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PROBLEMS AND . PITFALLS- IN . 
COMPUTER STATISTICS. · . 

• ,,"'- ._.. J • ll ........ 

. ' . The object of thi~ cour~e is to present a number of fairly well known 

: .statistical techniques, presently rather generally available in .computer lib1:aries, . 
.,. • • • • • • .Y. • • 

· and to examine them critically. In p~rticular , . it is proposed _to discuss statistical · 

techniq"!es· used in geology -ond paleontology. This is certainly not a new approa(:h 
. ' 

. e!!..!,!, but the present analysis attemets to outline possible pHfalls., and in most 

cases suggestions are made _with r~spect to solving difficulties which arise. 

It J,s reasonably well know; that the main body of statistical theory based 

on the properties of the univariate anci multivariate normal distributions is; for 
. . . 

practical applications, often a somewhat idealj.zed representation_ of a situation. 

In many problems, data will approximate to thE!_ normal distribution. However, 

·one of the sciences-which deviates .r~ther frequently is, geology. By the intrinsic 

nature of these data, the way in which they were ·and are collected and, for 

examP.te, ·the .complicat.ions occasioned_by geological processes, data ~re freq~e-ntly 

of such ·a kind as to deviate significanfly from the ~ormal distr_ibution • . As a 

concrete example hereof may be mentioned the effects of sorting _on fossils. In 

my ·analysis of Russian Cretaceous belemnites with Dimi'tri Noidiri this _kind of 

disturbance_ factor was found to be of ve·ry-considerable imp~rtonce {Reyment ~nd 

Naidin·, 1962). · 

· ,. .. ~e have- just revie~ed the first k_ind of disturbance in the normal course of 

· study of geologic ·materials. A second,· equalfy as important, problem is posed by 
. - . 

the following: St~tistical techniques are often ~evised in order. to sol~e ~a. 

t_i_cular te~hnique to solve other problems ·that ·ma)' or ri'l?Y not be ·rela.ted to the 

original model. · When the opplic~tion is made by a competent mathemati'cal , 

statistician, th~ cha~ces of going ast~ay may _not be -~v~rly great. Where, ho.vever ,: · .. ·« 
\ ••• ,, • > • ·: -. •• : .... : "' _.: : • ' _ .. - •. .;., • .... • • - • • : ' • . _: •• • •• "" ... •• ',· • " 



,._ . .. .. "-· .. ,. .:: / :\ ~.. . 

· · _the application is rnqd·e by a nonstatistieion, the pitfalls ·are oft-time-s fearful. . . . . . . 

· _,_ · _. \ -.·_;:_:.·, .-':"· I have; in particular, one sta.tistical method in mind, .that of factor analysis. · 

_" : _•. ! ;_~ - ~··, . ,.·. • ·_: T~is W~S- orfginally conceive~ and d.ev~lopedby no~m~th~motician:, oltho~gh i · : 

. the basic model of what is now colled princi~al component analysis {often con.-

-fused with fact~r anaiysis) is to be f~nd . in the wri-tings of Karl Pearson. _ The · 

. factor analysis model thus arose nonmathemcitically. Subsequently,· mathe°,naticians 

have been cal led in to bolster up the original concept with acceptable theory.· 

This has, I feel, led to a patchwork qui.It model; 'it is e_specially podded to fit 

a particular set of c_oncepts occurring in psychology, arid closely related topics, . 

he_nce, its application to nonpsychologic problems requires a ·great amount of 

forethought and care. Interpretation . of the results of~factor analysis is open to 

considerable subjectivity. 

However, : as will become apparent · further. on, , I do not 
advocate the annihilation of Factor Analysis in relation 
to geostatistical problems, but rather am sure that it 
may be useful as a tec~bique for offering .an extra way 
of regarding a set of data. The moral .of the story is 
thus that care and afterthought . should-~:be adequately 
exercised when this method is emp_loyed. 



. If ~e-cfre requfi-ed to perform tests invol~ing .two samples from two pop~ 

_ufations--in-wh.ich.--the variance~, in~fhe un·i.:,aFiate -situation, pl.ay a part, . it is ~---- - .. · .. ___ _::_: _ 
__ ... -- ·.~ · _ ; ... ~4-· ·.;_ .. · • :, - ' -~-- ·_ • . •• - _ -.. .·~ __ • · '. • '·• ",4;:'I> -, __ 

.nece.ssary to take cognizance of the _ho".!logeneity .of these_·variances. Whether M--• • -- •~,,.•- .:.. • • • • -• .... • • • 

« not the varior:ices_ are homogeneous i.s very often of _considerable ·importance 

----~~-- · Jn_ nJQny,.sto.tistical computations. _ T-he question is not only one of importance 

in univariate statistical analysis but al~o·a vi!~I one in m~ltivariate statistical 

analysis . . 

In this section Ii denotes a covariance matrix for the -ith population~ 

. 'F. I with p},;pulation mean vector 1-1~ • The populations will be. taken to be 
I - 1- - -• . / . . . . . 

_ mult'ivariate normally distrib~ted. The corresponding sample. qua~!ities to the 

foregoing will be written Si , xi ; _ 

Although the main discussions here will l:;,e concerned with multivqriate 
-- . - -- - - - ··· ----- . . -

statistics, -for computer app_lications, the discussion will be initiated via th:e 

_aperopric;1te univariate situation where enl ightenipg 

(1) Statement of _the homogeneity problem: 

Consider k, p-variate multivari~te normal distributions ~ach of which 

-~ . -'----.- hasb-een- samplecl.. It is desired· to test the hypothesis that the covariah~e 

_matrices of these popula.tions are equal. 
• • ' • I • •-

cm cbserv(ltion form the · 9th population 

to be tested :is: 

let x:.(a = 1_, N~; _ ·9 = 1-; k} •· be 

N(µ(g} , I ·}. The hypothesis d~sired 
g . . . 

. . . . . . . . . . . .,.. 
·, ·. That is, we Wi.sh "to 'test the ~uality ?f thek matrices·. ·we shall first pause to 

. see how this is done for 'two variances l .n the u~"ivariat/ case: . 



·~· 
~-.- ~ ~4 - " - •· • ~:· •• 

(the hv~ ·;opulation varianc 
.. - --, 2 2'• ·.. -
. _ F = s1/s2 ; _ 

This has degrees of freedom n1 and n2 • · · ·· 

· __ For more than two populations, M.S. Bartlett developed a sp~cial test·: 
. ' ' . .. . .. . .. ' -. 

This te.st is, ·unfortun0tely, not rob.ust, which means that it_ is ~ensitive to de: . 

. parh.Jres frqm the rior~al distribution a11d certaJn other kinds of "nonstandardness". 
. . 

. The univariate· test for homogeneity of variances is as follows: 

(Here fot two sampl~s) · 

(II :3) 

where F is as in {II :2). _ 

Many assumptions of the analysis of variance {AN9VA) include the pre-

requisite of equal variances. An approximate test for variance equality, suggested 

by Scheffe, has been put forward in order to bypass the sensitivity of the Bartlett 

test. This test is based on the analysis o~ variance of the logarithms of the sample 

variances, thus transforming the problem to one of the compar.ison of means. This 

is useful, as the analysis of variance is fairly insensitive to the shape of the dis-

tributions of the estimated means: 

Let ~2 denote the sample variance --of a ra!"dom $ample' of size ,!! , _dr~n 

from _a population with v~riance a2: . 
n -

2 I s = 
i=l 

2 {x. - x.) /{n-1 ), 
I 

• . 2 . 2 . 
and thus, E(s ). = a • 

. 2 . 4 . . · 
Var{s ) = a . {2/(~-:-1) + ~z'n), 



s a measure of kurtosis . 
... -.. -, -4 . 

· .. >.2 =. a· µ4 -_ 3. _ 

Here, µ4 is the fourth central moment_ of the popu·l~tion. · Foi a no~mally d·is-

, tributed p_opulatic,,n, A2 = 0. 

. and, 

. . . . 2 
·· Let,.y = loges , then, 

E{y) 

Var{y) 2/(n-1) + A /n. 
2 .. . 

.. · 

(II :6) 

Consider naN I sets. Assume that populations falli~g in the same set have 

th~ slnie variance. If there are J populations in the ith set and s2. ; is the sample 
. . • ' I I 

. variance for the sample, from the jth population in the ith set, then under the 

fundamentat assumption, 

,, .... 

let . 

_and, 

:r.., • ...... •• L 

_One requires to test the hypothesis: 

. . 2 y •• = log s ••• 'I . e II 

. Then under the fundamental assumption, 
2 · · E(y .• ) log a. , · II e I 

Vcr{y.:) 2/(n •. -1) + A2 , iVn •• . .II _II - ., 
- . . 

; (11 :7) . 

Here,, ·"ii is the sample size for s~ and ~2 , i( denotes the -corresponding kurtosis .--~ . 

population mea$ure. .. . 

-The .above formulated hypothesis i_s-e_quivalent to · 
. . 2 . ,·. . · .. 2 · .. 
~: ~oga1 = . . •_ •. = loga1 :- -- -·· ~· 



If the sample sizes, n •• , are all equ~I ," then .ffl~ -y-._ cillha~e appro~imately the . . -11 . \j . ... , . . .. 

-,_ ; • ·-: same ·varionce. The varia~ce ratio stati~tic itl testin~ the hypothe~is unequal 
.. .f" • • . • :": ,,,- . . • • • • 

sample sizes .is: _ . . . . -
- · I(J. -1). r-r (n.. -1) [ v • - .vl 2 · ••.. II . I -

F = I I I . 2 (II :8)" . 
(I - -1) r r ·(n •• -l)~ .. - v.l 

- . , • • I I I I I 
_,,. . I . I . 

wi_th I :.. 1 and Ji - 1 degrees_ of freedom. ·1n the above equation, 

v. = r(n •• -l)y.;r· (n.~ .:_ 1) and, .:-
1 • 'I . I 'I . I . . . . 

(II :9) 
V =°t r(n •• - 1) ( V )/r r(n •. -1). 

• • I I . . I I 
I I I I 

THE MULTIVARIATE STATISTICAL PROBLEM 

We shall n<:IN consider the generalization of the ~nivariate problem -of. 

,esti~g the homogeneity of variances to the multivariate case"'. I refe~rEtd to ·a 

test as the BARTLETT test for homogeneity of variances in the beginning of this 

· chapter. This test has, in various forms, been generalized to multivariate form 
' -· 

by several statisticians, among them G .~ .BOX, ~. KULLBACK and T. ANDERS.ON. 

It has come to be kn<:1Nn as the generalized BARTLETT test, .although· it should be 

pointed out that Professor BARTLETT disclaims it as being his product (personal 

· communication). This is not because the test is excessively bad, but rather 

· beca~use. it is not particularly good. As far as -'am aware, tfie .procedure just" 

outlined, in which an ANOVA -m<>4el is used; has riot yet been given generalization~ 

althou·gh it is _not difficult to writ~ down an approximation wi_thout theoretical 

iustification~ Up to now, the orily usable procedure seems to be the mulfivari_ate 
... . . • ;" • r. 

pr:ocedure of BOX!!~~ , and providing one· is aware of_its_ shortcomjngs and · 

. limitations, there is no particular reason why i_t may not be employed. Its 

application is best" sh·<:1Nn by tne.c:ms of a ~imple-numerical illustration. 
• - ' ' .• !• 



Both of these matrices are associated ·with identical mean ve~tors,-notably, 

- - I • · _x1 = x2 = (1 , ·1) • 
• 

The determinants of these matrices are, 1s1 I = 1, ! S2 l = 1 and 1s I = 2. 

The generalized test for homogeneity of covariance matrices, t'n the form 

presented in KULLBACK (1959) is: 

01:10) .-

2 · 
t1ere, NS= N1S1 + N2S2 and N = N1 +:N2 . - This is distributed as x 

with k(k+l )/2 degrees of freedom, where k is the number of variables. In the . . * 
present exampl~, k=:=2. A bette~ approximation than ·x 2 is that of 82 , which, 

however; has only !:>een tabulated for a few djmensions··: 
.... 

Applying (11:9) to the .present example, one fi'nds • 

- B2 501og (2/1) + 50109 (2/1) = 69.315, e . e 
which is significant. 

• • .•.'l-" 

_... . : lnasnuich as the determin~nts of the covari~nc~ matrices, s1 and s2 , are 

··· · th~ same, both of these mu.st ha~~ the sci~e volume, since I A j = (n-l)P · IS 1- is 

· the squ~red vo;lume of a parallelotope. . (Here·, A is the matr-ix of sums and· 

square_s and· cross products, ·s the sample covariance mat~ix and n the sa
7
mp_ie size~ . 

---~·~. 
with p the ~umber of va_riables.), 



, . 

ih the above' e~amp:le, matrix s1 has th_e eigenv~lues _d1 = 2.61~, and . 

_ ·.:·· - ~2 ·= ·o:381~ The _corresponding·, normalized eige~vectors a·re: 

. ~., 

.8507 .5257 " 
"' 

I b2 =. . 
<'·• ,. ···t , •• , I . ~-;, . 

-.5257 .8507 
,r 

Matrix s_2-has the eigenvalues s1 2.618, and s2 = 0.382. The corresponding 

normalized eigenvectors o.r~: 

.8507 . -.5257 

cl= I 

• 5257 .8507 . 

The ellipsoids of scatter of thes~ two matrices have thus the same shape, but they are 

differently oriented. The angle between the axes is: 

cos9 = 0.4473, hence, 9 = 63°25'. 

It is possible to compute the significance of the differences· in the ori~_ntations 

· of the ellip;oid axes by means of a statistical test ·adapted from Ander~on (1963). The -
. . . . .. : 

problem may be. formulated as the hypothesis of co-linearity of eigenvectors o~ a 

covariance matrix. Thi.s may be discussed .in the following .terms-. 
. . 

---: .·. f .-·· 7"7". ::,;.~--:---- -~- -... :-- • :·---- . ----·. - .. -- - -- -- -~ 

The components of any eigenvector ai are actually _the direction cosines of · 

the ith principal axis~ namely the c~ines of the __ p ~ngles this axis makes with the . 

p ori:ginal axes taken in· order • .. For example, the elements of ai are cos a. _ . · · . • -- _ 

. and cos(90° - ··a)= sin a_, respe~tively. l'n. so~e cases bio.logical theory may,p.res'c:ribe. . ··:ci 

val~es" that these cosi-nes should c;:issume. : Thus if the x.:..values are the log_~r'ithms of 

measurements of length made o~ Qn .ani~al the hyp~thesis .of equal relative growth 

. · rates of every part ·measured would imply that e~c~. of t~e compone·~~ of ~l _Ylould · _..,,. 

--~, equai p - 112 • Certain dHfe_~entiaf growth rate hypothe_~es wo~ld al_so as.c~ibe values 
t •• ,~ .-_ , •• •• -, :· • ' , • ,. • , :•,:: c • V _• • • i, I_ • O• :_.•• 'I. • - ,, ,,r 1": • • • • _ 

to th~ comporients -qf oj 
.. , . . . -~. 

. 
'. -.--
' .... { .. 



. -
· : - An appro?Cimate {i.e., large sample) ·test of .the appropriate.ness of ci given 

. . - . 

· .:. _· .. ·(i.e.,' not derived froir; the data) eigenvector a! , wh~re a!~ . . = 1 has been derived· 
, ·, _- _ _ , · I . · I I 

by Anderson {1963). He~·shows that · ,.::.. 

- . 
:,.r"('t '~-1- + '\-t ~"" 2} ·. .1.,\"ia,-" . A, a,.l..~-

is distributed OS x 2 -with p - 1 degrees of .freedom •. - Note -th~t i·; -. 

. .{11:11) 

A and A have 

been calculated the inverse of r is ·easily obtained from the relation 

1:-1 = A' A- 1A (II: 12) 

. where the iliverse ·~f. A is a dicigo,~ol ~~frix.with .typical el~ment Xi. -l 

Soley t~ iHustrote the opplicotio_n of this· test, ·we_ will assume .that theory 
. . 

suggests that the first eigenvector of the female painted turtle rne05urements -should 
. -1/2 -1/2 . b~ aj = {3 3 . )-• . Using relation {11:12). 

. -· -
. [0·06148 - 0·05134 -0·07605] 

. :t-1 = 0· 12858 - 0·06932 
·. ; . ,· ; . 0•31490 · r 

", -J.-'---.-.;._ ---·--·-- - --...- --- -. ·.~~---... ·--

· and with N = 24 and ~-l = 68~.40 the c_riterion {17) becomes 
. . 24: X f680•40 X 3-t X 0•11154 + 0•0011G97-; -3~1 X i776·09-·2·} 

where 0.11154 and° 1776.09 are th~ sums of all the elements of f-l. and ·I, . 
respectively. The crfterion is thus 24. 167 and, on the basis of the hypothetical 

theory, is a value of ~ 2 with p -1 = 2 degrees·of fre~om. This is a hi:ghlr " ---

. improbabl~ valu~ to hove obtained ?! random,
0

:a_nd the hypothesis i~ accordingly 

· rejected • . 

This theme hos .been further devlloped by me in a paper concerned with the 

· analys!s of growth patterns. 
. .... 

_ CHAPTER m· 
·· PRINCIPAL COMPONENT ANALYSIS 

._.,,_ ..... 

·,, •• . 

We sh~II introd~~e the ~ubject of principal compo~ent on~lysis by ~ean.s _ of ·. 

:_•; .. -, ,the following geometric· presentation. · We shall c~nsider tht ellipsoid of scatter·; ·· 



.. 
.,;; . 

~l .~ 

: What" cau~~s· the elliptical ~hape of the probabifity (frequency) ~ont~urs of 

Fig._·~ i~ that u1· a~d a 2 have ·differe~~ ~alu~s ·~ T~ese· ~llipses be~ome circles when 

the ~nits_ of measurement for x1 and x2 and a 1·_~n~ a2 _,, respectively. This is indicated _ 
• • . i 

. . . 
in the ·first figure where 0'1 = 0'2 • '' I• , 

fig. 1 

What is fairly obvious about Fig~ 1 is that the-distribution of the x2 's for a 
given x 1 is the same, namely ·N(µ2 , ·r,_2),· w~atever x1 is .• This.expresses the fact · 

that x1 and ·x2 are uncorrel_ated (which means 'independent' in the case of the 

bivariate Normal distribution). What happens when x1 ·_and x2 are ·cor.related_.is that 

the two. axes of the ellipses in the second figure are rotated rigidly into a position · . 

. · d!pending 0~ the covariance ~f and :x2 ·• Th~ .. res~lt_~ with' o;ly 0~ ~of t~e con:·: .. 

~ntric equiprobability e·l lipses shown - ·is giv~ri in Fig. · 2. Note tbat ·the actual . 

pairs of correlated observations are me~sured al~ng the horizontQI and vertical -axes·, 
. ·• x1 and x2 respectively: 

. . . . . . 

The· original correlated meas_ures x1 and x2 ha~e been transformed into new . 

uncorrek~te_d measures y1 and· y2 , respectiv~ly. Figure· 2 shows that th• point 

(x1 , x2) on the ellipse becomes~ point (y1 , y2) where . · 

:· - . 
1/1 .- · (z1 -µ.1) cos a:+ (z.s-µ2) sin~ 

• f , • • • • 

: Y1 - --:.'(z1 - µ1) sin CE+ (z1 - µ.1) cos a: 
' ' . . . 



,, 

•. These relations sh~uli be ~rear from the figure: Thus; fo~~;~cimple," 0 1Q of length . . . ; . . . . - - - .. ;._ _. 

_- yl is. made ~p of two. parts: , 

OM which is th~ p~oje·ctJ~~---of O'N, ~f l"ength x1 - µ1 . ... . 
(i) 

? . ·- -~ ,,.... 

and 

. ·_(ii) ·, ·--~Q-which }_s tne proj·ecti on ~of PN, length x2 ..: µ2 ,·. or_, 0 'Y l .• 

.' The fi.rst of these projections is of length · 

{x1 µ1) cos 

and the second projection is of length 

.0 . , J-11 

Fig. 2 

.. 

_Fi~re .2_shcws the angle a as· that P,articu~~r ang_l~ through :-Vhich 0 1_X1} J1ust 
. ' . . ·~• ... 

be',ro~ted in order :that its .!'ew positio~n -- b•v l coincides ·(in dire~~tion) wi-th the major 
: · axis of the; .fa-~ily ~f ellipse~ ge~eiated by .the giv~n biyaria·te Normal distributio~. 

- o • •••~ C • • • ""' • ' ~f" • •••• O·, 

0 1Y 2 the.n_ coin~ides with the minor axis of this ' fa~11y .-··--Let us ignore this for the 
' . ... . . . . ;. - - .· . . 

. mome~t and_ c!isco~er some of the propextles of a ~~is;,id r~tation of the (X1 , 'X.2) axes _ 
• • "lo\ 

_through cin a.rbitrary angle a. 

In matrix not~tion this general -: linear ttt1nsformation of the x's may be Wl'.itten . 

y=A(x ~) ·_ 

. where·. 



01:13) 

. On premultiplying by A-l we obtain 

(U:14) 

It may also be confirmed that . . . 

A'A = I 01:15) 

so that 

:. 01:16) 

These four relations characterize a so-called orthogonal transformation of x's into y's • 

.. Note that by premultiplying the transformation by A-l we obtain 
,' . . . . ' . 

. or, by relation Oi:14), 
-1 . A . y = I (x ·-, iJ) 

. . 

This shows that the x's can be obt~ined fro~ the ·y•s just:,~s ~asily as the y's from the 

x's. · ·,. 
• • - • • 

Observe that although t~e trigonometrical functions of A emerge nat!,Jrally 
. .. . . . . 

, from _ the axis-rotation of. Fig. 2 we can write _the_ orthogonality conditions i.n 

alg~b~oi~ symbols • . l·n this c~se we re~uire 



to satisfy 

.AA'=I 

. Notice that th_ese relations ("ec;ive one element, say a 11 , of A undetermined. This_ . 

corresponds to the arbitrariness. of a _in the trigonometric 'transformation. 

When we move top= 3 we will abandon the trigonometric functions and 

consider tran~for~tions based ·on matrices with elements such that 

AA'= I-

As we have. seen, this condition of orthogonality is not .s_ufficient by itself to det;r-
. - . 

mine all the elements of A. Corresponding to the arbitrary angle a in the bivariate 

. case, with th_ree variabl.es (x1 ,_ x2 , x3) there wiU be two such angles; wi!h four '· 

variables·, . three angles; and so on • 

. Finally, let us consider the expected value of the transformed vector y and 
. . . 

the variance'.""covariance matrices of the x's and the y's. _ We have 

I!= Acf(x-p.) = AO -=-0 

· where O is a two-component vecror of .zeros. Thus the variance~eovariance matrix 

of the y's is given.by~ (yy'), a 2 x 2 matrix. Now ·. . ·... ,.. ~· 
' • 

_....;..- --· .. ....... _· ...... -·. - ------- -_-:- -. -··- _---.·-::.'_ .- ------ ---- --
l(x-p.)(x- p.)' I [ (%1 - 1'1) (z1 - µ1) (zz - µz)] _ · 

... .. . · (z2-µz)(Z1 -µ1) (zs-µs)1 • 

' : [ l(z1 -µ1)1 l(z1 - _l'i) (z,_ - µ1)] 
- · l(z1 - 1'1) (zz-µ1) cf(z1- µ2)1 

' . ' 

It • · • . . II f I ··t ... , )1/ 2 h • b d f" ·t· -, .·. _· 1s occas,ona .y-use u to wri e a 12/ ,a11 a22 · =_p w ere .p ~s, y _ e in, ,on, 

_· .. ·."·, the. correlation coefficient between x 1 and x2 • . _ . 
·' ':- . : . -•. _·. . ' . . • ' . . : ~· ~. 



.. ~:, 'l(i,') - tf{A(x . ....:p.)(A(x-p.))'} · 
. . - l{A(x...:.~) (x-·p.}' A'} . 

A{4'(x~~) (x-p.)'}A" -AEA' . . ~- ·-

The results of the fC:,regoing may be summed up as follows. A rigid rotation . . . 

of twci rectangular ctiordinate axes, ~after st.,itable translatior to a n~w ce~ter of 

co~rdi~tes (if_de;ired)~ is e.quivalent to ·a li~e<Jr ·tra~for~atio_n of the origin~! 

coordinat~ _values (x1 , x2). lf..the· 2 _ 2 ~atrix of coefficients applied to the 

vector·x is A then· AA•·= I, and this implies that the four elements of°A are related~· 

The _v~riance-~ovariance matrix of the ~~ansform.ed variates (y 1 , ': 2) is given 

by AIA''where I is the variance-cova.riance matr.ix of the x's. 

These results are perfectly general and will extend very easily to values of 

pin excess of 2~ In fact the remaining material iri this. part relies heavily on the 

concept of a translation of the origin_ and a rigid .rotation of rectangular coordinate 

axe_s • ... 

EXAMPLE ·(111: 1 ). 

For the purposes of illustration, we shall consi~er a bivariqte exampl_e, 

wh!ch for generality, has been taken as square, ~symmetric 

The ·characteristic equation of t 'his matrix -is.-

which expands ·to~ 

14 
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·' 

·: -The solution of this equation . yiel-ds the eigenv_alues: 
' . ' . . . . 

: A. I' _• 6 ," l 2 ,• i :~ 

To eaeh of these solutions, there will be a corres.ponding 
eigenvector·. · 
For ). 1 - 6, we 

and, 

have 
-xl 

1'i 

·that: 
+ ~x2 = 0 

- 4x2 
a: o· 

As ~e know, · both of these equations must be l,i.nearly ·dependent. 
Fr_om each of. these, one obtains the proportionality relationship: 

x1 :x2 - . 4:~, he~ce, the· eigenvector, . 

. 4. 
~1- 1 . 

Usually, one will want to normalize . this, -which iri this case is, 

8 1 -
For . the eigenva~ue ). 2 = 1. 

4x1 + _4x2 - · 0 
x 1 + x2 - -o . 

..:-T~is yields . the eigenvector: 

-
which normalizes to, 

- - 1 -

-' l 
{ }, -1 . 

.... 

___________ .......;. _ __..,...,.. _______ . , 

. ._.,,,,_. 

These ·st,eps are basi~ally the same as t ·hose needed in the _ 
first· half of the· computatio~s· -required in factor analysis 6y the 

·-so~cltllled "principal . component. mod~l ';. 



CHAPTER IV 

In ~his . chapter, . we shall discuss some of the philosophy and · 
: methods of factor .analysis. This branch .of multivariate work 

16 

. was introduced, mo~e or less in bits and Pi:eces, b_y the . 
psychologists, who required some sort of procedure in .order to 
reduce their highly multivariate data to manageable proportions~ 
It is important to bear this i~ mind, for it should be . 
adequately realised, t_hat the basic model is not one devised by 
:professional mathe)Jlat_icians, :t>

0
ut one put te>getber by 

social scientists. · , -.. 
Let us examine what the psychologists claim to do wi th .. the 
factor-analytic model as applied to their .kind of data • 
. The P$ychologist ·devises a series of tests which he applies to 
his ttpatients", study individuals, etc;, and on th,e basis of the 
reactions of his subjects to the tests, he hopes ·to be able to 
disclose something _about the "hidden vectors of the mindtt. · 
We have here tbe two catch-terms "devising of tests" and 
"hidden vectors". 

If the ieologist is assured that his data add his problem fit _in . 
with this model; then . go · ahe~d? . Otherwise,, I stress caution 
in> the· application of factor analy~:l~~-: to data o:f: any-:·!tind -

-. r ~1 

so~called shotgun application. ·; · My' experien_ce and considered 
opinion suggest J . that factor ~Iialysis should 0J1·t~ be useci', and 

. . . . . - . 
thell 

cautio11sly, when -the basic premises. underlying the -speci.ali_zed 
psychologic model are clearly understood. ~, .· 

- . 

F~ctor Analysis has been· describe!=l .as 'a statistical ·techniqu~ for reducing a .· . 

·t~rge num~er. of correlated ~ariable~ t~ t~rms of a small nu_mber _of uncorrelated 

- ~riables. : The correlated vdri~bles consist ~suarty of measurements for ·observable 

_ tn:Ji.ts; t~e u~correloted· var:iabl~s (caHed ·11 fa~fo~'-') are .abs_ttcict hypothetical~'::'-;·. :, 



components. 

This definition by two psycholOgists may ~ound tik~ a principal components 

analysis in which p correlated variates are transfor~d into p uncorrelated 

{orthogonal) variates in descending order of variability, only the first k being 
' . 

'sign~ficant' in the summarization. However, afthough ~his-may not have been ,, . . -

too dear in the past, Factor An~lysis is n.ow distinguish~d f;om principal c·omponents 

analysis by two characteristics: 

(i) . Each· of the p original ~ariates is supposed _analyzable into m < p 

mutually uncorrelated 'common factors' with an uncorrelated residua.'-_ 

('unique') component which is not correlated with any of the remaining . 

p - 1 variates; 

(ii) The m orthogonal axes of 'common factors' may be rotated to new 

orthogonal or oblique. axes to conform with theoretical ideas under-

. ly.ing ~he formulation of the model. 

The effect of the first of these characteristics is that only a portion of tlie 

variances or the unities in the diagonal of the estimated p x p variance-covariance 

or correlation matrix ; respectively, is regarded as due to the m-< p transfor med 

variates. When m = i:;° the residual CO!llponent vanishes, the whole of the·'variances 

(or un"ities) is accounted for, and we are back af t~e p-vari~te· orthogonaltrans..: 

formation. ·_ .lf only k of these principal a~es are used (be: ~~;~ -of the 'sp.h'erkity' .of . : . ·· 
.~ .· '· . .. . . . . . , - . ' -: .:t :: . . 

the remaining cornponents) the result is s·imilar (though nofidentical) to a Factor ·' ;&~t : 
. . ·-

·Analysis with m set equal to k. · The two sets of results have, however, been arrived 

at with . different mode Is in mind. 

THE MODEL 

___ The ·mathematical form of the model that Factor Analysis assumes is: 

:r;- == , P. + . r _ r + · u · 
-~ ~- : ~"(pxl) (pxi) ·' ci>x ·m)(mxl) (pxl) 

OV:1) 



- \ ., ·wheri~ is N{µ~rr• +. ~,: f is N(O~ I) u is N(O,A) a-nd i~ iridepend~n; ·or_ :f, ~nd 6..' 
.. _: .... is a p X p diag~nal matrix with nom,eg_ativ~ elem~nts. T~e matrix rr I i~ .required 

- ·- .. · . . . :· .. .._ . . . ' . 

. _·. to·b.e of rank rn<p, .that is t9 say there ~rep -:m linear refatio~ connecting the p : 

- - ... ··_- rai,;of.thissymmetrical matrix. 

.;.. · .. 

- . ' 

. --- ... , __ - -
· ··. ~-- 2: ~ -cf!Cx -::- µf(x-µ}'} = <f{(i:'f+u)(rf+u)'} 

= 6'{rf(rf)' +rfu' +u(rf)' +uu'} . 
= c:f (rff' r') + ~(uu') sine~ 6"(u) = 0 = 6"(f) and u and f are inde-

______ ___ penclent witlr<f(ff') = I 
= rc:r(ff') r'. + a 

Comparing with the PCA model; 
-1 

X = ... + A y = ... +- A 'y. 

(pxl) (pxl) {pxp) {pxl) 

OV:2) 

since AA' = I. Further, on premultiplying by A', and post-multiplying by A, the 
- - --- - - ------ . . 

relation 
AEA' = A 

.. we -obtain 

.... ;.. _,.~:-.... ~_ 

, . z .-· A!: AA {A' A1l2)(A1l2 A) = JJ' (say) . 
. - - ·- . 

. ~-'--- - - •·'- ~ ~·.:. · ..;_+-~--,,.. ·-~-'" ... ----:.,-~:~~~~=·:--..-:·:::-- · .. ..... ... :, ·---~-----~ ·_ :,_ .. -,~.:..,.,..~ .. ,-.•· \ ' 
where J; ·== A trt A. . ; .. : 

-~- - :- . . , .. 

OV:3) 

. ..,. · -. . . - This compariso~·shows that· the-m compo~~nts o( f re.plac:::e the p components 
. -

. ofy· and that there is a .·•residual' u in the factor analytfo model which finds no p-lace 
. . 

, · 

in principal components. T~s-vec::tor varia.te u 'e~trac):s_' A from the diagonQI · 

'elements of r. . 

. j 
'\ 

· Clearly the usefulness of Factor Analysis lies in_ the possibility of representing · . . - ~ . . 
·• . 

. . . ·x (with p components) in terms of the relatively. few components of f. The smaller m , . 
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begin~ing of- this century m. was taken as unity~ • 

;' . . ,~, The technique of F~ctor Analysis thus consists of esti,nc;ting from a p-va"tiate 
' ..... ·t. '. , ;,:' . .• • ~,.. ;. - • • • • • .... . . ' ' 

sa~fe of N observ~tions x: (i) I-' {which e;timate we wil_l herea.fter assume to be 

i, th~ observatio~al mean vector), (ii) r , the (p X m) matrix of c~fficients. known 

· ·· · · as 'factor .load_ings' {or 'saturations'), and. (iii) 6.; ·the matrix of variances of the · 

'u_n.ique' variate µ. Note _particularly that f is not generally 'estimated' since it"is 

the m-variate Normal sample value-corresponding-to an observed_ p-variate x ani is 

· thus o{ little ·consequence when the N~rmal parameters µ, F , A are known (or 

estimated). This show~ thc:it it is the stl"':Jcture of the model that is regarded as of . 

i_~p(?rtance. It is thought that the observed x ·are samples from a Normal ~niverse· 

specified by the particular ~rameters· mentio~d.: 

.The model '!{e have described above has a peculiar indeterminacy. Suppose 

we simultaneously transform f and the rows _of ~r by the ·two (m X m) matrices of 

coefficients A and T, respectively~ so that f becomes flit and r becomes-G, 

- i.e .. , f* = M a-nd G = rT (IV:4) 
- .. _ .... _ _._ ·- . 

[Note that we post_;multiply a matrix" to transform i'ts rows.] Then 

,--1{(~=~)(~:::_-;)'} = tf{(Gf*+uHGf'*+uf} . 
· .· - Gl(f* !*') G' + /1 the other terms being ~~re:· · 

... Gtt{MCAC)'}G' +A· · ._ ::: ~~./-
.. ·- - -GAA'G'+/1 sin~el(ff') == I 

'· : , · .. ,: : .·.- ·-~·:-: -~ (rl')AA'(rT)'+/1 
. .. .. <"·· -.· . . . · M'A(TA)'r' +/1 · 

. . ._ · = __ rr' +11 _prov-idea TA(TA)' =='I · · 
- ' r Cfl,. -- .;,,. --· --· _ --:--- ,. ·, _, _ ___ ___ ._, • __,, ,· _ -.±--::. . _(IV:5) 

which means that TA ~ust·be orthogo·na) • .. If, therefore, the two matrices of the · 

. '. si.muftane.ous t~nsformations of . r and fare ch_osen so·that· their product TA is . 
< • 

_. orthogonal then the model is left unchanged. -~ 
• • _+ .r 

It i~ this featunr of the Fait~r Analysis _moclef that permits .the investigator to_ 
:. ' • 'I. • ' • ... - • 



·, 

positions: · In oth~r words; haying .estimated a set of coefficie~ts r , the Factor . ·· 

-~·-· _ .. ~alyst_ ~y ___ arbitrari ly transform th~ni by post-multipit~ation_ of r · by any (m x m)' 
J . • • 

. matrix• T. Of course the effect of this transformation is that the. original factors f 
-~ --~-- -- . 

become a set .file which is N(O, v ), ·where v is a variance-covariance matrix 

--'--·. -. ·- uniquely-~termined by the fact that TA is orthogonal .and.,! is known. These new 

'factors' are thus correlated with one another '(bot not with u) unless .A is orthogonal 

(i~e.,S (hf*')= AA'~ I). ~hen this latter requirement is •satisfied Tis also: 

-- orthog.onal {because TA must be). This means that if we are- loath to make a trans-

formation to c_orrelated factors by an oblique rotation of the· conimon-fac;tor ~xes we 

may nevertheless ·use Qn othogonal transformation {rotation) on r . . _ · 
Now, we will avoid this indeterrn'inacy of model (IV: 1) by requiring edch 

. . ' 
successive c_omponent variate in f to absorb as much ._as possible of the variability in 

. . 
·· x remaining. after that of u have· been 'extractedt. Both the procedures we now· 

I • ' • • 

~- ·. describe do this - though is slightly different ways. 

A few biologists have published work i_nvolving tne use of Factor Analysis. 

Five of these O<raus and Choi (1958), Teissier {1955), Goodall {1954), 

Bdiley (1956.), and Teissier (1956)] used standardize<:' x-vafues (so · ·.: . .. 

l · th~t I was the correlation matrix) ·and ignor~d ·_the diagonal elements -~f a. 
. . t Geologt cal appli':"tions are tc,th,!r more nu.""'rous than biological." In the lwo' last~ · 

'"' ...... --. ..... ,. \ - - --- - - - - · - • . ' - . "9 . • 

· ' mentioned articles the authors used orthogonal rotations of the component (facfor?) 

· · ·. ·. ·. ·· - axes {namely by means of an orthogonal T) to cl~rify. the bio~ogical s.ignifica_nc;e.,_of their· 
, ! 

; 
. results. 

, The expression 'centroid method' refers to . the Thurstone (1947) approximation 

~- to Pri~cipa'i Factor Analysis. This op.proximate procedure is now really only 

iustified wh~-!1 electronic computers are not available. 

Principal Factor Analysis. 

Our purpose is now to estimate r. and 6. from ·a sample of p-variate .-
. . . . . ' . . 
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' obs~rvations. ' I~ view of the Normality QSS~mption ~e know that th.is sainple ~an be 
• . . ' - A . . 

, .. repla~ed (without· loss of 'information') by the statistics ·i-1 and t calculated therefrom • . 

0~ difficulty is that we then have to estimate both rand A. from the rel~tion 
·,:: = rr' +a 

Let us suppose, however, that we can maJ<e reasonable 'gue'SS'_ at the p 

diagonal elements of 6.. If We write these as ' A we are then l~ft with the estimation 

ofr as ' 
r =: {gt g2 • • • gm} {so.y) 

{p X m) . 

frc:>m the relation . . .. 
OV:6) · · 

This relation reminds us of (IV:3) and ·suggests that we should estimate r in 

the same way as we obtained J in (IV:3), namely by principal components ana~ysis. 

In this case, however, we w111 be working with the matrix i-! . Each successive 
•" 

eigenvalue of this matrix will 'absorb' as much as possible of the balance of .the 

a"9gregate variance., namely of the tr~ce % of !-A . It shQu)d be remembered that 

any matrix of the form BB' is symmetric and all its eigenvalues are nonnegative, 

i.e., it is positive semi --definite. If, then, there are negative • values among the 

Oargest) m eigenvalues of I--6 it shows that either (i) ! is an inappropri~te estimate 

.. or (ii) f-! ~annot be written as f'~ •. 
· We ·will accord.ingly wri.te 

OV:7) 

and proceed to calculate them largestro~tsK 1 , . 11 2 , ••• . >rm, the remai'nder . 

being assumed to be zero since !' has only m colu~ns. Using the ith of thes~ 

eigenv,:.,lues .. we may obtain the first ;:T elements of gi ·by solving the first p-=i . 
of the equations 

{ .:.. ' 9 i - I, .. , ... m) OV:8) 
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' • ' . ·..;.;. • - • : . . .. . . · ' :..- • -!I,!, • .- : : . - • _. . ·- ·• -~- .• 

· · It is easily. confirmed that if we obtained the pth element of g. by requiring the sum 
• • . . ._ . ·.• . . . . . . ,. ; . I .· 

~---\: ~:.; .. of.the sq\.!a.;/ of the eleme-nb of'g. iobe \ jnity, ~,e-~ ould then have to ~~ltip.ly each". 
- I • . . . 

- . _,. . :·::of its el=~e~ts by~ -)/2 ~in :ord~~ fo~ rr·•,..__ to be t~- r-i. . We .may telescope these 
. I · . · • , . · "· 

step~ by requiring ; 
••f I 

- ' . . ·-/-·· ;,' . .... i . C •• • g~_g, =:= "' .. .. Y .= 1_. _2: .. : ~~~.;:. (IV:9) ' 

This equat_ion ·(making ·the su·m of the squares of th~ p 'components of g. equal to a non-
. . . .. . . . . . . I . . 

~gativ~ number J(.) completes· the estimation _of r ,-based o~ the· guessed value ~fa. ·. ' .· I • . . , . 
- . - .. . . , , . 

We remark t,!lat a given set of data may produce what appear to be perfectly 

~reasonable_ mathematical soluti'ons of the equations OV:7), (IV:8} and (l~:9) for all 

,c. ·• ;,,assume.d'la_!ues_ o{ m, e~gu· form= 1,2, . _ •• ·-p - 1. Only ·the statistical test i'ust 

·'"' . ; ·: . .. ': .., 

mentioned can distinguish b&~een these ~olutions .. r:td indicate what is· the smallest ·. 

value of m which will 'fit' the data given the hypothesis of Normali_ty. 
. ' . 

A speci.al case of the·foregoing cmalysis sho~~ why s_ome authors prefer. to 

discard Factor Analysis, with all its complications~ in favor of principal components • 

. Let u~ :suppos_e that all the elements· of~ are the same a_nd that we know ,} :,vhere 

A .==-821 

We may pictur~ 6 2 ~s ·rel~tively. small si.nce otherwis~ -~he-m •c·ommon foctors' have 

.'explained' too small a part of x for the analysis to b'e he.lpful :. . .. - ' . .· ::•· •:· .. 

·.': -~. -"' . ,.-.·: . lo this c~se.equation OV:7) becomes 
. ~ i': .,_ y. •. • •• -!:: .. • . 

/:~~;--l<t .:.a21)~~11 = o . : ·_ · · 
-;. . ~--·~ .,:: _ _;__: __ ; ,, . .. .. , _ _2;--..:.,J::: .. ,-~:· 

v• 

But 

show i ~9 th~t . 

·; le .. = '- Ki+ 81 
- -·- -..., ; -·~. -

·· -p-rin~ipat axe~ _ar~ giveA by · · :.: · 



• < 

·· · · .. together with 

(IV:12) 

On the other hand th~ ·components ofr are obtained in this case from 

i.e., from 
..,. - .. 

;g~(t-82 I) = (~\-82) g; __ by (S) 

i .e ~, ·from 

· · together with 

(IV:14) 

~ince equation (IV:1 l) is the same as equation (IV:13)except for a possible 

· constant multiplier, the only differences betwee_n the a! and g! lie 0) in their different 
°: . C • . • • -. ' • I I . . . . '. . 

(scaling) normalizations (IV:12) and (IV:14), respectively, and (ii) in the fact that we 

ignore the last p - m g:..vectors. -ln ·this particular case, therefore, principal components , . 

_ and-Principal Factor Analysis are likely to give very similar results if m is .only a little 

less than p. 
. . ' . . 

A peculiar feature of the -model is that, so long as m < p and A--/. ·· o, the · 
. . . . •' . . 

p-dimensional space of x (~mely, }he p-dfmensional space of the principal a~es) is 

not t_he_ same space as "t~t of the m factor-axes:. In fact the latter is -~~t e~en 
. . (, . . . . •' .. . .. . ,, . 

. 'embedded' in the former. This has the consequence that although we can envisage x as 
. . 

a point in a Hattened rugby footb~II of points in p dif!1ensions that m f..:~ec:tors -

· cQnnot be represented in the football af all~ This is v_ery different ·from the -~ 

. situation where we_ left ·the points. in situ 9nd rot~ted the paxes of reference. 

Text of adequacy of fi_rst_model 

Having estimated r ~nd _A our problem is t~ decide from these estimdtes . . 

, _,. __ 'whether; in the p-~riate Normal ~ni~erse from which, :,_;e _cire samp!i.ng, . 



· .. · . l: r r' + A 
· • 

1
.' : · ·:. -~' •.\/~(p~p)" (p~1~) -(n~'xp) (~x-p) . . . . . . .- . . . 

Thi~, test may be referred to as the test for the corr'ectness of m. 
. . ... 

. . Novi the ·toga~if~m of the lik~l-ihood ratio, nan:iely the ratio of the. 

l.ikelthood of the sample on the b~sis of the above hypothesis to the likeli_hood 
. . . . . . . 

based on ari arbitrary I, can be shown to be proportional to .. 
OV:15) 

. If the _method of estimation used is efficient - which, in general, means that 

Canonic~! Factor Analysis (see below) has been used - this ~riterion is approxima!'ely 

distribut~d as x 2 with (p - m) (p .m - 1) /2 degrees of freedom. We may use this· 

test as <Jn approximation even when Principal Factor Analysis is the method of 

es.timation used and also when IR, instead of I, has been operated· on. 

Numerical illustration 

As illustrations of the technique of Principal Factor Analysis we will apply 

it to the 8 x 8 variance and correlation matrices obtained from the Blackith-Roberts 
' -~ 

grasshopper data. The matri~es analyzed were designated matrix (c) (with elements 

calculated_ to six decimals) and matrix (d) (with five ·decimals). 

· ·. · The first step· is . to choose a reasonably low value of n, which we hope ~ill 

lead to .an adequate _fit of the ~ata. A rule-of-thumb used in psych·ometric texts is 

to choose m equal to th~ numb~r of groupings -of.the p-variates which are revealed · 
. . . . . 

· by the correlation matrix. References show that the variates numbered 2,· 3 and 4 

·· are fairly highly correlated and might thus constitute a group. On the othe-r hand 

the variates S, 6, 7, 8 and 9 are intercorrelated at a noticeably low.er level and 

. might be coflected together in a ·second group. V-{e may thus attempt a Factor Analysis 

. with · two 'common factors', i ~e ~-, with · m = 2. · 



· The .ne~t step ts to make initial 'guesses' about ' the elements of A~ .A 

feature of many iterative procedures is that no matt~r Yt'.ltat starting values are used 

the fina·, result i~ ,the ~amt· ·u·nfo~tu:~atel; !his .i~ not true .with Priricipql Factor --~ 

Analysis. Using an 11 x 11 matrix of observed correlations between assessmen·ts of _ 

_ . ·primal)' emotions, Wrigley (1959) has shown that substantially different estimates of 
A . r are produced by the use of (i) zeros, (ii) unities, and (iii) the reciprocals of the. 

c:orrespo_nding element of the i~verse of rR, in the principal diagonal of A • 

. Incidentally his experiment indicated that when m was 4 or more about 100 iterations 

were required :to produce successive values off':r• :that- 'varied only sligh_tly'. 

An~ther disturbing feature of Wrigley's results was the frequency with which 

the 'final' estimate of A contained one or more negatiye elements. In fact in the . . . . 

two sets of solutions form= 1, 2, 3, ••• 10 with initia!estimates (i) and (iii), 

respectively, only those form= 3 avoided this failure of model (IV: 1) which requires 
. . 

. all elements. of A to be nonnegative. While ._in the· Wrigley example m = 3 was thus 

• the only possible sohJtion the use of the statistical criterion could still result in a 

judgemen_t of 'bad fit'. This would be an example 'of the total failure of the factor 

analytic model. 

In th~ numerical example we have ch<?-5eri· to use_ m.ini>er (iii) of Wrigley 

· ·calterriative 'for the .initial estimate for A. · Thi~ is beca~se' it has a rather· tenuous"··. 
. . ~ - .. 

_.:_ . ·- - - - ;,. t-- - . • 

· · _wlidity from a · theoretical viewpoirit (Harman, Chapter 5, 1960)~ That is to say, · 
. ·"' 

if we a~ ~erc:iting on tR the first estimat~ of A is 

·-· A 

while if we are using I: the .corresponding estimate is 

. ·_ fell. ::irr t-1}.:.1 • -~ 
- \ '-t:, - . • . . 

. . . 

' Now_-;ith m = 2 criterion (IV.:13) is approximately distributed as x2 with 15 

degrees of freedom~:. The 5% criti_~al value of this distribution is 24. 996. Using 

Prtncipal Fact~r Analysh: the test ~riterio~ (¥11th .N =·_368) was 33.8.29 f~r matrix (c)_ · 
. . . . . -... . . . .. . .• 
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.,,.._ .... . 

and 36.667 for matrix (d). Thus -~o 'corrimon fa~tors' are insufficient· to fit the data. 
. . . . . . . 

- With m = 3 the x2 for_ the variance-covariance matrix (c) is 17.478 in com~arison ·. 

·with a 5% criticai value of 18.307 (10 degrees of freedo~) • . Bu;·it is only when we· . . . 

reach m = 4 that th_e calculated vale of (IV:13) for "!"Otrix (d) is bel.ow the corre-

sponding criti~al: value ~f . X 2 _(namely, 9. 951 and 12.592, respectively). This 

~kward feature of Principal _Factor Analysis, namely that two differe~t. factor models 

apply to one and the same set pf data _scaled in two different ways, h avoided by the 

technique to be d~velopea below. We will,.therefore abstain from_ reproducing and 
... 

'in~erpreting' the vectors of 'loadings' in the two different r. The table below sum-
. . 

marizes the 'fit of the original matrices by co~paring the diagonal (common factor) 

elements of r:r •· with those of the original matrix. 

Original vai-iances and portion accounted for by m common 
. factora in a Principal Factor Analysis · 

Variate llatl'i.'< (o) Mo.trilc (d) 
no. Original m = 3 Original m - 4 

2 0·0138 0·0123 .1 0·851 
3 0·0150 0·0107 1 0·751 
4 0·2545 0·1887 1 0-703 
5 0·0198 0·0084 1 0·468 
6 0·0097 0·0029 1 0·513 
7 0·0.197 0·0102 - .- 1 0·482 
8 0·0015 0·0003 1 0-298 
9 0·4155 0-1777 1 0-472 
All 0·7405 0·4112 8 4·53~ --· -- - ·---- ... - - --- .. ·- - - ·- - . - - - -- ·- - --- - - -- - ----· 

--- it may be ~entioned th~t, with the· varianc;-_c~v~~i~~ce ~tr~, it .--;quire~;·_ 

18 iterations_ to produce a i, the elem~nts of which did not. diffe~ from the preceding . 

! by as much as_ 5 u~its in the fifth dec:·imal pl~ce. On- the other ·hand with. matrix . . 

(d) (m = .4) after 41 _iterations there was stilt on~ erement in the principal diagonal of 
. . . . . . . . . 

/J. that differed by as much as 2 units in the third-c:lecimal place from the corr~spo~ding 

element o{ the ~stimate ~f L\ immedi~tely precedi~g. These results, essentially 

confirmin_g those of Wrigley (1959), lead us to view with. some suspicion the published 

. results of Factor A~alyses obtained.-after small- numbers of iterations .• . . 

A feature of the foregoing · numerical procedures wa·s _the· ~hoice of ~.small . . 

·_m-valu~·which was only dis.carded in f~vor c>F°a_ large; value be'cause ~he ·resulting .-_ 
• .> • • • ' - • · -
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· . model -did not fit the observations. This means that we have been seeking the .. model· 

representation with th; smali~st possible m. 1.~· turn this -i-mplies that the ~lements of 

A., the varian~es of th~ u-varia.tes, 'are to be ~de as l~rg~ as possible without overly 

disturbing the fit. 

-., · The end res.ult is that· the m-c~lumn matrix r will nec:essari ly 'discard'. into the 

u-varia~es a (much) larger portion of ~he aggregate variance (cs measured by ·the sum 
. A . . . . . 

of the diagonal elements of r) than the ·first m columns of tht, corresponding principal _ 

components matrix J • 

Furthe_rmore, the number,}<, of.significantly different eigenvalues ·(i.e .. ; 

110nisoclinic variation whfch lends itself to interpretation) is likely to be larger th.an 
. '•. . .. 

,. • • _ _.;_~-i.";~:-. . . r .• 

the ,smallest satisfactory value· of m. Thµs, for example, the m = 3 'common factors' of 
. . . . 

the Principal Factor Analysis of matrix {c) accounted for 55% of the trace of the 

- original 8 x 8 matrix • . An equal number of eigenvC:Jlues of the matrix accounted for 
.. 

93%, while all eight eigenvalues were deemed to be significantly different. The 

statistician cannot help feeling dissatisfi~d with a technique that characterizes as 

. 'unique' to that animal or plant group as m·uch as 45% of ·its aggregate variability. 

Canonical Factor A!"°laysis 

The v~lidity ~f Principal Factor Analysis d's a meth~xf of'estimating r ·and A 
. . . 

• - ~- '•• r,< .. ' "t~ . 

may be seriously que~tioned on the ground that it produces different results when x is 
. .. .. . . .. . 

~c~led • . Reverting to the -model relation we note th~t divi;ion of each component of 

x by its standard deviation {real or estimated) a.J/2 is equivalent ~o premultiplication . . II . . . 
of each side of OV:1) by (diagl:f 112• But · · -.• 

(diag.2:r1
'
2(p.+rr+u) (diag:E)-112p.+{(dia~'~)-i/2r)r+(~ng:E).:1,;~ . 

· The first of t~e three terms of this rt,sult shows ·that each' component ci µ is being 
. . . . 

stcindardi~ed {as we should expect), while 'the l~st term shows that the tra,nsformed - . 

<_,. p~variate u r~tains ·a mean ~f O but _has a varianc.e ma_trix Al , .sa~ given -~y' 
. . . . ; . . ' . ·- . . 



A1 = r-1/2 M.~ 112 ~- Finally~ if we are .to reta_in the notio~ of unit No~ai. va.riat~s 

f~ the p components ~f f, th_e rows· of r have.· be~n.·scaled by division,·by a{{i.,: · 
··cr¼2 , •. : a l/2_, r~pectively~ Th-i~-ret~tionship i~ far ·from being ·satil fied by the. 

_ . PP_:.. --- . __ . - -~- ____ .• _ . ____ · ... _ ---- · ....... - -
Principal Factor solutions . (i'.e., estimate.s _of r ) ·of the ~ariance-cov~riance and 

·-correlation matrix, respeclTvely ! -

..:. --~We will accordingly outlin~ a preferred technique -in which the foregoing 

scaling relationships hold good.between the two solutions •. -This fnvc;iriant procedure 

- - is-obtained·as the maximu·m-_likelihbod solutlon ..:of the problem of estimating T · and 

. . . 
-As. we ~ay surmise, the noninvariance to scaling of Principal Factor Analysis 

_- is because it utiHzes _I-d instead of .h -l/2{r-d) ti.""1/ 2. , The ~residual' or 'within~ 

. variance-covariance matrix is now li and the 'between•:..variability is ·represented by 

_I-A . We must thus replace equation {IV:7) by · 

· _.-· ja:i;;ci=·a)a.:.1,2-vII = 0 

. and:r will be determined from 

.· ------together,with • 

. 
• --:.. • :. •• • - · · .--1-~ - • 

, . 

. . . this solutjon is essentially the sdm; as H)at p_rovid~d_by Lawley in his s_ec:ond 
. . . . .. . ,. .. . ' . . .. -.:•~:>- . - ·, ..... --~ --·- -~-·· ---~: .' - ' ,:; --···._- .. ' 
paper on this-subject. It has been the.basis of all published n,ime.rical applications · -

. . . . . . . . . . -· . . . - -

·.~e-then~~ ln order to simpli.fy-tbe ,pro~~dul'e •'for ·d~sk-caJcufotors · Lawley· prop~d 

·an itera'tive s~lu.tion which a~oided 'th; ne~d: to soive the above determin~ntcil . 

-equation. 

Howe (1955) proposed an·alternative proced~r:e for ~se with desk calculators 
. . . . 

but by. then Rao {1955) had arranged for a d_irect' computer sofuti-on of the foregoing 

.determinarital and vectorial equatiqns • . This program was used by Bechtoldt (1961) c:,n 
·' . 

·a 17 x 17 correlation_ matrix with m = 6. ··this author~·s_tates that he -required only five 



iterations to produce successive estimates of/:,. which did not differ· in any element' by . . . - . 
. ..more than+ ·0.01. 

. But· the dire~t solution ·of the .foregoing equations has the serious disadvan.tage 
·. . - . 

, . . . 

that if any element Qf ! is n_early zero convergenc~ ~f- the. iterative process is likely . 

tobe slow or· even to fail. We propose, therefore, to rewrite the equations. in a 

·different form;.. althou.gh the final estimate ofrwill be unchanged. -. 
' . - . . 

The above determi_nanta.1 equation is equivalent to 

i.e., 

. i.e., 

or 

-- - . . l(t-A)-Otl == () 
,, 1 -- -~-- ~. ~--·-· - _ (IV:16) 

' where 9 = v {l +v ). This is the original from of Lawley's maxim.um-likelihood 

solution. 
. . -

. · We naw use the .m largest roots of (IV:16) to obtain the columns· g~ of 
I 

namely ·- ---- i - . -----

(i == I, 2, ••• m) -- . - ·-- .. 

together .with 'the normalization . 

- ·~ ·. -g~t-1 g, "== 9, 
... "'---

(IV:17) 

(IV:18) 

Having completed· this solution based on _a preliminary ! ;,.,e obtain a second; · 

i~prove~ estimate! from the. relation 

A = dia.g ct ...:. tr'> (IV:19) . 

: . ancf-insert thi~ in p.lace of! in (IV:16). Successive iterations a~e c~rrie.d out until two . . 
. . . . . . A ·. • 

es~i~tes of! agree to the de~ired 51ccuracy. The:_ final 6 a~d. ther that results from its.· 

us~ in .OV:16), {IV:17) and (IV:18) 7 assuming that no value or'C:>. is negative- · 
.. . . . . . . . . . .· . . ·. I . . 

constitute ,the-'. Canonical. Fae.for Anal)'$iS. 
. . . . . -
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Testing the odequacy'of model OV:l) ..... . 

When Canonical Factor Analysis .ha~ been us~d to estimate r and a the 

factor Nin the test criterion canbe _refined and. the second term simplified. The-

result is 

OV:20) 

which in~icates that it is meas_uring t~e de~iations fr9m the hypothetical universal 

zeros of the smallest p-m sample roots of . 

· Numerical illustration 
. . 

The fore.going techniques were applied to the 8 x 8 Blackith-.Roberts ma~rix. 

· .. As with Principal Factor Analysis, d of the Appendix was ch~en as 4 so that the 

elements of the final<.& can be assumed correct to four decimal _places. 

. . . . T~iafwHh m = 2 resulted in a x.2-value significant at the 1% level~ 

However,·· ~ it~ m ~..:.~-the criterion (IV:20) proved rion.5ignificant (x2 = 14.484 with 

10 degre.; 6f freedom}; The maximum.:.likelihood (i.e., ir{ a :certain sense ; th~ 

·.- :: ~ est') fa~to~ structure -of matri~ (c) or (d}, i_ndiffere~Hy, thus ,.agrees with that derived .. ~- . . -: . . . 
-from a Principal Factor Analysis of matr-ix (c) •. Very few -published Factor Analyses 

. . : . . . . . 

have operated on variance-covariance matrices. 

· The matrixr produced after 23 iterations was 

0·1086 
0·1011 
0·38,16 

· o:osaG · 
0·0504 
0;0777 

• . . . 0:0174 , 
', . 0·3371 

_-:- 0·0173 
-0~0202 

0·1801 
0·0173 

-0;0195 
0·0231 
0·0044 
0·2709 

0·0021 
-0·0033 

0·0032 
··-0·0-102 -.. 

' ·0•0°'18 
0·0.'.194 . 

-,-0•0104 
0·0104 

-- i: .. -.. ~- ·<."~ ;:;~~~ ~~~---· :-~~_..,_ . 
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... 

' . . 

whUe the (diagonal) elements of b.. were 0.0~lt, ~:"0043, 0.0741, .0.0109., 0.006~, , . 
· . · ' , . A · A 

0.0107, 0.0010, and 0.2234, re_$~c:tively. Since trI = 0.749382 and trA = 0.332~7 

(th·e last figure being spurious) we se~ · that th~ common factors 'absorb'-55.6% of the . 
- -

· aggregate variance. In our ptincip~I components analysis of the firs-t three eigenvalues 

_ -absorbed 95.4~ of°this .variance. It should be clear by now that principal components 

and Factor Analysis_ are totally diff~rent techniques. It is indeed unfortunate that they 

have become confused in .the literature. • 
. . . 

. . • . A . • -~ . . 

As to the interpretation of the 'loadings* in r we can only draw the biologist's 
' ' ' 

. ' 

· attention to (i) the 'general factor' and a second (bi-polar)•factor in whi~h the _hind 

fem~ral Qnd the elytron lengths play a domioont role, (ii) the antithetical position 
. 

taken by the aggregate of th~:width of the grasshopper's head, its·pronotal width, and 

its prozonal length -in relation to the other five measured parts ~hich are weighted 

differently,· and (iii) the importance of the metazonal length ·a~d the hi~d femoral 

·-·- width, offsetting one another/ in the _third factor. Blackith (1960) has made a 
" 

Centroid Factor Analysis of all ten (instead ~f- eight) variates. and the reader is -referred 

to that paper for further details. 

Rotation 

· - The objective and techniques associated with· the 'r:otatiol)' of the m estimated 

common factor axes into supposedly more meaningful p~itions ~ccupy a large part·of 

the existing texts on Factor Analysis. Thus o~e.chapter of Bu'rt .(1940); three ·chapters 
. ' 

of Thurstone ·(1947),_ three of Thomson· (1951); six (shorter) chapt~rs ~f C~ttell (1952)_~ · _. 
. ' . 

_ ~o of Adcock (1954), two of Fruchter (1954), four chapters of Harman (1960), and 

one chapter of Lawley and Maxwell {1963) are ~evoted specifically to the C?omputation~I 

procedures of rotation whHe other chapters of these .books usually cont_ail') discussi~ns 

pro and con~ 



- .:; Two different types of argument are useg -to .justify !he rotation-of a set of 
•- . . . ,. . 

_, 

. '..,. commo~ factor axes· found by so~~ standard ·compu.tationa.l procedu~e ... us.ually. _ _the . 
• w ' ·• ... ., • ~. 

_ ...... , 

. . ; . . . 

·centroid approximation t~ Prin~ipcil F~ctor An~ly~is. Th;• first of t~ese stems from_·~ 

··.the psychologist's feeling th~t he kn~ws· what !factors! are com~on to certain of the 

p variates,, observed .,{which.are usually •t~sts' of one krnd or an~th,er in his case)-and- . 

which variates d_o not call these o_r oth~r -~fa~tcirs' into play. He can t~erefore group . 

the variates together in a significant manner and can rotate the factor axes· so that 
. . ' \. . 

-. the loadings {g-coefficients in our not~ti~n) attached to factors that should .not appear· 

in the.specified grpup of tests are (approximately) zero • . 
,-.o:.~ . 

This arg.ument lost it~ appeal when it appeared .that psychologists -h~d · 

·different views on the 'factors' that entered into the various:tests used~ ·Furthermore, 

the distribution of a linear compound of a number of rand.om. variables tends towards 

- the Normal as the nu~er of vqriates increases ·.(unless ~~ -Or: more of the coeffi'cien~ 
- . 

. _.-, -~: .J~ ..::- -~. -~ 

':' . ·•:• 

However~ . indices constructed from Norm~lly distributed variates, may well · 

·_ have distributi_ons that are far from· No~mal. An immediate example ·is provided· by 

the sum of the squares of N Normally distributed variates J(leasured from th~e sampie" 

mean·. _-_,This sum is distributed proportio~'ally to x~_-1 (the constant of proportionality ;.-

- bei~g ·i,2 , the variance of the sampied 'u~iverse), and_ this distrib.ut)on only tend~ to _ · 

· Normality as N -bec:omes large. Anoth~r example is th~ q~oti~nt· of two -N~r~alry : \ - ., 
. . . - ·~... -

· distributed variables. 
. . 

But not all the procedures we ha~e introduced ar~ equally disturbed by a 

. lack of Nor~ality in the observations. · Th~ • .:nethod,°-of Part A are al I 'robust' in the 

se·nse that deviations from Normality-of the distribution of the res.idual e are · 

relatiy~ly un~mportant (Chapter 10· of _Scheffe,_) 959).' Thpugh numerical ·exampfes· 

are scarce in the 



· literatu~e on this subject ·we ~ould think th~t Bartlett's test of the equivalen~e. ·of h . 
. . . 

. varia.nce-covariahce matrices would be very sensitive to depar:tu~es from Normality 

and that the same would be tr~e of the tests of the sizes of k a~d m. In fact -the 

whole concept of ellipsoids of variatio·n and the rotafion of ~xes to produce uiicor-. . . 

. related var·iate~ is so closely linked with . the myltivariate . Normai dis.trJbution that . 
. . ·. . 

these m~thods should really only be applied to data of this type. On the other hand , 
the choice of the directions of .the canonical axes has nothing to do with Normality, 

_ but the subsequent test ~f 'how many axes' has. This encourages us to us~ canonical 

ana_lysis· on quanta I variates but leaves the test of its success rather rough _and ready~ 

We have· mentioned that some biologists have used the terminology of Factor 

Analysis .in describing principal components analyses of multivariate do-ta. Others, 

understandably,· have used simpler. techniques to achieve a similar ol:>iective. In 

·-_addition there is a-gro~p of biological arti.cles in which factor analytic methods 
• . l . _ . _ I ' • ~· ,, : • I 

have been used to discriminate between species~ 

. : ,-_ (i) Principal components analysis is intended to achieve· a·'parsimonious 

sum~rization of a random sample from a single universe of ~ulti-

variate Nc,rmal measurements; 

' (ii) Canonical analysis is a procedure of discriminating as clearlr as possible 

between tw·o or more multivariate No~mal universes with the same variance-

coyariance matrix; .and 

Factor Analysis is an attempt to elicit" the underlying Nor~I ·multi~ 
·. . . J . 

variate structure of a _universe that can .be san:ipled•.with; respect to many 

.Corre lated variates. 

While {i) may tend to merge into ,(iii) when we ign'ore ~he smallest p-k eigenvalues of 

_ its analy_sis, conc_eptually the bases and, the computational proced~res of the tw°. 

.- technique! are (or.should be) qui~e diffe.rent :. 



. Now suppose we have mea.sured p ·variqt(;lS on N. specimens of a given species , 
· · h · -- · I . · . 

of bee (j = 1, 2,, .• h); r N. = N. Some of these variates may~~e qualitative_"{e.g., 
. . i=l I : . - . .. . . . 

the color of the abdomen), others discrete (e.g., the ·num~er of antennal segments), 

~hile some will be measured leng"ths or weights. Possibly some of these measure·ments . ' 

will have been transformed by takfng their logarithms or their square roots, etc., in 

. order to make them conform more closely_ to Normal_ for~. The most cogent procedure 

to discriminat~ bet:ween these h spe?·ies of bees and -to discover their ~nderfying 

affinit_ies is canonical analysis." 

Following Bartlett (1948), le·t us examine the d!terminanta!" equat_ion of s~ch· 

_an anal~is on the supposition that N..:.OC:> and that pis la.rger than h-1. This equation 
. ' . .. 

can be written as -

:-:ti~ . 1s..:.vEI = 0 . . ' (IV:21) 

. and has ~":.1.' nonzero (positive) roots. Here g is the ·•between spe0cies', arid r the · . .· ._, . . 

' 'within species', variance-c.ovariance matrix. Now,~ if ~-sym~trical p X p determinant 

is of rank h-1 < p its order can be reduced from p to h-1 by .the same linear operations 

on its rows and columns. We may therefore rewrite the foregoing determina.ntal · 

equation as 
1s•-v1:•1 = o 

~-- -· .. - -· --- --~- ·· ·~ (IV:22) 

whe.re both 'matrices are (h-1) x (h-1) and symmetric. 

· We now suppose that the off:cliagonal terms ~f ·I* _are _zero (a very. severe 
. - . . . • 1, ;, 

· restricti~n) and thus replace our ~qu~tion by 
.. ,-. 

j3*-vcliag:E*j = 0 ·· (IV:23) .. 

· · In order to reduce the_ matrix:* to the form. of a co~elation mat~ix we mus~· pre ... 

multiply and post-!'m.1ltip_ly"by .(diag: *f l/2• Doing this to the whole matri_x . 

expression results •in 

.. IRp- (diag 3*J-1' 2 diag.E* (ding S*>-1' 21 ·== . 0 
. . . (IV:24) 
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is the (h--1) x (h-1) correlation matrix between h 'species with the 'average species' 

. eliminated~ and the term which v mu1tiplies: is a diagonal ,matrix, the typical 
- J .. . J-,:% ·· 

element of which. is the jth di~gonal element of r* divided by the jth diagona.l . . 
. . . 

element of:::? * . Now, if these diagonal elements can 'be replaced by unities · 
'-' . . . . . 

{which is another strong restriction) the determinantal equation reduces to . 

IRp-vll = 0 OV:25) . 

· and _the canonical analysis is then the equivalent of a principal components analy.sis 

of a· matrjx correlation coefficients between individual ;pecies of bees. 

1he foregoing analyl!isJndicates that if {IV:l) the measured variates are 
--- --.~-: - . . 

uncorrelated {which could, of course, be achieved by: a preliminary principal · 
. . ~ -- -

. components ·analysis_ of I), and OV:2) the co~~espondiiig .di.agonal ~le~nt~ of: gnd 

·.· I are equal, then a canonic~( analysis may be replac_ed 'by a principal components 

analysis of correlat_ion·coefficients between the different species. We might -attempt 

to estimat~ Rp by calculating the h~-1 )/2 correlation _coefficients between each 

.palr of species of bees, any species bei'ng represented by p ~pecified· measureme,nfs 

made on one of its members. 

·we have . thus seen that the replacement of a_ canoriic~I analy~is by a 

principal components analysis of a ,nc;trix of 1between-spectes 1 correlation coefficients. 
. 

is plagued by ~njustifi~d assu.~ptions •. However., it_ is logically more satisfactory 
\ . 

thari the concept of drawing a random sample of p h-tuple measurements from an -
. . . . 

. h~variate Nor.ma I universe, wh~n p is actually a carefuHychosen set of characte;istics 

. C!"d the h variates· are. the species that Chan~e has -made conveniently civai lqble to _ 

the biologi;t~ The arbitrary _nature of the subsequent Factor An~lysis is emphasizecfwheri 

we try to apply maximum~likelihood and .to determine the 'proper' value of m. 



Matsakis (1957b), Sokal (195ijb), Morishima and Ok~ (1960)~ and Rohlf and 

Sokal (1962), employ the dubious techniques based on between-species correlation 
' . . . . .. 

coefficients. In all cases of this type we wo~ld recommend the r_eplacement of the 
' . 

measurements on a single animal per species by measurements on .·at least two 

animls and the subsequent canonical analysis of the data. If certain of the characters 

do not vary at all 'within' a species they cqn be used as distinguishing marks 
. I 

supplementary to the species name • . 

The attempt to dassify an~;,,als and plants by means of indices of 'between 

species' likeness ,has not been limited to Factor Analysis. · Although ~ome of these 

indices involve correlation coefficients or other statistical measures _ of similarity · 

none of ,them regard the measured animals, plants or bacteria as samples from specific 

universes - as they sureJy must be. Thus none of these techniques, ctted by Sneath 

and Sokal (1962), can provide any measure of the-correctness of their classifications 

nor can convincing reasons be given for preferring any o_ne method over the others. 

There is~ however, a ··case where correlations between observed specie~ have_ 

statistical validity. Goodall (1954) has made a principal components analysis of a 

sample of 32 equal rectangular areas (160 x 80 m) of virgin mallee scrub vegetation. 

The sample areas ·were measured as to their percentage cover by each .of 14 ( = p) 

species of plants, each percentage reading _being transformed by the arcsine:--root 

transformation. The first five principal axes of the resulting 14 x 1-4 correlation 

mcitrix were found to be 'significant' by Bartlett's ·criterion. Similarly ~agnelie's 

(1960).paper, cited in the exhibit, utilized coded qualitative va_riates in cal- . 

culating the correlation coefficients betw~en plant species observed in greater. or 

lesser abundance in a sample ·of 80 beech groves •. Another illustration is· found 

in Reyment {1963). These papers provide exa_mples where correlation 'between 
. • I 

. . . . . . 

spe_ci~s•_ are valid parameters of a ·single p-variate Normal universe of 'areas'· .• 



_ fo fact,· with this type of mat~ria-1· i~· is hard to see fhe justification for-~akuJ~ting 
- -

correlation coefficients between every pair of p areas based on a 'sample' of 20 

ichosen' species (Williams· and Lambert, _1961). 

To this point; we have been c_oncerne~ with applications of methods of 

factor analysis that have been available in the literature for several years. I 

shall naw. take up a newer method, in which several differences from the usually 

occurring factor model occur. In connection herewith, we shall again review some 

of the characteristics of principal component analysis, in order to be quite ,clear 

concerniri•g the differences in the two types of models. 

We shall -consider an example involving correlations betw~en species 

numbers. 
,· 

The correlation coefficients between pairs of variables (species), otdered in 

a correlation mcitirx, are subjected to the mathematical procedure known as a 

transformation (equation (IV:l)). The new matrix Din -equation (IV:l) has all off.-

diagonal elements equal to ze~o and its diagonal eiements add up to the same total 

.. os the diagonal elements of the original correlation matrix. This diagonalization 

-process is of wide application in applied mathematics. It was used by Jacobi over -

a hundred years ago in his study of the orbits of the planets and his solution is the 

one used in most electronic computer programmers today. · Many statistical pro-

cedures make use of the pr~cess, including the statistical treatment or' certain 

taxonomical problems and a .problem in population dynamics. 
I' 

Th_e element d1 of matrix D is larger than any of the succeeding e'lements. 

We shall here refer to it as an eigenvalue; other terms in use for it ·are 'latent 

root' and .'characteristic root'. Each eigenvalue is associated with two eigenvectors -

. (for an asymmetric matrix there are two different eigenvectors, but in this paper 

- we shall only be concemed with symmetric matrices, where .the eigenvectors _do 

not differ); other terms are 'latent vector' a~d 'characteristic vector'• The . . - . ' • . 

. relationship is indic~ted in equation (IV:2). 
. . . ' . 
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It is easy t_o sec that the cl1.' llh'nbs. of _D r,:pr,·sent another distribution of the total 
varianc,' of the origin:1! matri.\ (the :,aim of its di:1g,)nal ckments-- this is cal!cd the spur 
or the tmcl; of a m:itri.\; tlrn:-, spur/... = spur D in' cquation (2)). 

In the_ t:lxonomic:il :i n:ilysis• of, for c.\a rnpk , ostr,1c6ds, the first eigenvalue is usually 
many Limes greater th an th.:- scc,~nd ci:;cnvaluc and we say that most of the variation is 
concentrated to ·the first pri11cipal compoi1e11t .. This is give1i by the clements of the first 
eigenvector, which arc employed as the coefficients in an equation. Thus, if the elements 
of the eigenvector arc (b1, bz, b~). and the dimwsions measured, x1, x2, X3, the Mst 
principal component may be written out as · · 

U1 = b1x1+b~x:i+bax3. (IV:26) 
. The variance of U1 is given by d1, the first clement of ti. · 

In our palaeoecological problem the Xi are species and the Di denote the imi)ortance 
of species Xi in a particulai: pri1icipal component. We should therefore be able ·to·recognize 
associations of species, yielded by the principal components, !he relative significance .of 
each species being indicated by the corresponding coefficient of the pertinent eigenvector 
(in statistical parlance this coefficient is sometimes called a 'weight' or 'weighting'; the 

· corresponding psy~hometric term of factor analysis is 'loading'): 
It will usually be found that the first few eigenvalues account for almost all of the 

variai1ce. The question is, then, whether any importance is attached to the remaining · 
eigenvalues. This may be tested by seeing if the remaining eigenvaloes are indistinguish-
able from each other (isotropic residue), which also implies that they ·are _unimportant 

· with respect to i-nagnitude: Obviously, all eigenvalues must; in a sense,. be significant 
(cf Kendall 1957), unless we have a matrix, the rank of which is less than its order, 
which is a remote possibility in the kinds of biological problems we consider J1ere. What 
the aforementioned test helps us to do _is to decide the number of important eigenvalues; 
that is, fo the ecological proble111 under r~vie\\;, the ones that have been most important 

.in determining the frequencies in the various species associations, indicated by the · 
elements of the corresponding eigenvalues. One would like tQ . be .able to test these 
coefficients" for significance, .but, as far as the -authoi· is aware, no Stich tests appear to be 
available. Consequently, there must be an element of subjectivity attached to decisions 
regarding the importance of any vector element. · 
- Up to now the discussion has been in terms of principal component analysis. The 

ecological intcrpretatio1i of the results of factor analysis is made i;1 much the sanfc way. 
However, . the structure of factor analysis differs somewhat from · principal co111poncnt 
analysi~. as indicated ·by equ<;1tion (3), for it includes a term for ran~lom variation.· Th~ 
'communalities' of factor analysis, discussed fur.ther on, arc derived from the random 
matrix, as is indicated by equation (4f The method of factor analysis empioyecl in the 
present paper would appc<1r to be an improvement ovc1: previous methods, as it provick<; 
a more rc;iliqic ass umption concerning the matri.\ of H:sidual variances (equation (5)) . · 

STATEMENT OF TI-IE. PROBLEi'vI 

We have, say, k samples from boreholes in whi~h·p different speck s occur (not ncccss:;rily 
all p sp~cics occur in each of the· k sap1pks) .. For each sampk a certain arbitrary total 
nuinbcr of intlivi_:luah,. "!~ an: pidccl (randomly), this N being the sam~ for all s:unpk?· 
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A m:1tri:-; t of 'scor..:s· .(rclati\ c frc,--: 1,_.,1ci.:s) result~, each ro-,\· 9f which con~i:...ts of th<.! 
scor~ for each .of the JI sp.-c ics in th :: j-th s:impk (j 0 -== 1, ... , k). 

here_ •'. jJ.- reprcs..:nts th :: score for spcci<.!s Sk (1•;1.:~0). · .. 
It is d-:s ircd tc, us·: th .·;;c observations on th_e frequenci,;:s of th,;- species to asc,:rtain the 

. extent of r.·b iionship in their occurrence. That" is, one WOl!ld like to see if spccfes that 
react in the same way to all factors in their environment can · be mars.hallcd into one 

·· group, and tho~c that arc adversely affected by some environmental facet can be made 
to show· up in another group or groups. . 

0 

(IV:27) 

B'Al3-n--{ . (IV:28) 
0 ,. . . . ~-. . 

If the matrix A is posidve definite, then the d1>0. (In .other words a positive definite 
symmetric matrix has only positive eigenvalues.) 
_ Corresponding to each eigenvalue there will be an eigenvector, c, such that if dis any 
e'igenvaluc of A, c.is a non-zero vector satisfying the equation -

· (A-dI) = 0 

These eigenvalues and eigenvectors provide the basis for the ecological analys:s. 
Primarily we arc interested in the components of the eigerivectors, which we may regard 
as ecospectra; Le. the observational vectors are broken up into function,1lly connected 
spectra of ecological reaction. The same reasoning is applicable to the matrix ·of factor 

- loadings of fact(!r analysis, treated as method 2. · . 
. , . "" 
. :.-·- . 

Comp11tatio11al proci.Ylure for .;1i~•ti10d 1 .. --- -
1. _Note th~ frequc.ncies of each of the p specks ink sampks for a totai of N indiYicluals. 
2. Arrange the data for each sample in rows the one abcn;e the other; the orckr of_ 

the r~\\ s with respect to each other should _l)e random (important for p:1b.:-occblogicai 
data 111 order to eliminate the poss ibility of s~ri:ll cMrdation). . · -- •;- .. ... 

... .... .._ ___ . - . - --
. . Mulrirariate analysis 

S1 Sp 

Sample l ''H ' Vlp 

- . 

(IV:29) 

The 1·u represents .the scot\' for the j-th species in the i-th sampk. Bc!cai1sc of the con-
stant !..',·u '-"- N, th.-se sc.,rcs are proportions ,,·hich may b..: directly compared between 
sani'p!cs. Logically, the grc.iter one takes the valti'e of N, the more likely arc the com-
ponents of the ohscrrnt.ional vcctNs to appr:1ach stability: . 

3. Comput~ all combinat·ions ofcorrdationcocntcicnts bctwe~n frequ encies of species. 
· It may l?e more suitabk-to express tl_1e data as <lccim:il .proportions at .this sta·gc.· 

4. The correlation coefficients are a·rran r,~d into a matrix of ·correla tions and this 
correlation matrix is tedu~~d to its c,~ noni_c~l foim. . -- .... . __ _ 
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. 1·0000 
::..o,3176 · 1 ·0000 

. .,. 

Q.:.Ving to the cle>sed-form nature of _this table, ther~ will be a small 

spurious _corr.elation. Thus, a correlation of zero, will appear as -0.06.: This 

is·cleart'y unimportant in the present connecHon. · · 

This is best done on an electronic computer as the a~ith~etical labor 

involved for more than three or fo1:1r variables is prohibitive. 

.. 

J11te1pretation 
Each eigenvalue gives a quantitative indication of the relative importance of the species 

combination represented by the coi11pone11ts of the associated eigenvector. Particularly 
in large matrices, it may be found that only the first few eigenvalue~ will oe meaningful; 
the remaining eigenvalues can be tesfed _to see whether they differ significantly from an 
isotropic residue (Lawley 1956). The eigenvector may be ~vri tte1i out in equation form as -

- . ' 
. The usual computer solution of an eigenvalue problem ~provides normalized vector 
components so that a1i ai may· receive any vahie between 0- and . 1: dependir1g ·on- the · 
importance of the contribution or"the variable. Hence, the variables ( = species) of. tl~e 
above, equation that have large coefficients: are said t9 be causing most of tlie variation 
represented i_n the eigenvalue. The reasoning is further elucidated in_ the worked example. 

-·Example 11si11g meilrod l . · 
The example considered here is p~lacontological. It will be· apparent, however, that 

the same reasoning rirny also be .applied to data concerning relative abundances of living 
. associations (cf. Greig-Smith 1957, p. 147). · · 

The first 600 randomly sclccte~ individuals of twenty-eight borehole samples from 
wc_stcrn Nigeria, containing sevcnteenspecies of Pafoocc1fo (Ce1iozoic) ostracods were 
used to construct the c9rrclation matrix given in Table I. (Significant correlations printed · 

_ iri bolt! face typc ;. these arc 'total' correfations not taking the i1ifiuei1ccs of the other k-2 
..:_ va_riablcs into ac~otrnt.) -, . --- -- .,. .·_ _ ___ . -- _ __ _ 

·--~/:~~~ . -. ---
Table L Correlation m;,,.,..-,. based 011 c_o!!ec~io;,s of S<?l'CJl{Ce/l species ~f fv.uil (JSff{IC(U!., 

_ 0·1363 ··0·l<J0Z . 1·0000 . 
0·1804 - 0·1775 -- 0•J.;<J :, · 1•0(\':l.1 

-0·25-47 0·16l1(, 0 - 0·l2S5 --:- 0·_IS3t< ,l·Ol'OO 
-0-0267 - o-::<J <J -0·i59'} o-: t'<,i - 0-09.:s- 1-00t~s 
-0·00.3-.8 -0·1499 -·0•2(,,;2 O·<.~S i° -0·1279 0·-!71 I l ·CXXJO 
-0•l'i'1Q -0·17", -o-.,,~8 -0-~0,6 -0-1,.;7 0·0639 o-o_;f: 1-COJO 

· :..o-3659 -0-1 s01 -0-isc,2 -0-09:0 -o-2c,24 0-04_;5 0-09.:5 o-osos 1-c-000 
,....0:0509 -0·002S 0·2996 -0·.i2:9 . 0-:c.;3 -0·0S99 0·3i22 0·2368 ,- 0·0499 1·0000 
-0·1097 -0·2288 -0·2509 -0·1021 ~ 0·3699 -0·1206· 0·C-1-00 -0·1S09 -0-'G0SJ 0·0675 1·0000 
:-0·2!04 ....:o-1734 -C·J ! iO . 0·0320 O·::cS~ -0·l6S5 -0·235S -0-20..;o -0·.i603 -C·!S39 O.•i 303 1-0000 
-0·3035 -0·.3i66 0·341 9 0·0981 -0·2349 0·0722' -0·2635 0·0903 0·2735 -C·lS.7S -0·2679 0·C075 -l·C000 
..:.. Q-0213 -0·23% . 0·233! -0·0 l S3 -0·1927 0·0792 -0·1421 - 0· l 107 -0·0Si ! -0·140S -0·1212 -0·1286 0·29:-7 i·OC:)0_ 

0·0130 ..:.0-2.:.20 - 0•13S3 -O·OS55 - 0·1567 - '>300f> 0·0942-0·0~79 0·3093 -0·0515 -0·013G-0·2747 0·0277 -0·0311 l•('0C0 . 
0·1513 -0·1549 -0·505'J 0·4269 -0·3083 0·2614 0.·24L-2 - 0·3362 0·3536 -C·26!3 0-0~IS - 0·2.;.<;7 -0·176 l -C·00~') 0·-\:'.6 l 
0·13S9 -0·1714 -0·4500 O· Lii3 0·2CC5 0·1S4i 0·3036 - 0·.::'.512 . 0·03 15 -0·!857 0-..::6:- C·3'.:49 -0·3!.'.7 - 0.-1052 - O·Oi65 

·- / 

l·OCOO 
-0--;:-1 .. ! ·00C0 



. ,,· 

The rc:-ults ol tltc princ-ip:1l comp011cnt an:1lysis arc slW\\'n in Tab!~ 2. .,.,:·;,. 
We ,wtc that all cigc11\·:1!l!L~s are positiw, which is a result of the correlation matrix..;.:: -,.__ __ _ 

being symrnclric and positive clcJinitc. A ,-e ry intcicsting aspect of the analysis is that · 
the first component only -accounts for IS % of the total variation. Compared ,~·ith 

· applic:1tions of principal compo;1cnt an.alysis in taxt~nomic. work this is low indeed (cf. 
Reymcnt l 9.G3). The first thrt:e e,igcnvaluc_s add up to 46·51 % of the total variation and 
the first fou r to 57 The s]jght diffcrcnc~s bet\\'ccn successive eigenvalues indicate the 
great computational diflicultics that would haYc ken -exp.erienccd had the work been 

· done manually. The differi:Ttccs bt twc.:-n successiYe eigenvalues are small.er b~tween the 
first and fast few eigem:alues than · bctween :the intermediate ones. We note a further 
feature of the results, notably, .that the elements of the first eigenvector are .not alL 
positive, which is a situation differing froin that usually found in principal component 
analysis of biological materials (cf Reymcnt 1%3). · 
· One interpretation that suggests itself is that the several eigenvalues of roughly. the 
same magi1itucle may indicate the existence of more than one ecological factor and·that 

· all are of roughly the same importance. 
- ·· Using Lawley's (1956) test of significance it was found that the first five eigenvalues -

are significantly different from each other, while the remaining twelve inay be regarded 
as being isotropic. 

Approximate 95 % confidence intervals for the eigenvalues were found as follows: 

· The procedure is to choose/ and u so that . 
. Pr[nl<x~] . y(l-c); Pr[x~<1111] = y(l-e). 

T-1 P· [,\m(S) u· , ( ) ,\lll(S)] ::,,..I _ _ 1~n , ~- -u- <a I\ < - 1- - --£. 
a • -

(IV:30) 

· (A= the eige_nvalues and 11 = N-I; A11l = smallesteigenvalueand,\M = largest eigenvalue) 

These interval~ arc 0-07<all .\,<35·08, with a probability of 0,96 . 
. A complication encountere,d when interpreting the meaning or the eigenvectors is 

· that the standard deviations of the variables are frequently very different, which is an · 
outcome of the nature of the data. In the present problem it might have been advisable 
to perform some sort of scaling operation on the input material. The vector _of standard 
deviations is: · · 

s' ..:._ (0·13S4, 0-I593, 0·0609, 0·0475, 0·0247, 0·0123: 0·0425, 0·0714,- 0·0829, 0 -02.13, 
0-0514,. 0·0850, 0·0733, 0·0808, 0·043), 0°0421, 0·0101) 

Dividing each component of the eigciwcctors by the appro1~riate standard deviation, 
as is oflen done in 1>rincipal component analysis based on a correlation matrix, did not 
Jead to intelligible results. _ . _ _ . 

A rough interpretation of the cig_cnvcctors corrcs1)onding to the first five eigenvalues 
is that the compone1its of the first vector arc mainly suggestive of some· environmental 
factor which innucnces _species 16 and 17.in one direction and species 3 in another. The 
second eigenvector is mainly ·concl'rnc<l with species 5, 11 and 12 and suggests the exist-

.-.. ... . 
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- 2·$655 

1·9-141 

1-7764 

l-6070 

·s_l-1766 

1·016?° 

O·S610 

0·6940 

- - ---0·6050 

0·4302 

· 0·3077 

0·2286 

0·2025 

0·1194 

0·0403 

0·0198 . 

,i,;.:...'" ,-:-
. iabk 2. Tlza principal _co11 ;j)(•;1ent m1,1(1'S!s 

Pcrc..'ntag~ of 
tot_:t l Y,1ri.:1tiL,n and 

di iT. >., - ~i+ l 
· IS·27 

16-S6 1-41 

l ,J•44 5·42 

10·45 0·99 

9·45 1·00 

6·92 2·53 

5-98 0·94 

5·06 . .0·92 

.4·08 0·98 

- 3·56 0·52. 

2·53 1·03 

1-81 0·72 

1·34 0·47 

1-19 0·15 

0·70 0·49 

0·24 0·46 

0·11 0·13 

(O·OS32 , -- 0·0973, -- 0·-1252, 0·2-i>'.( 0-0:)65. l}::! .~•j ('. 0·2Yi(l. 
- 0·2i5.\ 0·1030, -- 0·1759, 0·195-l, 0 -0852, - 0.1 ~•:,;), - (l-lllv \ 
0·1690, 0·4-i27, O·-l-DS) . 

. ' 
( - 0·1007, 0·1-:9-!, - 0·0737, - 0·1465,0·-1621 , - 0·22-1-l, - 0·1195, · 
-0·1376, - 0·2157, O·OG51, 0·3962, 0·4695, 0·2127, - -0·1-l97, 
-0·2506, - 0·2386, 0·1672) 
( - ·0·0323, 0·1795, - 0·0531 , -0·2826, 0·0705, 0·10)2, 0·4530, 
0·2376, 0·0294, 0·5075, -0·0079, - 0·2717, - 0·3912, -0·32•:6, 
0·1172 -0 0308 -0-01 ,!'4) · · .• . 
(0·4703, 0·3122, ~ 0·0128, 0·2283, - 0·0938, --0·1424, - 0·0681, 
-0·2084, -0·4765, -0·0761, -0·2868, -0·2290, - 0·3481, 
-0·0224, - 0·2487, 0·0270, -0·0126) 
(-0·4411, 0·5877, -0·3302, 0·0077, 0·0149, --0·1952, - 0·2028, 
__:O·OS27, 0·2877, .:. o-2192, -0·1959, -0·1202, 0·0128, -0·20S3, 
0·0313, 0·1065, - 0·1587) 
(~0·3435, 0·1197, - 0·1118, 0·3392, 0·1588, 0·4946, 0·3246, 
0·1046, -0·2307, 0·0051, -0:2213, 0·0641, 0·1974, 0·1327, 
-0· 385S, -0· J 939, 0·0337) 
(-0·1522, -0·2167, 0·1220, -0·4273, 0·0597, 0·0898, 0·0825, 
-0·4874, -- 0·0272, 0·1011, -0·0061, -0·1876, - 0·0137, 0·6258, 
0·0580, 0·0531, 0· 1796) 
(0·0465, 0·0717, 0·0209, -0·1252, 0·3317, 0·4378, -0·2595,~ 
0·0706, -0·3452, --0·2520, -0·1079, 0·0190, - 0·0-169, -0·0974, 
~-6129, -0·0976, -0· 1053) 
(0·0110, -·0·0613, 0·2005, 0·3263, 0·3224, - 0·1049, 0·0111 
-0·5049, ·O·O-B2, 0·4600, -0·2023, 0·0037, 0·3202, -0·2639, 
0-1878, 0·0864, -0·0869) 
(-0·1580, - 0·1108, -0·3080,Q·3368,0·1484, -0·2197, -0·0507, 
0·1772, - 0·1719, 0·2609, 0·.1767, -0·0:!02, -0·2246, 0·4767, 
0-1991, 0·1872, - 0·4I07) 
co-1081, -=- 0-1690, 0-0023, -0-0214, o-5267, 0-0105; -o:3173, 
0-2839, 0·3200, 0·0632, ~ 0-3887, . -0·1422, -0·1655, 0·1482, 
-0·2202, 0·1739, 0·3072) __ · 
(-0·2783, 0·2141, 0·5282, 0·1785, - .0·2111,. 0·2332, · -0·3230, 
0·1314, -0·1002, 0·1839, O·i030, 0·0830, -0·1806, -0·0689, 
-0·0704, 0·4424, 0·1234) 
(0·2314, 0·0514, 0·0591, . 0· 107S; 0·0234, 0·4292, _:_0·0955, 
-0·2'Gl0, 0·4973, -O·OO-t7, 0·1418, 0•1034, -0·3362, 0 ·0570, 
-0·1597, -0-1986, -0·45-t;) 
(0·2141, 0·1178, -0·432S, ....:.0·0564, -0·1-t03, 0·2547, - 0·4470, · 
0·0370, -0·0612, 0·-1007, 0·2759, -0·2355, 0·3607, -0·0298, 
-0·1124, - O·OS99, 0·1232) . . 

(-0·1768, - 0·0193,0·0062,0·3237, -0·2712, -O·OSO-l, -0·1662, 
-0·0321, 0·1293, 0,1536, -O·l-l20; 0·026S, -0·2809, .0·lOLll, 
0-3031, -0·5810, O·-HS8) . 
(-0·1869, .:...0•1720, 0·1·7JS, 0·1SS9, 0·2332, -0·0-17-1, -0·001 I, 
-0·0830, -··O·OISI, - 0·2729, 0·4286, - 0·703S, - 0·03-12, 

· -0·1215,. -0·0S.JS, ·- 0·16~0, O·OJOI) . . 
. (0·3735, 0·53S3, 0·1971 , 0·25-1~. 0·1939, -0·1027, 0·2350, 0·2t:S9, 
0·2147, -o-0Go1, 0-2.121; o-on,; o-2s1-1, 0-2109, 0·1967, -0·0-196, 
0·1472) 

_:~ 
) __ .:,_ ___ ...,_,,........=......-~~--
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cncc _ of some cn\·in,nn\cntal f.acfo1: th:1t i-nCTucnces alt' of these · i'n the s:unc w:1y. The 
third _ci:;.cnh'Ctor -indicates . the existence -of ·an environmental factor that influences 
sp.:cics 7 and 10 in 0111.· wa)·, and SJXTit:s Band 14 oppositely. The fourth vector stiggcsts 
a foct,,r tha ( i11l1ut:ncc1.t' spi..•cic;; l .and 2 in onc clirt:di1.1n :md species 9 and 13 .in another. . 

. The fifth co:11poncnt would appc;ir to indicate a11 'fonuencc Oil species I and 5 in one 
direction :uid on species 2 in another. 

Now . . in principal comp0ncnt analysis it is. ·assumed that: the ·variation observed is 
niain1)1 due to factors h:tYing characteristic eITects on each of the variates. It is therefore 
·open to qu~stion \Yh~thcr the foregoing analytic model is really the best way of attacking 

· tl1c probkm. The relakd tcclmique of fac:tor analysis takes the possibility of cxtrane~us 
· variation into acc-ouni. The ru =·1 terins of the correlation 111atrix are replaced by 
so-called 'conununalitics' that represent the proportion of the variation of each variate_ 
wl1ich is due to factors operating, on solile or all of the other variables, the rest being 
assun,cd duet<;> chance. It shottld be pointed out that the com_munality concept of factor 
analysis is not accepted by all quantitative biologists as being valid. Also, in principal 

,. component analysis one is prim~rily interested. in studying the shape of' the scatter of the 
observations. . . 

The method ef fqctor analysis here employed is that propose~ by Joreskog .. 
· (1962). A';, it invoh;es certain modifications it is given: detailed discussion:--

, The ,fundame;.ifal postulate o( factor analysis is · 

. ......... 

OV:31) 
. . . 

where· et = (au), (3 = (JJiv) and e = (ctv). Here. au and Ptv are non-random quantities, 
while matrix e is a set of random variables for which E(e) = 0 and E(ct~') nti..: where 
A is a p_ositive diagonal matrix, the diagonal elements of which are the· residual variances, ~ 

-~ ---·- We note that the au are term.ed· factor loadings(= coefrlcients)'of k common factors . . . 
and the Ptv are the factor values of the individuals. 

Factor_ a?alysis assu:mes the covariance matrix ·10 be made up of two matrices: - , . 
r 

OV:32)' 
The diagonal elements of :E-l\. are. called COliilllUl/alitics. -

Under the common assumption of factor ani1lysis that A = a 2I, where o-2 is a positive .· 
constant and I is the unit matrix, a test for significant eigenvalues may give a· la rge · · 
number of common factors, since the p-k eigenvalues -of the population correlation 

· matrix (which is what ·is used in most analyses in place of the covariance matrix) arc not 
likely to be nearly isotropic unless k is large .. In order to find the least number of common 
fac_t~rs Jorcskcig (1962) has proposed another assumption for !!.., namely; that · 

11 = 8(diag 1:- tJ-l 

where O -fa-a _ .positive _scalar and z is non-singular . . 

_ Computc1tio11ai procedure for mctlzocl 2 

· - · (IV:33)" ·, 

We shall 'write C for the co,\ clation m:'1 trix. Beginning .with the sampk c~rrctition .. 
· ma(1'ix .tlic f~llo_wing ~tCp\ arc i·cqui rcd: . . 

.. 
- - .. -.. ,.,. ' y-., 
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1. 

2. 

. - - - - -1/2 
Compu.te D = diog. · 

-C• = D 1/2 CD 1/2 

3. C• - I ,icl ,_ where the I•. are· the eigenvalues ·of C*. At the 
• I 

. . . / . 

same time the corresponding eigenvectors are found, z! = -(z*1., z*2• , ••• , Z .)'. 
·· · · . I I l · pl 

· · 4~ The diagonal ele·ments of L* are tested for significance. L'k* is 

th~ diagonal matrix of the first k eigenvalues of L* ! 

5. Then one comput~s 

OV:34) 

where t is· defi.ned as 

. · . -1/2 . 
and A, the estimC!te of a, -is A= D · A*. . 

6. The diagonal matrix of estimated residual variances R is 

R = t o-l . ( IV:35) 
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7. · I!' order to find a lower confidence limit for k one fi_rst tests the hypothesis _ ·. 
•- - ------... 

k = l against k > l; if this hypothesis is rejected one test k = 2 against k > 2, and so 

on. · The nu~ber of factors for which the test doe·s not show signific.ane~ i~ determined. 

If the level of significance is 5% in each test, this meth~ leads to 6 lower~confidence 
. .·..... . . . ·- . 

. . 
· limit for the number of common fact~. The test criterion is (after Lawley 1956._and 

-Whittl-e 1952) 

(/ • · / «<)· - 1 • -k) Ion- t] - c1,; = -(n-l)[lo~ k+ l : ··. P \P - ::, OV:36) 

where t is defined as. in a foregoing equation and the r *· are the eigenvalues of C*. · . . I . . - -

If the hypothesis. is true and if n is large, c k is _approximately distributed as x.2 with . 

_ degrees of freedom 

OV:37) 



. We us~ the· same corrd::iri~n matrix :is in the prcYi0t15 l'Xampk, th:it is. the dat:i of . 
Table I. \Ve obscrYc tbt the number 0f obst',-vation:1 I Yeclors, twcnty-ci,ght. i:; rc l:tti ,·dy 
small for .in :tnalysis in ,,·i:ich fo·c facwrs app.:- ::i r to b,: or'some Clrnscquc1;cc. Furfl1c-r1110 rc, 
the observation's· dc-,·i:i te wir;kly from no rm:i lity, which is not a desirable situati0n in a 
factor an:ilysis. Compoi1c:n t analysis dl)CS 1w·1 ncc~ss:i rily rl'qttirc n0nn:11ly dist riln1tcd 
v:1ri:ibks but the tc-sts of sir.nilicancc for it as \\'dl as for factN an:1lysis do. The results 
of_tl_il' Cl)mput.i tions appear in order bd.:1\\'. · 

1. 
9·29 

15·9~ 
4·90 

D :._ 

5·90' 
5·15 

2·55 
4·93 .. 

5·61 
. '4·26 . 

3·81 
8·90 

12·97 
5·60 

3·75 
3·95 

4·77 . 
4·25 

2. Computing c• .- D ½CD! and extracting the eig~nvalues gi~es the matrix 
23·76 . 

20·35 
14·62 

11-17 
9·66 

5·79 
.4·80 

3·60 
3·17 

'2•73 

.. 

2·32 
. ' i·57 

1-12. 
0·90 

0·57 
0·32 

0·13 

· ·-up to this point factor analysis docs not differ esscntiaily from prindpal component 
analysis. Con pared with the results of the principal component .analysis it is ii1tcrcsting 

· to note that the eigenvalues are pcrccntu ,11ly of the smnc order · of .magnitude. More 
essential', however, is the fact that the p-k sm:ill_est eigenvalues of C'"' tend to be more 

· like c:ich other than do the p-k. smallest eigenvalues of C. 
The fast etgenvalue represents 22·29 %. of the tot ::il variation, the second 19·09 % and 

. th~ third 13·72 %. 'i'hc first ll1rec eigc: nvahics acid u_p to 55· l % of the total variat ion, :m<l 
the first four to 65·6 % ; these fi gt1rcs in<licatc _a somewhat gi\:atcr conccntr:i t ion of 

·_variation to the .first cigcnvalu..:s ·tl1an was· found for th.: _.corrdatioa matrix alone. 

... , . 



. :, . 

. •--"';: . ·- -- -· .. 
3. The ·r.:;.ults of the t,::- t:- of :-i S! nil:..:ancc fN lh-: numb~r of Cl)llllllOil facto rs :m.: gi\·cn 

in the fol!c.,wing t:iblc.-(lf <f.::> ICO. C;.- is a -,,·•\"alt:c-, Ol hc~rwisc CJ: is a x~-Yalu..: .) 

k I d 1: c;; 
1 ' 5·18 135 5.35.:•H• 
2 4·16 11_9 4·17*"':!, · 
3 3·42 104 3·27H* 
4 . 2·82 90 126·47,:;.•:~ . 
5 2·25 77 95·67 
6 1·93 65 79·26 

, 7 1·64 · 54 64:69 
8 1·43 44 54·30 
9 1·21 35 44·04 

10 0·99 27 33·84 

The approxi1~~te 95 % confide~ce interval for the eigenvalues is, using the same formula 
as before, 0·08<all .\,<45·73, with a probability of 0·96. 

Hence the smaJlest number of factors that may be considered t9 fit the model is k · 5, 
,vhich agrees with the principal component analysis. However, since the sample size is 
small and the data not tru'Iy multivariate normal, it m,ight be wise to consider a further 

, · · - five factors. · · ~ 
4. To find the unrotated factor loadings one computes 

OV:38) 

where A•= z:(L:-1,J)t. It is commori in psychometry to 'rotate' these vectors by 
.. some graphical device or other in order_ to present the data· in 'standard' terriis_; rotation • 

,. ' 

: is not considered useful in most biological situations by the present writer. F~r ·k = 10, _· ______ ____ ____ _ _ 
_ ·· the matrix of factor loadings is · · · · - -- .. -- · · -- -· · · - · 

: .... -0·15 -0·47 0·30 -0·72 -0·03 0·09 0·09 0:01 -0·04 -0·06 . . • .-0·25 · ·0·90- 0·21 -0·02 -0·06 0·03 0·00- .-0·03 0·00 -0·01 
..:....0.2.i -O·J2 -0·69 -0·36. · 0·02 0·13- -0·18 0-03 -0·13 ~0·05 
·.....:0-02 -0·30 0·38 0·07 -0·54 -0·48 0·09 0·00 -:0·09 0;20 

0·59 0·40 -0'.06 · :....0-10 0·10 -0·14 -0-11 0·44 . 0·02 . -0·05 . 
-0·10 ~0-31 0·21. 0·28 0·12 -0·29 -0·25 0·20 0·32 -0·24 
~0·09· -0·2i 0·35 0·19 0·56 -0·37 -0·31 --0·11 -0·06 -0·0S 

A= -0·25 -0·09 -0·52 0·06 · 0·36 -0·32 0·41 --,-0•10 0·22 -0·03 
-0·09 -0·18 -0·01 0·69 0·12 0·26 0·17 -0·07 -0·27 -0·0S -
-0·09 0·08 -0·21 · -0·14 0·66 -0·16. -0·21' 0·07 -0-31 0·27 

0·85 -0·02 0·08 0·02 0·27 0·1S 0·05 -0·17 0·02 '. 0·10 I .0-93 0-09 -o• 13 -0·02 -0·17 -0·07 0-04 . 0·00 .-:0·01 ~0·04 1-o•q· -0·26 :......0.51 · 0·3S- ·-0·44 ,,_ 0·01 -0·14 · 0·05 -0·14 -0·10 
--:-0·11 -0·24 -:-0·23 0·01 -0·26 0·20 -0·49 -0·20 0·37 0·25 

·, _;:_0·16 .:.....0-32 . 0·16 0·33 0·22 · 0·35 0·17 0·46 0-15 0·09 I ! -0·10 ~0-36 _0·69 0·34 -0·06 0·16 0·05 -0-00' -0·02 0·12 ·1 ! .0·47 ·-0·lS · 0·58 0·05 0·07 0·03 -0·23 -0·02 0·01 -0•29 I 
' . J - ',• 

- 2·47 . 1·93 2·5-l · 1·70 1 ·(16 0·95 O·S..f 0·56 0·54 0·40 

-· , 

, ' 
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. . . -
The last row gives the L"ontribulion _·of each factor to the total test variance. 
The results show. clearly that these ten factors reproduce both the correlations and 

· ,·ari:mccs of the originai niatrh ycry wdbthd it is quite possible that even a ksscf number 
, • of factors would do this too. Th~ com1nm1alities arc found from finding diag C-R, 

where R = ,n-1• That is, (l~estimatcd re~idual variance). ·There a.re .iri order: · 

0·90; 0·94, 0·80; 0·84, 0·Sl, 0·62, 0·S0, 0·S3, 0·77, 0·74, 0·S9, 
0·93, 0·S3, o·74, 0·75, O·so,' 0·25. 

----· ,_ -._- ;···:·--· - --·· ·~ :' 

. Thc·first -factor indicates that spcdes 5, 11, 12 and possibly 17 arc aITcctcd in the 
same ~vay .by son1c environmental factor; the other elements of'the vector do not differ 
significtmlty f roin zero. The second factor sugges.ts au environm.?ntal control that mainly 
in0t1cnces spec_ies 2 but also to a lesser degree, i11 the same direction, species 5. Species 
1, 15 and 16 arc influenced in the opposite· direction .. The third .fa~tor seems to represent 

·an environmental control that aff~crs)spccies 3, 8 and 13 in one direction and species 
.. · 16 and 17 in another direction. T.4e': fourth vector would appear to indicate the influence 

:· of an environmental.factor which rather strongly affects species 1 in one direction and 
, about equally . as strongly species 9 in the _reverse .direction; other affected species are . 

. 3. 13,l> and 16. The fifth vector suggests. relatively strong influences on species 4, 7 
; ,.,and 10 in opposite directions, and lesser influences ou species 8 and 13. These _five factors 

seem to be the 1nost informative. The remaining .five factors inchided in the matrix of 
; factor loadings are remarkable in that none of them s_uggests a strong reaction of any 

.• ____ : . · ~nvironmenta_l agent on any of the species. · · 
Hence, it would seem that most of the variation in frequencies of the seventeen species 

may" have been contralle.d by five e~vironmental stimuli .of some kind or other (for ex-
. . : ample, temperature, light, salii;iity, variation in chemical proportions of sea water, pH, 

· redox). · .· . 
··· ·- -·-'If as a criterion of n~n-rcactivity to envii-onment we take small factor loadings it may 

be suggested that species 6, 14 and IS are euryoic and ~his agrees extremely well with . 
whet is-to--be observed qualitatively in the material. Judging fro1}l occurrences ·in the 
borehole samples one gains the impression that species 1 and 9 are also curyoic. Both of 

. these are strongly affected-only by the f~11¥li.factor, which niayindicate that this factor 
_: ____ : ~:c:.-)s an unimp9_t~aut one with respect to :actual distribution. None ~f the species appears 
, ··:,,:, to give the imp-1:ession ·of being stenooic. _ · . . · . · · 

. . . It will be see~ thit thiJ esults of the factor analysis tend to differ so.mew hat in detail 
front the component analy_sis, although both give a strong im1;ression .of the operation 

. · of several aj)i>roximately equally. important environmental factors. 
. .. · Inasmuch as tJ1e factor analysis model would seen,1 to be more suitable for -the·.kind . 

~· --··.:-. · of ccol9gica_l data here treated· (rcmembf ring. we are not studying the shape of the 
· , distribution) the rcsults·:obtained with its aid could be more descriptive of the actual 

situation. · · 

... 

. . . 

·· The program -~as been -adjusted for the IBM 7040 and is running for most do.ta. 
. . . . . . ::- . 

Several c~ies of the binary cards ore presently 0V9iloble at K.U • . It wilt not work 

for off-d.ia.9onol correlatio~s of 1. an~ stops if ne.9ative eigenvalu~s are ~ncounter~d . . 
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·· SUMMING UP: 

It is important .to have clearly in mind _what it is you .. are 
attempting to find out abqut .your .dat~, I think in ·most ·.·-

: cases, ·. a principal component analysis, ·_ or an. analysis by 
. canonical variates, is the applicfable procedure and n~t 
· _ _, fa~tor analysis. As · I have tried to point out in the· 
foregoing, it is imperative ~hat ~,~he dita be co;sid~red at 
length before. the _factor model is selected. Even then, the 
results should be tested for interpretation against the same 

1,, •• 

data run in other multivariate pr.9c::edures., T.he_ concept of 
. ,.,___, . 

"when in doubt, _throw in _ a , fac~~~ an.~~-fSi~" is· most 
definitelx not a sound one ; , . , . 

• '• ', • ,...rt¢"'\~•"' 3/: "';-.,_ !, _;_;:,_ ... , ... •t-, I • •• 

.. ' , 



. CHAPTER V 
,i 

THE METHOD OF CANONICAL VARIATES 

. . J 
This important multivariate-s~J:t1!s.tical procedure was devised 
-~y H·. Hotelling in 1936 as a part of his program for treating 
the complex data obtained by social scientists. · 

.The prpcedure has not achieved recognition to the extent it 
deserves and in many respects o'ther multivariate me.thc>ds,· 
~d non-statistical methods (Numerical Taxonomy) have been, and 
are being, applied, although . fhese are inferior . in properties 
the Hotelling method. ' 

The . first basic requ.irement for th~ . application of canonical 
: .variat·e analysis · .(herei~after .;eferred' t'h. as CVA) . is :tha~ the 

/ . 

covariance matrices fulfil the .requirement of equaiity, no-t;a.bly, 
.that, - • • • • • - ' (V:1) 

wher.e there are q parent 
If this ·requir~ment has 
h ~ean ·~ectors, µ<1 >, i 

populations·. 
been met', our next concern is to examine 
~- 1, h, which will, tp the _greatest degree 

} . . . 
possible, on the grounds. of the varia_bles analysed~ bring out 
the relative Glosenes-s of any pairs· of mean vectors and will also 
bring out suc.h · ordering as exists in th~se mean vectors. · 

... At first sight the most promising.approach is to transfoi:m the· original 
· p axes ofcoordinates to the comm~n principal component ai-es: For this. 
. purpose we. would calculate the coml!lon estimate of the variance- · 
· covariance matrL~, namely · · .. · · 

. . . . . . t = C!'f-h)-1 {,! (N,- l)t(l)} ., (V:2)'. 

and proceed to find its eigenvalu~s and · eigenvectors· (pri~cipal axes). 
The h transformed mean vectors could then_ be compared quite easily 
since they each coi1sist of p variate values which are 1:1iutually ind~pend-
ent and which a're r~1iked in descending order of variance size:· . 



. The· foreg_oing_ approach J o;ms the basis of .Rao's ~oncept of the gene~lized 
. . ,· \.!. ,, , . •:- . ' 

stati~tical.distanc~s betwee~ end points of the h, standardiz~d mean ·vector in, ·say,· 
- . .... . : .. _ .. .· . . . .,, _.,. 

k-spdce~ · 

Each of the (~). distances between these standardized means (where, for 

. exampie ; _, the ith compo~ent of any mean vector is .standardized by dividi~g it by · -

x.!/2) is calculated from the formula -
I . . . . -- .· 

: D1 = di+dt+: .. +d: ·: N:3) 

· . where di · is the differenc~ betw~e~ the !th components of the specified pair of 

. (estjrnated) mean vectors, and D is the requ_ired distance. Th_e mutual rel~tionships . 

· con·necti~g the distances betwee~ any gr~up of two, three, four, • ~. of the h samJ>les · 

then form the basis of a subdivision into 'group constellations' d~scribiog the affinities of 

the h samples. . 

, . Be;ides computing the ', (~) distances Blackith (1960) re.commends the · 
. ,. 

calculation of the angles bet:we~n any pair of vect~~ ioining the end _of a given mean 

vector to the ends of ·two other mean vectors in ot~er groups • . . , 

are defined as above and if 6 1 , 6 2 , u. 6 p be the correspondinQ ,values 

meqsured from the first ~eon to,a .. third ·sample mean,· the angle between _the two 

'distance' vectors. is g. given by 

-. ' cos·e = (d18i +d2 82 + ..• +d11 8p)/D1 D,. 

. D1 and D2 being the two distances under consi.derati~n. · 

This technique has -bee~. us;d in a number of biologicaf connections. In 
geology, we find geologists progr~ssing by trying to do_the same .thing by means-of 

th~ factor·anolytic model ~_ For examples, see the Computer Applications in the 

Earth Sciences Colloquium at KU~ December 15-16; 1966~ 

··. · This technique svffers f~om the following defect. Suppose. that p is .fairly 

large and, that h = 2~ Cle_arly the whole -of the comparison between the two univ~rses 



is c~ntained in the . one-dime~sion~I comp~rison of~~ p~ints· on a ~traight line·,· 

these: points representing the ends of the tw~ (estimated) mean vectors. _ In other ·· 

words, the .ends ~f the ·mean ve~tors can be compared ln a single dimension, ·a sub-
. , 

space of the original p.:.c!imensi onal space •. ' 

· . This argument extends quite simply to the case where h = 3 and the com-. . .. 

pariso~ of the three p-dimensional mean vectors is made by plotting .the projectio~ 

of the ends of the three vectors on a ,plane (i.e., in two dimensions). This 

· • plotting i~ conveniently done by using ~-pair of axes at right angles to one another. 

In general, th~ comparison of a numbfrr of"universes h<p should be made fn a space 

of h - 1 dimen~i~ns rather _than a space of p dimensions. , ..... . 
. . 

Anot~er c·riticism of the 'distance' technique is that its rational{zation ... _ 

. depends heavily on all p variates being me·asured in the same .units. Furthermore,· ._,, 

e~rience suggests that the dimensionality of the o2 comparisons with bio.metric· -
~" 

data will generally be great~r (even· {or i," > p) t_ha~ thcit of th~ method now to b~ . 
described. 

.. 
Canonical Axes 

. . . 

Consider the whole p-dimensional sample space -of the h uni"verses. Since 
. .. 

the· variance-covariance matrices of these universe~·are suppose~ equal '!"~ ~oul~ 

. ~present the differen~es between the . mean vectors of these· h universes by a model 
. . . . 

of the form 

x. - . Z' . B + . E: • 
.:~ "(N X ~) :_· ~N X h)(h X .P) (N X P.) 

(V:5) 

Note that h rems of B are needed to account for (i) the general mean of the whole· 
. .t .~ 

·sample of N, -~here N = N 1 + N2 + ••• + Nh , and (ii) the h - 1 differences 

· between the means of the h d.ifferent universes. Observe that the varian~e-

. covariance · matrix ·of eac_h of the p-~ariate sample ··•errors' is r n . 

·- s 



Out obje~tiv~ -. is t~ deri v~ a transform~tio~ _ 
. . 

. , · "y .==. Cx 
•.l, •· • • 

(V:6) 
• ! -

which will emphasize the differences between the means of the h universes (or, 

rather, of their sample estimates). For .example,: if h = 2 the first axis along wh.ich 

to measure the first component -of y should be the line joining the ends of the two 

mean vectors ~of these universes, or a line porallel thereto. When h = 3 this. fi.rst 

axis should pass as closely as possible through all three points rep~esenting the 

· ends of the mean vectors of the three uni verses. ·· 

Now, suppose .that _the 0-model represented by (V:5) is replaced by a 
. . 

. . 

._ m_?del in which the 8 matrix has "degenerated into .a single row of ~•s representing· 

the p means of all the N x's. · We may write the estimated variance-covariance 
A 

matrix of this model as I · . Our interest then resides in the variance- covariance w ' 
matrix of the difference between the models n and c., for this measures the 

. variability 'between' the h groups. It. is estimated by 

-J ____ {(~.:~l_~"'-=- (~ ::-_h)_~o}/(~ -:-_ (V:7) 
°\,..• • -~ __ ._, •• -- - .. 

or, by 

. ·• . . A ~-- -~-----

·. We will write this matrix as !::! • ..., 
We note, in passing, that both O and ~ could include other explanatory 

z-vecfors. For example, we could ~ompar~ the means of h groups of frogs after 

· _ allowing for age differences by a linea~ or quadratic function~ 

Previously, we found a transformation , 
- - 1-Ax 

_ such that ,- the first axis was inclined along the direction of the max~rriu~ variability 

among the N p-dimensfonal observations. The·n a _second axis, at right angles to 

the first, was incli-ned in the .direction ·of ~he next greatest variqbility. And so on. 
. . 

. The procedure we deve_loped could have been arrived at by de terming the componer:its 



. , ... _; ~jia1 a,nd (since' ~n umestiicted maxi~izati·o~ · leads to infinit~ domp<;>nents 'for a{_~ 
<<;·w~ w-~~ldh~~e .. had to ·;~q-~!r~

0

th~ ma.ximizati~n to .be s~bfect ·to alal -~ L Then, ·~ .. 

. ,, one\ vould ~ondude, th~t th'~ co~pd~en;s 'of aj _wer~ obtai:~~ble from the p ~quations 

a~E = ~1ai 

This process could'-then have ·b~en r~pe~ted for a-2 corresponding toi the second, largest 
' • •. • • • • • • • • • •• • • • • •; ., r • 

_: . root .>.
2

; ~nd so on. . ,, ~"-· 
. . . 

We ,rnay express the whole seJies: of maximizations in matrix form by saying--~- . 
. ...: : ·· ···--; . . . _,.... . ... 

'that We were/ r~quired to maximize the variance'.'"<=OVdriance mat~i~ 

: Al:A' '· 

t - .. AA' ~ -1 · ·, t . . . . ,- . . . . , 
t 'and tho~ the ~lements' of A wer~ then ;etermi~able by the p sets p equations 
{ ,! r , • , :_. -e,,• -- .• • - • ' .. ' •· AE :a AA · . : :, --4---,...~~=,_.,,_. . 

. . l '#here the elem~nts of the di~gonal matrix A are obtained as the p ·roots of the . 
I .. T determinantal equation 

! 

Although w~ can. no · iong~r think in terms of directed .ellip~oids of v~riation 

and thei~ major and ·minor axes our p~~se~t proble~ is nevertheless quite si~ilar • 

.- We wish our first transformed axis to be ._inciined ! n the· direction of the gi:-eatest 
. . 

variabi.lity 'between' the -h means; . then our second a~is, at right angles to the · 
. ' . . . 

fii:5t, is to be inclined in the direction-of next greatest _variability and ~o on. A~d 

. whereas i'n our .firstproblem _we operated vith a (p x: p) variance-covariance ma:trix 
._ • . , r • 

. I we are ~ow using :a (p x p). variance-covaria~c~ niatrix ,::: ·• · 
. . 

:, Our transformation matrix C of (\/:2) thu~ hos· a first row cj whic~ .'maximiz!s·. 
. . 

· th_e 'between' variance of yl , n~mely . ·. 

' (V:8) . 

s: 



_· Since t~is maximization would l~ad to infini~e components for cj we must impose 

restrictio~ ·o·ri th_~ transformatio~ matri~. - We thus stipulate that the variates y 

shatl beun~orre.i~ted (i.e., have zerocov~rianc~s) and each .be of unit ~rionce. ·· 

But the voriance __ -covoriance motr:ix of the transform~tion (V:2) is Cr O C' and. we 

are .thus making themaxim~zation of (V:8) suJ?ject to . 

.- (V:9) 

The·foregoing requirem~nts for the first rCHI of C con be extended to the 

second~ third,:•.• rCHls-~o that we may fi~ally st~te our problem in matrix form as . 
follCH1s: To maximize the 'between' variance-covariance matrix 

. (V:10) 

subject to 

(V:11) 

. Now we may wri·te (V: 1 l) in the form 
• ,. c.. 

,., . ~·•- - -- ·; 

cc:EJ?> c2:w c'> = cc2:H2> cc2:1fr = 1 

__ and putting 

this is the same as · • · 

FF'= I (V:12) 

With this. notation (V:10) becomes 
(C:EH2> '1:,ii': E:E:al/2 (C:EM2)'-

F(:Ea112a:E:ai'2)F' (V:13) 

Our proce~ure is then as follows. We first find the roots v1 > v 2 > v 3 > ••• 
'' 

of the pth degree polynomial equation 
. ' 

(V:14) 

_ an~ then determine· the p comp<?nents ·of F1 the ith row of- F· from the p equations 



· _· .·· suppl~mented by "the relation . ,-· 

~~=.( · . . (V:16) 

Finally, we find the p· components of'~! from the p· relations 
. - . . . I . . , 

(V:17).: 
, . . 

As we might suspect, the p roots of (V:.14) are only distinguishable when 

p~ h - 1. When p > h - l there are (p - f,:,) zero roots and h - 1 distinguishable 

other roots • 

. EXAMPLE. {\'_:·1) . 

:As an example of the calculations., we shall c·onsider some bi.:.Criate data ·o~· 

fr~s -fro~ Sou.them Sw~d.en. The first step is. to pr~sent. the data in the form of the . 

multiv(Jriate analysis .of variance (often merel}'referred ·to as MANOVA) •. This is . 

shown in the following table~ . ~-~· .,... :._ ~-=--·- .,....._ ... 
Length Breadth · .· .. De9.re$s .. . .. 

_________ ._. _o_f""'"F ___ re __ -e __ d"-o __ m __ . _____________ ,;., 

Pmatrix . 

Wmatrix 

'Total•· mo.trix ·; 
- 48z., · 

1 

4,7 

48 

[ 
10·80 
16·15 

18·15] 
24·15 

/ 

[
841 ·45 938·09] 
~38·09 1099·65 .. 

[
852·2li' 954·241 
954.2, , .n2a-soJ 

,. . 
The W matrix is obtained directly from t while, e.g., the sum or squares ... 
of cranial lengths •between' the sexes is · · 

(35 x 22·860)! (14 x 21·821}1 (35 x 22·860+1'4 ,dI-821}1 

. · 35 ·,· + . . 14 . - 49 . : 

As. a matter or interest we may calculate tho ratio or the . determin,.. 
ants 1471:DI to 14S1:"'(, namely 45,28S/47,1S5 == 0·959S. . .. · 

. For computafions on a desk calculator t~ "deter~inantal equation-is best 

pre~ and _post-multipiied by w112-giving 



: ··-·it.,· ·.,. 
··',We have stated that whenp > ~-1 (as it is here) this equation in ,J, will 

oJtly have h"'"'. l non--zero roots; This is easily verified here (h = ·2) when 
we insert the numedcal values ·or P and :w into the quadratic, for . · · -
the term not involving cf, (no.niely 10·80 x 24·15-16·15 x 16·15) vanishes. 
Let us, however, proceed less directly in a .mo.nner tha.t extends quite 
easily to larger ".'alues of p. 

Let us wl'ite . 
LJ(,f,) = IP-c/>WI = cf,1>-l(cx+/31>) 

where ex o.nd f3 ai-e_determinable coefficients. Then the equation 

LJ{~) =- ·O -
has the solution if, == 0 (p.:... 1 roots) or ex+ /31> = 0. The ~eqµired non-zero 
root is thus if,1 = - cx//3: · · . · . . . . · 
· Suppose we evaluate L1(ip) at if,== ± 1; this provides t'Yo points.on the 

· curve of LJ(tf,) and enables us to calculate tf,1 • . · 
this case . . · 
. 1-830·65 cx+/3 = LJ(l) == IP-WI == -921·94 

-921·941 . 
-1075·50 =:i 43390·7 . 

.. 
. . . . 1852·25 

· -«+Q = LJ(-1) = IP+WI = - 954·24 
and thus . 

954·241 == 47184·6 
1123·80 . 

ex 3793·9 1'1 = -- = -- = 0·041887 /3 . 90575·3 · 
. . : . . 

There is thus only one vector of c~componcnts and, since p = 2, there 
are two components in the vector. \Ydting these two components as a 
and b the two equations are · 

. [10·80 t6•15] ' · [841·45 · 938·09] 
[a · b] 16·15 · 24·15 = (0·04I887) [a b] 938·09 1000·65 

I 
· · l Both lead to the same result so we ~,•rite only the first ono, namely 

l0·SOa+ 16·15b = 352·,1Ga+302·0·1b 
i.e., 

341·66a+376·79b = 0 or a== - 1·102S2b 
To supplement this 

i.e., 
[a b] [!!!:~: 1~!~:~~] [:] = 47 

841 ·45a2 + 1876· ISab + l009·65b2 = 47 

and substituting for a this becom~s 

53·943b2 == . 47 

b == ± 0·93343 . 
and thus 

a=- +1·02941 

Note that _we may choo!e· whether ta .make b positive or· negative but 
·that the sign of a is then fi_xed o.s the opposite to ,-rhat :we ha.ve chosen. 

The canonical transformation 'has thus become · · 

y == [1·02941 - .0•93343Jx 

, 
! 

I I .. 
I 
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This axis clearly passes through the odgiit of tb_e X-IDCOSlU'eme~ts since .. , 

·: ;. x.=(~] impli~sy = o •. 
. .. 

:· It is,_however, more helpful to mo_;.e the origin ~(the g's _to t~e grand · ... 
mean of all N =- 49 observations. This may be doue bY.' writing · · · ·, 

11 -. [l ~0294_1 . - 0·933.43] [:e1 -: 22"563) . . :' :e._ - 23·953 · 
. . . 

On this axis .the m·e~n of the female cranial i:neasurements is 

wliile 
-~ 

g, .,; [l ·0294i 

_ .The single lin~a.r fw1cti~n ci(x-i) obtained·whtfo h == 2 is kt1own~ :--
i . _ the discriminant f1~nc_tion. Having calct~!at~d c1 and il:ro~ t~v~ (large) 

__ . ...:~ pups of-observations a ne,v observabonai, vcc~-or x may be inserted 
· into tl1e ·wscdmiriant fW1ction and the o·bservational unit allocated to 

._ . , one ~r other of the two groups (universes) deEcnding.on ,; hether the 
~snit ~s positive or negative, 1·espectively. . · · __ 

Example (V.2) 
- ·- . - -- ": .. · .'---···---

This example concerns four samples of t!o spe~ie~ -. of ,,. 
from four localities ·in Europe. ·. Here we then·•·have four !, . • 

-~~~u~:;ious stages in calcula.1:'1.o!ls ~-re . supplied here 
, below 

,. 

.• 

.... --~ ~-- ,._. ~: 
,,,. __ ,.... __ ....,_ .. 

.. 
MEANS ·· · 

2.93000 59 : _260 0 0 30.77000..:.. 
2,91000 · 60 ~30000 31.'15.000 

76.89000 41.34000 3.9~000 
66.08000 33.47000 

WITHIN GROUPS SSCP -MATRIX 
5734.25376 3436.53560 372. 87~10· 

_·34J°6. 53560 2103~70678 193.50070 
-372. 87610 1~3.soo-70 45.56860 

AMONG G~OUPS SSCP .MJTRIX~A<l,J> _ . .. -
17773.14448 ·. 8916..65952 .• 763.11190 

._ .. J!lf'6' , 
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. I 
, -, '•I ., : 

: t. 
_:.., . -~ 

-'-' ' " . .. . . . 

.. -·.,.,.. __ 5QLUTlON OF" GENERALIZED D€T-eRMINANTAL EQUATION 

.. 

o·._.~",">: ... ,·: 22383,9561728 · , 409,1178369 , 26,41.52414 
0,8889501 -0,45456~2 ~0.056O515 
0~4564274 · o.sa93765. · o.026139a 

·.;. 

1 . 0 p 9536221 .. ·;. , . . 

• : -I 

· EI GENYALUE .. 2· 0 I 43.97442 ·.' _ 

IR AC= 0 r_ -~iJ:iNu.Y~A~LJ.1.U.i;;.E.,;z.S_=!!-,........,,.._...:1w·,i..::3w9:..:::5;.,M_e~7~8-=6--------'--"""'"-'.'-

EIGENVECTORS -o , o 0-5 9 o 9 a 
0~0000888 
0,1855064 

TEST FOR -· Z CI, J-> · 
·-0.0059098 

o·,ooooaaa 
0,1855064 

~ANONlCAL VARJAJES 
-0,0318414 
·0, 0 0 04786 
o .• 99949'28 

-0,0069884 . 
0,0277070 

-o. 0300.519 · .. 

·- -0.0069884 
0,0277070 

-:o .• o30os19 

-0,1685222 
0,6681476 . 

· -0.7246924 

-0.0239902 
0.0346539 

-0~0239902 
0~0346539 
0.0490131 

· -0,31-11192 
0.5360817 
0.7582129 . 

, .. Classification _ and canonical variates 
,- ..... :-i··1 :: 

From the . foregoing discussion-, ·: it may havE: .. become clear, - that- ·· 
the ·method of canonical variates would . seem to · be well su.ited , -

. . - .. . . . . , .' . ·"' 

-to the problem of classification·, as _occi~rring in- numerical taxonomy . 
. . . . 

· ·-· The NT expert~ claim, ~hat _canonica°I variates ._ have no physical. 
sig11ificance~ like t,he indices 'and categories they advocate 

.and· a ciassification achieved by means _of CVA cannot' be explained 
• . . . I 

'or ·•interpre·ted in famil.iar_ terms. t 
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-· 1 CANONICAL 
•• I 0.19605 · 

·-: \.0 .18623 . ·! ' 
. . -.i CA '-'ON' I CAL 

VARIATE MEAN 
0. 35036_ 

_VARIATE MEAN NO, 3 : 
-· ·· ·: ·:--~ .,.- ---:· · -tO. 27 831 a. 4e·997 -o _ 21940 

I ' . ·\CANONICAL 
.. 1~.39529 ·· 

\ 

VARIATE MEAN ~-0 - 4 1 

0.33875 ~0:21857-

J .,., 

. : . T E: 5 TS Or S I G N I F" I CANCE 

NO 1 

CHIS0UARE = 
AM3DA NO 2· 

CHISQUAR-E -

LAMBDA NO 3 

CHISGIUARE = 

-J. 65281-0 O 
. i. 

445.6428160 

-o .. 581:8772 

-0,0025155 
l r 

; 0.3068852 , 
- ) 

...,,· 



Any  difference  between  individuals  may  be  described  of  SI.ZF
and  SHAPE  in  biometric  connexions.     These  are,   however,   not  easy
to  define  in  sta,tistical-matbema±ical  termsg   and  there  is  no
satisfactorily  objective  way  of  measuring  these.

Effective  number  of  dimensions

In  general,   in  evA,   the   EFFECTIVE  NUMBER  0F  DIMENSIONS  cannot  be
more  than  the  minimum  number  of  variables  and  ONE  LESS  than  the
NtJMBER   0F   GROUPS.

This  reciprocity  between  the  variables  and  the  degrees  of  freedom
of  the  groups  can  affect  the  way  in  which  the  analysis  is   -.'
carried  out.  .  With  onl-y  two  .groups,   and  thus  one  deg.ree  d.I  freedom
representing  the  contrast  betwaen  the  groups,   it  may  be  convenient
.,`.,

to  introduce  a  pseudovariable  to  represent  tnis  contrasr,      and  carry
out  the  analysis  on  such  a  variable.    With  several  groups,  this

.'method  is  naturally possible,  although  it  is  not  tbe  best  tray
aya.ilable, ,particularly,  if  tlie  number  of  variables  is  less  tban
the  number  of  group  contrastso

Usually,  the  standard  analysis  of  variance and  covariance
technique  is  preferable  to  separate  the  degrees  of  freedori  for  the
group  contrastso     In  terms  of  the  general  statistica,1  problem       `"~
involved,   tfie  OVA  teclinique  is  one'  of  correlating  one  set  of
p  variables  with  another ££± of    q  va±iables9   and  this  may,   of
course,.  be  done,   starting  from  either  seto    We  sfiall  run  into
this  concept  again  in  tbe`Chapter  dealing  with  tlie  subject  of
canonical correlationo

•+`

±p2±ic=ations  of_  the  generali_zed.  eigenvalue``. p_r_oLE±
J,-

In  mathematical  terms,  we  may  look  at  the  foregoing  procedure  as
a  generalization  of  the  standard  eigenvalue  problem,   in  the
fol.in with  which  we  have  become  familiar  in  connexion  with
the  method  of  principal.component  analysiso    We  shall  briefly
refer  to  this  in  non-statistical  terms  in  order  to  put  our



. --~-·,. ~:~~-~,i~-- '•= . 

discussion on a par with the previous · sections. .· In particu~ar, -. 
. . . . . . j . . . 

in Applied. Mathematics (for example~ 0-3cillation Theory, the 
.· theory of Differential Equations),: ie have the ~~neralized . 
:. eigenvalue problem: . -, 

. with .two, 
sometimes 
A and B. 

Ax == A.Bx; (A + )..B)x ,,.:= O, . 
I • ,-

n-rowed square matrices, A and B. .. This problem is 
I 

known as the eigenvalue procedure for the matrix · pair··. 
.The ~ontrivial solution of the ~quat"on is .i~ terms of the generalize~--

: characteristic equations 

- --:---·-- . --~- - . ··,•~ - . : . --- ---- ·- --- -

· This is ·an alg~braic equation in,_ A; · 1th~~ absolute member"_ of .-. 
' . · · I ' n ·. t' · which equals jA I and the coefficients of A equal IBI. _Hence, . 

. it is · · · · · an equa;tion of the n-th order in 
i.;-when B is nonsingular. In this ~as:e;· th~ generalized 

condition may be put in terms ~f-?.~-hej' spe~ial ·-~-JJ m. u ... · 1 ~.i~lyi~g ·~ 
:_·through with B-1 , · as f .ollows: 

¥ ·._, 1-·· - .. 
B-1Ax . • . Sx • A\X• . r · 

Hence, it is -possible to 
. - I 

:carry out the solution in terms of . 
matrix S and· there are n roots A{"' for the . char_acteristic 
eqµation. 1 · 

.62 

This point is of c01~si~erab~e ·importance for computer applications , 
because it allows one to produce · a readily programmable ' . . . 

' proced,ure for producing. the eigenvalues __ and . ei."genvectors of . the 
. 

gener-lized .chara·ctersitic equation in this. special' 'case. · . . . , . . 
I~ other . situat,ions, where this part;icu_lar structure .does riot . . . -, . 

· pertain, the methods o.f solution .a.rel vastly ·more · tedi_ous indeed·. 

I· 
. . I • · , • . 

What h~ppens if B is singular? . · In tri: case, .. the c_haract.eristic · 
equation will lack the highest power A and, in CE:!rtain - . · • 

. . . . ·I . 

situatio~s, also .some of the lowe_r p~wers. 

-If B is s'ingular, but .A is no11sing;ul~r~ the tr·ansformatiqn, 
µ • · 1/>i.; . allo~s . U$" to tre~t' the .problem . i~ the , form.-

. . .. I . 
-~_._ ...... · __ - ·: - f,_,. ____ .. 
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CRAHER  VI
DISCRIMINANT  FUNCTION  ANALYSIS

We  shall  now  be, .concerned  with  the  classical  topic  of
discriminant  functionso       These are  among  trie  most  widely
talked  about  sections  of  layman  statistics,  superceded  only
by  factor  analysis;   although  tlie  roots.   of  the  concept  are
predated  by  Hotelling.'s  researches  in  1930,   R®   Fisher,   by  the
mode  of  treatment  of  the  biologic  problem  with  he  was
confronted,  gained  the  support  of  popular  fantasyo     The  discrimina
function  was  invented  in  ordervto  s~olve  a  problem  of                       „
.identification which  mayt be  put  into  the  fo`11owing  termso
Given  a  specimen,   or  a  homogeneous  sample  of  specimens,   deriving
from  one  of  k  populations,   it  is  desired,  with  a  minimlrm  risk
of  error,   to  identify  the  specimen  or  sample  of  specimens
with  one  of  these  k  populationso    The  two  principal  basic

\

points  connect.ed  herewith  are:
a

1) ~That  the  specimen  or'. sample  actually
does  belong  to  one  of  the  populations:

2)    That  the  covariance  matrices  of. the  k
populations  are,   in  statistical  te.rms, -
equal ®

I  sball  not  here  take  up  points  ref erred  to  in  my  article  in
Computer  Contributions' 7,  which  are  of  a  gerieral  or  introductory
nature,  but  will  expect  the  seminar  participant  to  be  familialr,.
with  tbe  underlying  points  raised  therein.  I  refer  in pa.rticular'
to  .the  topics  reviewed  on .page  5  of  this  papero

The  problem  of  classification  may  be  considered  as  a  problem  of
statistical  decision  ±dnctions.     There  are  a"  number.'of  h.vDoi:he§There  are  a  number`'of  h'ypothe§es:
each  of  thE!se  is  that  the  distri.bu.ti.on  of  the  observation  is
a  given  oneoh   . One  of  t.hese  must  be  accepted,   the  .other.s  rej..ectedo

1,
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.,

For  only  two  populations  the  problem  is  elementary  and  requires
only  testing  the  hypothesis~ of  a  specified  distribution  against
another a                                                                                                             its

\.

In  constructing  a procedure  of  classification,  it  is  necessary       ,
"     to  minimize  the  probability  of  misidentification,  that  .is,  it

is  desirable  to  minimize,   on  the  average,   the bad   effects  6`f
misidentificationo

We  shall  consider  the  simple  case  posed  by  the  two-populational
si.tuation.a

Suppose`.we  h.ave  a  specimen,   represented  by  a  vector  of  p,                   ..
hopefully  diagnostic,  observations,   and  it  is  known  to  derive
from  either  of  the  Populations  TT]  or  TT2®     We  may  set  uP  an
identi.ficationary  rule  such  that  if  the  specimen  i.s  characteriz-ea
by  ceri:aim  sets  of  values  of  xL,   o   a   o   .,   xp,     it  will  be  identifi{
with  TT.1,  but  if  it  has  other  values  we  shall  regard  it  as  having
Come   from  TT2o                                                               7

It  is  natural  to  think  of  the  vector  of  observations  txp±:fying
our  specimen  as  a  point  in  p-spaceo     Consider  this  hyperspace
divided  intwo  two  regions:     If  the  specimen  falls  into  region
R],  it      is  identified  as  belonging  to  TTL  and  if  it  falls  int.o
the  region  of  space  .R2  i.t  is  identified  as  coming  fro.in TT2o  .

In  this  given  elementary  situation  it  i.s  logically  only possible
for  our  geostatistician  to  make  ' two  kinds  of  el.rors  in         -...
identificationo  .  Fir.stly,  that  of  putt.ing  a  specimen -from  (1)  into

• (2)  and  cbnverse|yo     The  geostatistician  will  be  concerned  to

a  considerable  extent  with  the  cost  of  misidentification  =  how
bad  it  will  be  if  his  procedure  is  vi`rongo     We  may  express  tbe     `.1
cost  of  the  first  type  error  as  C(2|10   >0)  and  tha.t  of  the    <
second  type  error  as  a(l|2)(>0),  which  costs  may  be  measured  in      ;
any  kinds  of  units,   for,   it  is  th.e  r.atio  of  the  costs      that
tul.ns  out  to  be  important  and  not  their  actual  magnitudes  on
their  owno

A  good  classification  procedure  will,  therefore,   be  one  that



.. 
·~ · •·, · minimizes the costs of. 

' 1 l> ""i: '.::1 ~· • ., • ' • ' •. , • • ,:. • ' 

...; . . 
• • • -~. ~t. ' 

. Let th~- probability that an observat~on comes from population 1T l 
be . q and from population 11 b~ q2 • . The pro.babil'i ty· .pr9perties 

1 2 .· . . 
o~ the _first pol)ulat:i.ori ~re ' speci;fied _by a d~,tribution · 
function and . likewise for the second po·pulation~ Since the ~-

: . probability ·of drawing -~ specime~ from 1:i is q1 , ·the probability 
of drawing a . specimen . from this population: ·and correctly 

· identifiyin~ it ~s q~P(ill,R) • • ::· Similarly, the pr~bability of··· 
· misidentifying the specimen in this _ situation is ~- q1 P(2 I 1, R), • 

· and· likewise· for the second population we have the- probabilities; 
__ q2P(lj2,R) and _q2P(2!2,R). 

The statistician •will also want to know that the average or 
expected . loss from costs of misidentification is? ·It turns out 

,-

to be the sum of the products of costs of each misidentification, . . . 
multiplied by the probability of its occurrenc~: Thus, 

. (Vl:1)• 

It iS. this · average that one desires t ·o minimize . .- In _other words, 
one wishes · to -divide the space int'o regions R1 and R2 , ~uch that 
the expected loss is as small as possible. A procedure that 
minimizes· (1) for·. a ._~given. ql and · q2 is ~alled a BAYES 
procedure. You should keep the .notion of this in mind as 

-.. ·_-· ·. Bayesian estimation procedures :happens to be a term that is . . 
·receiving the etiquette "catchy" presently, in computer-:geologfc 

·'• 
circles • 

. Let _·u_s now· regard the situation wh~n we d.o not know anything ·about 
a priori probabilities. · In this situation,· the expected loss 
if the observation · is from rr1 is. 

,: · - C(~ll)P(2ll,R) r(l,R); 
the e~pected ioss if t~e observation is _from rr2 is 
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1

C(1[2)P{1|2,R)   =  r(2,R).

For  the  treatment  of  thi.s  situation,  one  considers  a  procedure
of  identification,,  R,  which  is  termed  admissible  if  there  is  no
other  procedure  which  is  better  than  R®     If  one  consi.ders  the
''entire  class  of  admissible  procedures"  it  may  be  shown,   tliat
under  certain  conditioris,  this  class  is  tbe  same  as  the  class
of  Bayesian  procedureso     lf  e.very  procedure  outside  of  a  class

-.

of  procedures  is  les`s  good  than  at  least  one  procedure  within  .`
•  .the  class,   the  class  is  said .to  b'e"complete''   .The  class  is  said   ul

t6  be  "essentially  complete"  if  at  least  one  procedure  within
r,`

it  is  at  least  as  good  as  a  procedure  occurring  outside  line•r  classo     The  class  is  said  to  be  a  "minimal  cori2plete.':.class"  if  it
+,

is  a  complete  class  such  that  no  properiisubset  is  a  complete
+

class.     Under  certain  conditions';`   tbe  admissible  class  may  be      *```.`
shown  to  be  minimal  completeo

`+,-

i  principle       tbat  usually  le-ads  to  a  unique  procedure  is  the
minimax  principle,  which  is  a  principle  that  makes  the  maximuri
expected  loss,  r(ioi)  minimuno     .                     I

¢We  shall  first  briefly  consider  the  Bayesian  example,  that  is,
the  case  occurring  when  tlie      probab.ilities  are  knowno
For  a  given,   observed  specimen,   from  p-sbace,   one  minimizes  the  T`
probability  of  misidentification  bgiv  assigning  it  to  the
Population  with  the  higfier  conditional  probability.
In  symbols,   then,   if              ``

•.i;..;:.i?i+

qlp1 (X)

q|P|(X)  +  q2P2(X)
+2 q2P2(X)

qlp|(X)       +    q2P2`X)

one  cboose.s  tbe  first  populationo     Otherwise,   the  second
population  is  the  one.selected  for  assignation  of  tbe .specimeno
If  tbe  tw-o  are  equal,   then  tha  specimen  co.uld  be  equally  as
Well  be  identified  with  eitller, of  the  populationsa

In  such  a  case,  practicially  speaking,.  one  may  wish  to  consider
another  choice  of  variables  to  be  measured  on  the  specimen,   etco



The  foregoing  may  be  put  in  the  form  of  a  theorem  wnich  goes  as
follows :                                                                <

::o:1p:;:I:?i
respectively,

are  a  priori
o:n:L±¥±±£ed::::tgfp±±:2L::.:i:3T.¥:t:nd:::::¥a:3{:2

;;O:::!:;i?;?0:h:2
Rl:

R2:

pl(X)

p2(X)

pl(X)

p2(X)

probabil.ities  of  drawing  an  observation

fiisclassif9ing  an  observat€on^    ..
is  .C(2|1)   and  an  observa±ioE  from
the  regions  of  classification

+2

<

C(211)ql

C(1,2)q2   .

C(211)ql

minimize  the  expected  cost  of  misidentification.

In  the  case  where  the  statistician  does  not  know
about  a  priori  probabilities,   it  is  necessary  to
Class  of admissible          Procedures,   notably,   that  set

'f.

a:a !:, I:::in,
a,

anything
seek  I or  the
of  procedures

upon  which  improvement  is  not  possible.     It  may  be  shown
that  a  Bayes  procedure  is  admissibleo     In  the  form  of  a  theorem
this  may  be  stated  as:     If  Probability{P2(x)  =  O|TT]}.    =     0  and
frobability{p](x)  =  O|IT2}` =  0,   then  every  Bayes  procedure  is
admissibleo     It  is  also  readily'possible  to.'prove  tbe  coverse
of  this  theorem,   ioeo,   that  every  admissible  procedure  is,a
Bayes  procedureo     The  proof  of  this  theorem  shows  that  the  class
of  Bayes  procedures  is  complete  and  it  may  also  be  shown,  moreover
that  the  class  .of  Bayes  procedures  is  minimal  complete..Since
it  is  identical  ivitb.the  class  of  admissible        procedures.

We  shall  now  use  the  foregoing  discussion  to  review`the
philosophy  of  "classification"  =  identification  by means  of
tbe  technique  of  discriminant .function  analysis .(hereinafter .ref-
ferred  to  as  DCA).         .

Consider  two  multi.variate  normal
matrices :

populqtions  wit.fi  ±g±±±|  covariance
5-1.
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N(H(1),I)   and  N(I(2),I).     We  approach  the  problem  by  considering
tbe  i-th  density  (i=1,2)  expres;i.on,  which  may  be  expressed  as

Pi(X)     =(2IT)   P,:I   2      Exp[-i(X-H(i))'Z-]`{X-u(i))]o

The  next  step  is  to  examine  the  ratio  of  the  densities  for
i=1,2,  which  results  in  the  fol.lowing  expression:

Pi(X)               exp[-i(x-H(1))IZ-1(x_H(1))]

-P2(X)     .         exp[-±(x-I(2))lz-1(x_H(2))[

-   The  region  of  classification  into  Populatic;n  (1)
of  values  of  x  for  which  equation owl:3)is  greater
to,   a  specially  chosen  value,   say,  k;
This  inequal

(Vl :2)

IV[ :3)

'-i:Li,i:rt::u::t

ity  may  be  writteli. in  terms  of  the  logarithm  of
Ivl:3)(as  the  logaritinic  function  is  monotonic  increasing) a
rius ,                                           t25.-

_±[x_Hti>>,I-itx_riti>   _   tx_Ht2>>i£-itx_Ht2>>   2   log  k.
Ivi:4)

The  left  hand  side  of  this  equation  may  be  rearranged
and  expanded  to  yield  the  ensuing  expression:

xiE-1(H(1)   _  Li(2))   _  ±(H(1)   +  H(2))'E-1(I(1)   -H(2))fy,:5
•...

.}
•,,

The  first  term  of  this-expression  is tne  discriminant  function
of  Fisher.
Relating,   now,   this  expression,.  whicli  includes.the  discriminant
function,   to  the..Problem  of  identification,  we  habe  the
following :

If  tbe  i-th  population  possesses  the  density  given  in  owl:2)
.`

tbe  best  regions  of.classification  are  yielded  by:               :

RL:   EXpression`  (4)     2     10gek
R2:   EXpression   (4)      <     1ogek®'.`

`

J`

.,J,-i=¥3:^±,r

~..,

Ivl:6)
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" - , .. ' ·· .. -=·-,:~~~ . - ,1.·... -.. ; ,-. . : -~;··.' ·: ...... 

1£ :we ._ happen_ to know the · a priori." p;rob;:..bilities, - qi- and q2, _ •' 
. then the value of . '.'k" i •s ·- given by:·.·· 

k 

.. 
. , _,._ . "" --~-. r .. ,; ,: .. .. . ....... . 

-~_n very m~ny classification . c_omputations, one will assume that 
the ... . : .. two popul_ations. are equally likely to be correct, . 

. hen~e~ q1 • q2 and the costs ar:~ e_q~a;i. _ In .my experience th~s 
is usually ·not 'a good ·assumption, and . I prefer. t .o ... allow some 

. form of welghting, if the· available- 1.ilformation · i~ based_ on A 

• • 'JI. • 

' ;. · samples of different siz~. In"··the --case .of equal probabilities, 
· k becomes unity, hence log k - 0. . . , e . - lot. 

If there .. :are no a priori probabilities, one may select :· 
logek - ·c, -say, on the basis of making the_expected . losses · 

.. 

- due to misclassification equal~!'· If x· is a random observation, 
d:istributed in accord ··with the multi variate ',Normal, then 
.replacing x by X in (Vl:5) and calling this u, say, it may be 

-
shown that U is n_ormally •distributed with mean, 

. (Vl:7) 

_ This expression·· for the varianc0e 9f U will be seen to be . th~ 
Mabalanobis" ge~eralized . distance. This is- a way of d~fining 

• . ,t • 
. . . 
the -"distance". between . o.ur . two populations. •· · 

The -methods of computing the linear · discrimiflant function-, · as 
outlined in the foregoing; .is well known, and pr9g:rams are -
available in the KU Program Library • 

. .,, .. . 

We shall . now take a: look_ at a .pitfall .. that may occur 
· conjunct.ion with DFA,. · 



,, 
a~ious possibilities n ·connexion herewith _. 

e ·problem • .. We shall co·nsider: _two c/f these: · . .-
... . . - . 

It . ls possible t .o . define a statistiqa"i. 
ans of an expression 'of _the following king,, 

by ·T.W. Anderson ·and ·Bahadur: - . 

.. 
d 'is the difference vector between sample mean vectors, 

. ,_ s1 and s2 _are sample covariance ·n,i'at~:i:ces, an~ ~b is p. vector 
. • • . . ,.;r; ··. ... . "-: 

wh~ch has to be estimated ~Y some me:t;hod or ·otber. ·~tis 
of . the ~ollowing . form: .,. 

. . ' • • +_-

vector b has to be estimated;,-,-by ···,. :·means-: of :it'eratively 
""' •• -.j¥ · : _ .. . ',!Jo • ' ·' ;,,/ .- • ' .,._ • 

- obtained values of the scalar t. · Vector b, when obtained~ _ 
' ·. is an analog-of the . discriminant .function.'c~effic.ients in . the 

:,,,' !o;' .;,, ,. • 

· c_ase of· equal covariance •~trices. When Si ·-:" ·s2 , · t .!ice the 
maximum of (8) is the normal gene:raliz-ed statistical distance• 

. between -. samples. The .estimation·•is made iteratively by-
< finding . . t fr~m· · (after 11.n initial gu.e~~· at .t):; 

-· " b'[t2s1 - .ci:...t)2 ]b ·~o · 
and solving .· ·-

" (ts1_ ·+ (1-t)S2 )b ·- d. _ 
for vector b·.· · · / ·,. · · 
This procedure has ·been programmed _by the !friter . and is 
a\tailable in the library of .programs of the Kansas Ge;,ological · 

· Survey,. ·. . . 
• 

is. a _good: one, ' providing computational· facili~fes . 
: · _-: are available, but ·for · machine· co,mputation, the amount , o·f 

;, .. . . 

· ·work ·1~ . consid~rable., .invol:vi·ng . as . it does, a ma t~ix !nver~e . 
. • . •·• • . • ' • • • • • : • • . ~. • • • • ' .1 ' • • • • .• 

· f-or· eac;h iteration. : ·- . ' . . . . . 



st~tistic yielded 
If- it is required . . 

to test "' the significnace- in the ·case of unequal covar~~nce 
mat!ri.c~s : . 't t 1s · nec

0

es_;ary . to ~-employ. the ~ethod. devis~d by •:. 
the writer. ; These. topics· ·will . re~~i ve. ·treatment in the next 

.• . 

. . Normally~ : thei:e wili' not be 'any point in . carrying out a: DFA.: 
· study·~- if the me'a~s .of the t w.o grou~s-- ar~ ·not significantly ·-
'diff erent. Therefore,' logica_lly, the· calc ulation. of the ,, , 
Hotelling ,r2 · should pre~ede t,_he· proposed DFA-, ·. a~d be the • · 

'""':" .,. 

. decision-making point for ·-t;h_is .. · However ~ with respect to the 
actuar caiculating sequence, it" is jus_:t; -~as well,. to output 

r • • • . • ' ,-

_ th~ discrimi:nan_t · coefficients, whether or not the di.stance 
value is_ significant.:-" Again, .this is ·_a .topic ·--for the next 
chapter. 

- -..- .... - -.. - ' . 
Discriminant functions . for more than two populations · 

By · and large,. the theory pertaining here is nought but an 
. . outgrowth •Of . the for·egoing. We can approach. this. problem in two 
. ways, · from . the ·p_oint of. view of -the ·ca.lcu~ationary proced1:11°~s. 
- Fo~ the sake of c<:>nvenience ,. I shall ref er to the two '. models 
as the (a) ·matrix inve~sion model ·, , and (bl tii·e_ -generalized. 
determinantal equation model : ·· . . ,. .. 

In my experience, it is_. model (b), that is the most widely 
· employed_ one in compu-ter ,applications; while ~o4el ·(a) is .the 

. ~-- , 

concept mo·~_t 
technique • . 

? 

(a) 

lik.ely to :be found· in textb; ok . discussio_ns .of: the. 

Inversion Mo4._el 

. P ' be -m· populations with ;density .·functions 
-~ m.. . . . . . . . ·,. . . . . . . . ,_ . . 
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Pi(X)a   a   a   a,Pin(X)  respectively®     It  is  now  desired  to  divide
this  space  into  in  mutually  exclu~sive  regions  R],   o   o   a   oj   Rna
I  do  not  propose  going  through  the  arguments  connected  with     ..
the  development  of  the  identifacotry  procedure,   a,s  it  is
+irtually th.e  same  as  for  the  two-p.opulational  case  already studied
in  some   detfil®                                         ^.:,,      ``

We  sball  for  our  pnrposes  assume  that  the  costs  of 3
J*

misclassification  alre  equalo     We  shall  use ..the  functions:

J``                      pk`x)

If  a priori  probabilities  are

ujk(X)  =  log  =±±=1    =  ix  -±(I(j)  +  H-(k}].Z-1(F(j)_H(k)
_   ,--\

by  those  x  satisfying:

-¥.:.3IVI:12

known,,  the  region  Rj  is  defined

`Rj:  .  ujk(X)  }  1°ge¥  ,   k  =  I ,....,   in;
k= J. IVI:13

~,`.If  q  is  then  the  a  pri`orii
from.  one  of  our  popul a¥t¥.:r8

probability  of  drawing  an  observation
ns,  then  the.regi.ons  of  classification,

R]9    oooo®o,   Rm,   that  minimize  the  expected  costs  of
misidentification  are  defined  by  the  inequality  (V|:13),where
ujk(X)   is  given  by  equation  ovl:]2).

The  probabilities  of  correct classification

If  X  is  a  random  observation
`Tvariables :

Uj±  =  [X  -±(H(i)  +  u(j))]'Z-i(u(j)  -H(i))

Here,   Uj±  =  -U±j.     1±

-.Ivr:]4

is  necessary  to  use  in(in-1)/2  identificatio
functions  if  the  means  span  an  (in  -  1)-dimensional  sbaceo

For  the  c.as.e  9f  m=3  and  number  of  variables  =  p  =  2,
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_. eg~~n·s . _,. 2 , .R3 __ are marke _ . . : thre~---: "'· ._ _ 
eeting . at ·o. ,. , If the · minimax procedure i s . va}.id ·here·; . these -· 

line.s ca_nnot be_. ~hift'ed. ·to a~y othe~ pos·tii on and still retain 
,-, ' • , . . .... · ,v·'l"I• .. ; , '-·- . /.. -

t~e equality: 

. ;.-: .• .,.,._ ..... :,._ ' .,, ~-~I'-'~., ... __ •. 
-(111,R) - P(2)2,R) - P(3i3,R) ~ 

s · equa_li ty · of probabilities uniquely ·det_e; mines .·,,.: ~- ·. ' 
· tijk(x) ·~· c.1 ~:_ c~, k'• ·i, .. ~~m,k,'j ~ · 

s .ituation is shown · in Fig. 2. 

.... . 
. · To do this in an actual problem in which we have the numerical 

values of the_ components of the mean vectors and · the· ·covariance · 
~atrix, . one would consider the t~ee (~. _p+l) - joint. distrib~tions 
. . . , : . ,. . 

each of 2Uij (j,'l) • One might beg_in . by __ trying_ the values of 
- ci 1111 ' 0, and using the tables published b~y Pearson in · 1931 in 

the Biometrika series of the "bivariat_e !lormal distribution, 
compute P(i I i -, R) • By t _rial - and . e~r!)r, a value , of c i . is . 
finally found which approximates to t _he· above condition. 

. . . 

The above theory· may pe applied t~ the · cas_e· where all :· . . .. 
parameters are estimated, -p~ovidi-ng--the sample sizes,..: are 
large .. · 

Multiple Discriminant Analysis: Determinantal~Eguation Model 

This is another procedure occurring in the literatur~ and, 
as already observed earlier on i n .this -~hapter, it is .one 
~hat is likely to be· encountered in . CODJp'i{t~r work, . as it is . . . . . . . ·-: -·.,, 
often more economic to progr~ than the first "model :1 

use the equat.ion: . 

1·w-1A >..1 I - o. 
.. Be~e; --~ is the . ident! ty matrix, W is .. the pooied wi th!n 

(Vl:16) 

. · cross-pro.ducts ma_trix, A i .s the between cross prpducts Diatri_x. 
;-;,·_" : . . , . ·.,~ .. Thus, if .. T ·is the matrix of deviat:ions from t _he grand mea:Q: 



he' required discriminant f~ctions · c"ome · .from "the~ solution'·.-
, f .< the· -equation .-: .. .-:_·.-·.,.~--:.·,;/:"·:s· .. .. . . ~,~~;;,.··. 

- ' • --:·· 

(Vl:17) 

•• · .'~-- p· (p is the . n~ber 0

0~ variables).- . If 
.-"': ,... -·· 

, g ~enotes .the numbe~ ~f -groups, and g-l>p, there~'Wi~l be ·p 
eig·envalues; . if g-1<{>, there will,·,l>e ·g-1 eigenvalues.' 

. . . 

. Equa:tion (Vl:18) also indicates a furthet ., useful point, notably, , 
·-. 
that the eigenvalues · of A apd W are the . same.· 

It ·1s often stated (e.·g·.·, Cool~y ~nd ·Lo_hnes,- 1962), .that the 
m_~gnitude_ -~f _)·i sho~~ ~ow good the ,. P·a;ti~u~~~ _, "_fonctions", 
with corresponding eigenvector elements~as coefficients, is . . . . . . . ,·.. . . -. . . . -· .. 
at distinguishing the g groups-~' This is, however, not . - . -' . . , 
necessarily true (Kullback, 1~59)_.' 

The Wilk's lambda-criterion for -testin.g the -signifjcance of 
., ---- • • •• 't"'._ •• . - , 

eigenvalues is: 

. r . 
A 'c .. TT [ 

. 1-1 

As regards wh~ch of the '.two "discriminator models II . :fs the 
. •~rig!it" one~ it- may . be mentioned, · that ~nder certain· 

• • • • • • • • • • - "• • ... • !' - :.. 

cond~ tions-, model . 1'2 u converts algebraical~y to . mode~ II 111
• 

(Vh19) 

-· -·,.·.~ In ·effect;. one could compare the two ·by saying . that the second 
· · .-· ~~dei' ,attempts a . stepwise: ~ppr~acii t~th~ -probiein:" : _Ins1:e~d of ·. 

. . . . ..... ,. . . ... - . . 
using the entire co.variance matrix,· it brings -about.' a 
s .te~wise· breakup ~f_ the ~atrix in t~e ho~e, t ·llat . <J~; -~f the 
linear coinb.iriations ' w:111. be mo.re. e~fective· than' 'a ;~blianket'' 

··: ... :·discrimi11ator . in separating the g;otips from -the p_oint -of ,• . . . ,_ . . .. . .·· . 
•' ·{ J;_ ., 

. of · em~has.izing their un.likeness to . the ma~im~.,.· ----~ 



_ith .. these .. ew, re~~rk~, .: I t --. :i" ha~e i>rese . _- the
0

,Jil 

-·:;:-: .. /.: ~-- 'i;;atures of the 6oricept 'of" ·~ulti~ari~te' identificatioq· 
. ' . - ' ~-

The subject · is, · however, _ one .tha~ has attr~c.ted mu¢h , 
.... "· .~ • J • - • • ·• . • • • • • - • ~, •• • •• , • ,. ··- ... ' ,,. ..-;,! 

attention among _ matliematj.c±'ans and the COJ'pus· _o·r pertinent· . 
• 

0
_literature is · .large indeed • ... There are· :"numerous developments 

- .: : ._ . of the theory; .-some· of wbj:ch involve· exciting new s.lants on 
·.>:·,·-:<,:, >~ ,:~:-,,.the problem, but . in ·a1i ~f -~·thes~; .th~. ·1e~el . of sophisti~ation 

.... ,;~. ':. . ' 

'. O-f t _he_· mathematics. exceeds . that . u_suatly encountered .;in 
-.:statistics~·- ·. - -- .: ·· ii,• ·.-:•<-,L.. ·,.· 

Example VI .1 . 

. ... 
: .ls a first ex1Unple ·of th·~ 9,alcu1ati,ons .we · ; ·hall consider 

. ·. ~'-/,::.· _ _;-_· a tri~ariat·e study of an ecologic•: sed·iment~l-ogic p;~blem.· 
:-:c_.: ~; • _,-,..1,.,.. . '":'•:. ' . " .. - . . - . . . .. ·. ,-: . . -~.- .-

·. - pH, . Eh -and free . oxygen have ., been'J-Dieasured .on '.the · 
' . -.. . . . . . . . , , . ..: . ?.,_ \ . . . . . . . if~.. -- f" 

-: interstitial po.re .. wa-,ter of near.shor~ sediments . from -the 
.-;~.; • • .... - .-: - - • • .. , -J , • - • -. :-.'S_i·. 1 •.. . ... .. , ,... _;.· ~-- ' : ~'- ~... . 

Ivory Coast and the Niger · Delta. The ~irst st~p ih -.the 
• - .• ,·'I> • •' -· ,,,. .,_ . • ' . • : :' , • 

·calculat~_gns was . to ascer~ain_ ~h~_~he~ 1;hf.! covariance matri·ces . 
. of "the sampies differ suffi~-:i~ntiy to ,"• invalidate th~-.· - -· ~- . 
usual method · o·f calc~lati~g -- tµ~ dis~riminant f~ t ion.'.,, .:;~ 

..,, . . . - .: . . . . - . . 
· The results of these ~~mputa~io:Q.s . are shown be~:ow:" 

_ ... - ,· \" ,' 

SECTION (1) •· Homogeneity of covari;lnce matri.~es. 



· .pH Eh . [OJ 
.... :. t 7.7.329 -140. 000 - . 6. 000 ,, 

· -1 • 7 o - i 5 _o • o o o · 3 ~-o o o" '. .-. . . 
7'.690 _.·. - 80,000 ,'. · 50.000;,· •'·'<'-;. 

· - 7 • 8 3 0 16 0 , 0 0. 0 3 8 • 0·0 0 
7.loa -135,ooo 42,000 

~; .. ,_.< 7 I 4 6 0 ° • • 2 3 0 1 0 ri O 4' 0 O O O 0 
- ·7.300 -210,000_ 40.00[ 
. 7 -;s10 -210;00.o 48,o_o·o 
, -, 1 •. 4 a o -1 11 • o·o o · · .. 5 2 • o o o·· 

7.514 ·-155.000 · .32,000 
7 ~438 ~200 ~000 _ 32~000 ·. · 
7.557 ~175,ooo · 42.000 . 
7.474 •195,000 32,000 : -
1,600 -20~.ooo ao.oo~ 
7-.390 . 120.000· 48,200 

c __ _.;,,.:.1!.:.: • . 6:;...:7~0:.-.· -~-....;.4-=-·o ..!...' =-o o=-o=--;__-=2~0--'-.-,,0 .... 0 .. o-
- 7.480 -162.000 . _ 28.000 

7,606 - -85,000 48,000 
·7.300 -205,000 84,000 
:7.365 -230,000 19,000 
7.:>40 •158,000 ., 25,000 
-r.s20 · -163,ooo Ja,ooo 
7.425 -112,000 0,000 

.. : 7.700 -189,000 31,000 
. ·7,443 -139,000 41,000 
·- 7 ~510 -110.000 42.000 

,.,94 ~200.000 59.000 
7.524 ~100,000 23.000 
7~630 -198.ooo .11.000 
7.560· · .. 21e.ooo ·32,000 
7,560 •196,000 41.~0-0 
7 • 6-5 0 ; • 177, 0 0 0 2 3 • 0 0 0 
7 L518 · •172~000 46.000 

. 7 • s 6 o • -- 2 o 3 •. o. o o 5 3 • o o o 
7.294 -219,000 66, -000 
7,668 -i3~.ooo ; 43,ooo-
7,554 •20.'5,000 30,000 

,'-·· 1.610 '.-1ea.o·oo " - se.ooo ·-
: _ 8.110 •.•208,000 ° :,- : 24,0QO 
,:·':7! 460 --1ao ·.000·~ · _20.000 
,. 7.,.790· , 121,000 · , • 58 ·~000 

' . 7 ; 42·0 ~167, -000 . · - 70.000 
7 • 2 8 0 7>; ' -16 7 • 0 0 0 : 3 0 • 0 0 0 . --:'' 
1~42 0 -·- -1 s i>-. o o o· · 3 2. o o o 
1 • 410 ·.- -a o • o o 0 2 6 • o o o 
7,410 .. --90,-000-. 32,000 · 
1.S1Q . -115,oo~ 12.00-0 ·:;-" 
7.450 ~ -166,000 42.000 ··· 
7,690 · '45,000 . 49,'0'00 '·. ·. 
1 9 3 o . · 9 3 • o o .. o . 12 • o o 0 
7~880 159,000 77.000 
i .:6ao -142,000 52,000 
7~ 760 65,000 - 15,000 
1 • 4 6 o _ :. 9 5 • o o·o· 6 9 _. o o t -__ . 

.1 : ·500 
7 ,''610 
7.430 

-120.00-0 
-155,000 
-180,000 

68,000 . . 
61,000 
4·6·,ooo_ 

The calculations were made in. accordance· with a previou~ chapter and 
give, for the. informati¢,n..:.theore1=:1c equation:, x · - 11.9, which for 2 . . 

6 degrees -of freedom is not significant. We ·shal_l go· ahead as though 
. ' 1' ' :.-,.. 

. -there is nothi~g unusual in · t .he data. As a matter of· fact, so-e further . 
·-.. tests · on · the covariance matrices suggest that larger -samples might . have . . 

. . ·; . •· . n 

. . ~hown up _the existence of· a cert ain de gree of unlikeness iti the 

, . 

. , SECTION (2) The .di~crim'inant furicutrons. ·:· 
•• ..... - • • • • • 7 • ' • -'; ;,~: 



·-: :.~j.-,/i\E·-_~- ·.(·::,0 

~- ~~-: ._·_) )~~!~~-; :.~·- ·, ~'.:_.:._ . ',;~ :/ ·<::·.>·:'•·' MEAN:vetr'o~ OF 
', ,' ., . -~•-"·,. , .>~·: -_-.- . :·7 ,:1EAN VEC,TQR 1 .. MEAN VECTOR ·.2... . CHFFE.RE~CES ADAP.TED .. , 

'• ~: ( -. 7 , 5 213 7 7 6 7 , 5 9 0 4 9 9 4 . - - 0 , 0 6 91218 - · . , -~-- .. < .. ;_·· ... -.-146,8378368 ' _;86,299999i -60,5_~_?.,_8376 .' 
- ,, 40,1135128 51,6499996 ~11.~364866 

_ COVAR I AME MATRIX 1. 
; __ 0·,:0168720 · .. ,:4: 0870768 ,, - - 0 .,0·045641: -
,- 4, 0870768 8363. 8063104 · -172. ~-078=6=56....._ __ 

0,0045675 ' -112 .• 5079184 -
· COVA R IAN CE · MA TR I X 2 . . , . - ·-

0~0457997 - 12.4006797 1,1217780 
. . t~.4006732 13278.1158400 1102,67886~8 -.,,. ·,; .. <-< .::~, -~-· .. -i- 1.12111ao : 1102.61ea60-s J62.4sooJ~a...,.·4'---- -:._:/ · -~-~ 

1NVEqSE or POOLED ~COVAR)ANCF 
45. 6182420 -o. 0307767 . • 
-0.0307767 0.0001224 
- -0. 0291-0-45 -o. o 00 0632 

MATW ____ -_ _ :_-_-_ _ 
-0.0293.041 
-0.0000632 

0,0031286 

: . . 

OJSC~IMINATOR 
-------0..i..2.5-.4 3 !11 

COEFFICI~NTS ~-
-0. OQ455l - •0, 030~.55 .. _ . 

D· D -SQUARE 
----------~--~6~3~0~2~6~12 _____ --'0,._.__,._.690A~~~---

SIGNI:-rcANCE FOR D SQUARE AND .T SQUARE , 
-'---__ T.___..S_Q_UA~ ~ - 8_,_9 6 4 3 41 0 ________ _ _ 

F = ·2.8794550 

These results, for 3 and 53 deg~ees of freedom, _ 

,79. 

are below the level of signiffcance .which I .believe should 
, , , 

- ·be adopted in this connexion, notably -the 1% level·, and there 
is no- strong eyidence, theat t~e two groups are· different 

, • 4 

with respect -to the multivariate test ·qsed. · This ·example 
is ·.also ·- the one used in -the next · chapter. Note, that the r.-i~ th~. '. statistie devi~ed by -Hotelling in' 1931. ·-~ ~-

• ,r 
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ample .VI( 
~- # .. ..., • 

:---- .. - ~· ·. 
- .. , 

e-xamplE; is - cancer e with t e ana ysis o . ·_ ER's 
~---........ __ _ , .. _ .. ~--:.~ J-' • •. - ~.:., 

data •. It deals with _15 variab~es, expressed in uncorrecte9 
}i . • . . . . . C• • • • 

, : ·" - · -· · · · · proportions._·and. refers- to . two ~samples of shJLles. · -It_ is ... 
_t,{'• . «; -~-r- .~•,""'•-··..::. ... ,. 1 • • • ' , , ., , • • • • 

'· .. ·. . ·. :-.' .. -:.•· .. desired · to ·set'-- up a discriminant ·-~frinction ' th.-.t will be_. able . . . 

·to ': dist'ingui13b° __ b'etwe~n ma~~ne ·'and 'fref11.hwater' shales. · _,- -:; __ 
. ·_.,. ;'' :'_'· . . : ·. For a discussion of the-. varioiis che~ical ·variables,. I refer --< 

, . . . :to· Potte;' ~: p~bl.ish4;fd p~_per ~:- , . - ". . ' ·'.... ' . . ,_· . . 

- . --N-1~•-3_9 ____ N~2--. =-4-3------=-a-DIFFERENCE: 
_:___M_EAfL_V.E:._,C..._T...,,O..,_R ......... l_UJMl;._,.A:>-J.N ...... __.v ...... e ..... c"""":c ..... 0~e·_.·2_. MEAN VECTO'!_ 

111.7692288 62.6511624 · 49,1180672 . 
7 2 1 41..9_2. 5 6 Q 6 5 t 4 418 6 Q Q · 6_~6J3_3_2._6'L.,1..__ __ 
13.1282050 1~~023t557 - 1~1049494 . 

__i0_.12·82048 29, 9534880 lQ . _,1..741.16_4_. __ · _ . 
a3-:-12ai0-4o 98. 5sa13a4 -1~ .• 42993~4 
36, 2948696 26 .1279044 1Q-~1.6~..9.6=5.~4- ._· --
20. 6538448 1~.1232540 5.5305907 

. 17_. 4358972 29. 5348832 •1_2_, 098~98.6L. 
14.1025640 a,a312n92 5;2653549 
33, 717948~4~_33. 9534880 --Q~. 2.3_5_53_9_9 _ _ :_ 
32.8205i24 21,1627904 11.~577222 

1 • 9 2.3 Q._,_7 .... 6 ...... 9 __ -u..6 ....... 5_ll_6_2..._7..._9 __ • i.. 5-.8 8 5 5.0 9.~ ---
3.8212816 2,0021905 1,8184911 

--,--'"8c...l !)_6~..6.144 4 ,·5553 4 82 __ __._~ .--~Ll..0.92662 ~ ----
,. ·. 1. ao 99_9•99 1.7541_859 o,ossa1.39 · 
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ote;·:,: _ osure _ ~,.:- .. e data, : e . 
1 be .a·: iou correlation -of approxim 

. - ·. . 

for i1:>,, Potter's' matert· 

·i ~< DI SC~! MI NA TOR ·coEF"F" IC I ENTS 
,:-,· . '.0_~098il2_ , . 0,010696 -0~1?5543 

.. .:'.·:· 

-0.....0.053i2 .. :..7'S:-. - -~ ~-0.36.0.9..S...< 
-~ - _-:_Q_Lo_filoz ~0.022~·'.4· 0..,19_(it_J~ __ o_ .. 24_a.251 ___ ___ o .• i6t!?65 __ . · 

0,2~62~7 0,168085 : 11,18126~ -4.957331 - . ~~.OJJ441 
D ·· ~n $ QU A...R=-._ ~ ___ - -~---,--

2·,4027799 5,.7733515 
. ; S g !f !!iC_E 

1
-i ~-o·~-2~ii=-~ ...... 2=R_,_,E--=-A=N,.,..D'-. ->;I.:-· .......,S 0J.L.MtE -~-- --- ---''----______ __ _ 

E = 6.4~39641~ 
DF'1 • f5 -DF"2 = 66. 

- .......... .. - 'C. .. -. 

The significance test i11~icat~s a high ;,.level of .signi.ficance 
and there is· not . much doubt, that Potter's data indicate 
that op the _. basis of the chemical variables involved,_ it 
should be possible to discriminate ·between shales from the two 

. . .,c: ; environmen·ts. 
: ,. t . ,. • • . ••• ; ' •• -.~ , ••. ·-- , • '., ~ - .:,,:,,..~---~ :~· ' \ • 

. - ·:. '-:. ·· .. :: •. , ~In __ p~risonal :dis_cuss~ons/ ?·Po:f,te~ . has proc;i.aimed his 
. ·. __ .. · pfeoccupatio~·: wlth ... redundant ~;;iables, and "at t.he "m~tting in 

, • ?-- • • 

December we· had several disc.ussions on the topic. - . Clearly,· 
'closely correlated variabl_~,s arEt ~~oing to :add v_ery little to 

-~. the value· of the . Hotelling ·;;. • .. In . fact, 'a sim~le .pra~tical 
· ... ; 'test _ wi11 · show, ~hat . ·yo~-can ···increase . the_ number of -· variables-

. • . ,½ ,._ - . ' • • . 

.. . in a: · generalized distance· stu_dy, ·virtual.Iy wi:fhout affe~ting 
·· .. <the value· of ,?, ,·· protiding _th~ new variabl~s ·are hig~l,y . 

-~· : _,>. :-:·' cor~~lated:~ -· My _advi_ce to Potter was~ in att·empting to , eliminate 
_ • r . -·~·?):./: Y:~~edundanc;:·; ·._in hi~ .data, , ~as to remove . highly correlated,. 

-· ... J.:~: ·"fit~, ··,; .. ~·'.~_;~/· ... ·· _::: . . · ... .,, ,. - . ~.· - . ... . . - . . .· ' ·.· . . .. .., : ·;<.-_ · :·: .. ' - .:- · ·:·: v_ar:l,ables. In · other _words, ·these variab;tes·, add little or 
'.: .:. _· -: ,:) /.: .. ~o ·information. . ·' . 



'., 

n / thi~~~example ,_: I dici". not . calc t he homoge~~-r t f '· c· 

f ~cov~riance . matric~~-::statistics. ·. We ·can_, howeyer ,_. look 
t ··'this · i ·n -. another ·iµann.~r ""'and :t decid'~d to· do so· for ~ this 

particular_ ~ase. - It -is -possible, · when the covariance · 
~atrices are" not unequal,_- ~to .. produce ~ . }"OUgh g~neialized·" :' 

. , • ' • -~ . • • • . . • ' . • 51 

· .. :. ,; _ -\_ · -. - ~, · ; .. • - _:·- . distance by -me~'"ls of_ a rough multi variate a-pproximJ;Ltion_ tq 
:.\~~':i:-:;:,,):,,: ,:·,. ·f.,\>t~ th~ ~a-called W~lch pr~c~dur¢ for ·_uneqii~r. var{ances, well 

•~: .. CT' • ', :,.j. ••~':" ; •· - - • • - • ,,_; •~i:I '. ' • • " •. • . • ,. .~ 

.·* •· -· ·.,· known from univariate statistics. This is simply ·-
• .. :. - > - . ·.. . • • • . • . - ·. . ... .- • • . ;./ • m . ~. a :-;r( • .: • 

done· by ·_producing a ·covariance matr.ix, which. is the half_ of 
' • • ·. • - • • " I! 

the sum of· the -component sample -·covariance matrices: ' ' . . 2 . . : . . '.. . . . . · 
This yields a D_ of .5.86, which .. differs_- only fslight'ly ·· ::r 

-~--- from the value obtained qnder the· hypothesis ·of equal 
covariance matr_:j;ces. The result·s are ' different eno

0

ugh 
.. to .· make me su~pect some sort of structural difference in 
the - covariance matrices, but not d:l.ffer"e;,_t~ enou'gh to 

·, ' ., 
- jeopardize the- conclusions as regards ~dif'ferenc~s in the 

. -... two environments • 
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Several  of  the  points  pertinent  to  tliis  chapter  have.'already
been  raised  in  Chapter  VI  and.. shall  only  be  touched  upon
again  ±n  the  ihterest  of  continuity  of  presen€ationo
For  the  purposes  of  this  chapter  I  am  going  to .present
the  material  in  a way  slightly  different  from  the  foregoing

1

chapters,  as  I  wi.sh  to  bring  out  certain  relationships  between
multivariate  tests  that  othervyise  might  not  seem  apparento
The  need  for  this  may.perhaps  be  brougbt  out  by  menti6+ri'ing      .
th.at  the  method  of  canonical  variates  and  Model  2  of
multiple  lineal  discriminant  furi'ction  analysis  actually   `
overlap  almost  entirelyo    Multivariate  statistical  analysis    ,
is  not  made  up  of  a  number  of  watertight  compartments  but
rather  of  a  more  or  less  unif led  body  of  knowledge  with
`[output  points"   located  conveniently  for  extracting
various  features  of  importance  for  a~ particular  set  of
problem. conditidnso     I  also  wisb  to  bring  in  the  basic   _..
theorem  of  multivariate  stai;istics,  that  concer~ning  the
Wisbart  distributiono     I  believe,   that€Pif  the  computer
user  realizes  these  interconnexions,  pitfalls  and
unnecessary  repetitions  will  be  avoided  in  the  development
of  programs  concerned  with  data  based  on  many  variableso

Hultivariate t'ests  for  two  populations

We  shall  consider  to  multivariate  populations  in  the
'vi

variables:

X=

xp

with,   as  is  our  wont,   the  mean  vectors  indicated  as:    -.
.`t'



'. 
2~ _ ·,--~~.\ r:'~~ffer-ence __ me v 1;" '. ~ 

., :For the present'- purposes / .we ·s 
. . . ~. ,,. - :. . . ' , . ~...... . . . . 

ovarian.ca matrices . as ·:equal, .: thus,. 
-~• .~,_-. "' • c.;•'' . . ,:.;. ~ . . ,\-l,:';fc:·~'.~t• '· ·"··~. 

B -- ·-_... E • r· • 
.. L . i, 2 

~1-. :.--·- • .• • 

ach of the-· populations -is· nor 
• • -,.. ., •• • • • • ' -. • - w.· • 

espective_ frequency functioJi:· 
. . . . , .. _ .· '•• . ' 

• : : f C ' , ,,:·•, • ~, : .' • 1> ,. , . • , 
~.-· ·_;;f (x .: "µ1) ' .E-·~ (x-µ1 ) 

f ·'. --i const.·e 

the -constant term is 

const • 

. The . Wflk's A.:.criterion· 

Firstly, we shall consider the · . .::.., Wilk's lambda, already 
Al' -

ref er.red to in 
any detail •. 

the foregoing, . put as yet une,cplained in 

Consider now .that we have p-variate samples, .. bas,ed on •n1 , 
respectively : ~2 , ctegrees .of ,fre~dom, (irawn from .the two 
popqlations · described in the abo·ve section. The observations 

· are independent. - Our sample~mean ... vect9rs are if and i 2 , 
. · tlie mean vector of -differ enc es will be · written a and- the ......... .. 

sample covariance matrix may_ be writ.ten as: 

2 •. -z - n 1 _+_ n2 
covariance matriX '· '. 

;:i_,. - •• 

. :_.:- 21. ·-· . ' -·i . '>· .· -
___ (1:li ·, +. n2 ) I:i·• '. C 

._ .... ,·' -..: ... 

,._ 



ce": , in. ~cord' 
1

wi th o _ . -· . _ 
,_ ' - • i .- • . 'i' ; 

population·s, · _is· multivariate-normally distribute . . -:. . . . . 

ts . frequency. funct;i.o"ii . will be ~qual to . 
. . . t,..,· . 

_-:\ -ic(a -~: 6)'E-1 (a - -Q) 
. _· ;c.onst ; e · 

. - i: _' __ ·: . . ' ,;-: . 
_ s1 · +"'_°S2 follo_w a Wishart _d!stri.buti~~ :with· z ·· , < ·· 

. degrees_- o_f '.. freedom, it _may be ··s4own; ·. as .. was originally 
• I • • ~ ' 

: dorie- 'by _Sam Wilks ; that the variable: 

-- 1s1 ·-

.... -· ··,,. • ·.. .... • ...: ~--~· ,..~ .... .,J ..... •. • .§... • 

: ·:. J'."-hici( ''ist a determinantal ratio of"·a kind "often·roccurring 
. - . -.,,:-. t- • • 

multivarfate statistics and ·- of _which, we,:~lread; · have had 
occasion 'to· observe. In tlie,.,_ a t,6v~-, . B is~· ~the . ,fbetwe_en# : 
matrix- and T is the . #total#· matrix, reckoned : 'from the~ _· 
• • , • • • • ., •, L _-;,-;. •• • • • 7> 

"':...~·~··.'..~ ... , :..-grand · vector of __ means. ' :._ ·0:.,.;· ·:~-••· ".,.,, - ~-. .... ~.-' ·~ -, - ~- - --
- . . -~ . . 

This determinantal equation'; · -, (1) · ~ollowS' the non-central · 
~-dis_tr;ibut.ion • ... 

the null_ hypothesis: .,.. 
B .• 6 .--- -.. . ... , . - ·-o• •·· · 

·.,;. .·-the:_·paramete;r: for 
distribution of A 

: f\\-)~:. : . -
;: ... ' 

0~ 
non-centralj_-ty · r _educes 
beco~es tqe common type 

-..... 

to zero anci the . 
of. -~-di•il~r-ibution. · 

.-..-.. ~= 
••• .,,. .. . • !.,.., 

- hav43 thus here- an exact ·- test .. for the hypothesis that · 
; : ·the· ,populations have a. _homogene~~~ s -et of' mean'".vector; . 

P~c~··:Tang has worked o_ut·- a ~et : of ·:tables -which p~rniit 
work op.t the :POWer · of -the test. ·' 

--
_ __,: . · · 

The · Wilks: l~bcta· ·criterion was produced' in 19,32 'as a . ge:.:. 
•,;. .,. • '·. t 

neral.iza:t!on_·_ of tll~ orie~way model of the analysis . of .· 
~~iance ,,' " I~asbl~ch . as,: one .may trans~orm -fr~m: the beta 
-distriputi_on to.,: the .dis'tributio~-of · the . variance r _atio, 

-



> • may;··. 
·-?~~-. -, .. ~/,.~,t•. :.:- ·: .··\:,. - . ·.- -~ . 

. of the e~pression .~ (in 
. ~- . . :' . ": -~- :_ ... 

- . 
... _ ..... _._,. · .. -··· .. r o/:'I·" ~~..,;·_·_~;i~ .. :-~~- .. :~-~-;;·:,' ... r 

nl _- + ii2 - P - : 1: 1 _ . /\ 

. . 
. . . . . ted as .F, · with" p ~nd.'n.i+h2 ·- · ·p - · 1 degrees 
~:of freedom-. ··1naSJ11UCh ·as. this -is a generalization of ANOVA; 

- -: . • 'I'. • • ' _I 

it:. is no;rmally>u~ed with m~rEf than _ :two .groups."'- --' I hive 
· discus~ed the cri ~er ion .1~:-.the · present-.. ~connexion ~n,, o~der : 

.. to bring· out _ .the fact; that in· the c·as~ of tw~ populations~ 
it ~educes-. to·.·_:the' same : thing-·_ as' the Hotelling ~. __ ;, This -~· .,_ 

realized in "the book by · Miller and Kahn. (1962) • . - ~-,... _, ; 

: ~:--H~;~iti'n~ r2 ··:-· 
,. 

,·µ. ... .. · -.,_ .-r- - .... 

to what · I have just said,_ the ·two popµlatioil 
·, . , 

ther 
• . . . .... '8-.. -~- • • version o-f the lambda cri teriop ql ~ also -- equivalent .·to the ._ . . 2 . . . . . . . .. . . _, 

D-~~attributed -to P. ·-c.-.-.Mahalanobfs. · Usi_iig the,;:s~ef : -- - ~ --, 
t~rmiriology as earlier on in th,is·· chap_~~r , · Ho·tel~irig defined 

: -Jus".' __ general:ization of the · situdent. t~test ~is: 

-2 . a --1-r - cz 'S ·d, 

tbe nuli case, has the distribution_: . 

matter. of· straight-:for_war~ ;algebra t~ '. show, that_ ,.Wilks'. .· 
~J:>~~~,, and the "r are ·-c~~ected ·:b; mea · • · '". · e · expression· 

' "'.~,~:1..:~·:~1~J'. •· .. ··. . .. f + ;.·.:-½~· -~ ' -
. . .: : - , • . - • I ~,:·;:. ,· .. ' 

/z:.:,_ - ···-1 (1 .;.·• A)/ 
. .:::~.1r:;~·.:~~·.r.~:~·\·~:, ~~--:?:··• _;: 

; / l· ... ~. • '· . 

1-i~ed d!sta~c·e . 



- . 

-~opui: a t_ion : 
., r.· -',, . 

. -.. _'. ·: ·-:.-,,·--;,,'\'' 1··-~·, 
• 6 'E- 6 ·, , _ 

:- • ••• - ,; _. ,;: • ,;: .•. :.,- -":.r, 

geometrically, this. is tq~ squar_e of the_ length_. of ·a -· . . . . ' . . - .~ 

vector i in· a -P~d1nfensfo'nal -space · .(de:fine~ _. be 
, axes)~- . n2-·is . e-as-ily -trarisfor~aoie to -r' -~ by 

a set. ·of oblique-
. 

a simple· 
·•~ltiplication by_ <?-l _ . 

One poin·t · perhaps worth- notillg at this juncture is· th-at· 2 , . 
·D ·- is, .. moreo_v-er, not in,dependent ·of . the respective saml)le 
sizes/ which may be .. easily s _hown_,.by a simple experil!lent. · 
Th;s lack of invariance with respect .to the sample_-size 

-is not a ~~sirable fe~ture. The -same remark applies to 
-,r2. -

Examples VI I. 
Reference is made to . -the examples given in -the previpus 
chapt,,er, as both in~~ude,,, D2 and ,?.· computations •. 

General Itemarks on the techniques reviewe·d in Chapter VII 

It -should _perhaps be mentioned, ·_that . th~ -generalized --distance 
. -

is not - the "actual" distance b~tween the mean_. vector 
-tips in- -the variable space. If all our - component variables 
are uncorrelated, . -it. is · a straightforward measure · of 
distance between the points, bu1; ·where , "the v~riables are 
correlated, this is ·clearly no longer applicable. 

·, ! .,:""\ .J 

_It. •is·· ·u~ual, in a. .- s·tudy based·, on . geri~ra:l,ized distances, to _ 
.- .prod~c~ a model; - d~vised_ .. by j~~~ing, _ .. topologica-1.lyi': the - . 

• (, . .. - : •• • • t'\ • -~ .e ,. • • • ' , . _.,_ , • • . • 

· polnti;;- represented by t .he samples:' by the --- lengths of ''the ·· 
• • • • • : •• • ,. •., •• • ., .,• •- • fl •, '.-'., •: ••; • ' - ,.i ,.., _ • " ' • ,..., • • , • '\' 

' geo,erali~eci · dlst·an~es· •. : Such a model ,· is:; i~.: appearance, . . "~- .. ---~ 
... . .. - . . . .... . . ·. . ' . . . • ·~ ,-_"" ·~. ··- . .. 

··not . wilike a crys:ta.1 str':1cture 



~-,--,·~=~--~~-.. rv 

. _ · - / applicat:J.on o -~ . _ 
t, -:;..~--- . ·.\ · -·, • -- --~ .... • • • . , :: ! ~--_· ••••• ·-. .. _;.. .r:~,.;-_ : .. .>:.·_. ·-.- · • · · ..... - • _ 

_ .- geologic top,ics.\;f-Papers ·by_ ;Shaw, Kudo, _ Griffiths.., 
• - • •· • • • •' • -~. ;,,:,:~. ' ._·•.••. t •• ' •T :.. • • • • 

and\ many~ other_sr~,have-: appeared·:/treat.ing problems _of - -·-.. ·.. . . . ·" - ~. . . 

. '·, .-... . . . geochemistry, mineralogy,, sedimentology'·and :~any -taxononu.c: : :" 
·.• . .,, ! _.... . . •.. - • ' • ~- . . . . . ~- . . ;.· . . .. . . • . . ,·· • - . ' . 

\~·•>t·t ~:.0<·-~,.::~-~~-.f:,"' ·\:,,:·t'· .-, :'(~,::<·-ques·tio_ns _ in p·aleontology.· ·- .:. -
r ·"':,· ·:""~;,~-t· ..:·~· .... ~·-;•~- - .,._ . • ' ·· . 

.,. ~- •r .... • /• • .,",, -•• : .. - • : • • 

7~.::;~f.:ri:i;_.:'_-1_j/:.../:-.'.:: ·\;::1 >!·,.->\i~.-~-~>;-,.~-t.i-_:i_\:-~/::. < --. -::.~,i/_/•:<:: :' : 0 --, ;..:s ':~ _- : \-:,,;~ ;i:;. : - ::: .. _ ·:,-.._, .. /.- -- ·. -L_ · ·t~~ · .,- ';/:~: . .,::.~·: \;:,. :-i.~-~-:~~-:"Rey.aent · (1962)- has 'de~l t with .-the problem' of computing '. -
. ...... ~-1..._~:1"' ,~i.: . :.. - -.· .. ; . .::.. . ."' :· . :, .,. ·. ,- -· ... _ .· ·- .- ..... . .· .... -. ..· ' '. -

. : · - ·- _ '.. · ,;< ~ -generalized distance-, _·_ rel_a·tect to a · statistical test 
./.;:'.:·•\._;~,: __ .. ;_ .. ·:.-. /''(~ -r2: \fanslatabl~ to __ vari~n~e"·rat·:io) in the case '.when 

' / 

- ·. the <:~~~riance matI_"ices ar.e : 48DlODE!Jtrati.bly unequa1.· .. _ This 
~rocedure treats. both the case 'of..-, equal sampte. size and the 

_ ·case- of unequal sample size by a · generalizat:i.o·n · of _a 
:. :_:· ;ro~edur·e~ devise~ by Scheffe ·io·;·~~ ~ivari~te ·p~Q-b:lem 

: . . ~-- . . . -~ ,: . ; 

appearing _ ~n the- analysis _ of variance.' · .. 

, · · -&µ-naby (1966) has been concerned with a P:articular_ probl~ 
ar~sing in tht3 study ~· of organisms in ~hicli growth is 
continuous~' His problem concerns estimating . a growth-

. . 

. _ invariant .discriminant function_· and a g_~owth in\l'.aria.nt 
2 . ·- . . ' . . . . . 

· D_ and relies heavily on an a set of· as~umptions· concerning 
- .. • .... - ,c 

vectors . of direction number's, kno_wn a priori, the e_ff ects . 
·of which . are successively ·removed from .. the co.variance · 

'- .- .. . , .. 
_. -- matrix~ · The weakness · of the procedur.e ·1ies . in finding 
:-··. the ·v.ect·or ~f ' direction numbers; · as th~~e ··is no . ~atisf°actory 

- • : - - • • • .. • <!' • -- • 

_way of obtaining an objective estimate_,__,of these. ·"' 

the above-discussed pro~edures -- have been programmed 
.by the writer .and are available in . the StateGeological ~-. . - ' '-· . .. . . . 

Survey . ·libtary of programs : 

.. ~.,. ' ThE! _·prq"t?lem of gro~th invarJance has recently .. also 
·tak.eil up. by.:t -he German -~afhemat:i.2i·an Ud_o _· Rempe al<>ng · 
. - ';l.iries · as suggest-ed b·y m . . ~e~tly '' in .--~ study of_· 

-:'!i:- •• . .. w ' • -: • ·.. • , ~-> '.,._ '•i' . . . "'.J ..... 

riation· in . fora.ms~' ' . . .. ·, ' . . . . ... . . ., 
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e special. caS:e . . . · . .. . . a gene zed distance . 
. r . - • -.. • • ' ._ • - ·,: .; • •. ".,; • ' • .: '..°•' ·-_ , ·' • • ,..":'_ • • , • • .; •• A,..-. . . . . ·:~ ·. 

·are '':· ui:1corr ela t-e-d; -wi fh . the .same unit-,,·. varianc 
. •· . ·', :""· .... - . . .· ,• . . ·:. . 

S I 
. , ,- .. r·.·. 

. . ; . ,,,. - ;-> ., , > _,. • : ·:· • > · ..... ". ' . . 
ovar.iaric~ ·-!Jiatri·~ 

0is · the~·-lll;lit · matr.i:x:'~-:· »2'. ~educ. 

2 . ·- -2· -- .. - 2 -
dl,. + __ . _d2 

; · a,;. :· ~~~:.• t;.-• · , .. -• : 
. ~-,··· . .-h~re ·:f .- ldz'd1 I· Why ,. did ·-~-~.~bri~g ~,f ~~~~:.. !he: pictur~r v-

. · · . The reason , for expressing the func-tio.n in -'terms ..... of f - is.·. to point · 
. . ' • . . ·¥- . ..,. . '• 

.:. ,~ out . that the ·situation becomes ·more complex· with· the a:adition , 

variables.· This point related back--,:to . a rem"~rk I m~d: \ i '~. tlie . . . _;.. . . _,_ . -
• • • . ,(r. • . - . . ,.· . ; .,- -~. • • ~ -- . 

· .: .· Chapter on ]?;is9riminant Fwlctions •.... ~: Let us ~ow see what. 4~pens -- ~. 
_ .. , ... .... --:- - ~ .. . . . - .- . . Jo,tti'~ . ... ~- . ... . . • 

if we, consider the element cif "~ correlation··between ·'our : 'two . .,..., 
random variables, x(l) and x<2] ::~ _ If thes~ varial>ies ai-~ c~rrelated 
to the ·extent W, · the above expression f.or' »2 · (for· poslt-ive .. 

·_cliff er enc es in the mean 
~. ;~ . Ar- •. . ~- ~- • · ,+· . . 

vector's) becomes, ~s- has··""been shown· 
Cochran: 

. is .greater than 
rrelation ·if 

·(f 

,.;, .· 

· 2 
- d2 + dl (:t - . t) . • '. 

1 '} .· 1 - ,2 . ·, . 
... :·_i:;'.: .~, .... . ,.: ,..,...~·-. 

the ~xpressiori •given ·immediateiy above for 
- . , • • • I. • •• " • • • : ,ii 

,_ 
; ,-. ·•• -:,: 

~- as a corollary, , we : may remark, · that negativ·e· corr 
• 0 . S • - • • M•• .•• '• •.:; -~• • ~ -: 

11 always be=·· helpful ' in . increasing·_ distance, . but posit 
' ~'eiat.i~1{ •; •1i1- h~~e. ·,i~ nor:~~d"'antag~: , . -~ff~ct ~nles~r· -

. ' . . .: . . .· . . 



. ._,,,c··z:r·,· ·. ,;>, . . ·. ,..; "'.",_.· .. 
, .. ., 

·~ -~~:; .. "'J: ~--·· 
•• ,, • ,i .. :;;8":- ... .-•• : 

. . _. , eel,, · ~s a rather· important point to · the . comptit.er 
:'!~rker: i ~asm~~h as ·i~ ·:couid .pr ov~de: ·a .: s~.~c,a_of ·,,;. . . " 
.,111:··1:he -· developien·t · _of i . c~Diptit~r · program,';· .. parti~ularly .in -
. ·_ :8;t,ca.se o~-- ~:i-gh~:y correlated ·1 varia6i~s~ -~ s ~cli . as . o.c~ .. 

. -b-iology~·-_ 1anci ' h~-- may ·wish.·· t ~: .bolste; . a~ainst' . 
~ieteriOU$ ~-f.fe~ts ~f -~O~i_fl~~-· corr:.itiatici'f b; ·--· ,'. ". 

·of branching procedure .' . 

repr; ~e~ts a --~las~ ·oi .··pi"obleins- c,} -:"~~ch poterit~at· 
J.n geology ;.~ · The· probl~m a~ise~ iii~ a sitii•t i ~n 

. • . ~~... ' . .... ...·.!.. .,J , . °i. J,· ... _ 

.... --.. _where
4 

the worker has me~sured a t '"arge number :of 
·.•.;~:..- .••.· . J t' . . --;"1'• • .• '. 

··· ~but the sample size : is small ~. sma·ller than ·t~e;-- n~~ef of 
.... - • • . ··yt- -· ?. 

varlaples .--· · __ . 
:" ~---,,:;..ffl:---"''"•~•• .', . ,;~ >•' .i.-.~-~~--.::, • : •V~ ,.:.__.; • :~ •<~ ~-'<" :'":, , ~.:r • • • > ' .~ 

. . . . . ' . . -~ -- . ·- :---"': . . .... . 
. It is oftehilot always realized; ' particularly . ·jiy . users , . 
-of icompleteiy:·,buffered· comp~ter progr~e, •· t1iat-,~m~y ·', 

. . . . . (' ,,:. . . ' .. ·;•,. . -~- "' 

··:.·multivariate ·statistics are '·1ndeterminate ·- for ·P N _.;.; -1 
' .• .. ;,,;- . ._.,_,.. . :,:. , . . 

·_ (_p- nlmlberof ·variables; N - number of ·o~~ervations · 
: .: v_ectors), and · it is not uncommon to -observe, -that · 

' ,· '~ . ' . . - . . 

·a . correlation m~trices are computed., . based on . a number 
. . . . ·.- . .. .. -~ . ~- • -~- -i-

· of variables ·exceeding .th_e number of observ_~tion v~ctors • . 

pi tfal~ ·-als~ occur: '· in ,n2 ... ~~mput~~ioh~': · .disc; ~minant · 
. ,• ._ • • • • • • "t ,:,., ~,- • • -

· ·. /, ·: :tuncti·ons,·· _etc.'. :and is one -· that must · tie kept vividly·· . 
,) ·-;;.: ·•~.•. .. . -. : .. .- ·- :.· ... :-,:- , . . -~~- \ : ·' ·...,... . . -~· 
.. : in mind by_ · the- tyrQ ._ · · . .,.. · 

z .,.- • :- • : .. "' 
r·. 

_. '-ait c'a.n be done• with _ this ~ype data: ?. Dempster . has 
- ~n up7 '.t -he q.uestio~ for the probl.eni ·of ·· comput.ing .-,a _: 
_gni~i~'itnd~-:1:est . f~r .the,: separati~n-; ~/ . t~o-': h1ghly -:·;_; · ·: .. · ·. 

• ' ~- - - 7 

. ltiv~riate ·sm~ll· ~aihpi~s\"' ·p:r~du~ing <t h;;r ~by: ·a· 
· . ~P~:-'. s~- .· ~tic, ·ait · · -· ·, · ·, an· · · · · · io~ 

.. 



r as :I .am.aware.~ ' IS kind of appr.oach has. not b:een developed any 
,: .. _ ., .... ~~- . · . : ... Z~<~:/~ · ~· ·, · .·i •• · .. . -,-~ .. -~ t-1~:~: .. t: ·;f ·-~ ··--~- ... 1 •-_ · '·_._, -·~- ·:·r . -t·-:' : _-_ ... · .: -· 

er··nor. by·any-other workers; owing proba61y to the· difficulties conne~ 
. . .. ,;. ,·:·.: . . . ~: . . . . . 

distribution . tlieorylf'.., ... ·.:· "'. .. 
:~~ui:~)l:,•~~-, • ;, • • :: ~• '-:, .;;~~ ~'17.A~;:~••_~~ • ., •• • •~ • '+ :-'' ~- t • ,t • • ----~ ,,. _;•, 

As a basic model we ·may regard·an experiment (in general· terms), that. is 

~ed -out on, s~y, _.1:2 sub1~c~·l in.vol~i~~ 6.0. chemi.~1 ~~lyses. · --Th~·:scnrie 

~.~v:i~i;;:•,;'•/~~-,~:__,,·-~ ~a-~ ·r~orrned o,~.~f ,~ei~~ .small _sa_rnpi;{·I:-···>h ;~ ' .. ~.- ' . r' • ,, ,.. • • 

.· \.,. :_,,-- . -l_n general -a type of individual or obj~ct •is -cp_nte!mplated on"'each example of 
. . . . . . ..: . -. . ... 

..• which a' la~ge nu~ber·k ~r"differ~-~t ch~,~~ct!~is'fici ' may be m~~ured ,' a,iad tt is supposed 

' that 2 grou~ -9f_such individuals -~c:a~ be ~istinguished by means apart from the k_:__:_. . .., 

fflCK,ISUred lte~. Suppose a small'~ample to be availal?le from groups~ that·the 

basic data consists of k items mea~ured on each member of 2 . samples. Now many 

., questions may be ~ked ·about the kind and -degree of the r~lationship· between the k 

· measured variables orr one hand and on ·t'he ·othe-r hand tbe two-valued variabfe which 
t. • -:. • - '>,. . \,.. _, • • ,· • • .. - • " i ._. .. , •· . .. . ,. 

!. assigns· ea~h. fndividual to his -p~o~igroup~ Our .concern I$ with a situ?ti~ . in_ which 

the samples do not sho.;, a-clear and meonin~ful relation .between the group of an 
.: \ -

- indivicfuai and his rneasure~~ts on a single _!tern ~r small set of items b-ut where it · 

seems reasonable that all k characteristics might be -used to define a rel.ationshi'p of · 

sufficient strength .to p.roduce statistical significance o.n a test with fairly small · · 
:-~· 

-;;:i-: · samples. This may be d,s~ribed in statistical terms ~s a ·multivariate 2-sample probl~m 

where the air ·ts a significance test to.dis,til'!guis~_betwe:n the populations sampledi 
- ' 

and it should not be c.onfused with the apparently more difficult problem of patte.rning 
' ,_1), 

. where ci s!ngle salT!ple is presented as an unknown mixture of.2 groups and . the objective 

.-.;( · •. _- •,~: ·: ....• : , t.s·to find a grouping which predominates in :orne·-~~nse. (This .ma/be solved s9~;times 
;;-·· . .. ;··· .-•t .. . :. >-~.'}-:.··,.., ... · ·_. .. -~. : ,,I ... ·:: ~ ; _,:_·. • .... , - • -.. • .. __ ---_ .. - ; • ' • ••• • -. •· t~-...... . . . _-. ; . 
• ~ • · ., ·using PCA)~ ·: · · · , " · ;- ·· · , · · · · 

.· f.. . .... - The test is _based' 0~ similar th.eory and diricted at the same'ki.nd of diff~~nce 
• • r't~~• ~,,._ . .... : .. ,.-·;- ':'._.,. • . -~,.,, • • .- ·:- • .• ;_. ,.. .• • - • • •.• ':- • ·• ·.-- • r. .· , · ··. . ·. ' . ., · 

. _ . ·-: ·-- as the usual 2-sample t-test or its.classical multivariate generalization using esseatially , 
K::-·f?~ . ... :- - . - =- --: -- - . - - - . - _. - - - - - ? • •16-- • • • • • • - ... ..,~ •• 

_t,,~:j}( '.~ ;::-/' ~;-:/\:~ :_ t1_otelling's· r2 .: _The· 2 groups populati9ns _whos_e means are points-'in. ~~pace and 
;,._ .. : I •~ • -·' •• .,. T:°-• " • "':, • ,. ,_• • :"" _: • • • 

;-~~- ..... J :. :- '" 



,, ~-,. 

. _ - ·:·. ;,, -i~-- . '!- -- -~: · :' r ::.:.:·:::.j~;\: -_· .,. _~\. : .. . 
. ) ·~:i....-... . .... . . ·, . i, whose scatter about_ these means is largely described by the within1>opulation . ·.. ' 7 

•• 

,. .· .. :· .· .... ~-t .. ... ,. . : . .·, -·. -,~~ \ ' . ' ..... ·. i;_~ .. ·~ ·. ... • .• .•. _ -~- ,,.. . ; .• :·~,. ··• ~··..;. 

I ' .--~riances a.~ covariances of the k me~suresr·~:The question is whe~er' the populati~ .. 

: .. means are s.ufficiently.s~~~ted relative to:::th~· ~~~tter about the to b~-shown . 
· •.. :,.. .• .,_._·;I, il,~ ... .,.,, ... _ ·· .•. . . _ :., ___ "".;.1;.;... • . • . , · 1, "'r . ., ·~-- - . ·_ -~ .. _-,.. .. -...·- .... ·. ~--· _:~. -_. . 4: :- .. •• • .• 

sig~~ficant from samples ofsizes·-n1 and n2 ·• the theory assumes hom09.eneity of . : .. 
·. . . . . . . ·. . . . ··• . 

. variance~ and covariances within p<;>pulatio~ and :also f'l'.IUl~ivariate no~mal di~tributJons, 

but· in practice the met~od-may be expected to share certain -robustness qualities with 

. ~ -i~is of vari~n~ ~chniq~es •. 'The pre~elit methoc(~s a· su~~i-tute for 12 ~e 

. · ~cess~ry beca~se r2 is undefined fork .> _n] + ~2 - 2 and i~ a~y caseJ equires hwersion 

of a matrix of order k which is impractical for large k. In avoiding these difficulties , · 
. . .. ·."' . . .... . . ~... . 

of T~ we find it necessary to give _up the desirable affi~ness properry .. of r2 wh!lreby 

~. the same t 2 results fr~m any k linear combinati-~ns· of the k variabl~~-- ~se~ in pi~!=• · 
; 

'. of the k given variables. This necessitates more. care in the choice of variables: ,. 

Th, imput for the analysis is taken to be -- k items, typically shrewdly chosen 

functions of measured variables, available on ·each of n individuals~ · This data may 
. . •· . - . 

be represented by an n _X k matrix X = (x .) where x. is the· value of item j for · . . . · . · , - r1 ra . . · .. _ 
.- ... • 9 • • ,• • 

_i~i-vidual r. The rth row of X may be denoted by the vector X, and is the set of 

item values for inctividugl r • . An individual will be thought of as a single observation -
• J ' • 

drawn randomly from a multivariate population and we wi-11 denote the first- and_ 

· second-order moments ~f such_·a multivar!ate pop~lation b_y · 

· ~ve (X,} = .M, nnd vnr PC,l = L; · 

where M·, is a 1 X k matrix (m 1 , m 2 ,- ••• , .mrk·. ) and L, is a k X k matrix (I •• ). . . . . r . r r11 

ave {:r,,} = m,, , 
ac.. •- ·-. 

var {x,1} ·== z.,; --
- . , and cov {x,, ,z,,,} - l,w . . 

We -' assum~ the _firs~ n1 individuals ·are a sample from one p~ulation cmd the ·. 

ne~t n2 are a sample from the second population _where n = n1 + n2 1 and so we may . 
. ' . . . ·. . - .,· : ' -- . . : . - . .: . . 



_ e (X,} _== M" _ :,a, + ·1 ·s 
... . : --. ·.:, -· , -- . 

Also we assume both popuJotio~ to ~ve, the sa · 

ms, and we we may write ·-,, 
• ..: ___ - .! 

~-: iar {Xrt = L for 

M" and L are unknown ·matrices and our_ con~em is to test 
......... 

, , . 
is the zero vector. 

-- ~-- N~ ea~h of the individuals co~responds 't~ o ; i~le degree of fre~dom 

{d.G)and, a~ often .d~ in uni~riate }V~rk; a cooi:dinat~ change can be made to 
-- , 

:" yieJd n ney,_ orthogona1 singled. f., ~,ne corr~ponding to the overatl ~ean, one to · 

the difference between sample-means, and the reo,ainder to\vithin--s~mple variation: 
- . • . . - •. • ..... , !'. . • -

., • ',11 • • . _ .... 

~ ~ - .Ihi;s change of c~i.nates amount to -~oding-Y =-AX where Ais an n X n· orthogonal . . - . . 

~mx and the rows_ of n X k r:nat~ix _, Y, . ~!"49 ~y Xi:; Y 2 , .• • • , Y n~ , c~pond to 

·, .. ·the-n a,ew orth~o~I 'd. f.:· The. first raN of A produces fh4a' first~~:;, d.f. corresponding 

to the grand mean and therefore must be _,.•: 
. 

· 1 1 fl - - --,; . 'a'a' 
•· - . .,._ - ---· ------- -4,.,.. ~ >~ 

·. ,,,,_ anathe second row corresponding to differences of sample ,f!1eans must .be-
. . . ;~-~ ·.: ;-:-::-(n,t:...1~- -!~. .. ~'7.::" . c.l-._ • •• , 

-- . ~--. :. ; __ :-!•~-- [n,terms1 :.-)! ~~.+.~-
The remaining r<YNs are arbitrary except thcit they must satisfy the condltions for 

_The n~w o~_ogo_r:Kd ve~tors Y l / - · •• , · yn have the. first and second order: 



,···,-: ~i : ,< ;_~ ::\, -:!~~--·~~ 
. . ese form,,ilas:a:~ ~ethod of ~etecting nonzero M' i- -. . _appears n~tura 

.. j,l,_;,,..//f': ·~~: .... ,,.,_~._;.· •... . '.· .. · .. ,;.,.··• ;;.;,,:'_ ·~:: . .... C .-:.._ •. --,.1,,..-:.¥, .~··. ' . .-·,_.":; .. ,.:::r"..;,£" .. . -.. ' . ..,.. _..,. 

_ , · ex~ept for the sh_ift in mean- : ~ -U& tl) non~_ero_ M'. - M0
, Y 2 has the same me 

• - • • \ • ,•, ... • • • r .. 1" • • -.• 

ncl varianc~_as each of.Y3 \ .~ -~ y · ·in some:a~rage sense . . Accordjng·lya 
• nific6n~~ test may-be.bas~-~~n > n~ .. :· . . . .. . ,· . ~- . . . .. 

~>? / - · .. : . .; ·.i.--. . • . . ..,_· . • ? /~ ~· . 

· . ..,-. _: \ _, ... 0./((Q~+ ·••·+OJ/~ 
.-;~~~-_, .... , • )I • ·~_· 'a.::.•:--;./\/-/.:,,- .• " ..,_.:,_ • . :•.:;.:~'.~.:~: .J..~ • ..,....:.-• .;::.•. 

·,:. \vhe:e ;;Q. i~· ~e sq~are4 length of Y~ ri.e 1 Q. ~Y.Y.! • · ·ay introcfo~ing the notion · 
. , . I · · ·. ,·. I · . I . I I . · . 

. . .. ,· length, i~to ~h_e definition of th~ test.we ~lso ,intrQd.uce a type on non~~i.que_ness..: ~-:_'?~~::-.- :./~:;·~._, .·_. , . . . . . . 
.··""-: • •· · .: .:· · under linear transformation of the k -variables. •· .. 

• , __ -i,. ?,,....~~- . . - - . , 'i-lo,. • • ,:. _.:~ 

:.-.. · For definite distribution theory~~ assume .!he :to ~~-- ~~tes from ·multi-
. . . . . . ''"- . . ~. . 

-~· ;.:;_:;,~~!;-:~.;---·\,.~_-wtiate normal distributi~-determi.ned. by the-_means-.a~--wrian~_·as described. · 
"'• . • • - . . • • .,. • .. " . •.• • r-~--r~·. , ; • , -· -..•. ·, 

Theri Y 2 , • • • , Y are also fodependent an~ ~-~-~lly dl!tribut,t~ with ~ans and 
.. ,-,~;,_;;-...•~ .'",,,.- ;; . . ,.-· .. , n _ . . ·. . : .. ':·> ·... . . , -~ . .. ·-. 

. ... " - ·"'··variances asdescribed,· so that,· under the null~~ypothesis M' = ¥..,_, Q2 ,· ••• , ·Qn -/!_, 
- . . . 

are indep~ndently distributed as a posi!fve quaciratic ~~) n,_ ncif.?\°I· wria~les, ~hi£~ 
,,,, ~-- ... -.-, .. ~-"' ... . .. - . ..... •"« · .,. ·---7 ,· . .... ,. '-l •"l"~· - -,--··r. -."!•_~- ... . ' J·,. ~, ___ .,_ .. -

. distribution depends on all the paramete~ in C"·:-Fo~na~ly, it is generally a goocr 
,('. ';,ii ..... ..;. - - • . • •,.. • <.~ ,,. . • • • • ' ' .• 

, ·--:~ ,'..:~,.;.::~ ··~:.approximation to u~ a x 2- .shaped dista,ibu.tio~ for Q ·,, l~•., W;;it~\.Q 'f'.J mx 2 , -~ . 
. ~. .... ...;•~l"'~. -~ . . . • . . • r . , .- .--~ ·••. , r -

:\-,._~ meaning Q -is approximatefy .distributed as mti~s a~ 2 randonf wriable o~ r'd-.f •. 
~ T • 

This results in 

where,_ under the null hyp~~hesis, Fr,(~ _2)r denofes an F-fype.~ncfc;,m v~~iabl~ ·on _/ 
. ' . . -

r and (~ 2) r d f. 
, k -~ 

, ·:,, In-this way the depent:Jency on unknown.-parain:t~~ of the distribution . of F. i~ 

_redu~~ _from ·\. ~o th~ single pa~meter· ~- It is·'.~~owri th~~ ~;.ic·;'~rd-r mtJy.'be though
0

t 
-,-... 

of as~ -reducecl dimensionaliry from arHc:ieal dimensionality-k _which
0 
would hold if 

••. • ~:~••• ~~ ••~ ,-,~.:.;, ." '• "~, , v."_ • • ••-~•::• •: • •• ,: • • ,• . ~ \( , f~ ,,_ ~• •• • ... > • ' :,::•: •., ••, -~.' • ." ."• • • •;• 
were· a unit matrix. - However i r is unknown and soan exact significance test cann 

· ·. ··\ .· '-' ·: ·: , · _:: . ._-_ '-- ·• dif~c~f~ J,/ _.usi~g-_ an_ estimate~' r otr._a~i t!lstin~ F: . 

. .... 



t . h" • . • 
. l _were · f C _ 2 . ; ;- . . 1s 1nev1 . . . . . . . • .. _ 

.:·.:":/f{ .. · "-:·.,,'.' )} .• ?;:._-:,_. :··: ~-.: ~>\;:::: .t· .: __ (Ji 
Is. but :thts' distortton is,sli-ght~ < -it ':.:·~{·:· . 
. / .. ~}t'•:,: ;·• ,:-!~.l:,_•~• ~•,•, ,!' ,:• ;-~:,. ~:-~!::_~:•:_)•_:-.::.:>; • • : . .~) ;'•~~-~-

•. f _-twcd-thods of esti:maling. r·are _as fo 'CINS·.,,; .. ie first uses~· 
·.;<·<·~. -~"· '..·• • C-)• ·., •• ~. ·. '"', -~:··:. ,-·· -~,---. ' ' :·:•.::,..-.. , '."':-"):''::~w;~·--:·-_1 i" ....... :~ ~-- '•\i 

·.:.Suf>p0Sing)hese __ Q7va-h,es to be- a sampl~: from mx, · , ther .. 
_.. .'- . . . . . .· .. .. . . . . . ... . ..· ,. ··; -~-:- r . 
• . .· marid_r;, ~nc:1-, on--of_th~se depends~only -dn' r ,· 

·• •· .. ·<t~[~· i ~.r'i<t" 

·. !{:;~,~;; . 
1··-v. .. , . . . -._: ·-. .:.~!- .. ;·•, ... : . .., , - ·-~ . ... "'. ,.. ..,: •· . ·. . . 

. ·Js·a. good· cipproximatio~ even f°': s~!f r so _tH'at :a good estimettor 1r can:~e defi~Jro'!' 

. -, . -[,1+ :.,hl~ . ·ai. . . .. . . 
• · . or,. J ,,. • • 

a~ thaf :02~ ' . angtes are· ap'proxi~ateiy.pai,r;wise independent~ 
~--· . ~. : . . . . . . . . ' . .~-, . ' 

Thus if 

· m of.the-l'.'01:ul'.Ot'l.ogs of tne ~~-u~red sines ·of these ang1es., 
---- - ~: ,. . ' ~- -.. 

.. ,.:.,::._. -,,---

,:--.., r 
_; :..~ 

,·.,_~us a _~conci estimator r2_- ~Y be defin~d fro'!' 

.. • .. ••. •· ... ·· , .. ·, },:·•~·+ J·+~}n~\+ti+~]f ;'~). 
_,,; ..... •.• ~1-- ._,;•_,'/1"1! ·- . ,,.~- -~- ~-····•··~- ~::.-. :. . ... -•i~ 7::..~ .... -";_:..... ,:,-. , · ·- -~ _.,_ ,· :·:-. .. · ··:··!,: 

: "~·,_. :~. ~--. ·_'.·:., • : . .':,·· -·Thfn are certain disadvqn~s p~operties associated with the: test • . ' ,..,, . . . . . 

first ~oncerns th~ ~oricept or:1e·rigt~ ond dngfe in ~~lmensio~r space, the .so-called 
.- ·; >.~-- · ·-~· .:., • -~ •• •• - - ~.:: :J..... . . ·: • . . :c... . • •• 

: :' ifi~~_ries~ ··property. J'his-means·l . t~at if -~e use k.,_linear :combinations 'of le 
. . . -v . :. •. '.. - "": ·• . . . . . . , ,.: ' . . . -.~. .. . . .. ... •. ~-. . ._., .. . . ... . . ., . -· 

• · · • ·-k variables · · • • • 



:•:, ... -: .. ~-~"'"~ ~---:r~i--~~~:~ .. ~~~:/\'-.--.~~- :· . · .. _.,.•,>~~-:..-,!- .; __ ~-~.. ., .~tt:./~-~ _,:?.~.~- ·~:.:.~.k . 
-_- unique_.~~;(··~ -re~·u1t of this -a~ I: thi~ it 'i,~ _an-Fnd·e~! 

•-:~ _. :_; ~; ,;. ' .. ·. . ( .. ~,-~•a ___ ; . -~• · ,'• . ; . . _:- _\."·.:· -.. ·' -'• ·r>~y;•~.}_~-~~'~· ~' .. , •~ •:•,·•, 

iorl<·_: kn_owledge is req6ir~--_ on.-the pqrt of the pers?hJ naking u 
• ~.f~~: ..;;~_ ~• ~--• ~. •.'., ·••, ~.:,;. .. ~: .. ~;''.),~,., :~--: 

0 
•~~, •- ,• t',~ _: >.:,,.,. ( K : .. '~~;t .. Jf-.;~~~j/J~·;~;,tt 

a not insignificc:mt _portion of subje·ctivity">" ·. :_,_ ·. _ 

-·-:_ .·Asec~~ p~operty _of th~ ~~est whkh . :~:p~ctical :;.disadvanta 
•• ,;_, .. ~. - • • ••~-~ - , • .:,_. ,• ... • •• • - •-••, .. • .• . ', ... l - ' 

the 1d~t (n .:. _2)-rows ofrnafri~ A:w~re·~a'~tly··_am,.itrbry~ ·It can be easily sh 
... -• ·:. . ~/ .. , . -~-. ~-- . . -~ :· ··:., ;~·~,'-~ -.:• -·-'·f'·:.~~:~_:•:.;{z_ ~-;:·. /. :.:- ,~ •:·~ ,:: < .: A -·· ·. 

t this arbitrari"ness do~ not affecfat -a:11 the;,value, :off; but onl . · . and .r -
. -~- :-.- ,, ~.:e~-:~f secondarycimportance. 

i._ ... l'. ·, ·=-- . ' ·· .. ..· - . 

.i>t 
·, .! ·.• .i:,.. -·~ - • 

-, ·.In· the fol.lowing, we shall review the .most elegant way""ofprese~tii:,g· the 
- :t. - ' __ ,. -_ ... • - •• - :-'!. .... - • • ·~ .. ---1 ½ ;,;, . '· . 

·-. computations from the .point of ~iew of a FORTRAN program. rbe numcifrical 
. .• . ._ . Ji~. .~-~,,. .~,. .. 

is one concerning 6fbioc;he~ical analysis -~de ·o,.; .12·subject and is_ 
. ·- .. ..~ - -- ..... . -:.,.,.,..., . 

. . only _in~tuded in ordE!r to clarify. th~, steps. 

·The first s.tep-is to read in the 12 X 62 matri>c' X and- reduce immediately ·to 
- . . : . • •. . -: '"'!I'· • 

-:"·w :i:: XX' Ort whl~~~-- further·~cwp_tatio{ls: ar9:-~rformecL '-The l.ast 10 r<>Y!s_~of .A-are 
. . . :. . , - . . . . . . -.: -~-,,. .. ·:'·_:_.!':. -_ ._ \ __ - .- -.· ·.' '· • ·,. . . _·_ 

dete_rini_ned u~i.n_g _·the meth~ of rand~m c~oicelust de:scribed ~, .Th~ ~ntrie~ of-C3, _ 

• · • · • . I -c;2 120 rang~: n~r~l devi~te~-:pr~uced~fnter~ny ' by ~the 
0

rriac hirie 
" 

using:a-subroutine. · From A and W the-Qi .a_~ -~omp~ted ~or 2 < -i < 12 from :th& 

•·-· j 
•'.-

• '".. ,."' • ol: ,- • - • ~ •• '~: A . ll 

·_and from the_ Qi previo_u_sly give~ formulas were used .to fi.nd ~ ·and_ r1. •• In -order to 
.. .. ' . ·. ,.. '· 

A 

ind r-2 _, it i~ necessary to compute· quantities Qi. for .3 <-i 12 from the ',;'. 



""'- e 
.,,. :·_-·<:'_,.~--:~:.:·'/',',:. __ ·. , \ r2_- ~r~\-~:--, 5':,~ ·.: : y ;··. ~. •,_. ~:<i ,-'.f .. '', .,.: . ~-

. ! _tota_f .?JS::_~mes ~'? check emp1r~c~lly. the ~r,_at1ons _1_n,__r(aiid r2 ":'~' 

t 'b_ ~--- -~-~pe_ .. __ c _ _. -~~~-:~-~-·,._:_ _ _ .. · _ ·__ -.. :~
1 

"" _ / , 
• r .. _ .. _ -~ --· ·- _ -~r.,~:J','.1 .... "".;, ~~-~.:-·. 
·: An -altemati~e method. of attaching a slgnificance level to i= is the ra · omi_ 

. _ :rli~; -piop~ed·:.by Pitmancfo~ the u~iva~ia~e --2-sample:-t~t~Jt. -

.•':': ~~~,!! t\ ·· · ( • .~ :of d'.vidi~ th~,~ ~1ivid;;;,I•. intO :"?'~; 
s_ize ~l-a~_ n2·-J ~uppose these -i=' ~l~.es w~re ranked. and the F corresponding to 

-;~_-_ -·· ,.: ..,;·• ·true division intQ. sa~les ~ad -rar,k ·s .· 'The~, u~e; the null .. hypothesis that the · 
I.~ • •• • • .. - • . • 

:.': 2 ~~l~tio~;-hc!Jve-ide~tical distributi~ns; ' S would be equip~~bly disfril:>uted over 
. . . . -~-. -

··· iri~ge~ 1-:;~ -~ _' ~n: J~ . ~hus the form~ia ~ives a mea~· of attaching· a - .. . . . --"1 .· ·. .. ,.., -... < ' </; 

It turns out· to ~be'., ~uival'e~t'to ·rank the leng'ths o(.the 
•• ;<It, ... •_- -~.Q'·.' _ \ . _ _.. ... -- -· - ·---~·.':!I'. ----- -~......,_,._ ....... ,, :~t 

_ ;;_cton -foini~ sample means, and this simplifies calculations~ ,. 
-~ 



ONI -;. RRELA 

·: ·':.~ \.:::··~:f1r-i> . : :< . . 
ro uc . . he. multivariate statis · -

- -: . - •··• •";< .' ' • • · ,.: .~ - •- ~'t, .... ,~•" .:,.J,i.,'• •:.. .-,· .•. •. A "'\ • '• ~-.. .:_ ••,• -',•· .:.~ :.:. 't"· !- , ":..-,• • • • _,.,~ .• :::. • 

ere,. t _o .be discussed is one of potential import:anc~ · in ·~-- -_ 
. . . . . - .•. - . " ..- . 

ome geologieai app11·cat:i.Qns1, par.ticuia.r1y·.1n: paieoecolog:i.c · 
. ,_· ; : --~ - ,._: . - ' \ ·.,. ,-·-. . -:- _. .. . . -~ :,;, -~---.' ..:_ -~-.... -... .. -- ....... --,....-~,..;.- -; __ .... _: . -~ ·,. . ( -~ . -
and·'ec'o1ogic) 'studies. · we shall · cOn$i'4er two sets of variates· 
:1th a ;foint: di~:~r'ibution:; -it -'.-is. d~iired .t ·~· _·_ alialyze the ,, . --

~o;~~lations ~f-~oiie set \1'ith the : oth~~- -Iri' 'c.oimexio~ ~.i t_h the-
_me~hodology of this analysis1 we .find a new coordinate. system in., . 

. - ' - ,, . . . ~4-- - -... -~ - . . . . ,.-- ·- 1 • • • .. - ·., 

the space _of each .. set of variates1 ·this being ~erformed in such 
·· '&~way that the· n~w- coordinates. (Jisp_Iay1 without ambiguity1 · · 

... . ·: the 1;1ysteni of correlation. In ot4er· words1 we f1nd. the linear.;; 
combinations of variables in each set that Have,maximum 

.correlation and .these linear . combjnations are-the first ~ 
• _.:·coordinates in ·the new systems.·"' ~Ther.eafter;· a second li:ne_ar 

. combination_ is sought in eap:h set1 such that the· correlations 
· between these is t .he ·. maximum of correlation~ between such linear 

- , ....... 
. combinations as are uncorrelated with the fi;rst -l;inear -

. .. . . 
·~ __ :combinations. The· pJ;"ocedure is· continued until the ·two new • 

· _·coordinate systems are compl~telY spec:ified. The theory of 
_the method of canonical correlations:.was worked Q~t by 

. , w ' 

: ". _ . - . : Hotelling in -1936 · and it ·wi 11 a:lready be, clear to you 1 . that 
i • · ,', ' . muc·h of th~· bas'ic linear algebra is related· ·io · that occµrring 

t _ ._,., l . , J' , • 

... -, :in th_e ·Hotelling procedure termed 't;:anonical variate's. · -· . 

.. 
·,It · i .s 'also apparent .that 1 ill' a way 1 canonical ·. correlation 

~- -~· represents a generalization ·of the regression_ model. 

' ' .. . ..,. 
rfindoDi vector X of p components 1 wliich has the· . <. ': {.; r:<: .I,>-._.-.\: cdvariance m~trix j:, ; as~um~d positive definite. ,' :Inasmuch: as , 

I ••~ ·• • l • • • • I : . ·, • 

our p.artic·ular · probl'em is only· concerned _ with variances and 
' . ·- : .. '! . . ·. . 

_. -~ovariances., it .. ,will bJ! ~ssum~d ,that ~E(X)' ~ -o; _; a; ·.· _,_· .... 

""l - • - •• ,J .... .... • ... ·-~ ..::_ • _.,. • • ·-: _ .. - -:~"-~ 

!• ;" • .., ~-- - ··:·:-:---~_ ..... ?•;.'-~-~..: -:, ·.:.:. ' ~~: -- ~~-~--

~~~i'.der -· now the -ra~-do~-vector i. p-;rtit--i(?~ed into ·t;o_ ·sq.bvector-s1 
. ~il),. ali~ ·x<:2>1: _o:f ~p

1 
· a.nd -·p2-·'co~_~~nents·;re~p~cti,;~:i:y'!' · :·F~r_.,t · · 

- win re at - i _t · will ' - assumed tha 



>- We may .. ;r't.te an: 
· :·of.: i(l) ~s : . 

~bitrary_ 

is required to 

u-' - •; a.' x:-<1-> ~--- ,,. 
linear function·. of 
V- y'X~2 ) __ _ . 

as 
,,, •"' 

find. the linear f~ctionsthat have 
maximum correlation. · The correlation of a multiple" 9f .U 

..... .•· 
and a -multiple of V is -~the -same- as . the--correlation -o:t 

• . • - ~ - r'ji: ,, .. ;~ 
U ·and·· 

V, · :there.fore, 
of ·ex and_ .y. 

it. is possible to make .an arbitr~ry normalization . 
.,;. 

It -is thus -required·, ·. that tf 'and . v· _have ' unit 
".,, variance,. which determines the nature of·· our two. vectors. 

...,,,_ . .,,. ,A, .. ... ~• -- ''iu2 ' ' 1 - -- ·a.'E a., .. 11 .. ·,_, 

Er· ,.; 

1 - --y'E~2y. •~i .r{:./ . · 
; ,~-. -: ,: ; . 

·is . readily 
-Vis: 

appreciated .that the ~•correlation between U and. 

Et1V (VIII: 1) 
·• 

algebraic_ problem is .then to find the tw~ 
< .. _ 

vectors so as 
· to the: .two foreg~i-ng equations. 



_.. • • N • ;-_' •• 

~l- in finding the ·ma~im 
-~ ·.. . .. ·. --·~(~ ;_ ~. ~,.: •t ... 

itten-. :~· ' . 
. - ·:\·: •, (1 

, y .. 

·' 

, .' ._· ·.\>. . _. ·-{1:)1 . (2) · -.-- :'.;·.;_··-v =r ·· x. 
. :·c"S· :C - ·,:• , 1 . • . 

"' ·~-~ , . ., i .... ·, . . . . 

l: and v1 are 
. .. "> .. . ... 

xi mum .correlation. 
- -- ~ ..• -. . ' ·. •. 'I" -

The second linear combination is"'then foJ'nd, 
. ~• . 

and'so' on. -

Consequently, at_.:the rth step/ the followJne . linear combi'nq.tions have be~~t· .' 
. , . . .v ·- . o,i:... • • _..,..... • • 

ul = . aCl)' xCl> 

.- .v;= v<i->• ~C2~, 

, v 1 = y_{l)-' x~2), • -~ ; __ u- ='/o,Cr)~: x _(l)' 
. " • ~;(. ·,i:~~---1--!: ... '\ ·,~ -

with corresponcling corielatiorJ~gi~~:·~ _; . 
·: • • . • • .. ...! • • 

~·. . :-· . . . . - ~\ . . 

Rememberi-ng ·our conditi_on of pl < 'p2 ; -there wm be P1 canonic:a(c~rrelati90s. 
. . . ·: . . .... . 

omponents of 



. . . _ . _ _ : ... _ - _ : _ ·o var, 
••;'r • .:. .... ~. 

This-will correspond to th,e. genera.It zed reg.;;sion interptetatfon 
. . .. ~_ ... ,. ... -~~r ··· - . - , . - - ~ - . 

I ·mentioned in the.introduction~ 
,... .¥ • ' 

In. sample terms· this . time i we c~ld consid~r the mdtrix of regressJ~!' coefficients 
. . -1 

B =S12 S22 I 

If ~1 , ••• xn are . N obsewtioncrl vectors ~rom·the mu_ltivariate ~Orff!OI 

: ~it~---:~)_.! ~-_ Each ·observafi ~no, ~ector is parti ti o~_d int? ·_Pl ~-nd P 2. ~ompon~nf$, 

· _· i!1 the foregoing secti.on:. 

,: -~-~~1_>_)···1 
-:-; . ·- x(2) ·_· ·_ 

. a . , 

. le to pr~ceed ·vi:~ ; ·( . ~~ -. e ~~mple C(!Wria 

t:~;... ., 

~,. ·,~-tt n ; · . . . 
- .,. ; 

... • . ': '). li.,... - .. • ~-
. . , - . .,._ 



canonical variates may be defined as: ------ ... 
aQ)'x(l) .and c(i)'' x(2) 

a · a • 

Jt'rnay be useful to cons1der a ·geometrical j'nt~q)re~tion ofcan~ic:al . ,.. . . ; 

. cc,rrelations • .:The rows of th~ (P x N) daro_ ~trix, X = ~f !·-,:~. , ~xn)'"'.CY b~ 

, · regarded as P' vectors tn N-dimensional space·.. If we consider the deviations from · 

~e,• ~an vector (n1, -, ?<, x2 x, •• • ··; xn :~·x), ·these are -fhe p ~ectors proiected -

. -~ 'the.(~(~--. l .)-dime~ional ·subspace' -orthog~nai to 'th~eq~i~ngul:ar Ii~. For ''-c : . 
.-·,( •. ,,.;~•••.>',',, :,_ ·,"r. • • :• . ·•. . . ,, . .···. '. • ,. . •, 

'.con~nience; these _.may be-·written ·os "-1 I .l ; I ~; . • '•~y-- veetor t.f With th~ 
l .·,-•' '•' ,~<,• ;" ·1f.·Clr -(1). (1) ·-(1))'.'. * ·F ·'•,..,,,'. --,; * .. . ,~·,_ >~:, .. .. compO.f'.18hts. a \X1 x , . •• • xN - x .. = al xl ~-·• •. aPj·xPJ Js located in 

· · ;;~ned by-x~ ->-.... -, x~ -· ~nd _a -~ ~t' ··:;· ·· • · ",,::_:': .-,. · ··. · 

2, .-··:c2~; _i, .. ~.:~·:.·_~,.<;;:~~< ·:·~ ··--~:·;~ 



. fafi:~t¼.g•x!k~'~', , .... ,., .. •;•t .. . ~:~., ,, .t~:j"; 
_is--c~e·la.:tion -i~ ·;qui~at~";t; to .. fin~i~g ~the ·v~cr_on.·: in th~ . P, f_;_ :sp'!~e ·arid ,,t~e P2_ 

~;· .. ::/,-- r·•t}~I'~ ~~~-:,:,( -- ;·~ : .·t. _--~ : ,>i- .. db... '~-:~. ~. -- •, • ··'?·". ,/ /;,;, ___ i .. -: ... :;; ·".:,s~· )r,::-.:,: '.,;·; ·::-·;l;./. .• "::"f • , ~<~r._ i, . ·~··-~7•:~~-;--.-.,., --:-· 
. ce such that th~ ~ngle betw,en them.. is _teosl~- i .• e~;;the c051ne· 1;unax1mum. 
:~· ~-.,_./. ~:.'}: -~:.· '.i.:,_';.YJ~ -~ ,.t.~ -_ _.'; .. _.;t·_,. ;, ... f- _. -~ ,_ -~ ,,i--. ;_ . '.:•: \ .•.1. _:-, --}~~;(~,.;. ~# . _;; .. ·;:. ·• ,/ . ·;.; l • - •• -~ • • ~. -· ;: '¥ • -~ 

, • ~second ca/ic,nfcar variates corresp(? . · ' . . ;. . . . . first C 
?~~-~· ;.~ · -:,-,: ... .., ... _r :r ___ • · ,, ·,_ __'_ .-i ·.: ~- .. ••• • • .,· - ;:~ 

. and with the angle' minimized . 
.. :~., . - . •!"', • 

. 'General Observati~ris< 

,,, • · -·If we compare the technique here descr:ibed ~ith multipl~. ;egress ion, 
, - . .. ' .. . ,;:,. ~ . ;,,.. . . 

.. thcit if.is possi.ijl~ to regard'. thE! -~atte~ aj...~ spE:cia:1 ca.se: ot baf!.Onic~I c~relation when 
.•.. ••. ,. ,. .. ;ii" .,_ _.:r;. • • • •• 

_pl ::::. l, ~nd P~' ~ 1. tn carionicai _C~!elation., both ~uJtiple criter!a and inu!tiple '' ., 

occor. -~ ... 
t~_~'i "'.f"l,; ' ·:. • :r.i. ;~_ . .;~ ... :r .. 44{_ ~\ 

-;::::.""' 

In my opinion-, the ~thod has its main geological applica_br'lit/in ··ecologic, .. . . . . . .. . . "-

studi9:5. :_In connection:_herew-ith, it is' a usef-"'I, way _of analyzi:ns:.the inte:rrelation~ · 
.•'h:--

sl,ip b~twe_~n a set of va·rtables of, _say, . electrochemica,I.J ype ,.• a·nd a set .. rela_ting to 
' . . ... . -. . -,· . . . - - . ', . ···\::-:' . ,. 

org<J"'ic elements. 
. ... ·._;,_ .. _-,..' '",;.i:, . 

. , 

. Computor P_rogram · S.teps 

. The._ progrcim ava.i la~le at K-U ! .- uses 

._ 

~- *",;,.;" ,· :.,,? ··. .. ' . ' 
t~e 'mat rix of correlaHonsbetween varia~les. 

·. ·, ·. _: --~-!~<. <.-
·' I.':' . .f.' ·• 

-:~· ·i'.~o~-sfs of th~.c:orrelatio~· b~,.;;een\ he. ~ri~blei of set i .. . - ,~ .. 
;~~nsist,"of 'th~-~<:Or;~,d-tioris betw~en th.e .. v~riable~ of. ~e! u. 

...... ,. ~"'..,-: ,; ~-·-,A ... ,.,. .., ... 

he co~eiati~ns-b - ~'. ._;. ' • . ·~i , f ., t .·, .. · ... ,, ;. : . 
. : -~ .. - : 

-~ -, •• <. \· -~- • .;·\';-:: ••• 

nt e . at" " ·· 



2 1 11 · . x. '''. -· 
-· ·~ · .-; · · . . >·:;",4i;(/;- \ ; 1 : 

. . , tors of the other set-are -rf!quired ' 1rst· o . 
• • £. -. - : ., • ._ . • .:.. : . • •• - •• ' --:· • • r • . -:;ii 

. 11:9);are' changed 'ciccordlngly ~· If a ve~tot,·b,has ,:,· 
·, . . . . . ,. . . 

,· ·.· v~ct~:- ~ corresponding to the second set is .given byi : 
• • ,, 7 ,• C • , • • • ,, • ~• • : •. ~••, ~, "i. . • ~' -1 < • • ~- • • _, -=-..c..• ,_, ~ -, •...:.:.•·::..,• ::.• .i.·~~~~~~~~ ~ ~-;:-~--;----::-c-7~ 
"~ ~':> · ·.- ~-· _·.:: ·-°t·:; (R R :b;)/ '-~ 

' . .i/£',':'f'.,; . ,;:-·-,._._ -·;..:.... ""·'::.:·?·'.--:""-, .•.. }:1:.-_~~ -) ... · i , _ _ . ---~~ -;-/ .:.~ . ...,-~--~-=-::--: -"' _ ~- ( ;~"?._:,::~~-~/',-~:~:-.Th! ,i :~.are ,the·.squares of t~··canonical correlati~~;"-'·thus .Rc:AN(") ·. ::;: ·' ..n::-. ·. ~: 
., .· •.· . ,•.· ~- "."''' .. -'-•, ·~- '·· ,;_ ., ' . ·. .- . . : .. _, . ~- - ' ' .. ::,_ ·-·- - : ..,_.-, __ ; .. ,·_;\ . . .. ,-., 

The method of ca~onical correlations has bee~ generalized to ~the s'ituation--:· --· ·-... 
: .. • ,ff· ,:.,. ...... -:-. •< ... ,._. , ' , • --;:-,..,. , . :".. ·\ •\ .:, • 

ofmore than two sets- of vtfriab!es. - I ha~ _not myself attempted to.appli·this t~-any 
~: - J . 

of my ·res~~rch and am therefore u~ble to express a_n '.opinion as to the overall use~ 
. . . . . . - . - .. ·. . . . ~. ' . 

fulness of the generalized ve·rsion .in ·geology • . Ca; ~ ic:af correlations have not been 
. -. ... . - . 

gi~n much attention .at afl by biologists and geologists. ·" . -.r.- , .. 

. . The prog~ani referred to above also in~ludes·a ,test of significan~e-for -~igen-· 
. . . . , - .- . - . ·v, . :- . ··:,,.. . . ·~. , . . 

. --<: ,~----·.i.<wlues, ~eve-I.oped by M.S ~ ·Bartlett. T~e test _<?riterion, . t _ .... t..-,is: 

- p2 
.. t = TT (l · :-: ~i)' (~2 ( p 1 J (Vlfl:11) · 

i. = 1 

_ ,-.. . has a~ c:rpproxima~~ x 2 - distribution a_nd_ prc;,vi.des a large:-5~mple test for·-_the .. null . 
...... . .... ' . ._ . . - . _... . . - . 

: · ., · hypothesis that the set of P1 variates_ is not significantly connec.ted wi,th-tne ~et .of 

P 2 variates. · . ,. 

x.2: - _- • 0-.5 (P1 + P2 + l)] Int 

-·~ ~\~·,:with· P1,P'2 degrees of f~eedom. -
. . ,, . .· . 

ff the null hypothesis- is i-ejected, the sig~ificancEt of the remaifling P2 ~-1 
• • ' - · • • .:,,_ ,;: • ~-· • ¥ 1. _;... ·• ·• • 

-- _.- · geoe~,lized'eige:nvalues may be tested: 
• I, ·• C • c • ·': • 4 ' p 2 •. ., • ~' . ' "~-- . 

t 1 = TT (1 - ).. ) , -
. . I 

t=2 . 



th~ pres~~t ~onn IS the selectio a~ s~itab 
:/. -·~.-.~t~,/ .. , ~~:·· >-;:~--. \:~-:s;~t;~~/: ,.~:-- ·~~~;::~iit~!~!;fl:,;-~;,~:r:·.-=-~~- .rr~ 

. . . • · · ~e majority of t~e =sruc:U•S: in fie ' li_terdttir& .that-ha 
.: .._.,"•'I. • •••,.'' • · •. ~•, • •·. ~,1' "I:. • .,,· - .::- , • ., • :-,.". ~ .,,,: •l ,~/ - • - •• . ..___ ,::,_:!''.··: .l 

to .'!1Y atte-~ti~~-appear to prefer. f~ ~eiy on the:tnforrooti~ obtai;;.bl~· fr~m 
i·r '·,.1.:~ ..... •• .;.._ .t·· ,··--. ,' • .•·; ··~ ... ..... _ ,,.,. __ • •• 0:....l-'!r_ ~--k~r.--- .. -·.~ ,. .,..., ·· .,:··•~•;-, . . .,,, -. 

eige~~iues alone~-: Experie.nce demo~·t'rates·~ -h~j~er ,: that o~hers ~fth.e eig 
• • 'i-oo.. • • • • -

. ·-,.<~·t·•-~;;):\·_·,,'.~:;·· ~lues ;~Y l?e .- more imp~tant in.dis'c;:losi~~ n:ieaningnil ·relatio"!hips b;;;,een sets· •. 
• r ~-. ~}" _ ..... "'='-; -... ::"::.~:-~·- _.,.. . .. :· .,...;~.,~<'"' .... ., : . . i ••• • •••• ••• • • • : .- • • ... .: • : •• , • • ~... • • .- • 

:;-:i ;:,.\i-f·•~~ ..:i."i7tf. ·;~·:::, .< .. 1 ~f__iEifde~,i~ed to. experiment with . th_~ FORTRAN prC:i9rams. in Cooley's and 
,~·• •.- • _: •• • ; ,J, ~::~}:'~...:. .... , .._ • . ._ - ,, r· · · • , •: .. l t ~I • - • ' ,.' ~-, "' .- • ' •: • _ ', , ' • ., 

'. .. '.i Lohnes! _book (1962); it should be pointed· out that the two methods given agree . . ·":... . -. . . ' 

· ':;_·.:poorly. · Fi~t, the itera.tive:~thod for extra~ting eigenvalue~ ancf'eige~vectors ·is ··· 

~> ·::.' inacc~'rate, ~e .IBM_· 7~0 at K. U:~. a; least~ seco~ly, runntng the scim~ data. in -. 

., ·-·_: >both diffe~~t -~sults_- Furthermore, the""'se·cond program,:usin9 the Jacobi' '_ · 
. -

-method of root extraction, is incomplete, and doe~ not agree with the flow diqgram. 

:··Multivariate· Regression 

:Consider variables x, l_i,oearly related to a set ~f z's, regarded as fixed, by ~, 
• ~. "".;"" •• • .. A • \ ... --:. ~-• \_ ' • • ... .. _;;:· 

(Vlll:13) 

. If the subvectors E1 , ~2 , . ~., ·EP were i_ndepen_dent_ there would then b!!:.-a . . 

:~)et of p independe~t regressions, one for eacl1· vector~- However, ge~rally 

· indepe.ndence wil 1· not be assumed. · ... 

_As a concrete.-. presentation of the ideas. behind. thi's, we cou_liconside".' f~ur 
.... l' . .--~· - . -·'"; .. . ...,, .:. .. ... 

· :vartm>les;, Xfi X2: i X3 , X4 • · .. One hypothesis .th~t may be of inherest could be · 
·- . ... -~. . . . . :- . . . --~· . ·• . . ,. . . . . 

-:_ that ·the data are ho'!'ogeneous with ·respect to, say, ·tl:!e _ means of series. ·'An apprc,priate-
_., . 

rati.o of dete_rininants. test is available: for .this~· -, · -· 
,.. .· :,..~'5:-;,~-~ :· ..... . ;j. ' .- :'"' _, .,. • ; ;-... ~. ·_·; 

_ }:"{:'>~ ,·. If there is ·a ··high degr~ of correlations ._betw~t'en variables, w~ may ask whether . 
~,.:.:··:-:/''..~2~::i;(::<;i<· , · -. _ · . . ·· .· . ,:,,•" .: · ~'~.:·· -- ... · . ~' . .•.. ,:: 
\.: --~- )·:· ~> · differences'between ~ans_of series· are :due tct sciy onfy x1 and )!(2~ -a~ x3 and x4 on,ly : . 

• ,t '!"- .,., • • .:, ' . > 

. - D ·vi.rtue "ofc:o . • .. '.with X -~nd x · ~' -Tt> ans.wer .. this~-- wed • .. 



_ ~i'ons of_ x3_"and x4 a~ 
-., ,.:,- r -·, • i._:;;. · \ ~~'·;'-. -I :"':·1 -,.•,:

1
. • ,:~ 

and -test the. restdual 'matrices 

Th~, _x~ a~n~ ~4 .act ~:~t;ix of de~ndent vara 

~; .and: ·x2 as a matrix ~f fode;~de.nt . · y~~i·ab les ( 
• 

. · EXAMPLE VI 11~1 ·. · · · 
,· -

bample · employing the -procedure of· c~a:nonic .. ;1.1 correlation · in 
• ' • • ,.--. • .: :----: • • ••i:•. • ... • I ' • . 

:accord with the program supp__lied in the set of worksheets. 

-The data ·de.rive from five .~co logical variables measured on,_,__ pore 
water from the interstitial sedimentary environment. These varia~les 

:·· are: -: pH (~ ;x~·), _Eh _ (- x2 ), free, df ~s~lved~ oxygen(• x3), content 
of .,ca~•bonates from all soure:_es (• X'4 ) and content of chemic, ... lly 

' oxidizab-le matter (• x5 ~. \. • ··~ • -. • 

The various steps in the calculations and intermediate results 
:--a -~ 

are. given below • 

. CANONICAL CORRELATION FOR S£DIMENTARY DATA-

-NO. ~VA~IABLES ON LEFT: Ml: 3 

NO. VA~IABLES ON RIGHT• M2 = 2 

NO. OBSERVATIONS: N • 

MEANS_ F'OR ALL VAR I ABLES o• I d - ,- . · PH - 1sso ve · -. EH · - . _ 
: __ _ . _ oxygen 

· .~ _ . .., -Ll206 ··::146. a37s . - 39. 459_2_ -
. . 

-Carbonates 
1.7361 

STANDARD DEVIATiciNS .FOR ALL VARfABLES 

. ' ~xjgi;z;able .:. - -
organic 
matter 
2:·2189 . 

1,2831 ' 



." .... . __:. ~· .. ·_-·./"::_ ~:_r.. : ~.---- - .-. .-r- .. ·-:~ -+-: ~-=~·~ ;".~ .. ~-
.. SQ·U~REO · CANONIC.AL CO_RREL;T.ION =. . 

.. __ :;-' CAN,ON I CAt:· cbRRELAT Low· ~ . .' .:. - . . . 

-RIGHT~~~ND WEIG~T$ -o .·621001 ~o . .11901.9 . 

ce~r~HANU .WEIGHTS 
,. · .. : .. ;.a. 64397 e -·o. o 20 049 o. 7.64.781 

SECOND SQU~RE_p° CA.NON-I CAL CORRELATJ ON 
.SECOND"t·AN0NI-CAL CORRELATION: · 

.. 0~8139~6 -0.580870 

LE~T-HAND WEIGHTS 
O.7517·21 O.O54136 0.657255 

·TESTS OF SIGNIFICANCE 

LAMBDA ONE c 0~9470100 

CHi SQUARE s 1.8.511514 . 

OF': 6. 

0.9888840 

CHI SQUARE: 0.3800613 

. . .... ~·-• ..._ - ........ .,... 

--

Neither of the canonical correlat;l.ons ·are significant . and·· 11; ·may -
:th'erefore be concluded, that the · a"' priori considered highly ·. ·· . ' .J. ..,.....,:. ____ ... . •¥ · · ·--· 
· plausible model of correlation between· a set of . electrochemical · 
variables ·and _a set of· organic · variables, ls · · · · vaiid on · · · · · · ,. ·.-· ' · •. · ... · · 



• . . . • • • ;. , 1 

. AND IDENTI FICA T'c>RY PROCEDVRE 
;{·,' ;;....,..··~~ ·~ ... ,¥~ .. ·: - '_ •...,.¥fl 

is my i ~te~tion to ·review the philosophy:of classification; . . ·,. . ;,-'. · . . ~- ... 

·t~ quqntitative methods: of .identifi~ation, and to gi~ my personoi' · 
. ·• . - .. •, . .. . . . .,• :· . 

. i!'~~-- ~ -·~o what i consider !~ b_e -~_u_s~ful' appf'.~ch . to the subject for seol'ogiC? 

~.:c;.,l~ms ._l: ha~e enc~untered in my ~~·n · 1 a·m -~ rfec;tly aware: that the. 

prcble~ -~t ~ith by 0th: ~ ~y .reqJ ~;~ a .dif;~rent -~~e .-of. attack, -,poss;bly . 

statistical. . ,_ 
,# _..,. 

) ·':f•, 
' . 

no-. 

. · Be.fore entering into the main ther;ne ofthisch~pter I wish to examine the ,·l •:" 

-... . meaning pertaining to the word "classification"~ · ,There is. a section ·of Murtivariafe 
• •• • • . • •. 4. .. • 

Stati~_Hcal A~alysis which bears the title ''Clas~ifi~ation" •· Thi, -is concerned with 

what is referred to as (Multiple)'Discriminant· Func.tiori ;Analysis_. 
. . 

·-· ,-":.· 

As Sokal nas p~inted out,· this is really not_ a rn_atter ~f .classification but _ 

rath~r one of identlfication At least, this is the interpretation that must be . 
. ' ' ' 

giyen as soon as this technique is applied _to taxonomic situatio.ns._ 
. . 

A moments reflection will show. why this_ must be so. We.-shall consider 

the statistical discri!'l'i•nan-tion problem' for. two populations, co~atible.wfth 
. . . . . . "' · . 

respect _to k "variables. - Ca~I these populations 1T 1 and 1! 2 • 
__ ., .... -

We have an obs~rvation vector 
... , ... , ... 

ts required fo find whichoflTl <~rid 1T2 -it bel_ong to. This .is _th~s a que.stion of 

·ENnFICAT_I ON wi~h eithe.r of .TT 1-.·a~d 1T2 an~Cn?t reaily ~ne of CLASSIFICATl~N. 
':'If: • ·~ ·, .: • • ·, ' \. • • : • • •• y ' ·; ' , j ' :· # • • 

~tor ·X is actually ~_srived from either _of 1T l or TT2 • lf .this'i.s :not tru:e, then it : .. : 
_;:-"!"": ., , 

- . ·. . . · .,, IQN _m . 



I ,cation Pr . e 
, l ,. • . • • /· 

Jt is .;,ell kno~n _that ·visual m,thods ·- of ,~ditional .sta ·assificati 
: • ,J ' • ' • '· • ~-• • •: •• I'" • • ; -~ .; ;r'":;\ ,'. :,.. • •• l • .. • • 

are eeply influenced by subjecti¥ity: It is ·enough, to compare C"On mporary 

p~t ltcations in o~e's ow~ field ·-~f ~pe~iaii~~·~io·n•. '. _This i~ perh~~ ,~~lly st~on~ly 

~oi.,ght ·out i.ri c.om.paring East Block and "Western.''.·works. -, c~lrthi; the flrst ·, 
.. . -,~-6-~ • .... ·,: ·- • . • • ' -~ ~· . ·: ,. ·_ it-·:.:-··; __ ,_ . • ._ ., .. .. -
i~ _-of classificatory dilemma. ·ThatJs, wbere .o_ne already has q for_!Tl. of. 

AXO~bMIC classificat ion t~ ex~s-t;n~~ : ·i~ijI~~,;~~ -~f~~: ~-~~cts -~ ~ ; io~s 
• : •• .. I •• • . • .; : ' "' • , • : • • • • ',.'• "'.~ •.• • • .. .v• . ,.• .- • • :!,, ~.=-•. •. •._ ' 

ii:,ds, . introdu~ed rri"'~rying• deg~es-by subj~-~ti~ity·: 1i· t~ desirabl~ t~ be able 

to bette~_thts, by some means or other; whe~e the element of REPEATABILITY , -
• • • • ,. - . - '. • : - • • • • • . .. • . • • • • • -, • _,,._ : .. •-'f',~ • .. 

< becomes· incorporated. Thus·~- if our-·model . . ,~-a reltable one~ it should be 
• :,o" • • • ,. I • .....,,., 

· possible for any oth~r .person in the.· field to~be. able...,t.o take' my' material,,- and 
. • . ·•·. • ·• . - . •> . 

w_itho.u! priori k_nowledg~ -~f~hat '1 _have 4~".' for classifl~atory_~~ c:lust~·;_ 

end u.p _,;ith _the same result~ . , · ·'\,c~•- :., . 
,.~ -•~ 'y-. /i....-.•• •;;.:',;w.•Jt""- ~• ,._,. •~ ' .-~ :!"" .~ . • • - • •. • - • • _• • .... .,• •, , ',. • ;.,J~••:. •• _•,.. • • • • 

:. ::'~~~:~·-,.~::~: .. ~-~~--- -'"The ~~ond kind o'r-cia~Sificatory d·ilernma·r ~ee in pattrc·!-'1.ae i_n no~~ 
,... :- ... .... ... ,t;:!-. - _ ... :,[,· 

biologic areas, in which severa·I people have felt the need .fo helve a try at tne . 
. . -- . ·_ .... - . ,_ . 

• •• _ • -- ..._.....,:z,.._·.., ., . ... •~.~ - , 4 l.._, ·••••- ;a!• .., -."'';;,...,,. -'~•"':,' :.t, ,,, ,.. - '~- ' ~---•~I,.. •-·,r,<,;,, - • 

pr_ocedu~s of NT. From Permo-Carbonifer~s cyclothe~ to mineral-de~osits • . · 
~-

Here, the qpplicati~-n i~ concerned :.Yith produci~g ·o classificati~n_; -~n quantitative 
. . . . . . - , _ ' . 

grounds,- :on little or no~ p~iori .·information. The.bip logica,_ modelJ see_m _t·~··hci~ · 

been .employed, ·and th; re~olution needs be only as ~ood as the ·underiying model • . 
_. ...... 

.... . :,.• 

Nonstatistical Numerical Taxonomy _ · . ,-
~--- ':, ).:•~ ;• .-?r •,~ • 

Modern m,.1merical taxonomists, such ~s"Rohlf and Sokal, h~ve departed .;. 
. . .~ . 

argely ·f~Q~~~e statisticaf ~~rpus because:oJ a J~-ree::numb~r-:Of p~obl~n,s; . 
. . "' - : ·... . . . ·- . .•. . -· -:. , . . . . ; . ' . . . . . : . - -:· ' . . . . 

_~urring in connecti~n the~ewit~ ~ This. is, .hi my _opinion, not always ~uch a . .,_ ·. 
• C ,. • • - • > _, 

oo~Hd~a, ·this· approa.ch is :~d<Spted., almoit alw.ays; t~ get ar~nd something 
•~ • • • :": J '" .- ' :· • • • < • 'r, • ~ . • _• • • • • ' .:. ,.~ •• ,. • •••' I • .'• •'-;c,~: I : ""• > t' 
leasant in .the data • . Such a thing as the homogenei-ty in var{ances aod co 

r.. .... ~. ,!:t ~::-•-)." ~- · .... _.;. ,/ . .\,,:?-1' ·_ ' '.i,, , •• : • -'~-~ - .. ., ,.., •• - • ··i:( -,;, . ~. ,..,:.~ 1 ·< .. . \.. ~: ~-. 
iances 'of two groups (and more.-than · • · which · 
,.,. - , - ~· ,·. ,_ . . .. :;. .. .... -

·:~:-~,\,~:"': . - ~u~~~~;r ~;~~-~mi·- .:--~ .. 
' : .. 



NIAN TAXON .. _ 
• .:, , ~• _-:·:/•~•)/.-ii~••~.~;.-~; ~N~ - ~-;_~; •-.. .. , 

As -is weH know, the C al taxonomy . . . .. 
p.· • _; ·- -'-'.:.' , .• _·::-~ • ••• -~ -.. _; • ..., .. - ' • .-.:. . · • .:;, ' / '•: -::_' • .:: ·=~.--. . . . . . _,. - -~ f...!..- : . & , - •• 

with Adanson;: the French naturalist,- who,f~rriulated tfie conc~pt in eoniunc 
, • -~- ~f: :,_;,: .. ~... ,. ::._,... .. L • ._ ,,: .. , 

··_with his taxonomic ltudies ' on the -Recent marine -~llusc:s ·of Senegal; West_-Africa i 

; ;,-?-: One-of tne pri'n.ciples h~ p-~tul_a.ted-~~ -~ pr-incipfe '1_f'equ~i-weighting of --~ . 

Jthe "'c:hQtacte~ selected by the zoologist 'as -diagnostic of his. material · Ohe 
-~ .. !:. • . . ·~ .. ~- . • - ·, ,• - •' '. - ... : . 

· question· of what is ~i~gn~ti~ is, of course ... , ~, moot p~int.] 

·weight_i~_g appears to b~ the ·most_widely a·ppli~ ~e among_.numerical taxon_timists 

_ of'today •. The 'obvious logic.employed in -sup~t he-reof f;, ... that sul>i~ctive 

,: .:, ,:. ':~ el~merib~~ ,~ld be introd~c; ·d}_r\ that the gua~~itattve zoof3gist w~ld be ~xerc:i~ing 

personal opinion$· and preiudice ·Jn· the _choice-: n.,a,ki-ng proc:edµre~ However, if 
, :- . . ' . . . . :. \ . ·;.. . .-~"': ...... -~.. . . •' ... :· :··: ,:' . .... . 

. . . -- ,~ga~s, for exampl~, the.SIMILARITY COE·F~JCIENT ,of, nun_,eric~l -taxono~, -
• - ',• • • - • .... • .:~ . .. '!'" _i I!"-.,,,_~• - . • . ... .;-:.~ • . .-,~ .. ·:-··.. .. • """ 

. :: !., ,fh-;·-garb .prese.nted by Sokal and ·Sneath, it·~:~ h';_bec?~ ap~f~nt .that this· i~ 
·: ~;..~~-:.~ ... · . . ;- :};.:~~s~! ~- . : ·. .. ;? -=···. :- ~ ~- ;~">_~.;/~;, ~ff;: tt.- ,r'. - ----~-- -; -- • 

-~nP.Nta in.which personal prejudice ' is allow'4:_-•Wf.1:rein and in . .q_~fi:Jaf:faet, it 
·_ Jo ~ · .· , ·~ - .... . _.--i. ·• ·,-,. ~-

. tur~ ou{ thot-some of these ~imilarity coeffici~~h ~y only' owe thefr differentness :· 
- -""'/~ - .: . ' .. . ,..._,:.-.~ ., _ ',.,. ·-- - . .. ~~.:it; - _ .. •.~ "'.:,'.,. _· ... "'-.:~. . ,: :---:·,, .. .... ·-; ,.., ·- . 

_to some fori:n of character weight~ng or other~ 

"--~ What does the .cri.tic of equal"character w·eighti~g have against it? The 
• • • ' o# • • • 

most available complaint would seem to b~ that any°definit~on of what is a ·;,; 
< 

~iagnosite: and useful character {often termed a ~unit cha.racter") -lies in t~e :.'!'ind. 

\ ,f the' p~rson carrying out a particular study ·~~-;::~f necessityl';·ill_b~ s.ubjectively 
.• , I, • . • •• • • ""I''- _:, • «'." • • •• - .• •• •. 

- flavored. Different workers w'fll view a certa.io sih,Jati_on in an -unl ik; :manner 

from others. _Hence, the claim of obiect~yity in c.onjunction y.-.ith. the prineJple of 
,,. __ •·-r. _., .- ,,........ , ~ • · ... • ........ ... - ..... ;.~ t. ,, ·r, . 

_eq~I weighti_ng is one that sh®I~ in~ite :certain._ measuie\ f kindly skepti~Jsm~ 
~- ~....,\.. . _, • _, ~- • ;,t • . • ·, ___ .,.. •• · ·e.., i' , • . . . - -t~ • 

. It fs a natu~lly occurring .questio~, wheth-~r it is ~bt possible-_ to prpduce 
t --: • • . '. • 

~cter~eighting :coeffici~~t._ that wil • _. · ,., · · .: · .. for the 
. \~ · . .,. . ' , ·•-" ' ... .. . . 
· -· • ence in -ci chosen~charact 



s IS ,ca IS a . a I • . . ------- . . . ,. . ·- . . ~--
• •• 'I • 

. -w~ighti~g;_ wh~reby-the j~_trodu6ti~ of~ new char6cter to a ~et 
: · • ·_,.• • . • , • : ,~/. J.= >• . l\ •-;••~••".>;,•: ~ ;-~•-> -~ . ••:·.,, : . .'. ••, ·•" ~-• .. >; . 4 • u/ 

haractei:, cduses littf-e or ·no~:Changl'in··th:e ·".distance" , -if this -chc;zracter {or 
"•. ,. ~-;~_"°i;, •• ,_,_._•'< • •a•_;~•,,:•:,;:.;;..,>~ . . :·.,_-~~- ,-._• :;.~:-h --.:·•.; -~""• '.- ~~-~-: ·,;'.~~• ,:-: ',t" ~:-.; .... . , -< • .,: -~•~ 
a~cters} is {are} strongly correlated with~ ch(?racters existing in the set~ _"fie 

-fu;.; this·Jn. ~fher t~rms ,· n~t~bly; · ;h~t if-a -~ha~cter-co~veys ~b ne:~ ·:informati.on 
. - '-' . :;. .. . 

\ .:-., •. ...~_----~~ :!>"\t,~. ·_ ·-~":I . • • • • • .. " . . • • ' • • • . • - • • • -

:~,,t! ·f~--~2't·:··:',l .:.·£,,..-: ry;_, ~> for separating between .tw~ samples _ {or_ p·op1_.1lafio~l the pertinent ~le,nents of the · 
.~'.", . - -.. :· .. ,,__ ..... -.. -. :~ .. ;. . ' . - . .- .:_ -. . . .., . ·- - .... ,. ,:- . _·c...- --~-f • .-, - • . _.- . , ·_. .. .... - _ .. -- -

··_;"_;::·i~ -. .. ,.. . inyerse cov~rian~e ~atrix of the quadratic form ·wiU be very s~II, to use rather 
.1 : ,.,. • , ./ "' ...... -

nonpre~ise ·langooge. _ Like reasoning,, i~ applicable to what l;...shall ha~e to sdy . 
- • : • . - - • . •• .. . '!" 

further on co~cerning the subject of CANONICAL VARIATES. -- . . ' - ..,.__· 

. :the' general applicability of the o2 - niethod,ts to-a .degree limtted by . 
. • . . • ,:.. . . -<; . 

the difficulty of satisfactorily using it' in conjunction y.,ith d.iscrefe characters, 
- • - • '#>- • ' • • 

al'.ld there.are .some _other problems, such~ the~ priori es~blistment of th~ _bas-ic 

groups. . - .:: 
.. . ,..,. s: -~ ... .1,' • ··-=- ;.i; ;>o .·~ ,,-.. (1' . -~, 

_ .. , : Suggestions .have been made, that a "p~ible approach -is by means of the 
- • • • .. • :·"'J., - • • ,. 

information - .theoretic ·quantity of - log p. In thi~ presentation, th~ characters 
• • ..,, ... • I . •• • • .., e , I ·, • ' ,• •~ • " • •-

•' of a -taxonomic ~nit may be regarded as a group of messages which carry· 
. 

information . on the · taxonomi.c relationships of this ~oit • . The idea behind this- · 
.. . 

point of_ view seems well worth looking i"to. 

Another· opinion ~as been put'f~rwdi-cl-by Smi.rnov wit~ respect to the 

weig.hting dilemma. ·.Th-is requites th~ estimation of prior p~obabiliti~s for characte~ 
' • ':¥ .. • .. 

states,_ these determining the weights of the·states. , I only -mention this in ord_(!r 

.. to bring_ out the fact that several points 9fview in the npn~Adans.onian spher~ 
~t l • • • ·1, -~- -~ • • • ;, • !" . -. . tT·~ • . . • -· • , • - • R ".' • - • ' .... .., • • ' 

. -~ · ~, '~- ·,;. are developing. The Smimovweighting device .i_s, hc;avever,_ far from ideal, for _ 
• .. • - ,C:.... • _ .. , -

'11,_~':.,. ~--· • ,.,_ . 

~.,. . ·•. :,,.-

vanous reasons~ 

·Applic:cition of Cano'nicol Vor·idte Analysis : .. 
. ~- - ; ~- . 

· We shall, . from now ori·, mainly. b.e concerned with . - . 
. -~-. ;.-~"•;··)>~~:~:- .- _\_~~~~· ... , :-.--.: · .. _ .• .-: .. --~--- -~ --_~.t- -~-~:2/:····.~--~··_ ··.::·· .... ' . . .. :- .... ~~ 't:· ·. 
tes,-although,~ r: t.o· ci Cttrtain extent i_t is" possible to cu~alyze discrete ·do 

~-•• • ·•·. •• : •, '• • •.••••• • •_ •~· •·: • • • •_. .• • ,.•. I,·--. _; .... _' ---.~-: '1.•,-., --r'~•~ ... • . • •· : • • •_•· . .:.:J•,- ·, • , • 

. of the s · • • al .. rocedure to be .review . -lt _does_ no~ appear ad.vis 



.. opinion,_ to attem . mon O ,sere .. · . ontmuous· variables h~ 
i:}t~,.1 ... -·~t~i ;'-. ... · ... ~., ... :·j:.·~~·- · .... ~. ,t·- - _; J/ :~-,-;~•:; '.·.·; .. :r ·_:;;-: ·): ... ,,_,.;·~--~,.-.·; ~- __ ~:g._>,,'" s,: , --~ 

i'i:ine'tion wit~ the procedure here fo·.be ~iscussed / ':notably;-~thaf ·of ca 
. .- -~ . - : - . '" . ' 

.,.-•~ • • " \ t I ,'<; ;,, .. . .1 . ,, . -.... . . ... - : - ·,;;, . - ,• --:. --~-~_:; -,, . .. : 
; ._· •. ,--1., 

We shaU-fi~~ -bri~ft~~ ;e;;~w--the ~asic pri~~ipl~s --~f this-~thod. · We ·. 
, ... ~--,~--? ... ~~-: ·' :. - . - •• • • ·- • - ..... . . . , •• ; . • .. . . • • - .. • 

consider.:9 populations, each of multivariate ..;_ normally distributed p·'.'" component ~~".:, ~~t-~~</, .. _,: _., ·, L·.i '_ ~ria~les • . The tli~ory, · ~hi ch.was-develo;ed by _H~ :,Hote:11·il"lg ~n 1.936·, requiies . 
• - • ·- ::;. .J,,_,._ ~- .. • • • : . : . • .- - .. • .- - ... • " • - .. •. • - • ·• :·- :'i, • .- _. ....... • - ' • 

•. 'i,_. ,-'~ -~- ·. _-: -- the g covariance matrices· of the g ·t<-variate populations to be equal; - '~ •. 

I 1 . '" ••• · == r · · ·= I • . If we write ·O for the -~within groups.II sutnS of squares 
--~ . .': 9 .. .· _ · _. w _ . _ · . . . _. -. . 

_a~· crossptod~cts matrices ( Oi = niii)af1d.-0 8 for the -•~betw~e_n g~ou~" sums~ 

rof squares and cross products .matrix, one wbhes to find .the generalized eigen-
. . • ' • - .. -..t .... a,; - .,,. ' 

values 

· t· 0B • ~-Ow I = O 
' and the associated vectors, · 

( 0 8 -X O )b =-=O ·. 
. w 

Jhis is nothing -more than the generalized determinantal equation problem of " 
. . . ..., ' . . 

linear al'gebra. The mean vectors of the original · variabl·es are transformed into · . . -;, - . 
. • . - . . 

_ a set of mean vectors in the new spa_ce. For k eigenvalues to be defin~d the 

· condition g - l > k is requh-ed. When k ... 9 ·1, there are (k - g - 1) zero roots · 
· - · · .i; • • • 

· · ,MX B .7 D and g_ ... T other root$. 

(g x , k) (k X k) (g X k) 

-~llustrates the transformation from the. origipal means, M(g ik) to the means i'1 

the ~w space, .o ·(g X k)~ . Sfotistically this is said to .produce a transformation . 
• .__ • • w I' •••• •• ~- • • • -. • • __ -,.,,; • ,.. • 

... ;. ,~ ~:,__ • • - ,! • • • . • • .. ,· 

-~ . '• '·' . that will emplias'ize the differences between the means of the estimates of g 
i) _cc~_,.· '1,... .. • ... ".·. ,·., ~~- ,. · ,. ·. . _ •· . , . •· ~-- :_. . _ _ .,~ .i• ' .-., ~ -~ • • , 

. pop~l~tions~ It is often illumin~ting to plot the -fi.:St two transfor~d-mearis on a 

)>iwi'iate diagram {sc,atter diagn:fm} •. This max·"fndicate useful cluste rings .or 

··.rc4i~-,i~ ;h; _:at~ri~l,-:~hic~ -~Y b·j oft~x:~~mi_i .stg~ifi~a~~~:.:,_ Fi~ur~ -
., . .-·-_ ¼-':,;:i- .. -,. -~( •;,. ~:: .· - . - .... _~ ~: ... , ; · ~-· •.·: __ .,, 

• · . a simplified iUustratiori ·of these · · les from population of Eur 
·,:.- ,,,. •, ';. 



d ?·, 

u en an ------· 
•. :~·~ .. -...... :·.~.~·: .. - .•. 

1
:: ~ . -~: : : : • t ,, - -w . ·~·- · . - . 

· be.one:·now .,;, ze.ro eig~nvalue, the .corresponding 
._ .. • J ":" • • - • • , • !-t ·•.'.:~ •:: .; r •, • .;l. !f: ' • \ "'. j - ,. 

'i) ·is\h~-discd~ina~t fu~~tio~: for 2 populations. 
1•· :- .-:~,::--4_ ~'-~-.. :~ > -._ ~,..,...;,._-.._. ... ... ·t :•-:-"_··-· '). 

he. qyestfon ·:o_fwh.ether_ the rrieth ... _ ' c:inoni . 

.\.;h~~ ·the -basi~ req~ir~ment.: 

:~,:::1:>'.,·:f}~1:# I21·~~ .IP .. ~: 
is not fulfilled,. may deserve ;_Orne consid~ration • . Althoug~ i- am not awQre of ... 

\ -.. · .-_ . •·. - . . / .. -_ . ...~. . •, . - . . ', - . . .- • · . ·, . .-··. . .'"' '. . . . -· 

····::.any d'etailed analysis of the subject, it_ is c·oriceivable that -this ~thod might be 
. . ...... ~... ~~.. . ~. 

robust t~ward. moderate .departures fr~ ~orrnality and from equality of..wriances 
• • • I 

· and covariances~ : An approxlmate means of reducing some· of the ~ffeets o~ 
• • • I • -.._ 

' • • •• ,1,1<.._. • ' • ' ... : 

deviations of this kind is by means .of-a proced1::1re found empiric~Hy useful in ·· 

~- generalized di°stance studies, by forming a pooled covariance matrix, S -~-1/2 . . . ..... . . : 

1 T .s2), v/ithout ~ega~d to the respective degre!s of freedom· on WM ch: S 1 a~i: · 
,? •,,'""', r ...,-• ,.:_. • • • •; • .', ~•• • • :. •,r.,:,. • -._ • ' 

s2 are b~ed • . Expressing: this for cononic~I variat~ in ~-:~NOVA table,. WfJ" 

have. - • 

"Between," -matrix 

"Within" ·matrix 

. . 
"Total" •l'!'ICltrix 

Q , =T-W 
-· k . 

W = (N-K) I S~i)/k 
i = 1 

T .= (N· - 1 ST . . 

· -...._-:-tk = numer of groups; N . = total· ri~mber of observations] 

The Question of Scale lnva~iahce .,., 

Degrees of Freedom 
k - 1 

N-k 

rt is clear that the r:nodel of canonical ~riat~ analysis, ~~counte~I" for in 
. . . . . - . . . ,. . . . ·. 

the foregoing, has a ~ther ;ev~re limitation imposed ·upon it by . the necessity of . 
. · . -. . .· ' 

aving to use li~e yariables; in other words, we are. __ consfroine~ .. to restrict ·!)U 
• • • :., '• • .. , , ..._ • M,..,:' _ ,> • / •~• .. ~• ' - ,-;-

• ives fo :the use .of, say, .conti~uous _" var~abl_es;:·rM<Js~red on ·_the·same :SC ·:· 
-~~- •.. _\ ~. -: - ~ -:~. ·--~----.. _--- ··•:~; · --~---_'": ,-_:··~·-. -~- ·._.:: __ ··: ·: .--!~~ --~· - -.. ~~---!->-•: -'!- ,· .. 

. o not .feasib·le to mix ·continuous and •· ntinuous charac.ters ·wh· . -·· .· . . 



rqwback in a mos _ umerital taxonomic-stu , -which usua y cons, e~ 

Jxed c~~c~ers ._:~-1r i;·'.is'. :~ot unreal°is~ic_t~:-~;~i~e/ ~_o.~r~-la~:i~~ betwee·~:'continuo 
.· .. -.:•J,• .. '':! t ,, • • ~.· - • -,·,/!:~- .... -~_-..... :,- ,-_- '.,j ••.. \ .. ~- ... 

,,<and discontinuous charticte~, it would not seem unreasonable to regard cicorrelation ... - . . . .. - r -~ . 
1., J•. ,. ... . ? +.~"' ,..; .. •~ , t,. .-~v• u•;t a •. ,. ,,,-,, _ _ .. ,;., :·-,. · • .i • _,·t,,.,/~ --~ ,. r,.-' • · •· -:.., . ·• ' ... ·•«.,. ... ... ••-• • . -•- ,~_• •·-• 

' . . ... -• - matrix as a legitimate.representation.of.theJnterrelationships between cont~nuous ·.> 
' - . . . . . ' . ' 

~~. and .most disc~nti.nuous .ehara~fers. U~eful as this ~ight ~ppear to be, it finds no 

:. ·_L.- /\··/~: • ;) : -~ --a~plication, in ~e 
0

u_ncler c:,~ide_rq_tio~, ,~~asmuch· as it is _!'lot de~i.~_:"ed· for 

extension _to the ca~e -of g correlation matric~s. 
. ' . r • , . . 

. :' .. , _A°possible, ·~PP~~i~te -~am of ~PP~~ching a ~oluti,on to th~ proble~ 

~, -· would perhaps be_ by ~ans.of Joere~-kog's matrix·,_ employed in a versi~-of Fa~tor . 
. . . . - . '. -·:•" - - -: . 
Analysis, to procfoce·the condition of scale ;in-wriqnce .• If Rdenotes the correlation 

:,.. . . . . ' . ' .·• ..... 

~trix of.a sample, and D i_s a ·diagonal matrix, -'-··. 
--.. ;.-;: 

D_=diag _R-l ,-

. thejoereskog matrix is' found by the relationship 
, ., C 0 1/2 RDl/2. . 

The interesting fea!"'re am ut matrix C is- that i_s is yielded by .both the correlaflon 

matrix as well as by the covariance matrix correspondi-ng. , · 
. . . . 

We could s,uggest an approximate type of g~neralized eigenvalue study by 

repl~c_ing.the n~rma_l ~ ,trice~. of c:an~r/i.ca! va~iates .by those ·---b~sed on the . .· 
.. . . - . . ~. ~-... _: .. : . . . ,.. ' 

Joereskog type of matrix,, as shown in th~ fol10Yt'in9 _MANOVA table. -

'. "Between" matrix . 

~With{n~ matri~ ,. 

:0y~tal II matrix 
. . . .- . 

-~-~-~-

Q ·:= T - R 

R , =· (N :~ k) Cw 
T . =- (N. - 1) C 0 

- .. ·· - T 

.·:·, 

Degrees of Freedom 

k - - 1 

N -k . 



.- . .·, .:;..;, . 

. 
-~-.··:.; . . . 

thods of sof~tions are then.app . 
,:,..- . '7'·-:.:.; -=.·- _\··;;,· j~~--::--'·:·· .:. , ........ ~~.ii--,-- •0, 

We are iiow e~tering the ·rearm of what Tukey sometimes calls "rough .and -.. 
/, .... :.,,.!.. ...... ~~··,·· • ...... __ :._,;.-:;.¼_ ··;;_:_.:=·~ ... ; ... ·._:,·,·~~ ·.·. · .;;_,.;'""~/~:_\< r-.; ·-~~,J~.::/·:1:.~-:;/•·:•;•~. ' ·"":· :-': ·--~-~·· t .,·_; "··;"\.; • .;.; ~'.:':_.· 

!"stgtistic:s: The-procedure I am ·g()i'ng. to·discuss is not ooe which ;CC".' be -

: :: -~ gi_ven :a ·v~ry coiwi;~t·ng ~~atisti cal ~is~~· i•~;~~ · b~-t ·th~ ~; .th~ · pu~ding is"· - . , ; ~ -

in -th~ ,ea;ing aniprac:t-ical :and experJmental e~perTe,nc~ has pto~id~d me with 
... • . . .., .. --::- . ":f. ·. .. ~: i: . . . . - . ' . . .,. . • . /' 

· "";} ::~_-,.\·.:. sufficient :a post~riori assurance· to make me ·reasortably certai_n· of the viability-
.• ?-, .. ·, ~; .. .... ; .-• . -.... . • -------·. . ::.'.;-f·· . . 

Co~id~r a homogeneously c:onstituted sample -of .N specimens _upon each of 
," ·1--.. ,_; .... ;, , ., .; • • - • . "'- :,~-- •• ~ r- ··- · .. ,. 

_ ~hich p characters have been measured~- ·Denoting ·the matr!x of ;u~ of'sq·uares 
r 

· :and cross products--: of these observatr~n vet:tors as ~, the_ eige~values a~d :~igen,- · 

:·vectors hereof will..be given'by 

,; l A--~ ,1 = 0 

(A-.: I) b = 0 

f'tSpectively. ·_ ~g~rding now the--fi~f ~o e~~en~~cto'rs of A·, btl) and·b <2\ 
, •• ,... · : :.._ • "1 ~--: • L •,; ".. ~: ... _. \::::. .. _. ;-~ . < -

. ,,. :·sub$tit~tion.of the observation vectors Jnto. the vec:t~rici·1-equ~tion .;,m yieid. a . 

,,~~ ::::;\/ .i~--;c"/-' · ... ". , (~·x N) matri-x -of t.:O~f~; .;,ed ~l~es·, which ~~en .pf·o~:d as a: bi~"ria,te scatt~~-
:~ • • • • - a - • 

gram/~iHJorm a ·:~lose c.!uster_.-ofpoJ-nts; for ~uiH_yciriate norrnally.<dis"." 
·- . ..:: . - ... • '·"':. ... • ,.,, ~· ... ,, .. ..~··1 ( \ ·- •.'!, ":" .~ 

~;ed.-~~iabl~s, _this c1u;ter wil.{;~~rb~tJ;. -;~ :ti,: ·to;~ ~i an. eHipse.' 
···: · _:. . .· ·. -:: :_ ,. ; .. · ... . « ·· _ ... ~.->· ·: ·.~ .. ~:-~ .;~_/·?. ·-~- ·.:~- •,, .. · ...... 
The possibiti·ty of-the appl.ication of this-procedure-to ."mixed data 

_ : .. •• •• • •• • .• < > ••: • • 0 ,.-, ••, •·h;>•~ "" •••.: ••: •• • ·-i:,r ·~•.•••-.----- "••, • .. • • ... , 

. turalappe~I. · A sampl·e co~prisl ns ~teria,I ~{ mix,~ origin wifJ f~il 
.-•~·. _,;::.•_•· . .;._- ...... ·.· . '· . ,~.::.":...l~:· .• ·.~ • _. ,-_...;,..,~.~r c''.·,, _;:: .. ··~. •-, ·_.,: ...... -,...,~'::\'[;·' ,~ '"_.:, ·. _ _. : · . .... ~:.--=· . 

':)pt. a_homog~neou5:~~tte_":' wh~1'-plot:tedras ·a bi~,rJa!~_~Ja9rp~ o~ trans 
~- ,•.?:.:~,:: - <... :7: ;;;~·-: <;·._ < ... ··; ' , ~::-·"°!''. ::,:. ,·->· , : · :·:~ . 
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.r.,~i~~·;.:. 
. ' . ' . '·• . . .. .. ?": ~~}./ :~•'" 

: <::- des,ree·of unlikeness, a pattern_ o_f clusters·wifl bep'roduced ins_tead of the 
... - - . ... . . "· ... - ·. ,,, .. 

omoge~-e~us-. conc~nt.:O~io~:-:~{po;~ts tho; r:Su"it .wh~n the. ~sehtati~s ha _._ 
.:.• - , • < • "' - • ·._ : ... -~-,.:,_; < ,1 ,i•t~ .. --

en drawn from .a homogenec;>us source. Th_~ groupings 
·'w j'.~:.·:JI; _,: ,_ :.: • rt • • • .,-.- • •;, ~,r .... :.~ _._ '-"~· • 

·:,; usefully ana.lyzed:. further by the ·method of canonical ·wriQtes. 
. . . . - . ' ... 

- . 
'The advantage of the. clustering t.echniq;tie, ·using_ the' eigen-met~od; 

. . . . ·. .. . :~ : . . 

~r plotting _the.raw_data _is that th!!.Jatt~~ fs often insufficient t~bri
1

n9 out·. -
. ,•• • . • . - .: i;. ·. • -.:"' .,.· . 

the _e~entual existence of disc:rete_g-~oups·, if the 'chosen c_haracters / scrutini.zed ,. - :- .. , - ... .. ' . - . ~!;. . .j, • • ,j) • ' ; • • 

T·h; ;,o;ted'tninsformed· w _l~&s are linear 

c:ombinations o{ t_h~ input wr-iables ar1~ thus~; . to considerabl~ extent, ta,ke 
• • • :i,.. ;' • 

,~!I_ of these into account (to a degr;·e correspondi~g to";·+ "2):- 'It is some-
.. ' . .. .. . . 

times possi~le to produce more dt_stinct groupings by using combinations of 

eige~vectors other than the first two.· 
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