 -0,004551 -0.030255 ..

D . D SGUARE
' 0.8309612 0.6904965
SIGNI®ICANCE FOR D SQUARE AND T SQUARE
T SQUARE = - 8.9643410 EERI I i
F = 2. 8794550

These results, for 3 and 53 degrees of freedom,
are below the level of significance which I believe should

be adopted in this connexion, notably the 1% level, and there
is no strong evidence, theat the two groups are different
with respect to the multivariate test used. This example

is also the one used in the next ‘chapter. Note, that the
Tz is the statistie devised by Hotelling in 1931.



Example VI(2)

This example is concerned with the analysis of POTTER's
data. It deals with 15 variables, expressed in uncorrected
proportions and refers to two samples of shales. It is
desired to set up a discriminant function that will be able
to distinguish between marine and freshwater shales. :
For a discuss1on of the various chemical variables, I refer
to Pbtter s published paper. - e St :

-

- NL = 39 N2 = 43 : DIFFERENCE

___MEAN VECTOR 1 MEAN VECTOR 2 MEAN VECTOR
111.,7692288 62.6511624 49,1180672 .
72,4102560 65,4418600 6.9683961
13,1282050 12.0232557 1,1049494

__40.1282048 29.9534880 - 10,1747164
83,1282040 98.5581384 -15,4299344

36,2948696 26.1279044 10,1669654

20,6538448 15,1232540 5.5305907
.17.4358972 29.5348832 -12,0989861

14,1025640 8.8372092 5,2653549

_33.7179484 33,9534880 ~0,2355399_
32,8205124 21,1627904 11.6577222

—--1.9230769 -~ 5.5116270 = =4.0885509 .. _.
3,8212816 2.0027905 1.8184911
__8,6646144  4,5553482 = 4.,1092662

@ 1.8099999 1.7541859 0,0558139



_ COVARLANCE | MATRIX 1

979.1297152 696.2288192 | 37.9251124 530,6619968 737.1621056 448,0698432 220.5206336
© _7.9453638 -41,7509764 _ ~51,4371912 =8.,7550562 29.9003196 68,6660656 -7.4523716__
696,2288192 "~1253,4588672 16.4986506  775,4197120 578.5776000  250,2995200 86,2825600
_42.4B31412  -26,5654296  -80,3981024_ __ -36,3360316__ 51.3423428 __ 117,7980112 ~6.1626362
37.9251124 16.4986634 13.9568158 3.9831350 38.3252460 29,7085728 19.3639556
~12,7766513 ~8.1207789 13.5762552_ _ -3,0161942 __ -4,5070098_ -10,1429723 1.131842¢
530.6619968  775,4197376 $.9831350 897.4305152  332.9305312  284,3848256  100.7744640
19.7233564 . . -46,0154960 -2.7395276 ___~22.0951408___ 66.2982440  151,1035680 -2.2763182
737.1621056 578.5776576  .38.3252460  332.9305312 876.8516608  3I82,5217120 227.2455008
_-=44,3555840 -1.8049445  -18,5289882 _-33.0161916 _ -5.1249004  -11.,1003481  -8,861315?
428.0698432 250.2995456 29,7085728 284,3848256. 382.5217120 329,4111040 171.7276608
~64.9652408 . -64,5988376 70,5938136___ -28,529348Q0 __18.4749816 42,0773892 -1.,9926300 |
220.5206336 86,2825720 19,3639556  100,7744640  227.2455008  171,7276608 128.6846832
-58,5425152 . 270.4949560 85.5941088 __-15,4483782 ~2.8709074 -6,40474590 1.7903438
$3.9979952  100.8164824 10.3373830 51,1268628 '97.7058104 87.4996712 58.8916912
-41,1774608+ ~-32.3211792  ~-33,3670652  =10,0708496 -3.0768874  -6.9378501 -1,346052%
7.9453510 42,4831412 -12,7766530 19.7233500  -44.3555968  -64,9652480 -58,542515?
74.8313088, - 42,8981160 -103,3232096  26,7712550 6.8340759 = 15,3845118 -3.6368420
-41,7509764 .-26.5654296 -8,1207789  -46,0154960 -1.8049445  -64,5988376 -70,4949560
42,8981160  127.2604720 -152,2098304 ___ 14.3724700____ ~6.0548915 -13,6715600 ~5,2460520
-51,4371912  -<80.3981024 13.5762488 -2,7395276 -18.5289882 70.5938000 85.5941088
-103,3232096 -152.2098432, 353,6774624 _ =64.7773272 _ 5,0607637  ™11,4603334 11.3157877
-8.7550594  -36,3360304 -3,0161942  -22,0951408 -33.0161916 -28,5293480 -15,4483782
_26,7712554  14.3724700  -64.7773264_ __33,7044528___ -2,7630557 -6,2354231 ° _~1,0868419"
29,9003196 51.3423428 -4,5070098 6672982440 -5.1249004 18,4749802 ~2.8709074
__.6.,8340767 = -6,0548915 3,0607637_ . _=2,7630557_ 15.0271064 33,9056424 -0.4957044_
£8,66605361 117,7980112  -10,1429740 151,1035648 -11.1003545 42.0773892 -6.4047450
_.15.3845118  ~13,6715600 11.4603334 _ =-6,2354231 33.9056424 76,5220048 -1.0939839
~7.4523716 = «6,1626362 1,1318417 ~2.2763182 -8.8613152 -1.9926300 1,7903438
. -3.6368420 . -5,2460520 11,3157877  -1,0868419 -0.4957046 -1.0939839 0.9375106. |
COVARIANCE MATRIX 2 ,
1051.7087744. =26.6516926 32.1987880_ __ 164,0786352 -167.0327376 _ 447.5931840 -224,3964224
75.5371024! 195,8167296 -127,4418464 16.0160608 11.5750397 - 26,.3509634 ~3.4939837 |
~26,6516926"  912.5382144 66,3704416__ 406.3543968 1149,3189888° __ 62,8183120 _ 65,3752312
28.5022200° =207.2646480 81,2596944  -52,9457304  -23.,2112568 -52,7374004 8.9440568
__%2,1987940!  66,3704416 15.2613524__ 41.4296840 _ 124.4867216 39,1969568 21,5280194_
-2,4723133"  -9,3798362 12.9485095 -8,2502760 -1~.3226841 -3.0051247 ~0.9848613
164,0786352! 406,3543712 41,4296812 _ _243.5692192___577.3123072 95,1251272 65,4534968
40,1827244! -26,0022036 16,3648970 -24.9280160 -5.0896265 -11,5378329 4,8192465
_167.,0327376 _1149.3189888  124,4867216. 577.3123072 2481.1097344__ 261,6841024 _ 153.4724576
23.6406598 -205,5923984  121.3593744 -119.4352080 -22.6563486 ~51,3523176 -8.2502498
447,5931840!  62,8183120 39.1969568 _ 95,1251272  261.6840800__ 422.3120800_ _ 208,.4688576
2.3070301 2.6608305 -23,8784584 =10.8884131 6.7133774 15,2391922 ~5,9516641
224,3964352 65.3752312 21,5280194 65,4535024  153,4724576  208,.4688576  122,4718496
7.6824573  -13.1298187 -14.,7895680 -6.9050292 3.1695073 7.1885477 -2.8248829
=139,9279888. 150.4485200 7., 1539364“__mriL6173735_"_1&0 0277152 . 29.7989904 27.1420428
-£0.,9108472 -255,2602272 -139,3272336 =~-20.7087458 -13.6236680 -31,0188740 5.6579437 |
__75.,5371024: .. 28.5022290 =2,4723133 ____40.1827272___ 23.6406598 _ 2.3070330____ 7,6824573
97.,4252496'  45,1827272  =-42,0681032 <-19.6290136 4,3330843 9.8611315 0.6728408

_195,8167296 =207.2546704

P

—a |

o
H -
U FEPEUUTUNUNSII. t DU

=9.3798420. __=26.0022086._=205.5924464____ 2.6608305._ . -13.1298246

_ 45,1827244 '~ 275,6644544 -114,2303392 48.6434120 4.9458473 11,2807340 -0:9967056
~127.4418464. . 81,2597072 12.9485095__ 16,3649028 .. 121.3593744 ~23,8784584  -14,7895680
‘42.0681032[ -114.2303328 430.7585856 -135.1328864 11.4835836 26.1138770 -8.0097445
_.16.0160664 -52.9457304 =8.2502760___~24, 9280132_qulﬂli§5gﬂﬁﬂ"__:lﬂ¢5§§&l1§ - 76.9050278 _
-19.6290136 48,€6454148 -135,1328864 126.8272416 -7.138841?2 -16,2368452 2.6756652 -
—11.5750411° -23,2112554 -=~1.3226841  -=5.0896257 =22.6563486___ 6,7133774 _ 3.1695073
4,3330843 4.9458480 11.4835836 -7.1388412 5.6016061, 12:7424460 -0.,6929448
26,3509634 -57,7374004 -3.0051255 __ -11,537834{5 ___ ~51.3523176 .. 15,2391922 __MM7L1885477
9.8611311 11.2807354 26.1138770 «16.2368454 12.7424460 \.,28.9863754 5761217
-3.4939822° . 5.9440568 -0.9848615 ___ 4,8192465.___ -8.2502498 - 29516641 -2 2.8248829
0. 6728407 -0. 9967056 -8, 0097445 2.6756651. '-0.6929448 -1 5761217 2.4926821
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COVARIANCE MATRIX

844180

316.716548 34.918792 338.2057 437
4,249780 20.279547 46,450636 -5, 374218
1074.475520  42.681341 581.660408 878.216824
-45.056123 12.201703 28.266920 1.768378
_42.,681347 @ 14.641697% 23.642573 83.560020
-5.764087 ~2.835239 ~6.395602 0.020573
581.660408 23,64257% B84 .,153320 461,230960
-23.582400 28.819612 65.716832 1.448853
878.216856  83.560020 461.230960 1719.087120
~78,386174 -14.328918 Ha52., 232632 ~-8.540506
_”151w87ﬁ99ﬂmmw34l689974 185 .023482  319.,081952
-19.267857 12,300136 27.987335 «4.071123
 75,306247 20.50008% 82.230957 188.514650
~-10.963120 0.300310 0.731734 -0.,632650
426.878301 = 8.666073 21.336139 140.924808
-15.655745 -8.613947 -19.580387 2, -5:351045
_ 35.143457 =7.366875 30.464523 -8,657562
aald114 5.521055 12.484737 =1 ., 374258
~121,432529  -8.781787 ~35.508520 -108.793380
372.364714 -0.279504 ~0.571606 -3.01514%
4,472247  13.246686 7.290298 54.,912402
-101.713994 8.432744 19.153443 1.169883
-45,056122 ~5.764087  =28,582398 -78.386174
82.593915 ~5,060343 -11.486170 0.888474
12.,204704 -2.835239 28.819613 -14.328911
~-5.060343 10078719 22.794964 —0.999456
_ 28.,266920  =6,395609 66,716831 -~32.232635
~11.486170 22.794964 51.565800 -1, 347106
C 1.768778 - 0L.020575 1.448853 8,540506
0.888474 -0.590256 ~1.347106 1.753976

COVARTA
_-0.0004704
-0.0007408

-0 0009788

-0.0004704
L0 NeaTTsT
~0.0017913
0.0013244
0239431

-0,

" -0,0001658
0,0039416
~-0.0
0.00004%0
-0.0022542
0.0083519
-0.0026079
0.0090923
0.02272990
.0 Dipe 781
~0.0134317
~0.0254030
0.0027644
_8595,0266368
0.0099833
0.6010504
.0244864
008080
0.0009239
8595.0259200
0.0186788
_0.0026900
8595.02725412
-0 0adA2s
0.0021173
28595021 7216
0.0074771
031577295
6,9846200
0,.4852358

$oa%. 0849723
~0,1922351
~0.0009788
0.0054998
0 7042432

=0 20028997

Tg0Eee. -
0. 0043857 . "

_=0,0020636 -

T -0.0224803

NCE MATRIX

 0.0013248
~0.0008673

"-0.0020636
0.0039044

-0,07014118

-0.0030340

i 0,0089986 C
117169

~-0.0010630

~0.0022244

0.0008049
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-0.0017913
0.0158195
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0.0051231

~0.0008671
. 0,0028283

. ~0.002984WE
~0.,0024393

~0.0129475
0.0086907

. 0.,0p26228
-0,0070044

T _0.0191592
8595,0271488

T 5,0222588
 8595,0359552

~-0.02358988
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~0.0180826
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~-0. 000867’
-0.0286828
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~0.0001045
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~-0.0009132
0.0115662

~-0.0008571
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 0.0052200
8595.0284800

0.0046779

94

.........

1 0.0041076
8595,0298112

0.0048731
8595.0350336

1 0.0044522
8595 ,0295040

0.1845614
7,0988091

-0.0879201
-3,1610102

=0 «0417169
0.0069290

0.0000150 ~0.0026079
0.0003261 0.1577346
T .0.0040630 0.000B049
0.0023929 0.1627174
-0.0029313 ~0.0129475
-0.0228666 =0.4265303
~0.0001045 0 00bcis2
0.0028730 0.1845624
0.0015008  =0.0001290
-0.0015548 ~0.1213554
~0.0001290 0.0202617
0.0113832 0.1324579
=, 0068814  ShEoRPepRecs
-0.0154945 -0.3720814
T-0,0031843  0.0087496
8595.0212096 12.1504907
~0.0031546 0.0134848
8595 .0236672 11.9848316
~0.0033694  0.0083480
8595,0208000 12.3121527
-0.0031925 0.0112235
8595.02776%2 12.3146790
~0.00624849  0.,0110406
8595 ,0367744 12.0450471
-0.1213549 0.1324644

.8331766
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447,819592
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~19.267856
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.0083519
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2220 22052
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~39.313147
126.873294
8.666075
0 21.,336133
140.924814
57.206808
R42.:1225127

316.053592

~149.364182
-88.996153
-15.655745
-8.613947

-19,5803588

-0.0701140

T 0.0017913
LD 0711222

1 0.,0026522
0.2118744

 -62,037488

2,531085

. =~0,0021781

43.431.026
148157
~-7.366874
30.46452¢
~B.6957556
-29.647299
-23.774405
~62.037488
86.693124
44,097535
-71.164278
2,411114
5.521056

12.484737

-1.374259

=0,0008b72 - -

-0,0879206

-0.0008811
0.0553731

-0.0232865

~0,0688008 _

0.1785091

-0.0160004
. b Rousoos

-0.0173206
-5,3257802

546.674771.2

 -0.0688037

42.3516512

0.0227290
0.4852477

~O 0095820
-5,4645017

-0.0186456
~5.4705673

-0.0180721
SB 2475170

~-0.3720779
~242.3516608

0.
107.4785264

-0..0254030

-0,1922404

_0.0497329 _

1785075

82.972068
-1721.4372518
-8.781784
-35.508520
~108.793355
~-29.,287517
~40,378254
~149.364176
44,097537
05.172560
~132.270599
32.364716
-0.279503
~0.571605

-5.015145



We note, that owing to the closure in the data, there
will be a spurious negative correlation of apprOXimately
.07. This was not corrected for in Potter's'material.

DISCQ!MINATOR COEFFICIENTS
s 0098642 ‘nlﬂinnzg____nli_i_ﬁé_nn:0,005372 =0 036015",

_ -=0.064107 _-0.022584  0.196136__ 0.248257 __0.161565

0.246297  0,168085 11.181245 <4.957331 . -0,033441
D . D SQUARE i

2,4027799 5, 7733515

4 SIGNLPICANCE FOR_D SQUARE AND T SQUARE
T SQUARE = 118.0720752

F_= 6.4939641

DFL = 15 DF2 = 66

The significance test indicates a high level of significance
and there is not much doubt, that Potter's data indicate
that on the basis of the chemical variables involved, it
should be possible to discriminate between shales from the two
environments. s

hfIn personal discussions, Po€%er has proclaimed his
preoccupation with redundant variables, and at the metting in
December we had several discussions on the topic. Clearly,
closely correlated variables are going to-add very little to
the value of the Hbtelling T2 In fact, a simple practical
test will show, that you can increase the number of variables.
in a generalized distancevstudy,-virtually without affecting
the value of T2,'providing the new variables are highly
correlated. My advice to Potter was, in attempting to eliminate
'redundancy in his data, was to remove highly correlated :
_variables. In other words, these variables, add’ little or'
no information. : : :
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 In this example, I did not calculate the homogeneity

- of covariance matrices statistics. We can, however, lodk
~_at this in another manner and I decided to do so for this
barficular case., It is possible, when the covariance
matrices are not unequai, to produce a rough generalized
distance by meaas of a rough multivariate approximation to
the so-called Welch procedure for unequal.variances, well
known from univariate statistics. This is simply : v
done by producing a covariance matrix, which is the half of
the sum of the component sample covariance matrices; : '
This yields a D2 of 5.86, which differs only”slightly"
from the value obtained under the hypothesis of equal
covariance matrices. The results are different enough

to make me suspect some sort of structural difference in
the covariapce matrices, but not different enough to _
jeopardize the conclusions as regards differences in the
two environments. ‘

-~
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. CHAPTER VII Generalized Statistical Distance.’

-

o 4

) Several of the voints pertinenf to tﬁig chaptef‘ha;e~;1reédy
been raised in Chapter VI and shall only be touched upon
again #n the interest of cbntinuity of presenEation.

For the purposes of this chapter I am going to present
- the material in a way slightly different from the foregoing
@ chapters, as 1 wish to bring out certain relationships between
‘ multivariate tests that otherwise miéht not seem apparent.
The need for this may. perhaps be brought out by mentioning
that the method of canonical variates and Model 2 of
multiple linear discriminant function analysis actually
overlap almost entirely. Multivariate statistical analysis

t

is not made up of a number of watertight compartments but .
rather of a more or less unified body of knowledge with
"output points" located conveniently for extracting
various features of importance for a particular set of
problem conditions. I also wish to bring in the basic -.
theorem of multivariate statistics, that concerning the
- Wishart distribution. I believe, that"if the computer
user realizes these interconnexions, pitfalls and
unnecessary repetitions will be avoided in the development

of programs concerned with data based on many v?:iables.

Multivariate tests for two populations e

We shall coansider to multivariﬁte populations in the
variables:

-~

- with, as is 6qr wont, the mean vectors indicated as: -

- ot

g : ) - u' 1 ’

-~




and Mge The'differeﬁce mean vector will as usual be denoted
‘by 6. For the present purposes, we shall regard the
covariance matrices as equal, thus, :

21’ = 22 = Ve
Each of the populations is normally distributed witﬁ’
respective frequency function:

- -3(x - ui)'z'l(x-ui)

fi = const.e

-

i=1,2; the constant term is

p/2
)-1

const., = (|Z|&(2n)

The Wflk's A-criterion

Firstly, we shall consider the Wilk's lambda, already
referred to in the foregoing, but as yet unexplained in
any detail..

Consider now that we have p-variate samples, based on nl,
respectively,nz, degreqsvof freedom, drawn from the two .
populations described in the above section. The observations
are independent. Our sample mean vectors are 21 and i =

the mean vector of differences will be written d and the
sample covariance matrix may be written as:

elo o150 '

where z = n, + n2 - 2. Vector d has expectation equal to §
and covariance mafrix - : »

’

e e g
(n11 s nzl)zn' c Z.



‘Since d, in accord with our assumptions concerning the ”:
two populations, is multivariate—normally distributed,

. its frequency function will be equal to: : ;ﬁ,

3@ - 8)'=71(@ - 8)

const.e

- Since S = S1 + S. follow a Wishart distribution with z

2
degrees of freedom, it may be shown, as was originally

done by Sam Wilks, that the variable.'

B haee b T et e O
|8 + aed'l _|s > q Ty

which is a determinantal ratio of a kind often occurring in
multivariate statistics and of which we already have had
occasion to observe. In the above, B is the #between#

matrix and T is the #total# matrix, reckoned from the

-grand vector of means. s e sialas e T
This determinantal equation, (1)’follows the non-central
ﬂ-distribution. 4

Under the null hypothesis: e T
H: 8 =0, e |
‘the parameter for non-centrality reduces to zero and the

distribution of A becomes the common type of B- distribution.-

We have thus here an exact' test for the hypothesis that
the populations have a homogeneous set of mean vectors.
p, C.,Tang has worked out a set of tables which permit
one to work out the power of the test.

The Wilks lambda criterion was produced in 1932 as a ge-

- neralization of the one-way model of the analysis of
~ variance. Inasmnch as one may transform from the beta

.distribution to,the,distribution'Of-the'variance ratio,
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it can be Shown,,that'(l) may be tested for_significance

- by means of”the expression (in the null case):

+1n

= 2

St 1k o -
: 'P —— v i (V11:2)
P A -

‘This is distributed as F, with p and n,+n, = p - 1 degrees
of freedom. Inasmuch as this is a generalization of ANOVA,
it is normally used with more than two groups. I have
discussed the criterion in the présent connexion in. order”
to br1ng out the fact, that in the case of two populations,“
it reduces to the same thing as the Hotelling T2 This
was not realized in the book by Miller and Kahn (1962).

—Ho.fellingsﬁTz o T T

Further to what I have just Saidtgfhe'two population

version of the lambda criterion is also equivalent to the
«D?‘attributed -to P, C., Mahalanobis, Ubing the same - ———

terminology as earlier on in this chapter, Hotelling defined

his generalization of the student t-test is: : =%

™ = cza's-la' 3 | . b (Vll:3).

which, in the nuli case, has the distribution:
(0/2-1)  _, , =(n,4n,-1)/2

- const. (T2) (1L +2z 1T2) k2

It may be shown (by a transformation involving the term-
/2 = DF/(n +n,-p-1)) e ,

that T2 may be related to the variance ratio, It is also
a matter of straightforward algebra to show, that Wilks'
1ambda and the T2 are connected by means of the expression:

™2 - a ,vA>/A._,]

The generalized distance d;_Mggalannhis'
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. The well knowh_generalized distanée was defined as,
in terms of population quantities:

2

2wk

83

: geometrically, thisvis the square of the 1enéth of a
vector in a p-dimensional space (defined be a set of oblique
axes). D2 is easily transformable to T by a simple

multiplication by-e 1.

One point perhaps worth noting at this juneture is that
D? is, moreover, not independent of the respective sample
sizes, whieh may be easily shown by a simple experiment.
This lack of invariance with respect to the sample-size
is not a desirable_feefure. The same remark applies to

.

Examples VII.
Reference is made to the examples given in the previous
chapter, as both include D2 and T2 computations.

General Remarks on the techniques reviewed in Chapter VII

It should perhaps be mentioned, that the generalized distance
is not the "actual" distance between the mean vector ;
tips in the variable space. If all our component variables
are uncorrelated, it is a straightforward measure of
distance between the points, but where the variables are
correlated, this is clearly no lenger applicable.

It is usual, in aeéfudy based on geﬁeralized distances, %o
produce a model, ddvised by Joining, topologically, the
points represented by the samples by the lengths of'the
generalized distances. Such a model is, in appearance,.~

- not unlike a crystal structure model.



L d

. There are numerous examples of the application of the p?

- to geoiogic topics{ . .Papers bv Shaw, Kudo, Griffiths,

-and many others’ have appeared treating problems of _
‘geochemlstry, mineralogy, sedimentology and many taxonomic

- questions in paleontology..”

-Reyment (1962) has dealt with the problem of computing

a generalized distance, related to a statistical test

(a Tz translatable to a variance ratio) in the case when
the covariance matrices are demonstratably unequal.» This
grocedure treats both the case of.equal sample size and the :
case of uneQual sample size’by a generalization of a
prdcedurerdevised by Scheffe fo:-a univariate problem
appearing in the analysis of variance. :

Burnaby (1966) has been concerned with a particular problem
arising in the study of organisms in which growth is
continuous: His problem concerns estimating a growth-
invariant discriminant function and a growth invariant

D? and relies heavily on an a set of assumptions concerning
vectors of direction numbers, known a priori, the effects

* of which are successively removed from the covariance
matrix. The weakness of the procedure lies in findlng ‘
‘the vector of directlon numbers, as there is no satisfactory
way of obtaining an objective estimate of these.

Both of the above-discussed procedures have been programmed
by the writer and are available in the StateGeological
_snrvey»libraxy of programs.

The problem of growth invariance has recently also been
taken up by the German mathematician Udo Rempe along the
'_same lines as suggested by me recently in a study of

variatlon in forams.
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where f = |d /d

2

In the special case where the variables 1n a generalized distance'
study are uncorrelated with the same unit variance,

‘the covariance matrix is the unit matrix; Dz reduces to

o

¥ - a'd
- and, in particular, if we consider two variables (p = 2),

and we write di for the difference betveen two scalar mean

ﬁyalues,__i =4uii) - (i) DP becomes (remembering that p=2),f
o~ a8y 2. d§(1‘+ fz)," T

1 2

1[ Why d1d I bring f into the picture?
The reason for expressing the function in- terms of £ is to point

- —out that the situation becomes more complex with the addition -

‘of variables and it is no longer readily possible to be sure
Zwhether the "distance" D increases with the inclusion of further
variables. This point related back to a remark I made in the
Chapter on Discriminant Functions. Let us now see what happens -
if we consider the element of correlation ‘between our two _
random variables, x(l) and x(z). If these variables are correlated
to the extent y{, the above expression for D (for positive
differences in the mean vectors) becomes, ‘as has been shown

by Cochran: ‘

D = di + dz(f - V) .

| i
- This is greater than the expression given immediately above for
no correlation if : %

2

-2 a9,

- Thus, as a corollary, we may remark, that negative correlation

will’alvays be helpful in increasing distance, but positive

correlation will have a non-advantageous effect unless,
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This, I feel, is a rather important point to the computer
_ worker inasmuch as it could provide a source of '
in the development of a computer program,.particularl& in
. the case of highly correlated variables, such as occur"
in biology, and he may wish to bolster against ‘

‘deleterious effects of positive correlation by some sort
of branching procedure.

The case of highly multivariate small samples

This represents a class ot ﬁroblems of much potential
importance in geology. The problem arises in a sitﬁation
~ where the worker has measured a large number of variables

but the sample size is small, smaller than the: number of
variables.r

-

- It is oftennot always realized,“oarticularly by users
of icompletely buffered computer programs, that-many
" multivariate statistics are indeterminate for p > N1
(p= numberof variables; N = number of observations
'vectors), and it is not uncommon to observe, that-
correlation matrices are computed based on a number
‘of variables exceeding the number of observation vectors.

. This pitfall also occurs in D?-computations,’discriminant '
functions, etc. and is one that must be kept vividly
in mind by the tyro.

What can be done"with this type data ? Dempster has
taken up the question for the problem of computing~av-'
significance test for the separation of two highlf
multivariate small samples, produc1ng thereby a sort of
T2-type statistic, although not an exact analog of it.

-

i AT - - . : RSB M P P e V)
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As far ds | am aware, this kind of approach Eds not been déveloped aﬁy further
by Dempster nor by any ofher workers, owing probably to the difficulties connected
: w:fh the distribution fheory. :

As a basic model we may regard an expenmenf (in general terms), fhaf is
carried out on, say, 12 subjects, involving 60 chemical analyses. The same set of -
tests are performed ona second small sample.

In general a type of indiyidual or ob-iecf. is contemplc;fed on each exa.mp_le of
which a large number k of different cFaracterisﬁés' may be measured, ond it is suppdsed
i;hat 2 groups of such .individuals can be d_isﬁng‘uishéd by means apart from the k
megsm;red items. Suppose a small sample to be available from each group so that the
basic data consists of k ftems measured on each member of 2 samples. Now many
questions may be asked about the kind and degree of fFe relationship between the k
mea;ured variables on one hand and on the other hand the two-valued variab!é which
dssigns each individual to his p}oper groub. Our concern is with a situation in which

the samples do not show a clear and meaningful relation between the group of an

individual and his measurements on a single item or small set of items but where it
seems reasonable that all k characteristics might be used to define a reluﬂon-ship of:
sufficient strength to produce statistical significance on a test with fairly small -
" samples. This may be described in statistical terms as a multivariate 2-sample problem
where the air isba significance test to distinguish between the popul-dfions sampled, v
and it should not be confused with the apparently more difficult problerﬁ of paﬂ'erging
where a single sample is presented as an unknown mixture of 2 groups and 4fhe objective
is to find a grouping which predominates in some sense. (This may be solved sometimes '
using PCA), = '
The test is based on s:mular theory cmd directed at the same kind of difference »
as the usual 2-sample t-test or its c|assnca| multivariate generahzahon using essenhally

, Hotellmg s T2 . The 2 groups are populations whose means are 2 points in k-space and



whose scatter about these means is largely described by the within-population
variances and covariances of the k measures. The question is whether the population
means are sufficiently separated relative to the scatter about the means to be shown

significant from samples of sizes N and ny . The-theory assumes hoh‘iogeneity of

variances and covariances within populations and also multivariate normal distributions,

=3

but in practice the method may be expected to share certain robustness qualities with
analysis of varidncé techniques. The present method is a substitute for T2 made

: ﬁecess;:iry because T2 is undefined for k > ny + n, = 2 and in any case requires inversion
;)f a matrix of order k which is impractical for large k. In avoiding these difficulties

of T2

we find it necessary to give up the desirable affi neness property of T2 whereby -
the same T2 results from any k linear combinations of the k variabies used in place
of the k given variables. This necessitates more care in the choice of variables. _
The imput for the analysis is taken to be k items . typic&"y EBrewdly chosen
functions of measured vuriables , available on each of n individuals. : This data may
be represented by an n X k matrix X = (x_ )where Xeq is the value of item j for
individual r. The rth row of X may be denofed by the vecfor X, and is the set of
item values for individual r. An individual will be thought of as a single observation
drawn randomly from a multivariate population and we will denote the first- and
‘second-order moments of such a multivariate population by
: ave gk,} =M, and var{X,} =L,

where M, isa 1 X‘l-< matrix (mﬂ rMos e "mrk) and L, is a k X k matrix (Irii)'
This notation means Sehilow wl 1

and cov {Zei s Zei) = Lyye .

We assume the first n.I individuals are a sample from one populohon and the

next n, are a sample from the second populahon where n = =n + n2 , and so we may

write

ave [X,] =M’ for 1<r<n
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and -
;:(}} M fa wf] <r <o
Also we assume both populations to have the same van_ances and covariances amohg :
‘items, and we we may write |
var{X}=L for 1<r<n.
Here M', M" and L are unknown matrices and our ceng:em is to test the h.ypoi'hesfs
that M*' - M*" is the zero vector. » -

Now each of the n individuals ce}responds" to a sinéle degree ef freedom
(a.f.)'cmd, as often done in univariate work, a coordinate change can be 'rﬁade to
yield 'n new orthogonal single d.f., one corresponding to the overall mean; one to
the difference between sample means, and the fepninder to wifhin-sdmple variation,
——.___This change of coordinates amount to Fméling Y = AX where A is an n X n orthogonal ;

matrix and the rows of n X k matrix,Y,vna‘mel_y Y]f-, Y2 i s R Yn , correspond l'o‘
I'_“ the n new orthogonal d. f. The first row of A produces H"\e Vﬂrsf new d.f. corresponding

to fhe grand mean and therefore must be -
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~and’ the second row correspondmg to dufferences of sample means must be

1 ———
1 e [n terms] -+ , — ,‘{; S

1
: ; - -+ [paterms] -- / ’Jn, s

The remaining rows are arblfrary excepf that i'hey must satisfy the conditions for
orthogonality of A. : 7
The new orthogonal vectors Yl rooer Yo have the first and second order
moments ; o '
. ave (Y.} = (M’ + n.M")//n, ‘ G

ave {Y,] = (M' M")/\/— + =,

: lve{Y}=O for 3<r<n, :



e under linear transformation of the k variables..

% : ._m(x,}aL for 1<r<n. e

And from these Fomﬁlaﬁ a method of detecting nonzero M! - M app__earé natu?ally,l
| f;.\r, éxéept for fhé shift in mean due to non;éro M! - M® ' Y 2 has fhé same meuﬁ
and variance as each of Y3 reees Y n in some average sense. Accordingly a
significance test may.b‘e based on e »

' P = Q/Qi+ - + Q)0 — ] _
- where Q is the squared Iengfh of Y e, Q = Y.Y' ‘ By introducing the notion

of Iength into the definition of the test we also introduce a type on nonumqueness

-

For definite distribution theory we assume the X. to be samples from multi-
~variate normal distributions determined by the means and variances as described.
Then Y, , e Yo are also independent and .r'l'onnally distributed with means and
variances as described, so that, under the nulluhypothesis M! = M", Q2 e Qn

are indepe’ndenfly disfributed as a positive quadfaﬁc form in normal variables : which

R dlstnbuhon depends on all the parameters in L. Fortunafely, |t is generally a good

npproxnmahon to use a xz- shaped distribution for Q ; i.e., wnfe Qn~~ mx2 .

meaning Q is approximately distributed as m ’hmes a x2 random variable on r d.f.
This results in :
FoFown,
: where, under the null hypofhesls P B ,(r; “2)r denotes an F-rype. (andcm variable on
rand (n - 2) rd.f. Gt ”

o In this way the dependency on unknown parameters of the distribution of F is
reduced from L to the single parameter r. It is known that r£k, and r may be thought
of as a reduced dimensionality from an ideal dmensnonahfy k whlch would hold if L
were a unit matrix. However, r is unknow_n and so an exact significance test cannot

- be based on F. We avoid this difficulty by using én es_ﬂmoté r of r and fe_éfing Fas

o
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lhough it were F f‘( 2) fe Thls mewfobly results in dastortlon of sugmf’cance

; hvels bt this dictortion & shghf v : g2 :
S v Two methods of eshmahng r are as follaws. Thle first uses only Q3 s 04 P
Q. Supposmg these. Q-values to be a sample from ’“X2 there - exasf 31 sufficient

statistics for m and r, and on of these depends only nE, e 3

;~ *;= =-@—4} Em] zmm.

It can be shown that ool
~ s s r : 5
is a good dpproximation even for small r so that a good estimator ?l can be defined from

1 1+
Bt I -I+——3;;—(n-3)

A more precise estimator of r can be constructed by making use of the angles among
vecfors-Ya e g Yn . If @ is the angle between 2 such vectors, it can be shown

31 that, analogous to the mefhod above,

—Insin’ UN('I-I-E,),(

and that the (‘ ; 2) angles are qpproximafely pairwise independent. Thus if - '.

u s the sum of the natural logs of the squared sines of these angles,

N

Thus a second estimator r2 may be defined from | : ‘ o

't+‘u-‘[:—'+-—-—]n 3+ '1+3-,](”'; )

*  There are certain dlsadvqn‘ous properhes assocmfed with the test. The

f’ rst concerns the concept of length and angle in k-dumensuonar space, the so-called

~ nonaffineness property.  This means, that if we use k linear combinations of k

~ variables in place of the given k variables themselves, we will obtain different . -



: Iengfhs and angles and consequenfly dnfferenf S|gmf'cance levels. The test is there-.

- fore nonunique. - A resuh' of this i is,and | think it is an undesm:ble one, that a

pfiori knowledge is requured on the part of the person makmg e of the method
plus a not msngmf’cant portion of sub|echwfy -
.'A_second property of the test which may séem a practical disadvantage is
rthat the last (n - 2) rows of matrix A were partly arbitrary. It can be easily shown
that this arbitrariness does not cffect at all the value of F, but only rl and r2 which

“are of secondary importance.

Computer application of the method

In the following, we shall review the vlt'nosl' elegant wdyﬁpf presel;ifi_ng the
computations from fhg point of view of a FORTRAN program. The numerical
illustration is one concerning 62 biochemical analysis made on 12 subject and is
only included in order to clarify the steps. ‘ .
The first step is to read in the 12 X 62 matrix X and reduce immediately to
W =XX' on which further lc%mpp‘faﬁons are performed. Thg last 10 rows of A are o
determined using the method d"' Arcndom choice just described. The entries of C3,
e, Cypare 120 random no.rmdl deviates produced internally by the machine
using a sﬁbrouﬁne. From A and W the Qi are computed for 2 < i< 12 from the

formula

Q: = AWA;

and from the Qi previously given formulas were used to find F and ?’1 . In order to
find FZ , it is necessary to compute quantities Qii for 3< i< |< 12 from the. i
formula - e S » |

» Qi = A{WA:

and from these the squared sine of the angle between Y. and Yl is given by

et S
sin"98=1 .0;



~ made a total of 5 times to check empirically the variations in'?]_ and T, which -

From these squdre& sines u v,cmd ?2 are found directly. The random choice of A is :

-

‘mighl' Be éxpected.

An alternative method of attaching a significance level to F is the randomization

test similar to that propased by Pitman for the univariate 2-sample t-test. Suppose F
_were computed for each of (:) ways of dividing the n individuals into sdmpleé.
- of size " and "2-“ Suppose these F values were ranked and the F corresponding to
; the true division into samples had rank S. Then, under the null‘hypofhesis that the
* 2 populations have identical distributions , S would be equiprbbaBly distributed over

~ the 'integé;'s 1to (: )’ . Thus the formqja gives a means of attaching a
; \ 1 ;

significance level to F. It turns out to be equivalent to rank the lengths of the

vectors joining sample means, and this si‘mpliﬁes calculations. A

e (e 40 8 o Bdbhs At Wi - SR T o 3 o A S e A e 2 BB
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CHAPTER VIII  CANONICAL CORRELATION

'lntroductory comments, - The multivariate statist1cal procedure

here to be discussed is one of potentlal importance in

fsome geological applications, particularly in paleoecologic
(and ecologic) studies. We shall consider two sets of variates
with a joint distribution; it is desired to analyze the :
correlations Of;one set with the other. In connexion with the'
methodology of this 'analjrsis 5 We finda neV\/ coordinate system ,in_
the space of each set of variates, this being berformed in such
oa,way that the new coordinates display, without ambiguity,
_the system of correlation. In other words, we find the linear:
combinations of variables in each set that have maximum :
correlation and these linear combinations are the first
coordinates in the new systems. Thereaftef, a second linear
combination is sought in each set, such that the correlations
between these is the maximum of correlations between such linear
combinations as are uncorrelated with the first linear

combinations. The procedure is continued until the two new
coordinate systems are completely specified. The theory of
the method of canonical correlations.was worked out by

~ Hotelling in 1936 and it will already be clear to you, that
much of the basic linear algebra is related to that occurring
in the Hotelling procedure termed canonical variates. :

It is also apparent that, in a way, canonical correlation
represents a generalization of the regression model.

- Consider the random vector X of p components, which has the
covariance matrix I, assumed positive definite. Inasmucn as
our particular problem is only concerned with variances and
covariances, it w111 be assumed that E(X) = 0.

Consider now the random vector X partitioned into two subvectors,

.x(l) and X(Z), of p1 and p2 components respectively. For the

following presentat1on it will be assumed that
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-pl:s p2 The covariance matrix is partitioned into p1 and
7b2 rows and columns: : :

We may write an arbitrary linear combination of the components
of X(l) ; i
U= a'x(l)
and an arbitrary linear function of X(z) as -
; V= th(z) ;
It is required to find the linear functions that have
maximum correlation. The correlation of a multiple of U
-.and a multiple of V is the same as the correlation of q-and'
V, therefore, it is possible fo make an arbitrary normalization
of g and y. It is thus required, that U and V have unit
variance, which determines the nature of our two vectors.

= FU° = ! =

1= FE0° =¢g £110
and" & 5 < ; * i
1= 5 = y'S,y. : kn]

It is readily appreciated that the correlation between U and
V is:

EUV = a'ley. | (VLD

The algebraic problem is then to find the two vectors so as
to maximize (1), subject to the two foregoing equations.
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-

The correlaﬂoh, A between U and Vis glven by (Vlll l) when sahsfy

e 12 (ki) e | (Nnu;z) |

: Let

21
We can take \ = k] in fmdmg the maximum correlation. A solution of (VIil:2) fcr -
)\ X] may be written '
R : ,(1)" 7(1)
Gl e e
g ey o
Then U.I and VI are normalnzed linear combmahons of X(') and X( ) respechvely, .
wnth maximum correlation. P e S
. The second linear comiainaﬁon is then found, and soon. o
Consequently, at.‘the rth step, the following linear combinations have been - ‘ i
_obtained: - _ e Sl e e e
Uy= o X,y XD,y oo X0,
V(r) X(z) -with corresponding correlahons; given by- = f"'
ot o e
I .-”:22 e ,

~ Remembering our condition of P1 <Py, there will be P] canomcal correlations,

L The components of

- 3




108

_are one set of canonical variables and the components of

Ypi_ . ] .‘

d’r? the other set.
- -Anofhér' approach to canc;nica‘ variables isvuvs'éd if the two sets of variables

_are not random . Thi,s'v'dll cori'espond to tbe g»enerallizedb regression.inférprei"aﬁon :
I-m_eni'ione_d in the introduction. v : v
In sample terms this time, we could consider the matrix of regreséimon coefficients
B=S,,550, fomS _ :

We are determinantal equation

BSB' - v w\ =0 - | | (Viii:4)

- where § is a mairix

S
¥ =331 -512522 59

Estimation Procedure

I X1 s +eo X are N obsevational vectors from the multivariate Normal
N , I).- Each observafional vector is partitioned ‘info-P] and P,, components,
observed in the foregoing section: .
(1)
a _ .
X - = » =
o a ;
- It is possible to proceed via either the sample covariance matrix, or its correlation
matrix, S : A

~ Using still the covariance matrix, the maximum likelihood estimates of the

e . canonical correlations, A , are the roots of :



‘_)‘Sn ' 5]2_' Li : et o
oy - "‘522 e

e ot .

. The maximum hkehhood estimates oF the coeﬂ"cnenfs of the jth cclnomcal components” :

 satisfy

0

)

a1 512 | i
. Sits (i) =0, - (Viii:6)
S21 a8 | |
: o(i)'511°(i)=l s 2o | o ‘ Vi)
' g(i)'s22 g =1 S v
also,
a(i)_.Sn o =1
~and

o's,, =1,

~ The sample canonical variatss may be def" ned as:

a0 g O (2)

and ¢
It may be useful to consider a geometncal inferpretation o_f canonical

_ correlations. The rows of the (P x N) data matrix, X =‘(x] reee s xn) may be
regurdéd as p vectors in N-dimensional space. If we consider the deviations from
I‘h; mean vector (n - >-<, Xq = X, x = - x), these are the p vectors projected

on fhe (N - 1)-dnmens:onal subspace orthogonal to fhe~ equiangular line. For -

-convemence, these may be written as n*]‘ L > x . Any vector U* wnfh the
M _ =) (M _=0)y_
components a'(x e N }= ) X)* e ap.l xp] is located in the

P space spanned by x} ,  «ee , X+ and a vector V¥ with c_‘p‘mpon‘enfs’
1 | 1 R 0 . » L e
) _z2) @ _z@y__. » o
g(x _ ...v,,xN' X )_-g-,l'xPl""]f..-"ngxP ‘
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_isinfhepz-spacespannedbyxp _'_],...v, P"

The cosine of the angle bel'ween rhese fwo vecfors is fhe correluhon berween '

<ud-a' ) ) andV -gx(z) (a— T, oee, N) . Thus, f‘mdmg'aandg;fg maximize

this correlchon is equwalent to finding the vectors in the Py - space and the Py -
space such that the angle between them is Ieasi'--- ‘i.e‘;, the cosine is maximum.
The second canonical variates correspond to vecfors orfhogonal to the first canonical

variates and with the angle mnmmlzed

‘Geheml Observations

If we compare the technique heu;e descéibed wifth multiple regression, we see
that it is possible to regard the latter as a special case of canonical correlation when
Py = 1, and Py>1. In canonical correlation, both mt.Jl‘ﬁ'ple criteria and multiple
predictors occur. : .

In my opinion, the method has its main geological applicability in ecologic

studies. In connection.herewith, it is a useful way of analyzing the interrelation-
ship between a set of variables of, say, electrochemical type , and a se'f;_a__'glqﬁng to

organic elements, : i S =

- Compufer Progrum Steps

The program available at K.U, uses the matrix of correlchons between variables.

- ; -

ot
R= .
R1 . Ry
L X et
R”: consists of the correlations befween the variables of set 1.
R22:‘ i consists of the correlations befween the variables of sei' A

'RIZ . 2]. the correlohons between the varlables of set | and fhose of set 1.,

The determinantal equation is then _
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If the vecfors of the other set are required first for some reason; the matrices n.

(VII1:9) are changed accordmgly. If a vector-b hcts been obtalned for one set, the

vector a correspondmg to the second set is gwen by-

| -

aq=EiRge)/ VT e | (Y'!"‘.OZ

Th‘ 7\ are the squares of l'he canonical correlations; thus RCAN(I) : '%Vhirxi

The method of canomcal correlahons has been generalized i'o fhe snfucmon
of more than twa sefs of vanables | have not myself attempted to apply fhns to any
of my_‘fesearch and am therefore unable to express an opinion as to the overall use-
fulness of the genemliied version in geology. Canonical correlations have not been
given much attention at all by biologists and geologists.

, Thg program referred to above also includes a test of significance for eigen-
values, developed by M.S. Bartlett. The test criterion, § , is:
P

V=T 20-0), Py%P) | MV

i=1
"’ has an approximate xz - distribution and provides a large-sample test for the null

hypothesis that the set of P, variates is not sig'n‘fficcnﬂ'y connected with the set of
P, variates. :
x2 ~ =IN=0.5(, +P,+ D1iny ' - (VIT2)
S v;if_h P P'2 degrees of freedom. L
| If the null hypothes|s is rejected, the significance of the remammg Py=1

- generalized elgenvalues may be tested:
P o
2

¥= A,

mQ-
=2 -

S

"and, : ;
R ~-IN-05p+q+ D1l ¢,

. with (P.| -1 (P, - 1) dégféés of ﬁ'eedonf\; and 80 Qw.' o
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A poslble prfall in the presenf connotohon is the selechon of a sunfoble L

{conomcal correirohon >mode| The ma|or|fy of the studles in he hterd?ure thot hove
~ come fo my attention appear to prefer fo rely on fhe mformahon obi'cnnable from the
first eigenvalues alone. Experience dem_opsfrates, howover, that ofhers of tho eigen-
values may be more important in oisclosing meaningful relationships between sefs; -
- " it is decided to experiment with the FORTRAN pl"ogran's in Cooloy's and

- Lohnes! book (1962), it should bé_poih_fed out that the two methods given agree
poorly. First, the iterative method for eifrocﬁng eiQenvaIues and beigenvectors is
iooccumfe, on the IBM 7040 at K.U. at least, secondly, running the same data in -
both gives different results. Furthermore, the second program, using the Jacobi

m_efhod of root extraction, is incomplete, and does not agree with the flow diagram.

o

Multivariate Regression - v

Consider variables ¥ ; linearly related to a sof of 2's, regarded as fixed, by

x= BLE , | (ViII:13)

where B is a p x q matrix of coefﬁcionfs and E is a prior mofrix of errors,

If the subvectors Ey s 52 Sebi EP were independent there would then be a.
- set of p independent regressions, one for each vector x. However, generally
independence will not be dssumed

As a concrete. preseni'ahon of the ideas behind this, we could consider four
variables; x, , X9 s X3 # X4« One hypofhesls that may be of mherest could be
that the data are homogeneous w;fh respect to, say, l'he means of series. An appropriate
ratio of determinants test 'is ovoiloblo for this. ' _ : . |
O thero is a high degree of correlations beMeen Varfobles , we may ask whether

differences between means of series are due to say only % and x,, and x4 and x gonly

- contribute by virtue of correlation with X1 and .x2. To answer this; we determine the .
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" regressions of x5 and x, and x, and x2 < exfruct fhem from the fofol variation
" and test the residual matrices.

Thus, X4 and x 4 act as a matrix of dependent variables (fhe x'sof (11), and
xq and x, as a matrix of independent variables (the z*s of [1]).

E)OAAAPLE Viil:l gt

Example employing the procedure of canonical correlation :I.n
accord with the program supplied in the set of worksheets.

The data derive from five ecological variables measured on pore
water from the interstitial sedimentary environment. These variables
are: pH (= x ), Eh (= x2) free, dissolved oxygen (= x 3), content
of_carbonates from all sources (= x ) and content of chemically
-oxidizable matter (= x;). '

The various steps in the calculations and intermediate results
are given below.

o

CANONICAL CORRELATION FOR SEDIMENTARY DATA

NO. VARIABLES ON LEFT = M1 = 3

NO. VARTABLES ON RIGHT = M2 = 2

NO. OBSERVATIONS = N = 37 : - . - =

WERNS FOR AL VARG ESne ey - b
. : PH EH pr organic
e : oxygen Carbon_ates matter
7.5206 -146.8378 39.4595 1.7361 2,2189

STANDARD DEVIATIONS FOR ALL VARIABLES
0.1280 90.2095 17.5293 1.6121 1.2831

B Rll MATRIX "OF CORRELATIONS
1._000000 0.345783 0.038894
0.345783 1.000000 -0.216512
0.038894 -0.216512 1.000000

~ R22 MATRIX OF CORRELATIONS

~1.000000 -0.214395
 =0.214395 1.000000

R12 MATRIX OF CORRELATIONS
~0.136944 0.037357

0.059086 0.049451
=0.020746 -0.160082




ey

TNVERSE 0F WATRIX RIT

g nguel ggn-—
| -0.1376878 "~ 0.2783289  1.0656167 . —— .
DETERMINANT = - . g 8282200 OFMATRIXRII -
FIRST _ SQUARED CANONICAL éqaéé&nm = 0.0423447
o ‘fFIRST" " CANONICAL CORRELATION = e .u'I_zfosia s
RIGHT-HAND WEIGHTS e e s s e

CEFT=HAND WEIGHTS 3
 =0.643978 -0.020049 0.764781

SECOND SQUARED CANONICAL CORRELATION = 0.0111160

SECOND CANONICAL CORRELATION = . 0.10543

RIGHT-HAND WEIGHTS

LEFT~-HAND WEIGHTS
0.751721 0.054136 0.657255

TESTS OF SIGNIFICANCE

LAMBDA ONE = 0.9470100

CHI SQUARE = 1.8511514

_DF = 6. o

LAMBDA TWO = 0.9898840

CH! SQUARE = 0.3800613

ay . g .

Neither of the canonical correlations are significant and it may:
therefore be concluded, that the a priori consideéred highly :
plausible model of correlation between a set of electrochemical
variables and a set of organic variables, is not a useful and
valid one. : . ; : : ?
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: CHAPTER X
' SOME OBSERVATIONS ON TYPES OF CLASSIFICATORY ‘
AND IDENTIFICATORY PROCEDURES St it
In this ch?:pfer it is my intention to revie.w‘.l'he philosdphfof 'clossi-f'icﬁﬁon,‘
as q;'aposed to quantitative methods of idenﬁffcuﬁon, and to give my personal
opiniohs as to what [ consider to be a useful approach to the subject for geological
' .problems l have encountered in my own work. |am perfectly aware that fhe .
problem met with by others may reqmre a dlfferent mode of attack, poss:bly non- >
statistical .
- Before entering into the main theme of this chapter | wish to examiﬁe the
' meianing pertaining to the wofd "classification". There is a section of Mulﬁvar?afg
Stci:ﬁ.éﬁcal Analysis which bears the title "Classification”. This is concerned with
what is referred to as (Mulﬁp‘e) Discriminant Function Analysis.
' _ As Sokal has pointed c:'>ut, this is reallyvnof a matter of classification but
rather one of identification. At least, this is the interpre\taﬁon that must be
_given as soon as this technique is applied to taxonomic situations.
7 A moments reflection will show why this must be so. We shall consider
the statistical discriminantion problem for two populal;ions , compatible with
‘respect to k variables. Call these populations m, and TT2 .
We have an observation vecfor
X (x] ey xk)
It is requn'ed to fmd which of m, and T, it belong to. This is thus a question of
- IDENTIFICATION with either of T, and T, and not really one of CLASSIFICATION.
Vector X is actually derived from either of TI'] or TT2 . If this is not true, thep it

is wrong to employ the DISCRIMINANT FUNCTION model. -
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 The Ciassificaﬁon Probiern : - i
A It is well known that visual methods of fraditional vsf:amp, in ciassiﬁ cation
are Jeeply influenced by subjectivity. Ir is enough to c-ompare contemporary
publications in one's own field of specialization. This is perhaps.really strongly

brought out in comparing East Block and "Western" works. | call this the first

kind of classificatory dilemma. That is, where one already has a form of

: TAXONOMIC classification i in exrsfence, but it suFFers from defects of vanous
- kinds, introduced in varying degrees by sub|echv1fy. It is desrrable to be able
to better this , by some means or other, where the element of REPEATABILITY
_'?be'com.es incorporated. Thus, if our raodel is a reliable one, it should be
possible for any other person in the field to be able to take my rr\oterial;, and
without g _ﬁi_c_a_ni knowledge of what | have drown for classificatory conclusions,
end up with the same result. o e ; . .

The second kind of classificatory dilemma | see in portfcular in non-

biologic areas, in wh|ch several people have felt the need to have a l'ry at the_

procedures of NT. From Permo-Carboniferous cyclofhems to mmeral deposlfs. .

Here, the application is concerned with producing a classification, on quantitative

grounds, on little or no a priori information. The biological models seem to have

been employed, and the resolution needs be only as good as the underlying model.

Nonstatistical Numerical Taxonomy

Modern numerical taxonomisfs, sachas’ Rohif and Sckal, have departed
: Iargely from‘ the statistical corpus because of a Iar’ge‘ number of problems
occurring in connection therewith. This is, in my opinion, nof always such a
good idea, as s this approach is adopted, almosf always, to get around somefhmg
unpleasanf in the data. Such a fhmg as the homogenen'y in variances and co-
variances of lwo groups (and more fhan rwo groups ,) is one whlch may’ create

problems far the numencal faxonomlsf . R e o
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ADANSONIAN TAXONOMY v
As is well know, the concept of numenca! taxonomy appears to have been
born with Adanson, the French naturahsf,' who formulated the concept in conjunction "

with his taxonomic studies on the Recent marine molluscs of Senegal, West Africa. ke

_ One of the principles he postulated wes ﬁe Eincipfe of equdl weighting of
all the characters selected by the zoologist as diagnostic of hie material [the
question of what is diagnostic is, of course, a moot point.] This principle of equal
weighﬁng appeers to be the most widely appliea one emong numerieal taxonomists
of today. The ocbvious logic employed in support hereof is,~that sub|ect|ve

- elemerits would be mfroduced in that the quantitative zoologist would be exercising
~ personal opinions and prejudice in the choice~ making procedure. However, if
~—one'regards for example . l'he SIMILARITY éOEFFIClENT of numeri'cd"l"fuxonomy,‘ -
in rhe gorb presenred by Sokal and Sneafh, it soon becomes apparenf that this is
an area in whlch personal pre|ud|ce is allowed fpﬂ rein and in acfual fact, it
turns out that some of these similarity coeff' cuenfs ITKJY only owe thelr differentness
to some form of character weighting or other. - : 7
- What does the critic of equal character weighting have ogainsi" it? The =
most available complaint would seem to be that any definition of what isa .
diagnositc and useful character (often termed a "unit character") Iies in the mind_
of the person carrying out a particular study and, of necessity, wil_l be s.uhiecfively
ffovored Different workers will view a certain situation ih an un!ike ‘mnne-r
from others. Hence, the claim of ob|echwty in con|unchon w1fh the prmclple of
: equnl wetghhng is one that should invite a certain measure of kindly skepticism.
It is a naturally occurring question, whether it is not possible to produce -
a character-weighting coefficient that will in some manner compensate for the

lack of pertinence in a chosen character.
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'fhe génerolized statistical distance éf Mal&clanqbis;presénts a method of
character-weighting, whereby the in_tfdduéfioﬁ of a new 'charaérer to a set of
#hamcfers causes little or no chcv:mg'e'v in tiie"'disfance“, if this character (or
chﬁraci"ers) is (are) strongly correlated Wifﬁ chdr"t-:cters éxisﬁng in the set. _Wé tmdy
state this in other terms, notably, that if a chamcfér cohvey’s no new information
for separating between two samples (or populations) the pertinent elements of the
inverse covariance matrix of the quadratic form will bé .very small, to use rather
nonpremse |anguage. Like reasomng is applicable to what | shall have to say

furfher on concermng the subject of CANONICAL VARIATES. l

- :The general apphcablhfy of the D method is to a degree limited by
the dlff"cull'y of satisfactorily using it in conjunction with dlscrefe characfers,
and there are some other problems, such as the a priori esfabhsfmenf of the basic
groups.

, SQggesﬁons hﬁve been made that a‘pos'sible ¢:|:ppror.:chw is by means of ﬂ'1e
information - fhgoreﬁc'quanfity of - log_p. In this presentation, the characters
of a taxonomic unit may be regarded as a group of messages which carry |
information on the taxonomic relafionﬁhibs of this unit. The idea behinci this
point of view seems well worth looking ihfg.

_Another opinion has been put forward by Smirnov with respect to the

weighting dilemma. This requires the estimation of prior probabilities for character

states, these determining the weights of the states. 2 only mention this in order
to bring out the fact that several points of view in the non-Adansonian sphere

~ are developing. The Smirnov weiéhﬁng device is, hqwever, far from ideal, for
various reasons. | . ‘

~ Application of Canonical Varidte Analysis

We shall, from now on, mainly be concerned with continuously varying
variables, o’lthough' , toa certain extent it is possible to analyze discrete dqfd

“in terms of the statistical brdcedufe to be r_evfewéd. 1t does not appear advisable 5 ‘
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0 b i

~ in my opinion, to atterﬁpf' a union of' disérefe and continuous variables in
conivﬁh'c‘tioh with the procedure here to'be discussed, notably, that of éanonical =
‘variates. : | '

We shall first briefly review- the basic principles of this method, We -
. consider g populations, each of mulfivariate - ndrmqlly distributed p~ component
- variables. The theory, which was developed by H. Hotelling fn 1936, requires
the g covariance matrices of the g K-variate populations to be equal;
Li=eeee= Zg‘ =L . If we write Qv; for the .i'with‘in groups" sums of squares
and cross éroducis matrices ( Qi = niZi) and Q B for the "between gro;Jps" sums.
-of squares and cross products matrix, one wishes to find the generalized .eigen- :
values | ;

|ag ™ )‘Qw‘ =0

and the associated vectors,
(Bg -2 ﬂw)b=o ‘

This is nothing more than the generalized determinantal equation problem of -

linear algebra. The mean vectors of the original variables are transformed into

a set of mean vectors in the new space. Fork eigenvalu?s to be defi ned'fhé |

condition g = 1 >k is required. Whenk >g -1, the.re are (k - g - 1) zero roots
‘MX BsDandg-l'otherrqofs. , - =

 @xk) kxk) @xk) '

illustrates the transformation from the original means, M(g x k) to thé means in

the new space, D (g x k). Statistically this is said to produce a transformation
that will emphasize the differences between the means of the estimates of g

populations. It is often illuminating rto plot the first two transformed means ona

bivariafe diagram (scatter diagram). This may indicafei useful clusterings or

grobpings in the maferiql, which may be of taxonomic significance. Figure 2

: givés a simplified illustration of these for s_am;ﬂes from population of Europecvm'v
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- frogs of the species Rana esculenta ahdll‘ter‘npoﬁ:.ria : ."When g = 2, there will

of;|y be one now - zero eigenvalue, the corr_espo.nding vector of which, y =b'
:(n - x) is the discrimindnt fﬁnctién. for 2_popu|dtions. - ’

£ The question of whether the method of canonical variate analysis can be
applied when the bas:c requirement,

= z];{zz;{...zp 2

is not fulfilled, may deserve some consideration. Although | am not aware of
any detailed ﬁmlysis of the subject, it is conceivable that this method might be
robust toward mod;-rafe departures from normality and from equality of variances
and covariances. An approximate means of reducing some of the »effecfs.'of '
deviations of this kiqd is by means of a procedure found empirically useful in :
Qeneralized distance studies, by formingva pooled covariance matrix, S = 1/2
(S.l + 52), without regard to the respective degrees of freedom on which S] apc_l -
52 are based. Expressing this for cononical vdriates in @ MANOVA fable . We
have. |

Degrees of Freedom

"Between" matrix Q =T-W e k -1
k
"Within" matrix W =(N-K) IS .)k it N -k
o =1 _ =
"Total" matrix T =(N- l)_ST N-1

[k = numer of groups; N = total number of observations]

The Question of Scale Invariance

It is clear that the model of canonical variate énalysis , accounted for in
the foreri_ng , has a rather severe limitation imposed upon it by the necessity of £
having to use like variables; in o.fher words, we a.reuconstrained to restrict our-
seNes to the use of, say, conﬁngous vurf&bles , measured on j;he same scale. [t
. is also not fea#ible to mix continuous and discontinuous characters, 'y{hichj isa

-
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drawback i in almost all numerical raxonomic studies, which usually consider -

mlxed characters. If it |s not unrealistic to consider correlations between confmuous

and discontinuous chamcfers, it would not seem unreasonable to regard a correlation

matrix as a legitimate.representation.of the interreldtior‘léhips between continuous -

and most discontinuous characters, Useful as this rﬁighf appear to be, it finds no
application in the model under consideration, inasmuch as it is D‘j’f designed for

. extension to the case of g correlation matrices. ‘

A possible, approximate means of approaching a solution to the problem

" would perhaps be by means of Joereskog's matrix, employed in a version of Factor

Analysis, to produce the condition of scale invariance. If R denotes the correlation

matrix of.a sample, and- D is a diagonal matrix,
D =diag R : ' -
the Joereskog matrix is found by the relationship
CebZip'2

The interesting feature abo ut matrix C is that is is yielded by both the correlation
matrix as well as by the covariance matrix corresponding.’ .

We could suggest an approximate type of generahzed engenva!ue sfudy by
replacing the normal matrices of canomcal variates by those based on the

Joereskog type of matrix, as shown in fhe followmg MANOVA table. ‘

. Degrees of Freedom
"Between" matrix Q =T-R e : k =1

"Within" matrix R =(N-k) Cw N-k
"Total™ matrix T =(N-1) CT N-1

[k = number of groups; N = total number of observations]
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The generalized determinantal equation is then :
~ la-grl =0 |

 and thé usual methods of solutions are then applied.

PRODUCING GR..O'AUPINGSVFOR CANONICAL ANALYSIS
~ We are now entering the realm of what Tukey sometimes calls "rough and _
dirty" statistics, The procedure | am going to discuss is not one which can be

given a very convincing statistical raison ii'é’hﬁe but the proof of the pudding is

in the eating and practical and experimental experience has provided me with

_ sufficient a posteriori assurance to make me reasonably certain of the viability

-

} of the technique.

The Model
Consider a homogeneo'usly constituted sample of N »‘spegjmens upon each of
which p characters have been measured. Denoting the matrix of sums of squares
and cross products of these observaﬁonv vectors as A, the eigenvalues and eigen-
vectors hereof will be given by
lA=a] =0
(A-ADb =0 o
respectively. Regarding now the first two eigenvectors of A, bﬂ) and b(z?,
substitution of the observation vectors into the vectorial equation will yield a
(2 x N) matrix of fm‘nsformed values, which when ploffed as a bivariate scaﬁefﬂ
-diagram, will form a close cluster of points; for rhulﬁvariatg - normally dis-
‘. tributed variables, this cluster wili\ approximate to the form of an ellipse.
'|;he possibility of the application of this procgdure‘l'o_“r;wixed data" has
a mfufal appeal . A‘sample comprising material é'f' mixed orfgin willl fail to .
.adopt a homogeneous paffem when ploffed a‘S‘t;.Biva_r‘iafe “dicgrom of transformed

: obseryaﬁons. In efft?cf, if the tfarjs.fqrrﬁations have succeeded in magnifyiﬁg’ the
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' .degree of_unl.ikeness , a pattern of clusfér_'s will be’p'lr;oduced instead of the '
homogeneous concentration of points that result when the obser\)ations_‘have :
been drawn from a homogeneous source. The grdt;bings so obtained may be

uSefu"y analyzed further by the method of canonical vﬁriates.

The advantage of fhe clusfering. technique, Vusing the eigen-method
over plotting the raw data is that the latter is oﬂ'en msufﬁcuenf to brmg out
the eventual exlsfence of dnscrete groups , if the chosen characters , scrutinized

in panrs, are not very diagnostic. The plotted transformed values are linear
.combmahons of fhe input variables and thus, to a considerable extent, take
_\all of these into account (fo a degree corresponding to M ¥ )\2). It is sqme-
times possible to produce more.disfincf groupings by using combinations of

eigenvectors other than the first two.
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